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We present a non-local quantum system based on a waveguide QED architecture, comprising two spatially separated
and largely detuned superconducting transmon qubits. By applying parametric frequency modulation to one of the qubits,
we establish a tunable coherent channel between the two far-detuned qubits, thereby forming an Λ -type three-level system.
We demonstrate that tuning the modulation amplitude enables the observation of spectral evolution from electromagneti-
cally induced transparency (EIT) to Autler–Townes splitting (ATS). Furthermore, by exploiting the interplay between the
non-local waveguide phase and system dissipation, the system achieves significant non-reciprocal microwave transmis-
sion and direction-selective photon emission. The scheme operates without external magnetic fields, offering an efficient
pathway for realizing on-chip integrated quantum routers and isolators.
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1. Introduction

Over the past two decades, circuit quantum electrody-
namics (circuit QED) based on superconducting circuits has
emerged as a leading platform for exploring quantum op-
tics and realizing quantum information processing.[1–6] En-
abled by the strong coupling capability between artificial
atoms[7] and microwave photons, this field has witnessed
significant progress in single-photon generation,[8,9] quantum
logic gates,[10,11] the preparation of multiparticle entangled
states,[12] and microwave photon detection.[13] In particu-
lar, waveguide QED architectures based on one-dimensional
open transmission lines offer an ideal hardware foundation for
building large-scale quantum networks and distributed quan-
tum computing.[14–18] The applied microwave modulation in-
duces an effective magnetic flux bias that breaks the system’s
reciprocity, offering an efficient pathway for realizing on-chip
integrated quantum routers and isolators without external mag-
netic fields.

In quantum network nodes, three-level systems capable
of coherently manipulating photon transmission are important.
Electromagnetically induced transparency (EIT) based on Λ -
type levels serves not only as a core mechanism for realiz-

ing quantum memory[19,20] but also as the basis for building
single-photon transistors and switches.[16,21,22] However, re-
alizing this goal in superconducting circuits faces an inher-
ent obstacle: common superconducting transmon qubits typ-
ically exhibit a ladder-type energy level structure and lack
the metastable states required for Λ -type systems.[23–26] To
overcome this limitation, researchers have proposed vari-
ous schemes, such as introducing auxiliary resonator modes,
utilizing specific energy level structures near flux sweet
spots, or constructing artificial molecules based on multi-qubit
coupling.[27,28] In addition, parametric modulation serves as
an effective strategy to engineer such systems. By apply-
ing parametric frequency modulation to a single qubit, for-
bidden sideband transitions can be activated to construct an
equivalent Λ -type system without the need for complex circuit
designs.[29,30] Similarly, parametric drives have been demon-
strated to facilitate coherent exchange between symmetric and
antisymmetric states in coupled qubit pairs, thereby mimick-
ing Λ -type transitions.[31]

While these works have successfully established the ba-
sis for energy level engineering, extending such schemes to
the non-reciprocal regime offers significant potential. Achiev-
ing direction-dependent transmission is essential for enabling
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advanced functionalities like signal isolation and directional
routing in quantum networks. To break Lorentz reciprocity,
it is typically necessary to introduce magneto-optical effects,
time-varying modulation, or chiral coupling.[32–35] In recent
years, achieving non-reciprocity via parametric modulation
has attracted significant attention. For instance, modula-
tion techniques have been successfully applied to quantum
beam splitters based on parity–time (PT) symmetry to real-
ize non-reciprocal control of high-order quantum correlations
(g(2)).[36] Building upon these foundations, realizing efficient,
tunable, and structurally simple non-reciprocal devices at the
single-photon level represents a highly desirable goal for scal-
able waveguide QED architectures.[37,38] Alongside these de-
velopments, actively modifying atomic decay rates and di-
rectional radiation behaviors through tunable environments is
also attracting broad interest across various macroscopic QED
platforms.[39]

Inspired by giant atom physics and multi-point inter-
ference effects,[40–44] we propose a novel waveguide QED
system combining parametric modulation techniques with
non-local waveguide coupling. Distinct from previous ap-
proaches relying on local single-qubit modulation[39] or PT-
symmetric configurations,[36] we utilize two spatially sepa-
rated and largely detuned transmon qubits, applying paramet-
ric modulation to only one of them. In this architecture, para-
metric modulation compensates for the energy detuning be-
tween qubits to establish a coherent channel, constructing the
Λ system. More critically, we exploit the non-local phase fac-
tor ϕw introduced by waveguide propagation as an additional
degree of freedom. Through its interplay with system dissipa-
tion, we break the time-reversal symmetry of the system,[45,46]

achieving a maximum non-reciprocity parameter of 0.9999.
The remainder of this paper is organized as follows. Sec-

tion 2 constructs the non-local two-qubit model with paramet-
ric modulation and derives the effective Hamiltonian. Sec-
tion 3 analyzes the steady-state spectral properties, demon-
strating the controllable evolution from EIT to ATS.[47] Sec-
tion 4 explores the mechanism of non-reciprocal transmission
induced by waveguide phase delay. Section 5 presents the dy-
namical characteristics of the system as a tunable directional
quantum emitter.[48] Finally, we conclude in Section 6. Our
scheme requires no external magnetic fields and provides a
new approach for realizing quantum routing and isolation via
parametric modulation using standard superconducting fabri-
cation processes.

2. Model and effective Hamiltonian
Figure 1(a) illustrates the architecture of the waveguide

QED system proposed in this study. The system comprises
two spatially separated superconducting transmon qubits col-
lectively coupled to the continuum of a one-dimensional open
waveguide. In this architecture, the transition frequency ω1

of qubit 1 remains fixed, serving as a static reference. In
contrast, the transition frequency ω2(t) of qubit 2 undergoes
periodic parametric modulation, acting as a control knob to
actively tune the coherent coupling of the system. The long-
range interaction between the qubits is mediated by microwave
photons propagating along the waveguide. This non-local
character introduces a propagation phase factor defined as
ϕw = k|x1−x2|, where k denotes the wavenumber of the prop-
agating microwave mode.

Atom 1 Atom 2

x1 x2

(b) (c)

Port 1 Port 2

Atom 1 Atom 2
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γ1γ2

2
sinϕw
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Fig. 1. Schematic of the system architecture and energy levels. (a) Two spatially separated transmon qubits coupled to a 1D waveguide, with
their interaction modulated by the propagation phase ϕw. (b) Diagram of the interaction between the probe field and the qubits, illustrating the
definition of the local phase ϕ j . (c) The effective Λ -type three-level system model in the rotating frame.

