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Coherence resonance (CR) in neurons, which highlights the beneficial effects of noise, is generally induced from the
resting state. In this study, multiple transitions between CR and anti-CR arise from mixed-mode bursting that includes a
quiescent state (QS), bursting, and other dynamic behaviors. In addition to beginning from a saddle-node bifurcation and
terminating at a limit-point bifurcation, the burst exhibits other special fast—slow dynamics, i.e., shuttling back and forth
across the limit-point bifurcation twice to form two clusters of multiple spikes. These clusters are induced by cooperation
among three factors: the coexistence of a stable focus and a limit cycle separated by an unstable limit cycle, the weak
attraction of the stable focus due to the small negative real parts of its eigenvalues, and the dependence of the slow-variable
nullcline on the membrane potential. Weak noise (D) can induce various numbers of clusters, resulting in various interburst
intervals (IBIs) and burst durations (BDs). For strong D, the burst begins at a delayed phase and terminates at an advanced
phase, resulting in the disappearance of the clusters and shortened IBIs and BDs. With increasing D, the number of clusters
increases, decreases, increases, and then decreases, which induces similar changes in the coefficients of variation of the
IBIs and BDs, i.e., multiple transitions between CR and anti-CR. The results include the special dynamics of a burst, a

novel example of CR, the dynamic mechanism of CRs, and potential functions of synaptic noise in bursting neurons.

Keywords: coherence resonance, anti-coherence resonance, mixed-mode bursting, bifurcations
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1. Introduction

Coherence resonance (CR) and bursting are two impor-
tant nonlinear phenomena that play various roles in the ner-
vous system and are often studied independently.!!=3l CR
shows that noise has a beneficial effect in modulating fir-
ing activities in single neurons and spatiotemporal patterns in
networks, ! for instance, enhancing information processing
capacity.l’l As D increases, the coefficient of variation (CV)
of interspike intervals (ISIs) decreases at first and then in-
creases for CR, and the indicators of the power spectrum of
firing trains manifest an inverse change.!!"?) CR generally ap-
pears around different bifurcations of equilibrium points in-

(8-101 This allows us to investigate dif-

duced by various noises.
ferent cases related to CR, such as anti-CR, multiple CRs, and
spatial CR.['112] In contrast to CR, anti-CR shows that noise

[13-15) which gen-

can inhibit firing and minimize coherence,
erally arises from spiking near a bifurcation point or from the
coexisting behaviors of the resting state and spiking.!'%!7] For
anti-CR, the CV of ISIs increases and then decreases. 18201
In addition to the spiking and resting states, bursting is
another important electrical behavior of neurons, >!-2*! which
often exhibits a transition between two states: a quiescent state
(QS) and continuous spiking.>~"1 Bursting also plays impor-

tant roles in brain functions such as information processing,

TCorresponding author. E-mail: guhuaguang @tongji.edu.cn
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respiration, ?*>3] and the regulation of blood pressure, as well
as in brain diseases such as major depressive disorder,!20-28]
Parkinson’s disease,?!1 seizures, and migraines.[32‘34] In
nonlinear dynamics, bursting is produced via the modulation
of a slow variable on the fast subsystem.[>7! In general, the
fast subsystem can exhibit two types of bifurcations: from
the resting state to the limit cycle and from the limit cy-
cle to the equilibrium point.[3-371 Transitions between the
two states of bursting often correspond to the two types of

[38-401 Accordingly, different bursting patterns are

bifurcations.
named after the two types of bifurcations. For instance, the
well-known ‘fold/homoclinic’ bursting*!! begins at a fold bi-
furcation and terminates at a homoclinic bifurcation.[4>#4]
In addition to the QS and continuous spiking,[*30! a spe-
cial bursting pattern called mixed-mode bursting often con-
tains more dynamic behaviors, such as subthreshold oscilla-
tions or a depolarization block (DB).*") Thus, mixed-mode
bursting is associated with more bifurcations or more tran-
sitions between different behaviors, for instance, the burst-
ing related to seizures and migraines. Various bursting pat-
terns are observed in both biological experiments and theoret-
ical models, but their underlying dynamic mechanisms remain
unclear.3'34 Moreover, it is well known that real neurons

are influenced by various stochastic factors such as synaptic
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48491 Therefore, identifying the

noise and ionic channel noise.!
dynamics of bursting modulated by stochastic factors is very
important. However, compared with studies of the effects of
noise on the resting state and spiking, there are fewer studies
on stochastic bursting.

Inspired by CR for the resting state and anti-CR for spik-
ing, the phenomena of CR, anti-CR, and double CR have re-
cently been extended to the study of bursting, and their dy-
namic mechanisms have been linked to the bifurcations under-
lying bursting, as revealed through fast-slow analysis.[921
For instance, anti-CR is induced by ‘homoclinic/homoclinic’
bursting, which is explained by the stochastic responses
around the homoclinic bifurcation.’) For “fold/big homo-
clinic’ bursting, CR is evoked and explained by stochastic dy-
namics around the big homoclinic bifurcation. Bursting that
begins at a subcritical Hopf bifurcation (SubHB) and termi-
nates at a limit point bifurcation of cycles (LPC), known as
‘subHopf/LPC,” induces multiple CRs. These results show
that bursting manifests complex stochastic dynamics and un-
derlying fast—slow dynamics. Investigating these stochastic
dynamics and their mechanisms remains a very important
topic. Various bursting patterns have been reported in theo-
retical models and experiments,'!31-34! but the stochastic dy-
namics of only a few bursting patterns have been studied.

In recent years, research into noise-induced resonance in
neurons has advanced to the stage of brain network responses.
Studies have found that resonance in brain networks suggests
the existence of an optimal stimulation period when the brain

s.154 Furthermore, other studies have

is engaged in task state
characterized neuronal resonance phenomena using success
probability and introduced Gaussian colored noise to drive
logical stochastic resonance.>> A series of studies have fur-
ther expanded the application of stochastic resonance in neu-
roscience.

