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SPECIAL TOPIC — Advance in thorium nuclear optical clocks

Robust excitation of 229Th via generalized composite pulses:
Compensating generic errors across arbitrary pulse shapes
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High-fidelity coherent control is a universal challenge due to complex errors and imperfect pulse shapes. Here, we
propose a generalized composite pulses scheme independent of pulse profile to correct generic errors. This approach could
simultaneously compensate for pulse area errors, detuning, and phase imperfections. We demonstrate its application in
the direct laser excitation of the 229Th nucleus isomer state, and show a significant improvement in the robustness against
various operation errors, such as detuning, phase error, and pulse area error.
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1. Introduction
The 229Th nuclear optical clock represents a central fron-

tier in precision metrology.[1,2] Recently, continuous-wave
(CW) vacuum-ultraviolet (VUV) lasers capable of driving this
transition have been realized.[3] These pioneering experiments
have brought the system into the regime of coherent control,
as the achievable nuclear Rabi frequency (Ω ≈ π × 91 Hz)
is now capable of exceeding the effective laser linewidth
(∼100 Hz).[3] However, high-fidelity excitation is currently
impeded by a critical disparity: the achievable Rabi frequency
remains significantly smaller than the uncertainty of the transi-
tion frequency (∼ 2 kHz).[2] This uncertainty leads to a poten-
tially large effective detuning, preventing a standard π-pulse
from achieving high-efficiency excitation. Furthermore, the
temporal profiles of VUV pulses, particularly in the recent
pulsed laser excitation experiments,[2,4,5] are inherently diffi-
cult to shape perfectly, introducing pulse area errors that fur-
ther degrade the excitation fidelity.

To mitigate the deleterious effects of large detuning and
pulse shape imperfections, composite pulse (CP) techniques
naturally emerge as a promising solution.[6,7] Originally de-
veloped in nuclear magnetic resonance (NMR),[8] these meth-
ods have been widely adopted across quantum information sci-
ence, including trapped-ion quantum computing,[9,10] neutral-
atom interferometry,[11,12] superconducting circuits,[13] and
solid-state spin qubits.[14,15] In principle, broadband CP se-
quences could also compensate for the unknown detuning
encountered in 229Th experiments. However, implement-
ing CP sequences in the vacuum ultraviolet (VUV) regime

(∼ 150 nm) introduces additional complexity. Despite recent
advances,[16,17] precise phase modulation in the VUV remains
technically demanding, standing in sharp contrast to the ma-
ture control available in the microwave or visible domains.
Furthermore, the modulation process itself can introduce un-
avoidable phase inaccuracies. Therefore, a robust strategy for
exciting 229Th is required to correct both detuning and pulse
shape distortions while simultaneously tolerating phase errors
intrinsic to VUV generation and manipulation.

The standard composite pulse approach employs se-
quences of pulses with tailored phases to cancel error terms
in the system’s evolution. This typically requires deriving the
explicit form of the time-evolution operator to identify con-
ditions to cancel the low-order error derivatives. However,
unlike resonant pulses, the evolution under a detuned pulse
generally lacks an analytical solution except for special cases
such as square or hyperbolic pulse shapes. To address the
complex scenario of Thorium isomer excitation, we develop in
this work a generalized CP method that is independent of the
pulse profile. Instead of using an explicit evolution operator,
we adopt a general parameterized form of an SU(2) operator
as suggested in Ref. [18]. Our approach distinguishes itself
by its universality; it compensates generalized error param-
eters across arbitrary and potentially distorted pulse shapes.
While previous work by the Vitanov group has demonstrated
error correction for arbitrary waveforms through evolution-
parameter optimization[18] and later extended robustness to
phase errors,[19] their solutions remain implicitly dependent
on the pulse profile when treating detuning. In contrast, our
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method directly targets the physical error parameter z by im-
posing vanishing conditions on the derivatives of the excita-
tion probability, thereby ensuring strict independence from the
pulse shape. As a result, we show that high-fidelity nuclear
excitation of 229Th can be achieved despite significant detun-
ing, pulse-shape distortions, and technical phase modulation
errors, offering a robust pathway toward future nuclear clock
experiments.