In the laboratory frame, the total system Hamiltonian
(h̄ = 1), which encompasses the qubit eigenenergies, exter-
nal probe drives, and non-local qubit–qubit interactions, is ex-
pressed as[49]

Hlab = ω1a†
1a1 +[ω2 +εΦ cos(∆t)]a†

2a2

+α0a†
1a†

1a1a1 +α0a†
2a†

2a2a2

+

(
g0 +

√
γ1γ2

2
sinϕw

)
(a†

1a2 +a1a†
2)

− i ∑
j=1,2

√
γ j

2
[(α e i(ωpt+ϕ j)a†

j −α
* e−i(ωpt+ϕ j)a j]. (1)

Here, a†
j (a j) denotes the creation (annihilation) operator for

the j-th qubit. The first line of Eq. (1) describes the uncou-
pled eigenenergies of the system, where εΦ and ∆ represent
the modulation amplitude and frequency of qubit 2, respec-
tively. The second line represents the anharmonic terms of
the qubits, where α0 denotes the anharmonicity. We assume
the anharmonicities of the two qubits are identical, which can
be experimentally realized by controlling the capacitance of
the transmon qubits. The third line explicitly provides the
non-local interaction term (along with the dissipation terms),
where γ j represents the radiative decay rate of the j-th qubit
into the waveguide. This interaction consists of the dissi-
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pative coupling mediated by the waveguide (dependent on
sinϕw) and the direct capacitive coupling g0. To facilitate the
subsequent discussion, we define the total effective coupling
strength as g = g0 +

√
γ1γ2
2 sinϕw. In our experimental con-

figuration, the system operates in the large-detuning regime
(|ω1 − ω2| ≫ g,γ). Consequently, the natural exchange in-
teraction between qubits is highly suppressed by the energy
difference in the absence of modulation. The coherent chan-
nel between qubits can be controllably activated only by finely
tuning the modulation frequency ∆ of qubit 2 to compensate
for this energy detuning. The fourth line describes the cou-
pling between the qubits and a probe field with frequency ωp,
where α denotes the complex amplitude of the incident mi-
crowave drive. Specifically, ϕ j denotes the local phase of the
probe signal arriving at the j-th qubit located at x j, as schemat-
ically shown in Fig. 1(b)). By setting the reference phase
ϕ1 = 0, the phase at qubit 2 is naturally given by ϕ2 = ϕw.

To treat the explicitly time-dependent Hamiltonian, we
transform the system into a rotating frame defined by
the unitary operator U(t) = exp[−iωpt a†

1a1 − i(ωp − ∆ −
εΦ

∆
sin∆t)a†

2a2]. By applying the Jacobi–Anger expansion and
neglecting fast-oscillating terms under the rotating-wave ap-
proximation (RWA), we derive the time-independent effective
Hamiltonian under the resonance condition ∆ = ω1 −ω2 (see
Appendix A for details). This effective Hamiltonian corre-
sponds to an equivalent Λ -type three-level system, as depicted
in Fig. 1(c):

Heff = ∆pa†
1a1 +∆pa†

2a2 +α0a†
1a†

1a1a1 +α0a†
2a†

2a2a2

+Ωeff(a
†
1a2 +a1a†

2)

− i ∑
j=1,2

√
γ j

2
(
α j e iϕ j a†

j −H.c.
)
, (2)

where ∆p = ω1 −ωp denotes the probe detuning, and α1 =

α,α2 = αJ1(εΦ/∆) correspond to the effective driving
strengths of the incident microwave on the respective qubits.
Notably, the effective coupling strength Ωeff, induced by the
parametric modulation of qubit 2, is renormalized as

Ωeff =

(
g0 +

√
γ1γ2

2
sinϕw

)
J1

(εΦ

∆

)
. (3)

This expression indicates that the effective coupling strength
is directly proportional to the first-order Bessel function
J1(εΦ/∆). Therefore, by adjusting the modulation amplitude
εΦ of qubit 2, we can perform switching of the coherent chan-
nel between the two spatially separated qubits, without per-
turbing the stability of qubit 1, which serves as the probe port.

In the subsequent sections, we investigate the system’s
spectral and dynamical properties based on this effective
model. To optimally illustrate the distinct physical mecha-
nisms — ranging from interference-induced transparency to
chiral photon emission — we adopt specific parameter sets for
different regimes. These parameter choices, along with their
physical motivations, are summarized in Table 1.

Table 1. Summary of system parameters used in numerical simulations. The parameter sets are selected to optimize the visibility of distinct
physical mechanisms.

Figure Phenomenon Decay rates (γ1,γ2) (MHz) Physical motivation/regime

Fig. 2 EIT/ATS transition 20,10 Maximize linewidth contrast to resolve modes

Fig. 3 Non-reciprocal Trans. 20,10 Enhance interference for high isolation contrast

Fig. 4 Directional emission 10,10 Demonstrate chirality from modulation

*Note: Unless otherwise stated, other common system parameters are fixed at

ω1,2/2π ≈ 6,5.8 GHz, g0/2π = 20 MHz, and v ≈ 1.2×108 m/s.

3. Steady-state transmission and spectroscopy
To investigate the optical response of the system to the

probe field Ωp, we employ the Lindblad master equation to
describe its open quantum dynamics. Unlike traditional cav-
ity QED systems, the waveguide-mediated interaction not only
renormalizes the Hamiltonian but also introduces non-local
collective dissipation. In the rotating frame, the master equa-
tion takes the form

ρ̇ =−i[Heff,ρ]+ ∑
j=1,2

ℒ j[ρ]+ℒcoll[ρ], (4)

where ℒ j = γ j𝒟[a j]+2γφ , j𝒟[a†
ja j] accounts for the individual

relaxation γ j and pure dephasing γφ , j of the j-th qubit. Here,
the Lindblad superoperator is defined as 𝒟[O]ρ = OρO† −
1
2{O†O,ρ}. The collective dissipation term ℒcoll describes the

interference effects arising from the two qubits coupling to the
common waveguide bath:

ℒcoll[ρ] =
√

γ1γ2 cosϕwJ1

(
εΦ

∆

)
×
(

a1ρa†
2 −

1
2
{a†

1a2,ρ}+H.c.
)
. (5)

The presence of this term, which depends on cosϕw, implies
that the radiation fields of the two qubits can undergo con-
structive or destructive interference. This interference is the
key mechanism for realizing non-reciprocal transmission and
dark-state physics. We solve for the steady-state density ma-
trix ρss numerically using QuTiP.[50]

According to input-output theory,[27] taking into account
the phase accumulation due to waveguide propagation, the
transmission coefficient t21 (defined as the ratio of the output
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field to the input field) can be expressed as a coherent super-
position of the radiation fields from the two qubits:[15,27]

t21 = 1+
1
α

(√
γ1

2
⟨a1⟩ss + e−iϕw

√
γ2

2
⟨a2⟩ss

)
. (6)

where ⟨a j⟩ss denotes the expectation value of the annihilation
operator for the j-th qubit in the steady state.