In this paper, the stochastic dynamics and mechanisms
of mixed-mode oscillation bursting with special fast—slow dy-
namics are investigated. Specifically, transitions from anti-CR
to CR to anti-CR and to CR are observed, and the complex
mechanism is elucidated. First, the mixed-mode characteris-
tics, i.e., the QS, bursting, subthreshold oscillations, and the
DB, are identified. Second, the complex fast—slow dynamics
of the bursting are obtained, manifested as ‘SNIC/LPC’ burst-
ing (where SNIC denotes a saddle-node bifurcation on an in-
variant cycle). In particular, in contrast to the general burst that
terminates at an LPC,% the ‘SNIC/LPC’ burst shuttles back
and forth across the LPC twice to form two clusters of spikes,
induced by three factors. The first is that the stable focus coex-
ists with stable limit cycles (SLCs), which are separated by an
unstable limit cycle (ULC). The second factor is that the stable
focus has a small negative real part of its eigenvalue, which re-
sults in a relatively weak attraction capacity. The last factor is

the nullcline of the slow variable, which induces an increase
in the slow variable at low membrane potentials. The complex
dynamics of the two clusters around the LPC are novel char-
acteristics of the bursting. Finally, the stochastic dynamics
of bursting and its dynamic mechanism are obtained. Weak
noise mainly induces different numbers of clusters, resulting
in various interburst intervals (IBIs) and burst durations (BDs).
In the presence of strong noise, the burst begins at a delayed
phase and terminates at an advanced phase, which causes the
IBIs and BDs to shorten. With increasing noise intensity, the
number of clusters and the CVs of the IBIs and BDs increase,
decrease, increase, and then decrease, showing multiple tran-
sitions between CR and anti-CR. Furthermore, the results of
spectral analysis reveal that the stochastic system undergoes
an identical resonant transition. The results not only present
a novel candidate for investigating CRs in bursting with novel
fast—slow dynamics but also provide insights into the potential
effects of synaptic noise on bursting.

The rest of this paper consists of Sections 2, 3, and 4,
which respectively present the models and methods, results,
and conclusions.

2. Models and methods

2.1. Deterministic and stochastic Morris-Lecar-Terman
models

A dimensionless Morris—Lecar—Terman (MLT) model
proposed in Ref. [56] for describing bursting activity is as fol-

lows:

dv

Cg = Ik +lca+1IL+y+ Lpp, (D
do 0.—w

hhadieto Bl 2
7 P 2
dy

— =rlk=V 3
5 =r(k=v), 3)

where the variables V, @, and y denote the membrane po-
tential, the activation of the potassium ion channel, and the
inactivation of ion channels, respectively. C is the mem-
brane capacitance. I, refers to the externally injected cur-
rent. Ix = —grO(V — Ex), Ica = —gcame(V —Eca), and I, =
—gL(V — EL) respectively represent the potassium, calcium,
and leakage currents. The corresponding conductances are la-
beled gk, gca, and g, and the reversal potentials are Ex, Ecy,
and Ep. 0. = 3[1 +tanh(vc_,—4c3)] and me, = 1|1 +tanh(va—2‘“)]
denote the steady-state activation of the potassium and cal-

-1
V7C3 : :
)/ To} is the time con-

stant. The threshold voltage for calcium channel activation is

cium channels, and 7, = {cosh(

denoted by cy, the slope parameter of the activation curve is
¢, the threshold voltage for potassium channel activation is
denoted by c3, and the slope parameter of the potassium chan-
nel activation curve is c4. In the time constant expressions, the
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subscript o denotes ‘steady state’, i.e., the equilibrium open
probability of the ion channel when the voltage is held con-
stant. Finally, 7y is the baseline timescale parameter for potas-
sium channel kinetics. r is the timescale separation coefficient,
and k is considered a key bifurcation parameter of the system.
The parameter values are listed in Table 1.

Table 1. Parameters of the MLT model.

Parameter Value Parameter Value Parameter Value
C 1.0 Ec, 1.0 cy 0.16
gK 2.0 Er, -0.5 T 3.0
8Ca 1.25 c —-0.01 r 0.003
gL 0.5 &3 0.15 k —0.038
Ex —-0.7 c3 0.1 Lapp 0

In fact, the MLT model is derived from the Morris—Lecar
(ML) model by introducing the inactivation of ion channels,
represented by y. Its dimensionless process is similar to that
of the ML model.®”) The original ML model without the di-
mensionless process exhibits spiking with frequencies within
The improved MLT model with the
dimensionless process can yield bursting patterns related to

physiological ranges.

physiological functions,>®! offering greater biological plausi-
bility. Therefore, in the spectral analysis of the MLT model
conducted in this study, the time dimension retains the unit of
milliseconds (ms) from the original ML model before dimen-
sionless processing was introduced. This approach does not
affect the dynamical analysis of the system with respect to the
variable y.

Stochastic dynamics are considered in this paper, so a
Gaussian white noise &(¢) is introduced into Eq. (1) while
Egs. (2) and (3) remain unchanged, thus forming the stochastic
MLT model. The first equation is as follows:

dv
C§:IK+IC41+IL+Y+§(I)' 4)
The characteristics of £(r) are as follows: (&(7)) = 0 and
(E(1)E(1))) =2D8 (1 — 1), where D is the noise intensity, {-) is
the average, and & (-) is the Dirac 0 function.

2.2. Metric used to characterize CR

The method used to characterize CR through changes in
the CV, as proposed in Ref. [1], is also used in this paper. For
an indicator X, the CV measures the ratio of the standard de-
viation (SD) to the mean, which is expressed as follows:

1 1
\/ﬁ Yo (X -y XL Xi)?
N Lt Xi '
Here, X represents either BDs or IBIs. The CV first decreases
and then increases with increasing D, which denotes the oc-

CV = 5)

currence of CR. If the CV manifests an inverse change, this
indicates the occurrence of anti-CR.

In addition, the power spectrum of bursting trains has
been widely used to characterize CR.>!! The power spectrum
of V in the MLT model was obtained using the fast Fourier
transform (FFT). If the peak value of the power spectrum first
increases and then decreases with increasing D, CR is pro-
duced. If the peak value of the power spectrum first decreases
and then increases with increasing D, anti-CR is produced. To
perform spectral analysis on the V data, the time unit used
for data sampling in this paper is set to milliseconds, which is
consistent with the time unit in the original ML model.

2.3. Fast-slow analysis to the bursting and y-nullcline

Fast—slow variable dissection has been widely used to
identify the dynamics of bursting.[>7?°] This method is
grounded in the significant timescale separation between the
state variables in neuronal systems, leading to a partitioning
into a fast subsystem and slow variables. The fast subsystem
governs the rapid generation of individual action potentials,
while the slow variables gradually modulate the initiation and
termination phases of action potentials. By treating the slow
variables as quasi-static parameters and obtaining the equilib-
rium states and bifurcations of the fast subsystem, the switch-
ing mechanisms between spikes and QSs during bursting can
be elucidated.

Notably, the parameter » = 0.003 in Eq. (3) represents the
timescale separation coefficient of y relative to V. Accord-
ing to singular perturbation theory, the presence of r makes
the variable y three orders of magnitude smaller than V, so y
can be regarded as the slow variable of the system.>’! Conse-
quently, the fast subsystem consists of Egs. (1) and (2). The
nullcline of the slow variable y is dy/dr = r(k—V) =0, i.e.,
V = k. The more negative V is (i.e., lower than k), the more
positive dy/dt¢ is. The more positive V is (i.e., higher than
k), the more negative dy/d¢ is. In this paper, by defining the
variable y as the bifurcation parameter, the dynamics of V with
respect to y can be precisely obtained, as shown in Fig. 3(a).
By superimposing the phase trajectory of mixed-mode burst-
ing onto the bifurcation diagram, the underlying dynamics of
bursting generation can be elucidated.

