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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

One-bright-two-dark ring solitons of partially directional nonlocal
three-component nonlinear Schrodinger model

Ru-Meng Zhao(& 1 #), Rui-Jie Li(ZEHGAS), Shu-Yi Li(ZE452), Jing Yang(##H, and Ji-Tao Li(FFic %)

School of Physics and Telecommunications Engineering, Zhoukou Normal University, Zhoukou 466001, China

(Received 24 February 2026; revised manuscript received 11 March 2026; accepted manuscript online 16 March 2026)

This research systematically investigates a three-dimensional nonlinear Schrédinger model with three components
featuring partially directionally nonlocal nonlinearities in the presence of harmonic and linear potentials, with applications
to nonlinear optics and Bose-Einstein condensates (BECs). To construct optical soliton solutions, we introduce a mapping
procedure that establishes a correspondence between the nonautonomous and autonomous models. By rigorously applying
the bilinearization technique, we derive analytical solutions for three-component solitons, including one-bright-two-dark
ring-shaped single solitons and bi-solitons. We comprehensively analyze their spatiotemporal evolution and partially nonlo-
cal characteristics, with particular emphasis on the formation mechanisms of multilayer and multihump structures governed

by the Hermite-polynomial parameter.

Keywords: nonlinear Schrodinger model, one-bright-two-dark ring solitons, partially directional nonlocality
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1. Introduction

Solitons represent a cornerstone of contemporary

photonics research, providing profound insights into

L2] Jager

wave-propagation phenomena in optical fibers,!
systems,>~®! and Bose—Einstein condensates.!”! These shape-
preserving wave packets arise from a delicate balance between
nonlinearity and dispersion, making them important for both
fundamental studies and technological applications. Soliton-
like bubbles have also been employed to propel microrobots
through cavitation. [®!

The nonlinear Schrodinger (NLS) model®'?! remains a
fundamental model for describing nonlinear optical effects,
femtosecond pulse-dispersion management, and information-
carrier dynamics in optical communications.!!3-1®] Recent ex-
tensions of the NLS model have incorporated various physical
contexts, including synthetic photonic structures,!!”! photore-
fractive crystals, 2] and nonlocal media.[!8!

Emerging nonlocal NLS variants have demonstrated
remarkable capabilities in modeling soliton dynamics in
BECs!'”! and nonlinear optical systems.?’! Partially direc-
tionally nonlocal (PDN) NLS models introduce partially
directionally nonlocal nonlinearities,*'=23! giving rise to
higher-dimensional soliton structures, such as Peregrine triple

[21,22 (23

I scalar and vector rogue waves,>}! and

[24,25]

configurations,
controllable ring rogue waves.

Coupled NLS models enable the description of bi-
nary BECs in external potentials>®! and solitons in birefrin-
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gent fibers.?”) Recent developments include nondegenerate
solitons, 2! as well as vector multipole and vortex solitons in
cubic'!' and quintic-septimal>-!°! media. Three-component
NLS models have also been successfully employed to describe

(28] Peregrine solitons,*”! and breathers. 3"

vector solitons,
However, three-component PDN-NLS models remain largely
unexplored despite extensive studies of their two-component
counterparts.>1-23311 This gap motivates the investigation of
three-component PDN solitons and may provide further in-
sights into multimode coupling in nonlocal media.

In this work, employing Hirota’s bilinear method, we es-
tablish a framework for generating diverse ring-soliton struc-
tures in individual components of the time-dependent PDL-
NLS model

. dg; d’q; dz%)

i Jra(z‘)(dx2 + a2

+00)g; [ (P~ laa ~ lasf)dz

)@ 49D +hO) 3l = im()g;. (1)

where g;(x,y,t), j =1 ~ 3, are complex-valued functions rep-
resenting either three-component order parameters in ultracold
atomic systems or optical field envelopes. Here, x, y, and z de-
note the spatial coordinates, while ¢ represents the temporal
variable. The model features directionally dependent nonlo-
cal nonlinearities modulated by the time-dependent function
b(t), exhibiting a local nonlinear response along the x direc-
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tion and a nonlocal response along the y direction.!?>%3] Physi-
cally, such nonlocality can arise from distinct mechanisms de-
pending on the system under consideration, including long-
range atomic interactions in BECs!'”! and nonlocal nonlin-
ear responses in optical media.l?°! Other time-dependent pa-
rameters include the diffraction-management coefficient a(z),
harmonic-potential strength g(r), linear-potential magnitude
Notably, the two-
component special case of Eq. (1) with vanishing external
potentials (g(t) = h(t) = m(t) = 0),1%?! as well as the case
with vanishing harmonic potential and gain/loss modulation

(g(t) =m(t) =

h(t), and gain/loss modulation m(z).