Figure 2(a) presents the evolution of the transmission
power |t21|2 with respect to the probe frequency ωp and the
modulation amplitude εΦ . In our numerical simulations, we
used typical superconducting circuit parameters: energy relax-
ation rates γ1/2π = 20 MHz and γ2/2π = 10 MHz, pure de-
phasing rate γφ/2π = 0.05 MHz, coupling strength g0/2π =

20 MHz, and phase ϕw = π/2.

ε Φ
/
∆

∆p (MHz) ∆p (MHz)

εΦ/∆=0

εΦ/∆=0.2
εΦ/∆=0.8

R
e
(δ
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H

z
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H
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2
a

2
> 
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

-
3
↽
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εΦ/∆a0.10

εΦ/∆a0.20
εΦ/∆a0.80
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(b)

(c) (d)

(a)

Fig. 2. (a) Two-dimensional map of the power of the transmission |t21|2 as a function of probe frequency ωp and modulation amplitude εΦ . The
red dashed line indicates the critical boundary of the EIT–ATS transition. (b) Cross-sections of the transmission spectrum at different modulation
amplitudes, showing the evolution from a single absorption peak to a doublet splitting. (c) Evolution of the real (solid lines) and imaginary (dashed
lines) parts of the complex eigenvalues δ± with modulation amplitude. The gray dotted line marks the position of the exceptional point (EP), where
eigenvalues coalesce and bifurcate. (d) Time evolution dynamics of the excited state populations n1 and n2 for qubits 1 and 2.

Since the pure dephasing rate and the anharmonic fre-
quency shifts are much smaller than the energy relaxation
rates in the weak-probe regime, we can neglect their effects
to derive an analytical understanding. By solving the Lind-
blad master equation for the steady-state expectations (see Ap-
pendix B for a detailed validity discussion including anhar-
monic corrections), the transmission coefficient can be analyt-
ically decomposed into a sum of two Lorentzian functions:[4]

t21 = 1+
χ+

∆p −δ+
+

χ−
∆p −δ−

, (7)

where χ± represent the effective complex residues associ-
ated with the two eigenmodes. The positions of the complex
poles are determined by the eigenvalues of the effective non-
Hermitian Hamiltonian:

δ± = i
γ1 + γ2

4
± i

√
Λ 2

eff +
1
4

(
γ1 − γ2

2

)2

, (8)

where we have utilized the linear approximation. It is worth
noting that for the specific phase setting ϕw = π/2 adopted
here, the collective dissipation rate vanishes (Γcoll ∝ cosϕw =

0), implying a purely coherent effective coupling Λeff ≈ iΩeff.

Based on the sign of the discriminant under the square root,
the system’s evolution can be rigorously classified into two
regimes with distinct physical mechanisms. The boundary be-
tween these regimes corresponds to an exceptional point (EP)
in non-Hermitian systems.[51,52] When Ωeff = |γ1 − γ2|/4, the
discriminant vanishes, and the two eigenvalues δ± become
fully degenerate in the complex plane, marking the emer-
gence of the EP. The red dashed line in Fig. 2(a) clearly delin-
eates this EP trajectory, which constitutes the phase transition
boundary from a quantum-interference-dominated (EIT) to a
level-splitting-dominated (ATS) regime.[47,53]

Depending on the relative magnitudes of the effective
coupling strength Ωeff and the system dissipation difference
|γ1 − γ2|/4, the evolution of the transmission spectrum is di-
vided as follows. It is worth noting that since |Σ1,2| ≪ γ1,2,
the intensity-dependent correction in the discriminant is neg-
ligible, allowing the phase transition boundary to be well-
approximated by the linear criterion.

First is the weak modulation regime (EIT regime). When
the effective coupling is small

(
Ωeff < |γ1 − γ2|/4

)
, the sys-

tem resides below the EP. As shown in the eigenspectrum
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in Fig. 2(c), the real parts of the eigenvalues are degen-
erate (Re(δ+) = Re(δ−)), while their imaginary parts split
(Im(δ+) ̸= Im(δ−)). This indicates the formation of a broad-
linewidth bright state and a narrow-linewidth dark state. Phys-
ically, this corresponds to the coherent superposition of two
Lorentzian lineshapes with opposite signs (one absorption,
one gain), resulting in destructive interference. Consequently,
the system operates in the quantum interference-dominated
(EIT) regime. In this regime, the transmission profile is gov-
erned by the subtraction of the broad and narrow linewidths.
While a distinct transparency window is not visually resolved
under the current parameters, the spectrum maintains a single-
peak structure, which is fundamentally distinct from the mode
splitting observed in the ATS regime (as shown by the purple
and dark blue curves in Fig. 2(b)).

As the modulation amplitude εΦ increases, the effective
coupling strengthens and crosses the EP

(
Ωeff > |γ1 − γ2|/4

)
,

moving the system into the ATS regime. As shown in Fig. 2(c),
the imaginary parts of the eigenvalues tend to converge, while
the real parts undergo significant Rabi splitting. At this stage,
the physical nature of the transmission spectrum transitions to
the superposition of two separated absorption peaks (as shown
by the light green curve in Fig. 2(b)), signifying ATS.

To further confirm the coherent coupling mechanism es-
tablished by parametric modulation, Fig. 2(d) displays the time
evolution of the qubit excited-state populations. In the absence
of modulation (εΦ = 0), only the driven qubit 1 occupies the
excited state. However, upon introducing modulation, the pop-
ulation of qubit 1 decreases significantly while qubit 2 is ef-
fectively excited. This proves that parametric modulation suc-
cessfully activates a coherent channel controlled by the Bessel
function, enabling the system to flexibly switch between EIT
and ATS mechanisms.