2.4. Method

In this paper, fourth-order Runge—Kutta integration is
used to solve the equations, and the time step assigned is
0.001. Bifurcation analysis is performed using the AUTO
package in XPPAUT. 8

3. Results
3.1. Dynamics of deterministic bursting
3.1.1. The mixed-mode characteristics of the bursting

The two-parameter bifurcation diagram of the system
with respect to the parameters k and Ipp is shown in Fig. 1.
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It is worth noting that the dynamics of the system with respect
to the parameter k are independent of the magnitude of the pa-
rameter Ipp,. In the two-parameter bifurcation diagram, this
causes the bifurcation curves for torus bifurcation (TR) and

Hopf bifurcation (HB) to appear as two vertical lines.

The

relevant mathematical proof is provided in Appendix A.

1.0 D 5] ®
TR HB
k= —0.0385 o —
054 ¢ ) (k=0.0818)
N Spiking Bursting Quiescent state
Mixed-mode bursting
=0.5 (~0.0385 < k < —0.038)
—1.0 T

—-0.1

0
k

0.1 0.2

V < —0.038. If Vi, increases spike by spike, the maximal
value of dy/d¢, which appears around Vi, becomes smaller,
resulting in a small increase of y spike by spike.

(i) Small oscillations around a high level of y (blue and
magenta) correspond to the second part of the burst. Two clus-
ters of spikes (blue and magenta) appear, with the blue and
magenta clusters labeled as ‘I’ and ‘II’, respectively. For both
clusters, Vi, first becomes more negative and then less nega-
tive. The dynamics of the two clusters are very important and
novel, and thus the bursting is classified as ‘2’ in this paper, as
addressed in Subsection 3.2.3.

(iii) The phases SO1, DB, and SO2 are characterized by
a monostable decrease in y.

Fig. 1. Bifurcation in the plane (k, Ipp) of the system. Regions @, @, and
@ represent the system’s spiking region, bursting region, and QS region,
respectively.

As shown in Fig. 1, the two-parameter bifurcation plane is
divided by TR and HB into three regions, @, @, and ®, corre-
sponding to tonic spiking, bursting, and the QS of the system,
respectively. Simulations reveal that within the gray parameter
region to the right of the TR curve (—0.0385 < k < —0.038),
the system exhibits a complex mixed-mode bursting state.
Based on this mixed-mode bursting, this paper investigates the
dynamics of noise-induced multiple resonance transitions in
the system.

A mixed-mode burst is simulated for k = —0.038 and
Lpp = 0, as illustrated in Fig. 2(a), with a period illustrated
in Fig.2(b). The period begins at point B’ and terminates at
point B, with a spike defined as occurring when the membrane
potential V exceeds 0.25 (red dashed line). Within one period,
we observe a short QS, a very long BD, a damping subthresh-
old oscillation (SO1), a segment of DB, and a growing sub-
threshold oscillation (SO2). SOI terminates at point C, and
SO2 begins at point A. The IBI for the bursting is ~ 821, as
illustrated in Fig. 2(b). Within the burst, the ISIs range from
8.9 to 18.3.

3.1.2. Three phases of the slow variable y

As depicted in Fig. 2(c), the slow variable y contains three
phases within one period, which are discussed below.

(i) A slow increase (left black) in y, with oscillations,
which corresponds to the QS and the former part of the burst
with increasing minimal V (Vp,), is labeled as phase ‘0’.
The y-nullcline V =k = —0.038, i.e., V = —0.038, is illus-
trated by a dashed orange line in Fig. 2(b). Then, y decreases
(dy/dt < 0) for V < —0.038, and y increases (dy/dz > 0) for

(a) 0.4
0.2
-~ 0
—0.24
70.4- T T T T 1
500 1000 1500 2000 2500 3000
) IBI ~ 821
() Qs BD
0.4+ : 0 ISIl I o V=025
> 0'3:5 i mv ey DB 502
—024 | [\es 4\
_0'4- = T T T T T T T T B
700 800 900 1000 1100 1200 1300 1400
(c) 0.16
0.12-
>
0.08-
0.04
700 800 900 1000 1100 1200 1300 1400
Time
(d) 5
~ 4 ®A 4 © 3 @ ~ 05 ®
«* P (=3
2 3] 53 @9, 203
5 52 R
i | g £l
S < ok
1 o L o 160 170 180
0246 810 60 80 100 120 ®
0 RN ; ; " st Ll [0 ; | ; ; i ; .
0 20 40 60 80 100 120 140 160 180 200

Frequency (Hz)

Fig. 2. Mixed-mode bursting for k = —0.038, I,,p = 0. (a) Membrane po-
tential V. (b) A period of the bursting, containing two clusters of spikes
(blue and magenta). (c) Three phases of the slow variable y. (d) Power
spectrum. Peaks @, @, and @ correspond to ~ 1.22 Hz, ~ 85.2 Hz, and
~ 169.2 Hz, respectively.

3.1.3. Power spectra of bursting activity and its differ-
ent phases

The IBI for the burst is ~ 821, as shown in Fig. 2(b), cor-
responding to 1.22 Hz. The ISIs within the burst vary from 8.9
to 18.3, with an ISI approximating 12 labeled. The frequency
of spontaneous ISIs is between 54.6 Hz and 112.4 Hz. The
intervals between spikes of SO1 and SO2 are about 5.9, corre-
sponding to 169.5 Hz. These frequencies can be found in the
spectrum of the burst, as shown in Fig. 2(d).

The power spectrum of the deterministic bursting exhibits
three dominant peaks, as presented in Fig. 2(d). The first dom-
inant peak is labeled @, with a frequency of around 1.2 Hz,
corresponding to the IBIs. The peak height is approximately
4.0 x 10*. The second peak is labeled @, appearing at around
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85.2 Hz and corresponding to the ISIs. The last peak, labeled
®, is located approximately at 169.2 Hz and corresponds to
SO1 and SO2. After the introduction of noise, the dynamical
behavior corresponding to peak effectively characterizes the
noise-induced stochastic resonance transition of the system.
The specific investigation is detailed in Subsection 3.5.