0),133] has been investigated previously.

2. Mapping procedure
We introduce the following injective mapping from g; to
Q;:
q;(x,3,21) = T(5,0)Qj[A (x,1), y(3,1), 2(1)] e Vo), (2)

under which the time-dependent (3 + 1)-dimensional three-
component PDN-NLS system (1) can be transformed into the
following autonomous system:

dQ, N d?Q; d%Q;
dA2 ~ dy?
+2Qj(|Q1 > =102/ = 10s]*) = 0. 3)
Under the specific condition
b(t) = 2a(t) e 2Jimndr )

The functions in Eq. (2) are given by
(A) Amplitude
Wo

Vwizwy/m

X exp [/()tm(t)dt+4/0ta(t)p(t)dt - %2z2

where H,,(-) denotes the Hermite polynomial of order w(>

I'(z,t) = H,(nz)

» )

0),11?! with 1) being a real constant;

(B) Phase
wlont) = —p(t)(@ +y%) = 1() (x+)
) ' 2
[ atierar, ©
where the temporal chirp p(¢) satisfies p; = —g(t) +4a(t) p*(t)

and the linear function /(¢) satisfies I; = —h(¢)
(C) Accumulated time

B 5 t t
() = 2W, /O a(t)exp [8 /0 a(t)p(t)dt} d, )
(D) Mapping functions

(’;83) - Wo{exp [4/0ta(t)p(t)dt} (;)
+2/ exp[ '/Ota(t)p(t)dt} dt}, 8)

where Wy denotes the initial width.

+4a(t)l(t)p(t);

3. One-bright-two-dark ring soliton solutions

Rewriting Eq. (2) in polar coordinates, we obtain

40, d’0; 1dQ; 1 d%Q;
dt dr? r dr 2 dg?
+20;(|01* — 02> = 03*) =0, j=1~3, (9

where the radius is r = \/m and the azimuthal angle is
¢ = arctan(y/A).

We focus on ring solutions of Eq. (1). For a thin ring with
thickness L < R,** two key approximations can be made:
(1) the third term in Eq. (9) is negligible, and (ii) the radial
dependence 1/7? in the fourth term can be approximated by
1/R?.3% By adopting the ansatz Q; = V;(r,7) e*? with inte-
ger k(> 0),13* Eq. (9) can then be approximately reduced to

/N ) )

—L = V2P = Vo = [V3*)V; = 0. (10
et g Vit AP =l =)V, =0.10)
For k < R, Eq. (10) further reduces to

.4V d2v;
i +T2+2(\V1\2—|V2\2—|V3|2)Vj=0. (11)

Using the bilinearization method for Eq. (11),* and in
conjunction with the mapping transformation Eq. (2), a family
of solutions to Eq. (1) can be obtained.

The approximate one-bright-two-dark soliton solution
reads

Wo
Vwizw/m

efom )dt+4 [fa(t)

q;(x,y,2,1) = (ﬂZ) 0]
p(r)de— ILZ2+,[W(”¢+;¢¢] . (12)

(1)

where the single-soliton solution is given by Q<11> = lalifﬁsl,
+K
and
i& M —ivy g 4ef
oy _ Bt (1o xpmten ) =12
Qs+] - l—l—Kegl“l* , S=1,2,
with

2(181% + &)z,

& = ulr’—l—i[u%—

E =2 +2(18:)* +|8&)7)] T + v,
D T P T
(u1 +u;)? lug —iv1 2 ug —ivp? ’
¥ =(r—Ry)/L,

and the two-soliton solution is given by
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o al(l) efl 4 O‘z(l) & 40 efItef ey 4 6, e82 e +e

Q1_

2) 5Sei§_y(1 + wl(sl) eel—&-si‘ + ‘01(;) efl +& + wz(sl)

eEatef _|_w2(;)esz+e; +w3(S)esl+sl*+ez+e§)