4. Non-reciprocal transmission via parametric
modulation

In conventional waveguide QED systems, where an atom
couples to the waveguide at a single point, photon transmis-
sion is typically constrained by the Lorentz reciprocity the-
orem, manifesting as |t21| = |t12|. However, in our model,
the two spatially separated qubits introduce a non-local prop-
agation phase delay ϕw. Combined with the parametric fre-
quency modulation of qubit 2, this configuration incorporates
a complex coupling phase factor into the effective Hamilto-
nian, analogous to those found in giant atom systems.[45,54]

In the previous section, we derived the forward trans-
mission coefficient t21. According to input-output theory, ex-
changing the input and output ports (i.e., injecting from port
2 and detecting at port 1) reverses the direction of the phase

accumulation for photons propagating between the two cou-
pling points (equivalent to ϕw → −ϕw). Consequently, the
backward transmission coefficient t12 can be expressed as

t12 = 1+
1
α

(
e−iϕw

√
γ1

2
⟨a1⟩bw +

√
γ2

2
⟨a2⟩bw

)
, (9)

where ⟨ai⟩bw denotes the steady-state expectation value under
backward driving.

Comparing the forward and backward transmission, we
find that the system exhibits significant non-reciprocity when
the waveguide phase ϕw ̸= nπ . The physical mechanism
stems from the interplay between quantum interference and
system dissipation. It has been established that breaking the
time-reversal symmetry of the Hamiltonian via a phase factor
alone is insufficient to induce non-reciprocity in single-photon
transmission.[45,55] The simultaneous presence of dissipation
channels (provided by γ1,2 in our system) is essential. These
channels ensure that energy traveling along destructively inter-
fering paths cannot reversibly return to the waveguide, thereby
creating directional absorption or blocking in the transmission
spectrum.[33,45,56,57]

To quantify the non-reciprocal characteristics of the sys-
tem, we adopt the isolation degree parameter C, defined
as[45,55]

C =
|t21|2 −|t12|2

|t21|2 + |t12|2
. (10)

When C = 0, the system is reciprocal; when C → 1 or C →−1,
the system demonstrates perfect unidirectional transmission
properties, behaving like an optical diode.
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Fig. 3. (a) Map of forward transmittance |t21|2 and (b) backward trans-
mittance |t12|2 as functions of detuning ∆p and phase ϕw. (c) The isola-
tion degree C as a function of probe detuning ∆p and waveguide phase
ϕw. (d) Line cuts of the transmission spectra and isolation degree at
the optimal phase. To ensure rigorous accuracy, the data in (c) and (d)
were calculated by including the contributions of higher-order harmon-
ics (n = 0,1,2) beyond the RWA.

We set the system parameters to γ1/2π = 20 MHz,
γ2/2π = 10 MHz, and γφ/2π = 0.05 MHz. Figures 3(a) and
3(b) display the forward transmittance |t21|2 and backward
transmittance |t12|2, respectively, as functions of the probe de-
tuning ∆p and waveguide phase ϕw.
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The asymmetry in the transmission spectra is immedi-
ately apparent. For instance, at specific phases ϕw, a transmis-
sion dip (absorption) in the forward direction may correspond
to high transmittance in the backward direction. Figure 3(c)
illustrates the full distribution of the isolation degree C in the
parameter space. The red regions (C > 0) and blue regions
(C < 0) correspond to windows of unidirectional conduction
in the forward and backward directions, respectively.

To elucidate the regulatory role of the phase on non-
reciprocity, Fig. 3(d) presents slices of C at several typical
phases. We observe that when ϕw = nπ (e.g., π,2π , indi-
cated by the blue dashed line in Fig. 3(d)), the isolation de-
gree becomes identically zero (C ≡ 0). This implies that if
the waveguide length is exactly an integer multiple of the
half-wavelength, the phase difference accumulated by pho-
tons round-tripping between the two qubits vanishes. Conse-
quently, the system recovers an effective time-reversal sym-
metry, exhibiting reciprocal transmission. This behavior is
consistent with observations previously reported in giant atom
systems.[45]

Conversely, to realize a perfect quantum diode, the non-
reciprocity contrast must reach unity (C = ±1). Theoreti-
cally, this ideal limit corresponds to the complete suppres-
sion of transmission in one direction (i.e., t12 = 0 or t21 =

0), originating from the perfect destructive interference be-
tween the coherent and dissipative channels. However, un-
der the current conditions, particularly due to the asymmetry
in the radiative decay rates (γ1 ̸= γ2), the amplitude matching
condition required for perfect interference cancellation can-
not be strictly satisfied. Consequently, the transmission co-
efficients cannot completely vanish, preventing the realiza-
tion of an ideal diode. Nevertheless, the system still ex-
hibits significant non-reciprocal responses close to the diode
regime. As visualized in Fig. 3(c), we identify multiple op-
timal working points where the system exhibits near-perfect
non-reciprocity. In the figure, the local maxima and min-
ima are explicitly marked by yellow stars and circles, respec-
tively. Specifically, we observe four maxima and two min-
ima, all satisfying |C| > 0.98189. Quantitatively, the four
maxima are located at (∆p/2π,ϕw/π)≈ (6.667 MHz,0.593),
(7 MHz,1.14), (−7 MHz,0.283), and (−7.333 MHz,1.95),
with corresponding isolation degrees of C ≈ 0.99998, 0.99994,
0.99973, and 0.98189, respectively. The two minima are found
at (9.667 MHz,0.830) and (−8 MHz,0.03), with isolation de-
grees of C ≈ −0.99974 and −0.99891. The highest isolation
performance is achieved at these extrema, demonstrating that
the system can function as an approximate quantum diode in
either direction by tuning the phase and detuning.

This result has significant experimental implications: al-
though the geometric distance L between the two coupling

sites is fixed in a physical device, we can finely tune the phase
ϕw by adjusting the frequencies of the two qubits to change
the effective wavevector k in the waveguide. This allows
for in situ switching between reciprocal and non-reciprocal
transmission.[55] Experimentally, the feasibility of phase tun-
ing and the system’s robustness are determined by the disper-
sion relation dϕ/dω = L/v. Since the wave velocity v is con-
stant (determined by the transmission line parameters, typi-
cally v ≈ 1.2×108 m/s), the phase sensitivity depends linearly
on the inter-qubit distance L. In our design, we restrict L to
the range of λ/2 to λ (e.g., L = 10 mm) to suppress suscep-
tibility to noise. Quantitatively, this yields a very small slope
of approximately 0.0017π per 10 MHz detuning. This ensures
that the system is robust against experimental parameter drifts.
Conversely, if higher tunability is required, one can exploit the
periodicity of the phase by extending L to the 2π–4π regime
(e.g., L → 2L). In this configuration, the slope dϕ/dω dou-
bles, allowing for more sensitive “in situ” phase tuning via
frequency adjustment.