3.2. Fast-slow dynamics of the deterministic bursting
3.2.1. Fast subsystem: bifurcations and eigenvalue of
the focus on the top branch

For the fast subsystem, bifurcations are depicted in
Fig. 3(a) for increasing values of y. The equilibrium points ex-
hibit an inverted Z-shaped curve, ignoring the left part of the
middle and top branches (black dashed curves). The lower-left
and upper-right red curves denote the stable node and the fo-
cus, respectively. As y increases, the stable node disappears
via an SNIC, and an SLC (green) occurs. On the top branch,
the unstable focus (upper black dashed curve) changes to a
stable focus (upper-right red line) via a subHB, from which a
ULC (dashed blue) emerges. The SLC and ULC collide and
form an LPC. Near the LPC, the SLC (green) and stable fo-
cus (right red) coexist, which are separated by the ULC. The
complex dynamics around the LPC can be used to explain the
dynamics of two clusters (Figs. 6 and 7). In particular, the
minimal V of the SLC (lower green) increases, which explains
the elevated Vi, of spikes in phase ‘0’ (Fig. 4(c)).

(a) LPC | 2 (b)
0.3 g 02
....... g
.................. — 0
...... 5}
L0 SubHB ", . S o
"""" SNIC 2
—0.3 g
/ = 02
1
—0.6 w
0.04 0.08 0.12 0.16 0.04 0.08 0.12 0.16
v y

Fig. 3. Dynamics of the fast subsystem: (a) bifurcations; (b) real part of
the eigenvalue of focus on the top branch.

For the unstable and stable foci separated by the subHB
on the top branch, the real part of the eigenvalue is depicted in
Fig. 3(b). The negative and positive real parts are located on
the left and right of the subHB, respectively. As y moves away
from the subHB, although the magnitude of the real part be-
comes large, its absolute value is relatively small. The small
absolute values induce two characteristics, described as fol-
lows.

(i) The attractive capacity of the stable focus to the right
of the subHB is weak, since its negative real part is small. If
the trajectory to the right of the subHB is far from the stable
focus in terms of V, the trajectory approaches the stable focus
slowly and the amplitude decreases slowly, which can be used
to explain the complex dynamics of the two clusters (‘I’ and
‘I’) and SO1 (Fig. 6).

(i1) The repulsive capacity of the unstable focus to the left
of the subHB is weak because the real part of its eigenvalue is

small and positive. If the trajectory to the left of the subHB
is near the unstable focus in V, the trajectory leaves the unsta-
ble focus slowly, which can be used to detect the dynamics of
DB and SO2. The DB to the left of the subHB can run along
the unstable focus, and SO2 leaves the unstable focus slowly

(Fig. 4(b)).

3.2.2. Burst terminates around the LPC and begins
from an SNIC

By superimposing the (y, V) trajectories of different seg-
ments of bursting onto the bifurcation diagram in Fig. 3(a),
the fast—slow dynamics of bursting is obtained, as shown in
Fig. 4. The behavior of phase ‘0’ (left black in Fig. 2(b)) be-
gins at point B, as illustrated in Fig. 4(a). Before crossing
the SNIC, the behavior corresponds to a short QS. Following
the SNIC, the spikes move along the SLC (green) and pro-
ceed toward the LPC, forming the burst. As the number of
spikes increases, Vi, rises due to the increase in the minimal
V (lower green) of the SLC. The dashed orange line corre-
sponds to the y-nullcline, V = —0.038. Regions above and
below the y-nullcline represent a decrease and an increase in
¥, respectively. It can be speculated that if strong noise were
introduced, the burst would terminate at a phase to the left of
the LPC, resulting in shortened BDs and IBIs.

The trajectories of SO1, DB, and SO2 are shown in
Fig. 4(b), running from right to left. These trajectories are
located to the left of the LPC. The beginning of SOI corre-
sponds to the termination of the burst, and the burst terminates
around the LPC.

3.2.3. Depolarization block runs along the focus on the
top branch

As depicted in Fig. 4(b), the SO1 following the burst
shrinks to the stable focus (upper-right red line) and then runs
along the stable focus (red line to the right) from right to left
(i.e., with decreasing y), forming the DB. After running across
the subHB, the DB continues to run along the unstable focus,
since the real part of the eigenvalue has a very small positive
value (Fig. 3(b)). At alocation to the left of the SNIC, the am-
plitude of subthreshold oscillations grows, since the real part
of the eigenvalue increases (Fig. 3(b)), and there is attraction
from the stable node (left red) on the bottom branch, form-
ing SO2. Finally, the plotted value drops to the neighborhood
of the stable node (lower-left red line), resulting in the period
terminating at point B. In the phase space, point B overlaps
with point B’. It can be speculated that if strong noise were
introduced, the DB would terminate earlier (i.e., further to the
right), leading to a shortened IBI. If the termination phase were
to the right of the SNIC and the burst began from a phase later
than the SNIC, the result would be a shortening of the IBI and
the BD.
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Fig. 4. Fast-slow dynamics for three phases of bursting: (a) phase ‘0’; (b) SO1, DB, and SO2; (c) clusters ‘I’ and ‘II’.

3.2.4. Two clusters that are novel behaviors are due to
the small negative real part of the eigenvalue

As the two clusters are plotted with the same size as those
in Figs. 4(a) and 4(b), the two clusters show a very narrow
range in y around the LPC, as shown in Fig. 4(c). The two
clusters lie between the burst for phase ‘0’ and SO1, which is
a novel result that differs from the previously studied burst-
ing that terminates at the LPC.°%! In the previous study, af-
ter running across the LPC, the burst changed directly to sub-
threshold oscillations, i.e. without clusters. In fact, these two
clusters are induced by the cooperation of nonlinear dynamics
for three reasons: one is the weak attraction of the stable focus
induced by the small negative real part (Fig. 3(b)). If the real
part were more negative, the behavior would be attracted to the
stable focus more strongly, forming subthreshold oscillations
that would directly terminate the burst. Consequently, clusters
would not form. The cooperation between the three factors that
leads to the appearance of the two clusters is addressed in de-
tail in the following subsection, with the dynamics plotted on
an expanded scale in the y-direction (Figs. 5-7).

3.3. Cooperation between three factors leading to the ap-
pearance of two clusters

3.3.1. Complex dynamic process and fast—slow dynam-
ics of the two clusters

The V and y values for clusters ‘I’ (blue) and ‘II’ (ma-
genta) are illustrated in Figs. 5(al) and 5(a2), respectively,
with Viuin and maximal V' (Vi,«) labeled with stars and circles,
respectively. The sequential numbers are also labeled. There
are seven spikes for cluster ‘I’ and eight spikes for cluster ‘II.’
The first Vi, for cluster ‘T” is lower than the final V;, in phase
‘0’, and the first Vyy;, for cluster ‘II’ is lower than the last Vi,
for cluster ‘I’. For both clusters, the Vy,;, values for different
spikes exhibit large variations; however, Vi.x manifests small
variations. This distinction is important, since Vi;, determines
the increase in y, while Vinax determines the decrease in y. For
both clusters, from spike 1 to spike 2, the value of y decreases.
From spike 3 to spike 5, the level of y increases. For the last
few spikes, the level of y decreases. In particular, the y values
of points P1, P1’, and P2 equal those of the LPC.