The outline of our paper is as follows. Section 2 discusses
the physical model of 229Th excitation and the limitations of
conventional CP pulses. Section 3 presents the derivation of
the generalized CP technique for arbitrary pulse shapes and
details the simultaneous compensation of multiple error types.
Section 4 discusses experimental feasibility and broader appli-
cations, and Section 5 provides the conclusion.

2. Physical model and conventional composite
pulses
To design robust control sequences, we first establish the

theoretical model for the direct laser excitation of the nuclear
system. The energy of the second excited state of the 229Th
nucleus (29 keV) is significantly higher than that of the first
excited state (8.4 eV).[2] Furthermore, the first excited state
has an intrinsic radiative lifetime of approximately 103 s,[1,2]

which is significantly longer than the excitation interaction
time (10−2 s to seconds scale). Consequently, the process of
direct laser excitation of 229mTh can be effectively modeled
as the interaction between an external field and a two-level
system,[20] governed by the Schrödinger equation

ih̄
∂

∂ t
|ψ(t)⟩= Ĥ(t)|ψ(t)⟩. (1)

Here, the total Hamiltonian Ĥ(t) = ĤN + ĤI(t) comprises the
nuclear Hamiltonian (incorporating effects from external static
electric or magnetic fields) and the interaction Hamiltonian
describing the coupling between the nucleus and the applied
laser field. Assuming the laser intensity is sufficiently low
that the diagonal terms of the interaction Hamiltonian can
be neglected (i.e., considering only single-photon excitation
processes) and applying the rotating wave approximation, the
Hamiltonian is given by

Ĥ(t) =
h̄
2

(
∆(t) Ω(t)
Ω(t) −∆(t)

)
, (2)

where ∆(t) = ω(t)−ω0 is the detuning between the laser an-
gular frequency ω(t) and the transition angular frequency ω0,
and Ω(t) is the corresponding Rabi frequency.

Since the Hamiltonian is traceless (Tr[Ĥ(t)] = 0) and
Hermitian, it acts as a generator of the su(2) algebra. Con-
sequently, the propagator Û(t) = 𝒯 exp

(
− i

h̄
∫ t

0 Ĥ(t ′)dt ′
)

be-

longs to the special unitary group SU(2), which can be param-
eterized as[18]

Û(t) =
(

a(t) b(t)
−b*(t) a*(t)

)
, (3)

where a(t) and b(t) are Cayley–Klein parameters satisfying
|a(t)|2 + |b(t)|2 = 1. In the following sections, all propaga-
tors are considered at the final time tf, and for simplicity, the
explicit time dependence tf will be omitted. Assuming the
system starts in the ground state, the corresponding excitation
probability is P = |U21|2 = 1−|U11|2.

At resonance (∆ = 0), where
[
Ĥ(t1), Ĥ(t2)

]
= 0, the prop-

agator simplifies to

Û =

(
cos A

2 −i sin A
2

−i sin A
2 cos A

2

)
, (4)

where the pulse area is defined as A =
∫ tf

0 Ω(t ′)dt ′. The exci-
tation probability is then given by

P = sin2 A
2
. (5)

In the ideal case, a pulse area of A= π drives the system to full
excitation (P= 1), corresponding to the standard π-pulse tech-
nique. Consider a pulse area error α , such that A → A(1+α).
For a single π pulse, the excitation probability takes the form

P(α) = sin2
(

π(1+α)

2

)
= 1− π2

4
α

2 +𝒪(α4). (6)

The presence of the quadratic term (−π2

4 α2) implies that the
excitation fidelity of a single π-pulse is degraded to second
order by the pulse area error.