To gain deeper insight into this phenomenon, we de-
rive an analytical expression for the isolation degree C under
ideal conditions, neglecting the qubit anharmonicity (imply-
ing ∆̃1,2 → ∆p) and pure dephasing (γφ ≈ 0). As derived in
detail in Appendix C, following the approach in the relevant
literature,[55] the numerator is primarily proportional to the
sine of the phase delay:

Cideal =

√
γ1γ2ΛeffJ1 sinϕw

𝒟(∆p,Λeff,ϕw)
, (11)

where Λeff represents the effective coupling term and 𝒟 is
the normalization denominator term (explicitly defined in
Eq. (C6) of Appendix C).

This analytical expression clearly elucidates the phe-
nomenon observed in the numerical simulations: the iso-
lation degree must vanish when the condition sin(ϕw) = 0
is met. Furthermore, we compared this analytical solution
with numerical results incorporating weak dephasing (γφ =

0.05 MHz), as shown in Fig. 3(c). The high degree of agree-
ment indicates that the non-reciprocal characteristics of this
system possess good robustness under physical conditions
with weak phase dephasing, effectively resisting environmen-
tal noise. Additionally, by varying the modulation amplitude
εΦ , the non-reciprocal response can be dynamically tuned
across the frequency spectrum.

5. Directional photon emission via parametric
modulation
To evaluate the performance of the system as a tun-

able quantum emitter, we investigate the spontaneous emis-
sion dynamics starting from an initial excited state. Under
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the rotating-wave approximation (RWA), the open quantum
dynamics of the system is governed by the Lindblad master
equation. The effective Hamiltonian Hemission, incorporating
parametric modulation, is given by

Hemission = ω1a†
1a1 +ω2a†

2a2

+

(√
γ1γ2

2
sinϕw +g0

)
J1

(
εΦ

∆

)
(a†

1a2 +a1a†
2),

(12)

where we have transformed into a rotating frame referenced
to the frequency ω1 of qubit 1. Here, the effective coupling
strength is renormalized by the first-order Bessel function J1,
reflecting the modulation-induced interaction.

To quantify the photon flux propagating to the left (L) and
right (R), we employ input–output theory.[27,46] Following the
standard waveguide QED formalism, the output field opera-
tors âL and âR at the two ends of the waveguide are related to
the system operators as

âR =

√
γ1

2
a1 + e−iϕw

√
γ2

2
a2, (13)

âL = e−iϕw

√
γ1

2
a1 +

√
γ2

2
a2. (14)

Here, the phase factor ϕw = k|x1 − x2| depends on the inter-
qubit distance and the propagation direction of the photons.[48]

Consequently, the instantaneous photon flux emitted to the left
and right is defined as nL/R(t) = ⟨â†

L/R(t)âL/R(t)⟩.
In our numerical simulations, we first consider the sce-

nario where the system is initialized in the state |e,g⟩, corre-
sponding to the first qubit being excited and the second in the
ground state. To clearly demonstrate that the physical mecha-
nism of directional emission originates from frequency mod-
ulation, we utilize the parameters γ1/2π = γ2/2π = 10 MHz.
Figure 4 illustrates the radiation characteristics under different
modulation parameters εΦ/∆ . Figures 4(a) and 4(b) depict the
time evolution of the output flux to the left (nL) and right (nR),
respectively, for the initial state |e,g⟩. To demonstrate the ul-
timate directional capability of the system, Figs. 4(c) and 4(d)
show the emission dynamics when the system is initialized in
the ideal chiral Bell states.

We first consider the case without frequency modulation
(εΦ/∆ = 0, indicated by the black solid lines). Due to the
large detuning between the two qubits (∆ ≫ g), qubit 2 barely
participates in the dynamics. In this regime, the system is
physically equivalent to a single excited qubit (qubit 1) cou-
pled to the waveguide. Since the coupling of a single dipole to
a 1D waveguide is isotropic,[14] the probability amplitudes for
qubit 1 to emit photons to the left and right are identical. Con-
sequently, we observe that the curves for nL(t) and nR(t) co-
incide, and the emitted photon flux in both directions is equal.

This confirms that without modulation to break the symmetry,
the system exhibits no selective emission.

(a) (b)

(c) (d)

Time (ms)

Time (ms) Time (ms)

Time (ms)
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εΦ/∆a0
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L
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<n
R
>

<n
R
>

Fig. 4. Selective photon emission dynamics under frequency modulation. (a)
Output photon flux to the left, nL(t), and (b) to the right, nR(t), when the sys-
tem is initialized in the product state |e,g⟩. (c) Output photon flux to the left,
nL(t), and (d) to the right, nR(t), when the system is initialized in the ideal
Bell state |ψ+⟩. The black, red, and blue curves correspond to modulation pa-
rameters εΦ/∆ = 0, 0.2, and 0.8, respectively. While the product state yields
highly asymmetric emission, the Bell state demonstrates near-unity perfect
directionality with suppressed leakage.

When parametric modulation is introduced (εΦ/∆ =

0.2,0.8, shown by red and blue lines), the radiation symme-
try of the system is broken. As evident from Figs. 4(a) and
4(b), the photon flux flowing to the left is significantly higher
than that flowing to the right (nL(t) > nR(t)), demonstrating
distinct selective emission characteristics.

The physical mechanism underlying this phenomenon is
the waveguide-mediated quantum interference effect, often re-
ferred to as the chiral waveguide effect.[48,58] Although the in-
dividual coupling parameters of the two qubits to the waveg-
uide are identical, the parametric modulation establishes an
effective coherent channel between qubit 1 and qubit 2. The
radiation field results from the coherent superposition of fields
from two spatially separated emitters. For the left-propagating
mode, the matching of the waveguide propagation phase with
the relative phase between qubits leads to constructive inter-
ference. Conversely, for the right-propagating mode, the chan-
nels undergo destructive interference.

This interference results in a preferential emission of pho-
tons towards the left port. Notably, this selectivity can be re-
versed by equivalently altering the phase delay ϕw between the
two points (e.g., by changing the inter-qubit distance or tuning
the center frequency[46]), thereby achieving control over the
emission direction.