- * * * * k * 9
1_|_v“e£1+81 +vlze£1+é‘2 + Vo e£2+£1 +V22€82+82 +we£1+81+£2+£2

s+1 =

with

& = usr/+i[u§+2(|51|2+ |62|2)]T’

E =2 +2(18]> + &)t + w17,
2 V11 V21

611 = (ug —uy) v,
a](l)*
Vi2V2o ud—iv
621 = (ur —uy)? v (0(51{):— 1 >V,
o wp+ivg
ol — g = ivs) (2 — ivy)
3 (4 1ivg) (w5 +1vs)’
(1) (1)«
Vit = a % _ g |5C|2
(ug + u;;)2 S (g —ive) (u} +ive)
Vi1Vi2V21 V22
0 = o~ ===l
loy o
2 |5C|2

v=1+Y)

Z (u—ive)(up —ive)’

ford,f =1,2, where r= /A2 +7y?>and ¥ = (r —Ry)/L.

4. PDN property of one-bright-two-dark ring
solitons

We analyze the PDN properties of one-bright-two-dark
ring solitons under an exponential modulation system!?*! de-
scribed by

a(t) = apexp(—ot), (13)

where ay and ¢ denote the initial diffraction coefficient and ex-
ponential modulation rate, respectively. Moreover, p(t) = po
and [(¢) = Iy are taken to be constants.

(a) ®)

w=l1

* * * * *k *
1+vlle£1+€1 _|_v12e61+82 +V21€82+£1 +V22€82+£2 _|_w-e£1+81+82+£2

9 s:172’

\
As indicated by the amplitude expression (5), the Hermite

polynomial H,(1z) governs the structural variation of the so-
lutions along the z direction. Figure 1(a) shows the ampli-
tude profiles with two (w = 1) and three (w = 2) characteristic
humps corresponding to different polynomial orders. The tem-
poral evolution reveals amplitude enhancement induced by the
positive gain coefficient my. Meanwhile, Fig. 1(b) shows that
the width contracts, while both the effective time and time shift
progressively increase with increasing time ¢. The phase distri-
bution in the xy plane shown in Fig. 1(c) exhibits an inverted
parabolic profile, with pronounced phase modulation around
the origin (x =y = 0), where the phase magnitude varies from
its minimum to maximum.

In Fig. 2, we consider one-bright-two-dark ring single
solitons with localized properties along the x and y directions.
For the bright-ring single soliton of component g; shown in
Fig. 2(a), a hollow cylindrical shell protrudes from a plane
with zero magnitude in the xy plane. For the dark-ring sin-
gle solitons of components g, and g3 shown in Figs. 2(b) and
2(c), respectively, hollow cylindrical shells are embedded in
two planes with relatively large background magnitudes. The
magnitude of g3 is larger than that of g; in the xy plane. For the
total quantity 7 shown in Fig. 2(d), the resulting profile resem-
bles that of component ¢ in Fig. 2(a), because the amplitude
of g1 is significantly larger than those of ¢, and g3. Conse-
quently, the bright component ¢g; dominates the contribution
of the two dark components ¢, and g3.

Comparing Fig. 2(a) with Fig. 2(e), we find that, for a
fixed thickness L, all one-bright-two-dark ring solitons exhibit
increasing radii as R( increases. Conversely, for a fixed Ry
(Figs. 2(a) and 2(f)), their thicknesses increase proportionally
with the thickness parameter L.

©

3
3071[—— Width « - « + Timeshift + Effective time| 7|

Fi
]
i
F
H

L P R R T B 0
4321 0-1-2-3 z

Fig. 1. Characteristics of the solution. (a) Amplitude, (b) variations of the characteristic structural values with time ¢, and (c) phase at t = 10.
Parameters: Wy = 0.4, = 1,a9 = 0.05,0 = 0.001,mo = 0.01, pg = 0.12,lp = 0.15,w = 0.
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Fig. 2. (a), (e), (f), (2), and (i) Bright, (b), (h), and (j) dark, and (c) dark-ring single-soliton solutions with I; = |¢ j|2, and (d), (k), and (1) total
intensity / = )3:1 lg; 2. Panels (a)~(f) show the xy plane at z = 0.5 and ¢ = 10, panels (g) and (h) show the y¢ plane at z = 0.5 and x = —0.1, and

panels (i)—(1) show the z¢ plane at x = 15 and y = 15. The parameters are the same as those in Fig. 1, with ocfl) =1.25,6,=0.7,6, =0.8,u; =
2,v1 =0.2,v, =0.18, and (a)—(d), (i))~(k) Ro=8,L=1,w=0,()Ro=12,L=1,w=0,) Roy=12,L=2,w=0,and ) Ry =8,L=1,w=3.