The fast—slow dynamics of cluster ‘I’ (blue) and cluster
‘Il (magenta) are shown individually in Figs. 5(b1) and 5(b2),
respectively. Their combined dynamics are plotted accord-
ingly in Fig. 5(b3), which presents a structure too complex
for easy interpretation. To elucidate the detailed dynamics of
the two clusters, the results for individual spikes are presented
in Figs. 6 and 7.

3.3.2. Cooperation between three factors for cluster ‘I’

The results for cluster ‘I’ are addressed in detail in
Fig. 6. Cluster ‘T’ is induced by the cooperation of the fol-
lowing three factors.

The first factor is related to the weak attraction capacity
of the stable focus, determined by the small real part of the
eigenvalue. The behavior to the right of the LPC or within
the ULC exhibits a slowly shrinking amplitude with increas-
ing time, mainly due to the increase in Vipi,. However, Vi« re-
mains nearly unchanged, since there is a small derivative over
a wide range of Vi, but a large derivative near the peak Vipax.
For instance, spike 1 following point ‘0’ (the end of phase ‘0’)
and spike 2 are shown in Fig. 6(a). The Vi, of spike 1 in-
creases, as it is attracted by the stable focus. Although the
behavior following point P1 (whose y value equals that of the
LPC) is to the left of the LPC, it is still within the ULC. Its
Viin remains far from the stable focus, since the attraction is
weak. Spike 2 is an exception, as part of it lies outside the
ULC (dashed blue); this is addressed in factor 3. Spikes 3,
4, and 5 are shown in Fig. 6(b). Spikes 4 and 5 exhibit el-
evated values of Vi, since they are to the right of the LPC
or within the ULC. Spike 3 resembles spike 2. Spikes 6 and 7
are shown in Fig. 6(c), exhibiting elevated Vjy,, since they are
to the right of the LPC. However, from spike 3 to spike 7, the
degree of increase in Vi, is relatively small, since the Vi, of
spike 7 remains far from the stable focus.

The second factor is related to the y-nullcline, which de-
pends on V. The value of y increases when V is below the
y-nullcline and decreases when V is above it. For a spike, a
more negative Vi, induces a larger increase in the level of
v, and a more positive V.« induces a smaller decrease in the
level of y. The difference in Vi, between different spikes
is small; however, the difference in Vy, is large. Therefore,
spikes with more negative Vi, such as spikes 2, 3, 4, and
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5, move to the right, increasing the value of y. Spikes with
less negative Viin, such as spikes 1, 6, and 7, move to the left,
decreasing the value of y.

The last factor is related to the coexistence of the stable
focus and the SLC, which are separated by the ULC. This fac-
tor explains the reduced Vi, of spikes 2 and 3. Following
phase ‘0’, spike 1 is close to the LPC, as shown in Fig. 6(a).
Spike 1 mainly moves to the left (due to factor 2), and part
of it lies to the left of the LPC after point P1. However, its
amplitude is not small (due to factor 1). Therefore, the tra-

jectory does not shrink to the stable focus to terminate the
burst. Following the Vi« of spike 1, the y-value for spike
2 first decreases, placing the trajectory to the left of the LPC.
After crossing the y-nullcline, y increases, causing the trajec-
tory to cross the ULC (lower dashed blue) and move outside
it. Consequently, the trajectory moves along the SLC (green),
resulting in a reduced Vpi,. After crossing point P1’ (where y
equals the y-value of the LPC) from left to right, the trajectory
continues to the right of the LPC. For spike 3 (which follows
spike 2), the behavior is similar, as shown in Fig. 6(b).
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Fig. 5. Dynamics of clusters ‘T’ (blue) and ‘II’ (magenta). Time series: (al) V; (a2) y. Fast-slow dynamics: (bl) cluster ‘I’; (b2) cluster ‘II’;
(b3) clusters ‘I’ (blue) and ‘II’ (magenta). P3 is the termination phase of cluster ‘I, corresponding to Vpyip.
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Fig. 6. Fast—slow dynamics of cluster ‘I’: (a) spikes 1 and 2; (b) spikes 3, 4, and 5; (c) spikes 6 and 7.

3.3.3. Cluster ‘II’ resembles cluster ‘I’, except for the
termination of the burst (spike 8)

Next, the results for different spikes of cluster ‘II’ are
depicted in the upper row of Fig. 7, and the results for clus-
ters ‘I” and ‘I’ are shown in the lower row. Spikes 1 and 2

of cluster ‘II’ are shown in Fig. 7(al); they exhibit dynamics

similar to those of cluster ‘I’ (Fig. 6(a)), and this similarity is
depicted in Fig. 7(a2). Spikes 3, 4, and 5 of cluster ‘II’ are
shown in Fig. 7(b1). Their dynamics resemble those of cluster
‘T’ (Fig. 6(b)), as illustrated in Fig. 7(b2). Spikes 6, 7, and 8 of
cluster ‘II’ are shown in Fig. 7(c1). The dynamics of spikes 6

and 7 are similar to those of cluster ‘I’ (Fig. 6(c)), as illustrated
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in Fig. 7(c2).
However, spike 6 of cluster ‘II’ is located slightly to the

3

right of its counterpart in cluster ‘I’, and spike 7 of cluster
‘Il is also located slightly to the right of its counterpart in
cluster ‘I’. Therefore, cluster ‘II’ manifests an essential dis-
tinction from cluster ‘I’. Following spike 7 of cluster ‘II’, the

trajectory cannot move outside the ULC, resulting in spike 8§,

LPC and inside the ULC and exhibits a damped V amplitude,
as depicted in Figs. 7(cl) and 7(c2). Consequently, following
spike 8 (point P3), SO2 appears instead of another cluster; that
is, the two clusters terminate. The reduced amplitude of spike
7 in cluster ‘II’, along with the appearance of spike 8 within

the ULC and to the left of the LPC, causes the burst to termi-

which moves to the left. Spike 8 is located to the left of the  nate.
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Fig. 7. Fast-slow dynamics of cluster ‘II’ (upper row) and clusters ‘I’ (blue) and ‘II’ (magenta) (lower row). (al) and (a2) Spikes 1 and 2; (b1)

and (b2) spikes 3, 4, and 5. (c1) and (c2) The last few spikes.

3.3.4. Speculation on stochastic bursts with n clusters
at weak noise intensity

The complex dynamics of clusters ‘I” and ‘II’ can be used
to explain the stochastic dynamics around the LPC, i.e., the
formation of stochastic clusters. Since spike 8 is close to the
ULC (Figs. 7(c1) and 7(c2)), suitable (i.e., not overly strong)
noise can induce the behavior near its location to cross the
ULC, forming another cluster. Thus, in the stochastic model,
bursts whose cluster count is equal to or different from two can
be evoked. For convenience, a burst with n clusters is labeled
n. Notably, a burst n with n > 2 results in prolonged IBI and
BD, as opposed to the case of strong noise, which can shorten
the IBI and the BD, as speculated in Subsection 3.2.2.