Although highly asymmetric directional emission is
achieved with the initial state |e,g⟩, the leakage to the right
is not completely suppressed. The fundamental reason for
this imperfect directionality is that the product state |e,g⟩
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is inherently a superposition of the ideal chiral Bell states
|ψ±⟩ = (|e,g⟩ ± i|g,e⟩)/

√
2.[46,48] To explicitly demonstrate

the capability of our system for perfect directional emission,
we investigate the output dynamics initialized in the ideal chi-
ral state |ψ+⟩. As illustrated in Figs. 4(c) and 4(d), the time
evolution exhibits near-unity directionality. When the system
is initialized in |ψ+⟩, the emission is perfectly directed to the
left channel [Fig. 4(c)], while the photon leakage to the right
channel is almost completely suppressed [Fig. 4(d)].

From an experimental perspective, preparing such en-
tangled states prior to emission is highly feasible within
current superconducting quantum hardware using a modular
architecture.[48] Specifically, the required Bell state can be de-
terministically generated on “data qubits” that are decoupled
from the waveguide, using standard high-fidelity gates. Sub-
sequently, an iSWAP operation, mediated by tunable couplers,
can transfer this entangled state directly to the “emitter qubits”
on demand. Furthermore, even without the pre-entanglement
overhead, initializing the system in the simple product state
|e,g⟩ (via a local π-pulse) still yields a prominently asym-
metric photon emission. It is anticipated that such an asym-
metric emission scheme could potentially be utilized to dis-
tinguish different output photon numbers in practical quantum
networks equipped with photon-number-resolving detectors.

6. Conclusion
In this work, we have proposed a non-local waveguide

QED system based on frequency modulation. By applying
parametric modulation to spatially separated and largely de-
tuned superconducting qubits, we successfully constructed an
effective Λ -type three-level structure. Our numerical results
demonstrate that this system not only realizes the spectral
evolution from EIT to ATS but, more crucially, breaks reci-
procity by exploiting the non-local phase factor ϕw introduced
by waveguide propagation. Unlike local EIT schemes, this
approach achieves significant non-reciprocal microwave trans-
mission and direction-selective photon emission. This scheme
eliminates the reliance on difficult-to-integrate magnetic com-
ponents or complex energy-level engineering, operating solely
through parametric modulation compatible with standard su-
perconducting circuit fabrication processes. This concise and
efficient architecture offers a competitive technological path-
way for future on-chip integrated quantum routers, isolators,
and microwave photon switches.

Appendix A: Derivation of the effective Hamilto-
nian under rotating-wave approximation

This appendix provides a detailed derivation of the ef-
fective Hamiltonian and the corresponding master equation

used in the main text. Our starting point is a system of
two atoms with different frequencies, coupled to a one-
dimensional waveguide at positions x1 and x2. In the labo-
ratory frame, considering the coupling between the atoms and
the waveguide continuum, and applying the Born–Markov ap-
proximation to eliminate the waveguide degrees of freedom,
the non-Hermitian Hamiltonian of the system can be written
as[37,49]

Hlab′ = ω1a†
1a1 +ω2a†

2a2

+α0a†
1a†

1a1a1 +α0a†
2a†

2a2a2

− i
√

γ1γ2

4

(
e ik(ω1)La†

1a2 − e−ik(ω1)La1a†
2

)
− i

√
γ1γ2

4

(
e ik(ω2)La1a†

2 − e−ik(ω2)La†
1a2

)
+g0

(
a†

1a2 +a1a†
2

)
− i
√

γ1

2

(
α e i(ωpt+ϕ1)a†

1 −α
* e−i(ωpt+ϕ1)a1

)
− i
√

γ2

2

(
α e i(ωpt+ϕ2)a†

2 −α
* e−i(ωpt+ϕ2)a2

)
, (A1)

where L = |x1 − x2| is the distance between the two atoms, v
is the speed of light in the waveguide, and k(ω) = ω/v is the
wave number. The parameter α0 represents the anharmonicity
of the two qubits, which we assume to be identical; experi-
mentally, this can be realized by controlling the capacitance
of the transmon qubits. The parameter g0 denotes the direct
interaction (e.g., capacitive coupling) between the two atoms.
γ1,2 are the spontaneous emission rates of the two atoms, and
α represents the amplitude of the probe field. The phase fac-
tors ϕ1,2 depend on the direction and position of the incident
probe field.

In our experimental setup, the parameters are set as fol-
lows: ω1/2π = 6 GHz, ω2/2π = 5.8 GHz, and the probe
frequency ωp/2π ≈ 6 GHz. The detuning between the two
qubits, ∆12/2π = 200 MHz, is much larger than the cou-
pling strengths and decay rates (∆12 ≫ g,γ1,γ2), placing the
system in the large-detuning regime. Furthermore, we have
g0/2π = 20 MHz, γ1/2π = 20 MHz, and γ2/2π = 10 MHz.
Under these conditions, the approximation

√
ω1/ω2 ≈ 1 is

well justified. More importantly, when we set ω1L/v = π/4,
the corresponding phase factor for the second qubit is ω2L/v≈
0.966× (π/4) ≈ π/4, due to the relative proximity of ω2 to
ω1. Therefore, we can neglect the variation in the phase factor
caused by the frequency difference and denote it uniformly as
ϕw.

Under these approximations, the Hamiltonian in Eq. (A1)
simplifies to Hamiltonian (1):

Hlab = ω1a†
1a1 +[ω2 +εΦ cos(∆t)]a†

2a2

+α0a†
1a†

1a1a1 +α0a†
2a†

2a2a2
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+

(
g0 +

√
γ1γ2

2
sinϕw

)
(a†

1a2 +a1a†
2)

− i ∑
j=1,2

√
γ j

2
[
(α e i(ωpt+ϕ j)a†

j −α
* e−i(ωpt+ϕ j)a j

]
.

(A2)

To realize controllable coherent coupling, we apply a
longitudinal parametric modulation to qubit 2 in the experi-
ment, i.e., ω2(t) = ω2 +εΦ cos(∆t), where ∆ is the modula-
tion frequency. To treat this time-dependent term, we move
to the interaction picture. Through the unitary transformation
U1(t) = exp

[
iω1ta†

1a1 + i(ω2t + εΦ

∆
sin(∆t))a†

2a2

]
, the cou-

pling term between the qubits transforms as

H̃int = g̃
(

a†
1a2 e i(ω1−ω2)t+i εΦ

∆
sin(∆t)+H.c.