In contrast, composite pulse sequences use the relative
phases as an optimization parameter to mitigate the effects of
experimental errors arising from laser bandwidth fluctuations,
intensity instabilities, and other experimental factors.[6,21]

Laser phase modulation techniques allow for the generation of
an arbitrary phase φ in the Rabi frequency, such that Ω(t)→
Ω(t)e iφ . The corresponding propagator becomes[7]

Û =

(
a be iφ

−b* e−iφ a*

)
. (7)

For a sequence of N pulses that differ only in their phases,
the total propagator is

U (N) =U(φN)U(φN−1) · · ·U(φ2)U(φ1), (8)

where φn denotes the phase of the nth pulse. Since only the
relative phases affect the excitation dynamics, we set φ1 = 0.

Assuming the composite sequence consists of constituent
pulses each with a nominal area A = π , an odd number of
pulses, N = 2n+ 1 (where n = 1,2, . . .), is required to fully
excite the system. For simplicity, we impose a symmetric
phase distribution: φk = φN+1−k (k = 1,2, . . . ,n), and ana-
lyze the excitation probability represented by U (N)

11 (i.e., P =

1−|U (N)
11 |2).[21]
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To achieve an excitation probability curve with maximum
robustness against error z, we expand U (N)

11 as a multivariate
series around z = 0 and set the j-th order coefficient to zero:

∂ jU (N)
11

∂ z j

∣∣∣∣
z=0

= 0. (9)

Consequently, the sensitivity of the excitation probability to
the error z is suppressed up to the 2 j-th order.

2.1. Compensation of pulse area errors

For laser excitation of 229Th, the required wavelength lies
within the VUV range around 150 nm. Lasers in this band face
challenges in achieving both high intensity and long duration
simultaneously, potentially leading to pulse area errors.[2,4,5]

The assumptions N = 2n + 1 and φk = φN+1−k (k =

1,2, . . . ,n) ensure that all even-order derivatives vanish with
respect to the pulse area error.[21] To maximize robustness, we
set the first N odd-order coefficients of U (N)

11 to zero

∂ jU (N)
11

∂α j

∣∣∣∣
α=0

= 0, j = 1,3, . . . ,N. (10)

For a sequence with N = 3, U (3)
11 is given by

U (3)
11 = [cos(φ2)+ cos(πα)(1+ cos(φ2))]sin

(
πα

2

)
=

π

2
[1+2cos(φ2)]α

− π3

48
[13+14cos(φ2)]α

3 +𝒪(α4). (11)

Setting the first-order coefficient of U (3)
11 to zero yields the opti-

mal solutions φ2 =±2π/3. The pulse sequence corresponding
to φ2 = 2π/3 is schematically illustrated in Fig. 1.

i
2π
3 Ω(t)Ω(t) Ω(t)e

t0

Ω0

tf
0

R
a
b
i 
fr

e
q
u
e
n
c
y

Fig. 1. Schematic diagram of the N = 3 composite pulse sequence. The
phases for the three component pulses are set to φ1 = φ3 = 0 and φ2 = 2π/3,
respectively. This phase configuration corresponds to the optimal solution
for cancelling the first-order error term derived in the text.

With this phase configuration, the propagator element ex-
pands as

U (3)
11 =−π3

8
α

3 +𝒪(α4). (12)

The corresponding excitation probability reduces to

P(3) = 1− π6

64
α

6 +𝒪(α8). (13)

This result indicates that the excitation probability is insensi-
tive to pulse-area errors up to the fourth order (strictly speak-
ing, the error scales as α6, implying robustness up to the fifth
order). As clearly visible in Fig. 2, the N = 3 curve exhibits
a distinct ‘flat-top’ feature, standing in sharp contrast to the
narrow peak of the single-pulse (N = 1) benchmark.