3.4. Stochastic bursting patterns and transitions between
CR and anti-CR

3.4.1. Bursts at weak D: trains of bursting with differ-
ent numbers of clusters

Ten representative stochastic bursts with different cluster

counts are presented across ten rows in Fig. 8. In each row,

the left, middle, and right columns correspond to V, y, and the

fast—slow dynamics, respectively. The corresponding noise in-
tensity D is indicated in each panel.

In the stochastic system, if an ISI exceeds 20, a QS or a

DB appears. Then, a burst containing multiple spikes appears
between two ISIs greater than 20. Within a burst, the local
minimal values of V (¢) (Viini, stars in Fig. 5(al)) are obtained,
and a cluster appears between two consecutive maximal val-
ues of Vinini. If Vinini increases monotonically, only the bursts
‘0’, ‘0-’, or ‘0--’ appear, i.e., without clustering, as illustrated
by the black phase in the left-hand column of Fig. 8.

The first seven representatives with colorful subsegments
correspond to weak noise. Following phase ‘0’ (black), differ-
ent clusters are labeled with different colors. The numbers of
clusters are 7, 6, 5, 4, 3, 2, and 1, respectively. Accordingly,
these bursts are labeled as ‘7, ‘6, ‘5, ‘4, ‘3, 2, and ‘1’ in
this paper. At a fixed level of D, such as 1 x 108, bursts with
different clusters can appear, such as ‘6’ in Fig. 8(a2) and ‘5’
in Fig. 8(a3). For bursts at the same D, a larger cluster num-
ber correlates with a longer BD. Bursts ‘4, ‘3, 2 and ‘1’
at D = 1 x 107% show similar dynamics. At D =1 x 1073,
burst ‘7’ appears. Its duration is shorter than that of burst ‘6’
at D = 1 x 1078, suggesting that higher noise levels can lead
to shorter burst durations. Similarly, in the eighth example
(Fig. 8(a)), burst ‘0’ without clusters appears at D = 1 x 1074,
which is relatively short. The burst exhibits only a basic sub-
segment ‘0’ (Fig. 2(b)), with no clusters.
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Fig. 8. The V (left), y (middle), and fast-slow dynamics (right) of the stochastic bursts. (al), (bl), and (c1) ‘7’ for D = 1 x 1073; (a2), (b2)
and (c2) ‘6’ for D = 1 x 1078; (a3), (b3) and (c3) 5’ for D = 1 x 1073; (ad), (b4) and (c4) ‘4’ for D = 1 x 107°; (a5), (b5) and (c5) 3’ for
D =1x107%; (a6), (b6) and (c6) 2’ for D = 1 x 107%; (a7), (b7) and (c7) ‘1’ for D = 1 x 107%; (a8), (b8) and (c8) ‘0’ for D = 1 x 10~%; (a9),
(b9) and (c9) ‘0-’ for D = 10; (al0), (b10) and (c10) ‘0--" for D = 100.

The fast—slow dynamics of the clusters and SO1 for the
first seven examples are shown in the right-hand column, run-
ning around the LPC. The number of clusters is influenced
by noise. Before moving to be within the ULC, the clusters
shuttle back and forth across the LPC several times. For the
eighth example (burst ‘0’), the cluster disappears. After shut-
tling across the LPC, the behavior changes so that it moves
within the ULC, behaving like SO1. Around the LPC, the be-
havior following subsegment ‘0’ shrinks to the stable focus
via SO1. Subsequently, the different bursts and D influence
the IBIs and BDs.

3.4.2. Burst at strong D: shortened burst since it ter-
minates in advance

As D becomes large, e.g., D = 10, the burst becomes
shorter than the basic subsegment ‘0’, labeled as ‘O-’ in
Fig. 8(a9). As D further increases to 100, the burst becomes
even shorter, labeled as ‘0- - in Fig. 8(al0). The strong noise
causes the BD to shorten. The fast-slow dynamics are de-
picted in the right-hand column. The burst terminates at a
phase to the left of the LPC, i.e., it terminates earlier, show-
ing that strong noise can have an effect in the region to the
left of the LPC. To the left of the LPC, although the stable
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branch and the ULC are relatively far from each other, strong
noise can cause spiking that changes into subthreshold oscil-
lations, thereby terminating the spike via passage through the
ULC. The stronger D is, the further to the left the onset phase
of the subthreshold oscillations is, as shown in Figs. 8(c9) and
8(c10). Thus, the different bursts and different levels of D in-
fluence the IBIs and BDs.

3.4.3. Initial phase of the burst changes from an SNIC
to a region to the right of the SNIC with in-
creasing D

The fast—slow dynamics of SO2, the QS, and the initial

phase of the burst are shown in Fig. 9 for different values of D.

Deterministic bursting for D = 0 is illustrated in Fig. 9(a), and

stochastic bursting for D = 1 x 10~ is shown in Fig. 9(c). As

D increases from 1 x 1077, SO2 terminates earlier, since the

enhanced noise intensity can induce subthreshold oscillations

at an earlier stage, as shown in Figs. 9(b)-9(1). The advanced
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phase induces the longest ISI (the durations of SO1, DB, and
SO2 are shortened), which is consistent with our predictions.

For D < 0.1, the onset phase of the QS is still to the left
of the SNIC, as depicted in Figs. 9(b)-9(h). The phase tra-
jectory still oscillates around the stable node, resulting in a
shortened QS. The burst still begins from the SNIC, as shown
by the triangles, indicating that the initial phase of the burst is
not influenced. The BDs are mainly influenced by the number
of clusters. For D > 0.1, the phase changes so that it is to the
right of the SNIC, as shown in Figs. 9(5)-9(1). Then, the QS
disappears, and the burst begins from a region to the right of
the SNIC, as shown by the triangles, which shortens the BD.
When D = 100, the phase is to the right of the subHB. The
larger the noise intensity is, the further to the right the phase
is. Thus, for large noise intensity, the delayed initial phase of
the burst also shortens the BD, not only the righthand end of
the burst shown in Fig. 8 (‘0-" and ‘0- -* bursts).

D=1x103

0.04 0.06 0.08 0.10 0.12

Fig. 9. Fast—slow dynamics of SO2, the QS, and the initial phase of burst at different noise intensities: (a) D =0; (b) D=1 x 1073, (c)D=1x10"7;
(D=1x10"°%@D=1x107;(H)D=1x10"*(g) D=1x10"3; (h) D=0.01; (i) D=0.1; (j) D= 1; (k) D = 10; (1) D = 100.