)
, (A3)

where the effective static coupling strength is g̃ = g0 +√
γ1γ2
2 sinϕw. Using the Jacobi–Anger expansion e−izsin(θ) =

∑
∞
n=−∞ Jn(z)e−inθ , we expand the coupling term into a series

of harmonic components.
It is important to note that the anharmonic terms

α0a†
ja

†
ja ja j remain invariant under this unitary transforma-

tion. Since U1(t) is diagonal in the photon number basis (con-
structed purely from number operators n j = a†

ja j), it com-
mutes with the anharmonic terms, i.e., [U1(t),a

†
ja

†
ja ja j] = 0.

Consequently, the form of the nonlinearity is preserved in the
interaction picture.

When the modulation frequency satisfies the resonance
condition ∆ = ω1 − ω2, the n = 1 term in the expansion
(e−i∆t ) cancels with the e i(ω1−ω2)t term, generating a time-
independent resonant coupling term. Under the rotating-wave
approximation (RWA), neglecting other fast-oscillating terms
(n ̸= 1), we obtain the interaction Hamiltonian

H1,int = g̃J1

(εΦ

∆

)
(a†

1a2 +H.c.). (A4)

This is consistent with the interaction term in Eq. (2) of the
main text. This result demonstrates that by adjusting the mod-
ulation amplitude εΦ , we can precisely control the effective
coupling strength Ωeff via the first-order Bessel function J1.

Regarding the drive term, a similar Bessel function modu-
lation factor would appear for qubit 2 after the transformation.
However, since the probe light is mainly near ω1 and ∆ is large
(∆ ≫ γ1,2), direct driving of qubit 2 is highly detuned. There-
fore, in the effective model, the primary physical processes
are the inter-qubit coupling controlled by J1 and the collective
dissipation determined by the waveguide phase ϕw.

Including the drive terms, the intermediate Hamiltonian
in the interaction picture (before the final frame transforma-
tion) can be expressed as

H1 = α0a†
1a†

1a1a1 +α0a†
2a†

2a2a2

− i
√

γ1

2

[
α e−i(∆pt+ϕ1)a†

1 −α
* e i(∆pt+ϕ1)a1

]
− i
√

γ2

2
J1

(εΦ

∆

)[
α e−i(∆pt+ϕ2)a†

2 −α
* e i(∆pt+ϕ2)a2

]
+ g̃J1

(εΦ

∆

)
(a†

1a2 +a1a†
2), (A5)

where ∆p = ω1 −ωp is the probe detuning.

Finally, to eliminate the remaining time dependence in
the drive terms and obtain a stationary Hamiltonian, we ap-
ply a final unitary transformation U2(t) = exp[−i∆pt(a†

1a1 +

a†
2a2)]. This transforms the system into a frame rotating at the

probe frequency ωp. The resulting time-independent effective
Hamiltonian matches Eq. (2) in the main text.

Consequently, the open quantum dynamics of the system
is governed by the Lindblad master equation

ρ̇ =−i[Heff,ρ]+ ∑
j=1,2

ℒ j[ρ]+ℒcoll[ρ], (A6)

where the collective dissipation term ℒcoll[ρ] is also influenced
by the modulation and the waveguide phase. However, under
the RWA and large-detuning conditions, its main contribution
comes from the imaginary part of the waveguide-mediated in-
teraction, which contributes to collective decay. For the reso-
nant modulation case of interest, the form of collective dissi-
pation is determined by cosϕw, as described in the main text.

The validity of this effective model essentially depends on
the spectral separation of the modulation sidebands.[44] In our
system, the modulation frequency is set to ∆/2π = 200 MHz
to bridge the detuning between the qubits. In contrast, the
maximum effective coupling strength is Ωeff/2π ≈ 12 MHz.
This establishes a clear hierarchy of energy scales: ∆ ≫
Ωeff. Consequently, the undesired counter-rotating terms and
higher-order harmonics (n ̸= 1) correspond to transitions that
are detuned by at least ∆ . Since the coupling strength is sig-
nificantly smaller than this detuning, these non-resonant pro-
cesses are energetically suppressed and primarily induce a dis-
persive renormalization of the qubit frequencies. To rigor-
ously capture these effects, the numerical results presented in
Fig. 3 of the main text were calculated by explicitly includ-
ing the carrier (n = 0) and second-order (n = 2) harmonics
in addition to the resonant (n = 1) term. As shown in Fig. 3,
while the inclusion of these higher-order terms leads to a slight
shift in the resonance frequency due to the strong modulation,
the interference-based non-reciprocity mechanism remains ro-
bust. The high isolation degree (C ≈ 0.99) is fully preserved
at the shifted resonance frequency, confirming that the system
physics is well-described by the effective model with renor-
malized parameters.
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Appendix B: Validity of the linear approximation
under mean-field analysis

While the derivation in Appendix A assumes linear har-
monic oscillators, realistic superconducting transmon qubits
possess inherent anharmonicity. Here, we justify the validity
of the linear approximation used in the main text by analyz-
ing the system dynamics with the nonlinear terms under the
mean-field approximation.

Incorporating the finite anharmonicity α0, the effective
Hamiltonian is modified to include the Kerr nonlinearity
terms: Hnl = ∑ j=1,2 α0a†

ja
†
ja ja j. Based on the master equa-

tion, the evolution of the expectation values of the annihilation
operators can be obtained. By applying the mean-field approx-
imation ⟨a†

ja ja j⟩ ≈ |a j|2⟨a j⟩, we derive the coupled nonlinear
equations of motion:

ȧ1 =−i
(

∆̃1 − i
(

γ1

2
+ γφ ,1

))
a1 −Λeffa2 +

√
γ1

2
ain,

ȧ2 =−i
(

∆̃2 − i
(

γ2

2
+ γφ ,2

))
a2 −Λeffa1

+

√
γ2

2
e iϕwJ1ain, (B1)

where Λeff = iΩeff +Γcoll. Crucially, the anharmonicity intro-
duces an intensity-dependent detuning shift:

∆̃ j = ∆p +2α0|a j|2. (B2)

This term represents the ac-Stark shift induced by the
self-Kerr nonlinearity. The validity of the linear model de-
pends on whether this frequency shift is comparable to the
system’s characteristic linewidth. In our scheme, the system
operates in the weak-probe regime. As shown in the popu-
lation dynamics in Fig. 2(d) of the main text, under resonant
driving conditions, the steady-state average photon number in
the first qubit is extremely low, satisfying ⟨n1⟩ss = |α1|2 ≈
4 × 10−3. Assuming a typical transmon anharmonicity of
α0/2π ≈ −180 MHz, the maximum induced frequency shift
is estimated as

|δω|= |2α0⟨n1⟩ss| ≈ 2×180 MHz× (4×10−3)

≈ 1.44 MHz. (B3)

This shift is more than an order of magnitude smaller than
the qubit relaxation rate (γ1/2π = 20 MHz) and the effective
coupling strength. Consequently, the nonlinear detuning is
negligible.