@ b) [C] )y

Fig. 3. Isosurface plots for (a), (e), and (i)—(1) bright, (b) and (f) dark, and (c) and (g) dark-ring single-soliton solutions with I; = |¢ j|2, and (d) and
(h) total intensity / = ):?;1 lq j|2. Panels (a)—(d) show the xyt space at z = 1, while panels (e)—(1) show the xyz space att = 10. The parameters are
the same as those in Fig. 2, except for (a)-(h) Rp =8,L=1,w=0,))Ro=12,L=1,w=0,()Ro=12,L=2,w=0,k) Ry =8,L=1,w=1,
and ) R =8,L=1,w=3.
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-20-
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Fig. 4. (a), (e), and (g) Bright, (b), (f), and (h) dark, and (c) dark-ring two-soliton solutions with I; = |¢ j|2, and (d) total intensity I = 2;:1 lg j|2.
Panels (a)—(d) show the xy plane at z = 0.5 and ¢ = 10, panels (e) and (f) show the yf plane at z = 0.5 and x = —0.1, and panels (g) and (h) show

the zz plane at x = 15 and y = 15. The parameters are the same as those in Fig. 1, with

—1,v1 = 02,15 =0.22,Rg =8,L = 1,w = 0.

(@) (]

W1 o) =158 =02,8=03,u =12,u, =

(© (d)

w0 20

Fig. 5. Tsosurface plots for (a), (e), and (g) bright, (b) and (f) dark, and (c) and (h) dark-ring two-soliton solutions with I; = |¢ j|2, and (d) total
intensity I = Z;Zl lq j|2. Panels (a)—(d) show the xyr space at z = 1, while panels (e)—(h) show the xyz space at t = 10. The parameters are the
same as those in Fig. 4, except for (a)-(f) w =0, (g) w =2, and (h) w = 3.

In the yz-plane, the bright ring single-soliton solution g
transforms into a dual-peak bright soliton structure (Fig. 2(g)),
while the dark ring soliton ¢, evolves into a pair of dark soli-
tons with distinct amplitudes (Fig. 2(h)), and g3 exhibits a sim-
ilar structure. In the zz-plane, the bright ring single-soliton so-
lution ¢y exhibits a dromion structure®! in Fig. 2(i), while the
dark ring single-soliton g, forms double-depression features
on the array-soliton background in Fig. 2(j), and g3 exhibits a
similar structure. The total intensity distribution / in Fig. 2(k)
manifests as a composite dromion structure superimposed on
the array-soliton background. As the parameter w of the Her-
mite polynomials increases, the soliton arrays undergo regular
proliferation along the z-direction. For w = 3, a quadruple-
dromion array superimposed on the array-soliton background

appears in Fig. 2(1).

Isosurface plots provide a clearer description of the PN
properties of the one-bright-two-dark ring solitons. In the xyr
space, for the bright component ¢; in Fig. 3(a), a hollow cylin-
drical shell appears. In contrast, for the dark components ¢,
and g3 in Figs. 3(b) and 3(c), two hollow cylindrical shells are
embedded in two distinct planes, respectively. For the total
intensity / in Fig. 3(d), the shape is also similar to that of the
bright component g in Fig. 3(a).