In summary, as illustrated in Figs. 8 and 9, the upper and
lower amplitudes of action potentials in mixed-mode bursting
generated in stochastic systems are still determined by the sta-
ble limit cycle within the bifurcation structure of the fast sub-
system. In contrast to deterministic bursting, the onset and ter-
mination of the active phase are influenced by noise, altering
the positions at which the trajectory leaves the basin of attrac-
tion of the limit cycle. Therefore, in the subsequent numerical
simulation of the CV, the threshold for action potential firing,
which was set to V = 0.25 in Subsection 3.1.1, remains valid.

3.5. Transitions between CR and anti-CR
3.5.1. Stochastic bursting trains at different values of
D

Stochastic bursting trains for a duration of 10000 at dif-
ferent values of D are depicted in Fig. 10, with D labeled in
each panel. Different bursts with different numbers of clus-
ters can appear at a single value of D, while the distribution
of the number varies at different values of D. The numbers of
bursts exhibit different trends over five ranges of D, which are
discussed below.
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(h) 1 x 1072; (i) 0.1; () 1; (k) 10; (1) 100.

The first range is for D < 107 (see Figs. 10(a)-10(c)).
As D increases from 10~ to 1073, bursts of more than two
clusters appear and the frequency of appearance of bursts with
more than two clusters becomes higher. Thus, it can be pre-
dicted that small CVs should appear for BDs and IBIs. For
instance, the frequency of bursts with three clusters is 1/12 for
D = 1072, and the frequencies of bursts with six, five, and
three clusters become 4/12 for D = 1078, As D increases to
107, in addition to the bursts with three clusters at a frequency
of 4/12, a burst of one cluster appears with a frequency of 2/12,

i.e., a shorter burst appears. The burst of two clusters has a fre-
quency of only 6/12. At this point, CVs for BDs and IBIs are
still large. This behavior may correspond to anti-CR.

The second range is for 1077 < D < 107> (see
Figs. 10(c)-10(e)). As D increases to 107, bursts with one
cluster are dominant, occupying 9/13. The frequencies of
bursts with four, three, and two clusters are only 4/13. At this
point, it can be predicted that the CVs for BDs and IBIs should
decrease. For D = 1075, bursts with one cluster still have a fre-
quency of 9/13. However, the bursts of four clusters and three
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clusters become fewer. At this point, the CVs for BDs and
IBIs are still small. This behavior may correspond to CR.

The third range is for 107> < D < 1073 (see Figs. 10(e)—
10(g)). As D increases to 10~%, four types of bursts appear.
The emergence of bursts with cluster size ‘0’ confirms short
bursts, occupying 5/14; bursts with one cluster also have a fre-
quency of 5/14, as do those with two and four clusters. The
range of cluster numbers widens (zero to four). At this point,
it can be predicted that the CVs for BDs and IBIs should in-
crease. For D = 1073, the range of numbers becomes wider
(from zero to seven). At this point, the CVs for BDs and IBIs
become higher. This behavior may correspond to anti-CR.

The fourth range is for 1073 < D < 10° (see Figs. 10(g)—
10(j)). As D increases from 1073 to 10, the range of numbers
becomes smaller and smaller. For D = 10°, nearly all bursts
become ‘0’, and different individual bursts exhibit small varia-
tions, as shown in Fig. 10(j). Then, a small CV appears, show-
ing that CR may appear at D = 10°.

The last range is for D > 10° (see Figs. 10(j)-10(1)). As D
increases to ten, the bursts become shorter, i.e., ‘O-’. The indi-
vidual bursts exhibit relatively large variations. At this point,
the CV increases. As D increases to 102, the bursts become
even shorter, i.e., ‘0--’. The individual bursts exhibit large
variations. At this point, the CV increases further.

In the stochastic system, it is noteworthy that increasing D
shortens the BD and the DB. In numerical simulations, a time
interval of 20 is similarly used as the threshold: an ISI ex-
ceeding 20 is identified as bursting; otherwise, it is regarded
as spiking.

3.5.2. CV of BDs shows multiple transitions between
CR and anti-CR

The mean value and SD for the BDs and the correspond-
ing CV are calculated, as illustrated in Figs. 11(al) and 11(a2).
With increasing D, the changes in the SD (red) manifest them-
selves in five ranges: an increase for 1 x 10%°<D<1x1077,
a decrease for 1 x 1077 < D < x1072, an increase for 1 x
1079 <D< 1x1073, adecrease for 1 x 1073 < D < 1, and
an increase for 1 < D < 100, as shown in Fig. 11(al). The
mean (blue) exhibits four ranges: an increase for 1 x 107° <
D <1x 10_8, a decrease for 1 x 1078 < D < x1075, an
increase for 1 x 1075 < D < 1 x 1074, and a decrease for
1 x 107 < D < 100, as shown in Fig. 11(al). Then, the
CV exhibits changes in five ranges, similar to the SD, and
the changing trends resemble those of the SD, as depicted in
Fig. 11(a2), showing that the SD plays a dominant role. Thus,
with increasing D, anti-CR changes to CR, to anti-CR, and
then to CR, showing multiple transitions between CR and anti-
CR.

3.5.3. CV of IBIs shows multiple transitions between
CR and anti-CR

The mean and SD for the IBIs and the corresponding CV
are illustrated in Figs. 11(bl) and 11(b2), respectively. As D

increases, the changes in the SD (red), mean (blue), and CV
resemble those of the BDs. Thus, with increasing D, multiple
transitions between CR and anti-CR appear.
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Fig. 11. Transitions between anti-CR and CR: (al) the mean and SD of
the BDs; (a2) the CV for the BDs; (bl) the mean and SD of the IBIs;
(b2) the CV for the IBIs.

3.5.4. Spectral analysis shows the same multiple tran-
sitions between CR and anti-CR

The average power of V (¢) for stochastic bursting at dif-
ferent values of D is presented in Fig. 12(a), and the inset is
a magnified view around the low frequencies (< 5 Hz). As D
increases from 10~° (green), to 1077 (purple), to 1073 (gray),
and to 1073 (dark green), the peak power decreases, increases,
and decreases, showing multiple transitions between anti-CR
and CR. The peaks appear within 1-2 Hz, corresponding to
the IBI for burst ‘2°, which is located around 1.2 Hz. The
results are consistent with Fig. 10; the frequency of burst ‘2’
decreases, increases, and decreases from D = 1072, to 1077,
to 107, and to 1073
burst ‘0’ appears and exhibits small variations. The IBI for

For D = 1, the peak increases, since

burst ‘0’ decreases; then, the frequency of the peak becomes
high, nearly 2 Hz. For D = 100, the peak decreases, since burst
‘0- -’ exhibits large variations. The IBI for burst ‘O- -’ further
decreases; then, the frequency of the peak becomes higher than
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3 Hz. The results still show multiple transitions between anti-
CR and CR. The changes in peak power with increasing D

4_
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decrease, increase, decrease, increase, and decrease, as shown
in Fig. 12(b), exhibiting changes similar to those of the CV.