An analytical expression for the phases of any sequence
with an odd number of pulses is given by[21]

φ
(N)
k =

(
N +1−2

⌊
k+1

2

⌋)⌊
k
2

⌋
π

N
, (14)

where k = 1,2, . . . ,N. This solution provides a simple expres-
sion for the excitation probability:

P(N) = 1− cos2N
(

π(1+α)

2

)
. (15)

Expanding the probability in a series around α = 0, we have

P(N) = 1− π2N

4N α
2N +𝒪(α2N+2).

Figure 2 illustrates the excitation probability as a function of
the relative pulse area error α for various sequence lengths.
We observe that the excitation profiles exhibit a distinct ‘flat-
top’ feature around α = 0. As the number of pulses N in-
creases from 1 to 13, this high-fidelity plateau broadens signif-
icantly, maintaining near-unity excitation probability even for
large error magnitudes (e.g., α > 0.6 for N = 13). This visual
broadening directly confirms the higher-order error cancella-
tion derived in Eq. (14).

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0

Pulse area error α

E
x
c
it
a
ti
o
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p
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b
a
b
il
it
y

1 5 9 13

Fig. 2. Sequences with N = 1, 3 , 5, 9, 13. Excitation probability versus rela-
tive pulse area error α . Increased N widens the high-fidelity region (P ≈ 1).

2.2. Compensation of detuning

While pulse area errors are a significant concern, nuclear
energy levels are highly stable compared to electronic lev-
els but can still be shifted by external electromagnetic fields.
The precise nuclear energy levels of Th ions experience slight
shifts depending on their ionization state due to variations
in the electron–nucleus interaction.[22,23] On the other hand,
temperature fluctuations, defects, surface effects, and complex
nucleus–electron–environment interactions in the host crystal
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can perturb these energy levels, introducing unavoidable fre-
quency shifts in solid-state nuclear clocks.[24,25] Additionally,
laser linewidth contributes to spectral uncertainty. These fac-
tors introduce another critical source of error: detuning be-
tween the laser frequency and the nuclear transition frequency.

Even in the presence of only static detuning ∆ , few cases
yield analytical solutions. For square pulses with Rabi fre-
quency Ω(t) = Ω0, the propagator elements are

a = cos
(

A
2

√
1+β 2

)
− iβ√

1+β 2
sin
(

A
2

√
1+β 2

)
,

b = − i√
1+β 2

sin
(

A
2

√
1+β 2

)
, (16)

where the pulse area is A = Ω0T and β = ∆/Ω0 is the normal-
ized detuning.

For hyperbolic-secant pulses with Rabi frequency Ω(t) =
Ω0sech(t/T ), the Rosen–Zener solution exists[26] for tf → ∞,

a =
Γ ( 1

2 − i Aβ

2π
)2

Γ ( 1
2 − i Aβ

2π
− A

2π
)Γ ( 1

2 − i Aβ

2π
+ A

2π
)
,

b = −i
sin A

2π

cosh Aβ

2π

, (17)

where the pulse area is A = πΩ0T .
Simple analytical solutions for phase are generally un-

available for detuning compensation. Consequently, we nu-
merically solve the trigonometric equations

∂ jU (N)
11

∂∆ j

∣∣∣∣
∆=0

= 0, j = 1,2, . . . ,n. (18)

We identify multiple solutions that satisfy conditions for both
square pulses and hyperbolic-secant pulses. The determined
phases are listed in Table 1. For compactness, we set the
reference phase φ1 = 0 and present only the unique non-zero
phases (φ2, . . . ,φn+1) in vector notation, from which the full
symmetric sequence can be reconstructed. Figure 3 depicts
the excitation probability loss 1−P as a function of detuning
∆ for both (a) square and (b) hyperbolic-secant pulses. We
observed that while the single-pulse benchmark (N = 1) de-
grades rapidly with detuning, the composite sequences carve
out a broad ‘high-fidelity basin’ where the loss is suppressed
below 10−4. As the pulse number N increases, this low-loss
window significantly widens, demonstrating that the robust-
ness against detuning is systematically enhanced regardless of
the specific pulse profile.