In the xyz space, a ring appears for the bright component
g1 in Fig. 3(e). In contrast, the dark components ¢, and g3
in Figs. 3(f) and 3(g) exhibit two dark rings, which separate
the space into distinct inner and outer regions. For the total
intensity [ in Fig. 3(h), the shape is a ring similar to that of

090503-5
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the bright component ¢; in Fig. 3(e). A comprehensive com-
parison between Figs. 3(e) and 3(i) demonstrates that all one-
bright-two-dark ring solitons undergo radial expansion as Ry
increases while maintaining an invariant thickness L. In con-
trast, when Ry is held constant, as evidenced by comparing
Figs. 3(e) and 3(j), their thicknesses exhibit a linear depen-
dence on the thickness parameter L. As the parameter w of the
Hermite polynomials increases, the soliton layers undergo reg-
ular proliferation along the z-direction. For w =1 and w = 3,
two and four layers of rings for the component ¢, respectively,
emerge along the z-direction in Figs. 3(k) and 3(1). Along the
z-direction, the one-bright-two-dark ring solitons exhibit lo-
calization in (w+ 1) layers of rings for the parameter w.

Finally, Fig. 4 illustrates one-bright-two-dark ring bi-
solitons, demonstrating localization in both the x and y di-
rections. Figure 4(a) shows the bright component g; form-
ing two nested hollow cylindrical shells protruding from the
zero-amplitude xy plane. The dark components g, and g3
in Figs. 4(b) and 4(c) exhibit similar nested shells embedded
within distinct finite-amplitude planes, with g3 > ¢ in the xy
plane. The total intensity / in Fig. 4(d) resembles that of g
because of its dominant amplitude, which offsets the contribu-
tions from ¢, and g3.

In the yt-plane, the bright ring two-soliton solution g
evolves into a four-peak structure (Fig. 4(e)), while the dark
counterpart g, transforms into a dark quad-soliton with dis-
tinct amplitudes (Fig. 4(f)), and g3 exhibits a similar struc-
ture. In the z¢-plane, when w = 4, ¢ forms five dromions
(Fig. 4(g)), whereas g, generates amplitude depressions on an
array-soliton background (Fig. 4(h)), and g3 exhibits a similar
structure. The composite intensity / exhibits five dromions su-
perimposed on this background, similar to the structure shown
in Fig. 4(g).

In the xytr-space configuration, distinct features emerge
among the soliton components. The bright ring bi-soliton
g1 in Fig. 5(a) manifests as two nested hollow cylindrical
shells, while its dark counterpart g, in Fig. 5(b) exhibits sim-
ilar structures embedded within a planar background. Com-
ponent g3 displays an analogous dark cylindrical morphology
in Fig. 5(c). The total intensity / in Fig. 5(d) replicates the
configuration of g, with all ring solitons demonstrating radial
expansion along the temporal dimension. In the xyz space, q;
generates nested toroidal rings in Fig. 5(e), whereas g pro-
duces dark rings that partition the space into concentric in-
ner, middle, and outer domains in Fig. 5(f), and g3 exhibits a
similar structure. Increasing the Hermite polynomial param-
eter w induces systematic stratification along the z-direction.
For w = 2, three-layer nested double rings emerge for g; in
Fig. 5(g), while for w = 3, corresponding four-layer architec-
tures form in Fig. 5(h). This progression confirms the general
solution, in which the components localize as (w + 1)-layer

nested double rings along the z-direction.

5. Conclusion

In summary, we have investigated a three-dimensional
PDN-NLS model with three components subject to harmonic
To ob-
tain the soliton solutions, we introduce a mapping proce-

and linear potentials as well as gain/loss effects.

dure that connects the variable-coefficient equations with their
constant-coefficient counterparts. By employing the bilin-
ear approach, we derive analytical approximate vector soliton
solutions, including one-bright-two-dark ring single-solitons
and two-solitons. In the xy-plane, the ring single-solitons
form hollow cylindrical shells for the bright component and
hollow cylindrical shells embedded asymmetrically in dis-
tinct high-amplitude planes for the dark components. The
ring two-solitons form two nested hollow cylindrical shells
for the bright component and two nested hollow cylindrical
shells with distinct planar embeddings for the dark compo-
nents. In the yr-plane, the ring single-solitons exhibit bright
dual-peak and dark bi-soliton structures, while the ring two-
solitons evolve into bright and dark quadruple-soliton struc-
tures. Along the z-direction, the solutions develop (w+ 1)-
dromion structures for the bright component and (w + 1)-dip
structures on array-soliton backgrounds for the dark compo-
nents, governed by the Hermite parameter w. These findings
elucidate the formation mechanisms of multilayer and multi-
hump structures and advance the understanding of multicom-
ponent coupled localization in PDN media.
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