To explicitly verify the impact of these nonlinear terms
on the spectral features, we solve Eq. (B1) for the steady state
(ȧ1 = ȧ2 = 0). The steady-state expectation values a1,ss and
a2,ss can be expressed as

⟨a1⟩ss =

√
γ1
2 ain(i∆̃2 +

γ2
2 + γφ2)−

√
γ2
2 e iϕwJ1ainΛeff

𝒟(𝑛)
,

⟨a2⟩ss =

√
γ2
2 e iϕw ãin(i∆̃1 +

γ1
2 + γφ1)−

√
γ1
2 ainΛeff

𝒟(𝑛)
, (B4)

where the denominator 𝒟(𝑛) is the determinant of the co-
efficient matrix, which now depends on the photon numbers
𝑛= (|a1|2, |a2|2):

𝒟(𝑛) =
(

i∆̃1 +
γ1

2
+ γφ ,1

)(
i∆̃2 +

γ2

2
+ γφ ,2

)
−Λ

2
eff. (B5)

By finding the roots of 𝒟(𝑛) = 0, we derive the modified
eigenvalues of the non-Hermitian Hamiltonian. This leads to
the intensity-dependent correction to Eq. (8) (where collective
dissipation was neglected):

δ̃± = i
(

γ1 + γ2

4
+ γ̄φ

)
− Σ̄

±

√
Λ 2

eff +

[
γ1 − γ2

4
+∆γφ + i∆Σ

]2

, (B6)

where γ̄φ = (γφ ,1 + γφ ,2)/2 and ∆γφ = (γφ ,1 − γφ ,2)/2 are
the average and differential pure dephasing rates. The terms
Σ̄ = (Σ1 +Σ2)/2 and ∆Σ = (Σ1 −Σ2)/2 correspond to the to-
tal and relative frequency shifts induced by the anharmonic-
ity Σ j = 2α0|a j|2. A comparison with the linear eigenvalues
δ± reveals that anharmonicity induces a global frequency shift
and modifies the mode splitting via the effective detuning mis-
match ∆Σ .

It is particularly important to assess the impact of asym-
metric dephasing on the spectral line shape. As indicated by
the discriminant in Eq. (B6), the spectral evolution is gov-
erned by the total dissipation difference [(γ1 − γ2)/2+∆γφ ].
In our experimental regime, the radiative decay mismatch
dominates, with (γ1 − γ2)/2 = 5 MHz. Even under strong
modulation where the second qubit’s dephasing increases sig-
nificantly (e.g., γφ ,2/2π ≈ 1.5 MHz) while the first remains
static (γφ ,1/2π ≈ 0.1 MHz), the differential dephasing term
∆γφ ≈ −0.7 MHz acts only as a minor perturbation. It re-
duces the effective dissipation gap but does not close it. Con-
sequently, the distinct imaginary parts of the eigenvalues are
preserved, ensuring that the transparency window remains ro-
bust against modulation-induced dephasing.

Consequently, the transmission coefficient t21 defined in
Eq. (6) evolves into the modified form

t21 = 1+
χ̃+

∆̃1 − δ̃+

+
χ̃−

∆̃2 − δ̃−
. (B7)

However, given the estimation Σ1,2 ≪ γ1,2 derived above,
we have δ̃± ≈ δ±, and Eq. (B7) effectively reduces to the lin-
ear Lorentzian form presented in the main text.
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Appendix C: Derivation of the isolation degree
and normalization factor

Having established the validity of the linear approxima-
tion in Appendix B, we now derive the analytical expressions
for the isolation degree C and the normalization denominator
𝒟 appearing in Eq. (11) of the main text. To obtain the concise
form shown in Eq. (11), we neglect the qubit anharmonicity
(implying ∆̃1,2 → ∆p) and pure dephasing (γφ ≈ 0).

By substituting the steady-state qubit expectation val-
ues into the input–output boundary condition, the forward
and backward transmission coefficients can be compactly ex-
pressed as ratios of a numerator function 𝒩 and a common
system determinant ℳ:

t21 =
𝒩21

ℳ
, t12 =

𝒩12

ℳ
. (C1)

Here, the linear system determinant is given by ℳ = (i∆p +
γ1
2 )(i∆p +

γ2
2 )−Λ 2

eff. The explicit form of the forward numer-
ator 𝒩21 is

𝒩21 =ℳ+
γ1

2

(
i∆p +

γ2

2

)
+

γ2

2
J1

(
i∆p +

γ1

2

)
e−iϕw

−
√

γ1γ2

2
Λeff(J1 e−iϕw +1). (C2)

The backward numerator 𝒩12 is obtained by the symme-
try transformation ϕw →−ϕw:

𝒩12 =ℳ+
γ1

2

(
i∆p +

γ2

2

)
+

γ2

2
J1

(
i∆p +

γ1

2

)
e iϕw

−
√

γ1γ2

2
Λeff(J1 e iϕw +1). (C3)

Finally, substituting these expressions into the definition
of the isolation degree C = (|t21|2 −|t12|2)/(|t21|2 + |t12|2), we
can identify the specific structure of Eq. (11). The isolation
degree is expressed as

C =
|𝒩21|2 −|𝒩12|2

|𝒩21|2 + |𝒩12|2
. (C4)

To bridge this exact expression with the simplified sinu-
soidal form in the main text, we factorize the numerator term
using the difference of squares approximation:

|𝒩21|2 −|𝒩12|2 = (|𝒩21|+ |𝒩12|)× (|𝒩21|− |𝒩12|)

≈ (|𝒩21|+ |𝒩12|)
√

γ1γ2ΛeffJ1 sinϕw.
(C5)

Here, the term
√

γ1γ2ΛeffJ1 sinϕw directly corresponds to
the sinusoidal numerator presented in Eq. (11). Consequently,
the remaining terms are absorbed into the normalization de-
nominator 𝒟, which takes the form

𝒟(∆p,Λeff,ϕw)≈
|𝒩21|2 + |𝒩12|2

|𝒩21|+ |𝒩12|
. (C6)

This derivation clarifies that while the non-reciprocity is
fundamentally driven by the sinϕw interference, the exact am-
plitude is modulated by the complex denominator factor 𝒟.
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