For excitation of 229Th, the CW laser can reach an achiev-
able Rabi frequency of Ω ≈ π×91 Hz. As illustrated in Fig. 3,
composite pulse sequences with N = 5 can maintain more than
95% excitation probability even with a detuning of 140 Hz,
which is already larger than the laser bandwidth of 100 Hz.

These results suggest that it is possible to construct phase se-
quences capable of compensating for generic errors in arbi-
trary pulse shapes, which leads us to the generalized scheme
presented in the next section.

Table 1. Optimized phases for detuning compensation (symmetric se-
quences).

N Unique phases (φ2, . . . ,φn+1)
†

3 (π/3)
5 (−π/6,π/3)
7 (−0.5527,π/3,0.5527)
9 (0.0789,2.6621,2.1037,−2.2015)
11 (−1.4421,−3.0531,0.0130,1.6931,2.2372)
13 (0.1296,3.1336,2.2806,−1.1738,1.8468,0.8305)

† We set φ1 = 0 and φk = φN+1−k .
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Fig. 3. Sequences with N = 1, 5, 9, 13. Excitation probability loss 1−P
versus detuning ∆ : (a) square pulses and (b) hyperbolic-secant pulses.
Increased N widens the low-loss region.

3. Generalized composite pulses for arbitrary
pulse shapes
In experiments, multiple error sources, such as pulse area

error and detuning, often coexist, contributing collectively to a
reduction in excitation probability across various pulse shapes.
Only a few pulse shapes, such as rectangular and hyperbolic-
secant pulses, possess analytical solutions for detuning com-
pensation. Moreover, perfect pulse shapes are experimentally
unattainable. Other pulse shapes lack analytical solutions.
Therefore, we aim to develop composite pulse sequences ca-
pable of addressing diverse error sources across arbitrary pulse
shapes.

Building upon the waveform-independent parameteriza-
tion introduced by Genov et al.,[18] we extend this formalism
to explicitly target a generic error parameter z. The propagator
for a constituent pulse with phase φ is parameterized as

U(z) =
(

q(z)e ix(z) p(z)e iy(z) e iφ

−p(z)e−iy(z) e−iφ q(z)e−ix(z)

)
, (19)

where p(z), q(z), x(z), and y(z) are real functions satisfying
the normalization condition p(z)2 +q(z)2 = 1. For a perfect π
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pulse (i.e., z = 0), the propagator reduces to

U(0) =
(

0 −i
−i 0

)
, (20)

yielding the boundary conditions: p(0) = 1, q(0) = 0, x(0) =
0, y(0) =−π/2.

For brevity, we omit the explicit argument z hereafter. The
recurrence relations for the matrix elements are given by

U (N)
11 = qe ixU (N−1)

11 − pe iy e iφNU (N−1)*
12 ,

U (N)
12 = qe ixU (N−1)

12 + pe iy e iφNU (N−1)*
11 . (21)

Using mathematical induction, U (N)
11 is independent of y and

can be expressed as (see Appendix A for proof):

U (N)
11 =

⌊N/2⌋

∑
j=0

cn j ({φ},x)q2 j+N−2⌊N/2⌋, (22)

where {φ} denotes the set of phases and ⌊·⌋ denotes the floor
function.

3.1. Compensation method for generalized error parame-
ters

To explicitly determine the phases that ensure robustness,
we apply the derivative cancellation condition to the general-
ized propagator. By invoking the multivariate chain rule, the
j-th order total derivative of U (N)

11 with respect to the error pa-
rameter z can be expanded as

∂ jU (N)
11

∂ z j = ∑
0≤k1+k2≤ j

Ck1,k2

∂ (k1+k2)U (N)
11

∂qk1∂xk2
𝒟k1,k2(z), (23)

where Ck1,k2 are combinatorial coefficients and 𝒟k1,k2(z)
denotes terms containing the derivatives of the mapping

functions q(z) and x(z). Crucially, the partial derivatives
∂ (k1+k2)U (N)