Height of peak (10%)

Fig. 12. Average power spectra of stochastic bursting trains: (a) the average power spectrum at different levels of D = 1 x 10~ (green), 1 x 10~/
(purple), 1 x 1076 (magenta), 1 x 1073 (gray), 1 x 10~* (blue), 1 x 1073 (dark green), 1 (yellow), 10 (light blue), 100 (brown). Inset: enlargement
of the region around the peak; (b) variation in the height of peak with increasing D.

4. Discussion and conclusion

Our study of CR indicates the positive roles of noise and
bursting. The latter, which behaves as a complex rhythm, is
a very important nonlinear phenomenon involved in multiple
functions in the nervous system. The two phenomena have
generally been studied independently in previous studies. In
some recent studies, relationships have been established be-
tween CR and bursting, which presents novel ways to study
the effect of noise in complex neural rhythms.>!=33) In this
paper, a novel candidate for CRs in complex bursting is pre-
sented, which is significant in the following respects.

On the one hand, mixed-mode bursting exhibits novel dy-
namics around the termination phase, i.e., the LPC bifurcation,
which is more complex than other similar bursting patterns.
In general, the burst always terminates directly after passing
the bifurcation point for the termination phase. For example,
for a subHopf/LPC burst, the burst terminates after the LPC
bifurcation point by rapidly shrinking to the stable focus.>°!
This view is easily and widely accepted. However, for the
SNIC/LPC bursting discussed in this paper, the burst can shut-
tle back and forth across the LPC twice. This novel result is
induced by three factors. The first is the small real part of the
eigenvalue of the stable focus. If the real part is more nega-
tive, the behavior is attracted to the stable focus, resulting in
a drastic shrinking to within the ULC. Then, it moves to the
left of the LPC and toward the stable focus to terminate the
burst, as in the bursting described in a previous study.>’! Be-
cause it does not shrink to the stable focus rapidly, the behavior
does not exhibit a small amplitude. The second factor is the y-
nullcline modulated by V. The last factor is the coexistence
of the stable focus and the SLC, which are separated by the
ULC that appears to the left of the LPC. Combined with these
factors, the cause for the double passage through the LPC is
obtained. Following the last spike of cluster ‘II’, the ampli-
tude becomes small enough to be inside the ULC and termi-

nate the burst. Two clusters present a novel view of bursting
that terminates at the LPC bifurcation.

On the other hand, the multiple transitions between CR
and anti-CR are a novel example of CRs for bursting, pre-
senting multiple opportunities to modulate the stochastic re-
sponses of bursting, and the underlying bifurcation mecha-
nism is also obtained. In previous studies, single CR, multiple
CRs, and anti-CR have been simulated for different bursting
patterns. [50-52] Fyurthermore, the bifurcations for different CRs
are obtained with fast-slow dynamics. For example, single
CR, multiple CRs, and anti-CR are related to the homoclinic,
big homoclinic, and LPC bifurcations. In this paper, transi-
tions from anti-CR, to CR, to anti-CR, and then to CR are sim-
ulated, which are more complex than the previous examples.
Furthermore, the bifurcation mechanism for the multiple tran-
sitions is obtained. For weak noise intensity, noise mainly in-
duces dynamics around the LPC, resulting in different clusters
within the burst and various IBIs and BDs. For strong noise
intensity, noise mainly induces the behaviors to be delayed rel-
ative to the SNIC at the start of the burst and advanced rela-
tive to the LPC at the end of the burst, resulting in shortened
IBIs and BDs. With increasing noise intensity, the changes
in IBIs and BDs induce changes in the CV for the multiple
transitions between anti-CR and CR. The changes in the onset
and termination phases of the burst for strong noise can eas-
ily be understood, similar to those in the previous study.*’]
However, the mechanism for weak noise intensity is different
from that of the previous study,”°! wherein no clusters appear
due to the rapid shrinking of the amplitude around the LPC. In
this paper, a slow shrinking of amplitude appears. Multi-CR
transition may serve as a coding mode-switching mechanism
in neurons: under physiological conditions, it optimizes infor-
mation transmission in response to noise; under pathological
conditions, it is forcibly triggered by abnormal activity, pro-
moting neuronal synchronization and disease propagation.
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Previous studies have shown that different neuron mod-
els may also produce different types of resonance transitions
when stimulated by noise.[’*>?] Due to differences in the bi-
furcation structures among neuron models, there is no unified
standard for the forms of these transitions. Although this study
has preliminarily explored the transition between CR and anti-
CR, a universal criterion applicable across different systems
has yet to be established. Future research needs to shift from
static description to the analysis of dynamic critical mecha-
nisms, focusing on identifying the key parameters that trig-
ger state transitions. This can be pursued through the follow-
ing approaches: establishing a critical early warning system
that integrates theoretical and data-driven methods to locate
critical thresholds; investigating the regulatory mechanisms of
noise in state switching; and developing cross-system analogi-
cal research to extract universal dynamical criteria. Ultimately,
through the integration of multiple methods, it is expected that
the transition criteria for CR and anti-CR can be generalized
for specific types of complex systems, deepening our under-
standing of the dialectical relationship between order and dis-
order in such systems.

Up to now, the stochastic dynamics of bursting patterns
have remained open problems. In the future, the stochastic
dynamics of various complex bursting patterns and the corre-
sponding bifurcation mechanisms should be studied. For in-
stance, mixed-mode bursting for seizures and migraines has
been described using a high-dimensional theoretical model
with many modulation parameters and multiple slow variables,
with its fast-slow dynamics remaining unclear.*3! The burst-
ing described here resembles bursting associated with seizures
and migraines in appearance to a certain extent, so the results
of this article may help researchers understand the stochas-
tic bursting associated with seizures and migraines. In addi-
tion, complex bursting with physiological significance should
be studied in the future.

Appendix A

For the MLT model defined by Egs. (1)-(3), we perform a
coordinate transformation by letting z = y + I,pp. The dynam-
ical equations of the transformed system are then as follows:

dv
C— =Ik+Ica+ 5L +z,

T (A1)
do w.—
E - To ’ (Az)
dz
T r(k=V). (A3)

After the coordinate transformation, the system equations no
longer explicitly contain the parameter I,p,, while all other
terms in the equations remain unchanged. Specifically, the
presence of Iy, only induces a rigid translation of the MLT

model along the y-axis in phase space, without altering the
bifurcation dynamics of the system with respect to the other
parameters.

This feature of the MLT model is attributed to the unique-
ness of its configuration, wherein I,,, does not alter the bifur-
cation structure of the system unless dz(y, lopp)/dt = dy/dt is
met.
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