11 /∂qk1∂xk2 depend solely on the sequence struc-
ture and are independent of the physical parameters, includ-
ing pulse shape and error type. Consequently, nullifying these
partial derivatives ensures robust performance regardless of
the specific physical model encoded in 𝒟k1,k2(z). Using the
boundary conditions, the even j1-th derivative of U (N)

11 van-
ishes at z = 0. We can derive equations for arbitrary errors and
pulse shapes by setting the following trigonometric equations
to zero:

∂ ( j1+ j2)U (N)
11

∂q j1∂x j2

∣∣∣∣
q=0,x=0

= 0, (24)

for odd integers j1 ( j1 = 1,3, . . .) and all integers j2 ≥ 0. This
suppresses the sensitivity of the excitation probability to error
z up to the order of j1 + j2.

Take N = 5 as an example; the first two derivatives are

U (5)′
11 = (1+2cos(φ2 −φ3)+2cos(2φ2 −φ3))q′, (25)

U (5)′′
11 = (1+2cos(φ2 −φ3)+2cos(2φ2 −φ3))q′′

+2i (1−2cos(φ2 −φ3)+2cos(2φ2 −φ3))x′q′. (26)

The corresponding trigonometric equations are

1+2cos(φ2 −φ3)+2cos(2φ2 −φ3) = 0,

1−2cos(φ2 −φ3)+2cos(2φ2 −φ3) = 0. (27)

When φ2 = −π/6 and φ3 = π/3, the first two-order terms of
U (5)

11 with respect to z are eliminated, and the excitation rate’s
sensitivity to z becomes 6th order.
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Table 2. Optimized phases for generic error compensation.

Sequence Unique phases (φ2, . . . ,φn+1)
†

5a (5π/6,π/3)
5b (−π/6,π/3)
7a (−1.4572,π/3,1.4572)
7b (0.1399,−2.8619,−1.6748)
9a (−1.4884,1.9138,−2.2171,−1.2713)
9b (0.4195,−1.7893,0.5840,1.3043)
13a (2.7470,1.3620,2.7878,0.9391,−2.7625,−1.3011)
13b (2.6736,1.6309,2.9928,0.7278,0.5467,−1.3709)

†φ1 = 0; Note: ‘a’ and ‘b’ denote sequences with prioritized robust-
ness against pulse area error and detuning, respectively.

The optimized phase sequences are listed in Table 2. Fol-
lowing the convention established in Section 2, we present
only the unique non-zero phases. For N = 5, 7, 9, the sen-
sitivity of the probability is suppressed to the 6th, 8th, and
10th order, respectively. We take pulse area error α and de-
tuning ∆ as examples of errors. In Table 2, indices ‘a’ and ‘b’
denote sequences optimized for better performance regarding
pulse area error or detuning, respectively. For N = 13, sensi-
tivity is suppressed to the 12th order. Figure 4 illustrates the
excitation fidelity contours in the (α , ∆) plane. We observe
that as the sequence length N increases, the region enclosed
by the red contour (indicating an error threshold of 10−4) ex-
pands significantly. By N = 13, this ultra-high-fidelity region
covers a substantial range of parameter space, demonstrating
that the composite pulses can achieve precision comparable to
ideal conditions even under moderate experimental imperfec-
tions.

For CW lasers, composite pulse sequences with N = 9
can maintain an excitation probability of more than 99%, even
with a detuning of 140 Hz and a pulse area error of 30%, which
is already larger than the laser bandwidth of 100 Hz and sub-
stantially larger than the pulse area error caused by deviations
from perfect square pulses. This demonstrates the effective-

ness of composite pulses in the robust excitation of 229Th.

3.2. Compensation of phase errors

However, the validity of the composite pulse sequences
discussed in the previous sections relies on the assumption of
precise phase modulation. In practice, phase error, denoted by
γ , must be constrained to within 0.1%–1% for short sequences,
with even more stringent requirements for longer sequences.
The phase modulation of VUV lasers is still a developing tech-
nology, making such precise control challenging[16,17] (the
specific hardware limitations are discussed in detail in Sec-
tion 4). This can result in small but non-negligible phase errors
in practical implementations.

To address this limitation and enhance experimental fea-
sibility, we model the phase error as a multiplicative perturba-
tion: φ → φ(1+γ). U (N)

11 remains independent of y and can be
expressed as

U (N)
11 =

⌊N/2⌋

∑
j=0

cn j ({φ(1+ γ)},x)q2 j+N−2⌊N/2⌋. (28)

To achieve robustness against phase imperfections, we require
the excitation probability to be insensitive to γ to leading order.
This is achieved by setting the mixed partial derivative with re-
spect to the generalized error parameter q and the phase error
γ to zero:

∂ 2U (N)
11

∂q∂γ
= 0. (29)

By solving Eq. (29) in conjunction with the conditions for
generic error compensation Eq. (23), we derive composite se-
quences that are simultaneously robust against arbitrary pulse
shape errors (such as pulse area and detuning) and phase mod-
ulation errors.
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Numerical results for selected sequences are summarized
in Table 3, using the same compact notation. For sequence
lengths N = 7, 9, 11, the sensitivity of the excitation probabil-
ity is suppressed up to the 6th, 8th, and 10th orders, respec-
tively. Figure 5 displays the robustness map in the presence
of phase errors (γ). Even with the inclusion of this additional
error source, the blue (10−2) and green (10−3) contours retain
a wide coverage area, showing minimal shrinkage compared
to the ideal phase case. This persistence of the high-fidelity
zones (bounded by the red lines) confirms that the proposed
sequences effectively decouple the excitation efficiency from
phase modulation imperfections. Notably, the tolerance for
phase error extends beyond 2%, significantly relaxing the con-
straints on the experimental control system. This confirms that
our generalized approach can effectively handle the full com-
plexity of experimental error sources.

Table 3. Phases for simultaneous error compensation.

N Unique phases (φ2, . . . ,φn+1)
†

7 (−1.4572,π/3,1.4572)
9 (0.8433,−0.8558,0.3214,0.1887)
11 (1.8690,−0.7389,−1.0119,0.9794,−0.4582)

† See Table 1 for definitions.

4. Experimental feasibility and broader applica-
tions
Regarding the experimental realization of these compos-

ite pulse sequences for 229Th, specific technical challenges
must be addressed. The primary difficulty lies in achieving fast
and precise phase modulation in the VUV regime. Currently,
direct phase modulation at such short VUV wavelengths us-
ing conventional electro-optic or acousto-optic modulators is
hindered by severe material absorption and low optical dam-
age thresholds. A feasible experimental approach is to apply
the phase shifts to the fundamental visible or infrared driving
lasers before they undergo nonlinear frequency up-conversion
processes, such as high-harmonic generation (HHG) or four-
wave mixing.[16,17] However, a major difficulty in this ap-
proach is that the highly nonlinear up-conversion process can
amplify the fundamental phase noise and introduce complex,
waveform-dependent phase distortions. These technical chal-
lenges motivate our generalized scheme: its independence
from pulse profiles and high tolerance to phase errors (γ) make
it naturally suited for VUV composite pulse generation.

Beyond the direct laser excitation of the 229Th nucleus,
our generalized scheme constitutes a universal methodology
applicable to broader quantum control scenarios. In fact, sim-
ilar universal composite pulses have already proven highly
successful in correcting arbitrary field errors in rare-earth-
ion-doped crystals.[18] Following this paradigm, our specific
waveform-independent sequences can be directly applied to

other well-established platforms. For instance, in supercon-
ducting circuits[13] and neutral-atom arrays,[12,27] microwave
and optical pulses often suffer from unknown distortions and
spatial variations. Testing our scheme in these accessible sys-
tems could provide immediate experimental verification of its
robustness before high-fidelity VUV phase-modulation tech-
nology fully matures.

5. Conclusion
In this work, we propose a generalized composite pulses

scheme designed to correct generic errors across arbitrary
pulse profiles. By utilizing a waveform-independent param-
eterization and enforcing derivative cancellation, our method
serves as a versatile control tool capable of enhancing fidelity
under complex experimental imperfections. We analyze the
utility of this technique using the direct laser excitation of the
229Th nucleus as a stringent test case, where hardware limita-
tions are particularly severe.

Our results demonstrate that this generalized methodol-
ogy provides a powerful tool to mitigate the specific chal-
lenges posed by current vacuum-ultraviolet laser technology.
By robustly compensating for pulse area inaccuracies, large
effective detunings, and phase modulation errors exceeding
2%, our approach significantly relaxes the stringent require-
ments on experimental stability and control precision. Con-
sequently, this work offers a practical pathway to enhance the
feasibility of observing the nuclear transition and supports fu-
ture progress toward 229Th nuclear optical clocks. Beyond this
specific application, the inherent universality of our method
makes it a valuable asset for diverse quantum control platforms
where pulse shaping capabilities are limited.

Appendix A: Recursive relations and parameter
independence of the propagator

A crucial feature of our optimization strategy is that the
matrix element U (N)

11 is mathematically independent of the pa-
rameter y. In this appendix, we provide a rigorous proof of
this property based on the recursive relations derived from the
SU(2) formalism. This independence simplifies the control
problem, justifying the formulation of the error compensation
conditions in Section 3 solely in terms of q and x.

We define the single-pulse propagator for the k-th pulse
as

Uk =

(
qe ix pe i(y+φk)

−pe−i(y+φk) qe−ix

)
. (A1)

The total propagator follows the recurrence U (k) = UkU (k−1).
Using the relations U22 =U*

11 and U21 =−U*
12, we derive the

recurrence relations

U (k)
11 = qe ixU (k−1)

11 − pe i(y+φk)[U (k−1)
12 ]*, (A2)
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U (k)
12 = qe ixU (k−1)

12 + pe i(y+φk)[U (k−1)
11 ]*. (A3)

We prove by induction that U (N)
11 depends only on

q,x,{φ}, while U (N)
12 takes the form e iy × Ũ12, where Ũ12 is

independent of y.
Base case (N = 1): For the first pulse (φ1 = 0)

U (1)
11 = qe ix, U (1)

12 = pe iy. (A4)

Obviously, U (1)
11 depends only on q,x, and U (1)

12 contains the
factor e iy.

Inductive step: Assume the property holds for k − 1:
U (k−1)

11 is independent of y, and U (k−1)
12 = e iyŨ (k−1)

12 . Substi-
tuting these into Eq. (A2):

U (k)
11 = qe ixU (k−1)

11 − pe i(y+φk)[e iyŨ (k−1)
12 ]*

= qe ixU (k−1)
11 − pe iφk e iy e−iy[Ũ (k−1)

12 ]*

= qe ixU (k−1)
11 − pe iφk [Ũ (k−1)

12 ]*. (A5)

The term e iy e−iy = 1 cancels out perfectly. Thus, U (k)
11 re-

mains independent of y.
Similarly, substituting into Eq. (A3):

U (k)
12 = qe ix[e iyŨ (k−1)

12 ]+ pe i(y+φk)[U (k−1)
11 ]*

= e iy
{

qe ixŨ (k−1)
12 + pe iφk [U (k−1)

11 ]*
}
. (A6)

This confirms that U (k)
12 retains the global phase factor e iy.

Conclusion: We have demonstrated that the matrix ele-
ment U (N)

11 is strictly independent of the parameter y. Conse-
quently, the derivatives ∂ jU (N)

11 /∂ z j derived in the main text
depend only on the variations of q and x. This allows us to
construct universal composite pulses by solving equations in-
volving only q and x, effectively decoupling the optimization
process from the specific dynamic phase behavior imposed by
the pulse shape.
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