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SPECIAL TOPIC — Two-dimensional superconductivity

Emergent topological superconductivity in
skyrmion magnet/d-wave superconductor heterostructures
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The interplay of superconductivity with non-trivial magnetic textures is a promising route toward the engineering of
topological superconductivity and Majorana quasiparticles. In this paper, we demonstrate the realization of topological
superconductivity in a d-wave superconductor coupled to a skyrmion lattice. Transitions between different topological
phases can be induced by tuning the chemical potential and the magnetic exchange coupling. For intermediate-coupling
strength, we unveil the formation of Chern bands of conduction electrons coupled to the magnetic skyrmions and present the
emergence of an effective chiral p-wave pairing induced in the non-trivial Chern band. Majorana zero modes localized at the
cores of the superconducting vortex lattice are revealed for topological superconducting phases with odd superconducting

Chern numbers.

Keywords: topological superconductivity, skyrmion lattice, Majorana zero modes
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1. Introduction

The realization of topological superconductivity (TSC)
is of fundamental importance, not only for probing exotic
quantum phenomena but also for its potential application in
fault-tolerant quantum computing!'->! which relies on the non-
Abelian braiding statistics of Majorana zero modes (MZMs)

3] seminal

hosted in such systems. Inspired by Fu and Kane’s!
proposal, numerous platforms have been explored to engineer
TSC and MZMs based on proximity-coupled hybrid struc-
tures which combine conventional s-wave superconductors
with diverse systems, ranging from topological insulators,*7]
semiconductors with strong spin—orbit coupling (SOC),#-12]
quantum anomalous Hall insulators,!3-18] to magnetic adatom
arrays.!1°24 In these setups, the emergence of TSC is gov-
erned by the interplay of the superconducting pairing corre-
lation, the spin-degeneracy lifting, and the spin—-momentum
locking, which typically demands a strong SOC and suffi-
ciently large Zeeman splitting field.

In parallel to these extensively studied systems, recent
studies>-34! have demonstrated that the non-collinear mag-
netic textures coupled to conduction electrons can induce a
synthetic SOC and a Zeeman-like field,?>*! which, com-
bined with s-wave superconductivity, can lead to the formation
of TSC. In particular, the skyrmion lattice (SKL),!34% as a
topologically non-trivial magnetic texture, exerts an emergent
magnetic field on conduction electrons coupled to it. This in-
homogeneous magnetic field, quantized to one flux quantum
h/e per skyrmion, is reported to give rise to the topological

TCorresponding author. E-mail: hangiang @ruc.edu.cn
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Hall effect.[*!#?] Theoretical studies further predict the real-
ization of the quantized topological Hall effect in 2D electron
systems coupled to the SKL.[43-48]

Motivated by the fascinating topology nature of magnetic
skyrmions, we investigate the realization of TSC in a het-
erostructure combining the SkL with a d-wave superconductor

25301 we demonstrate

(dSC). Different from prior researches,!
that the emergent gauge field generated by the skyrmion tex-
ture effectively reconstructs the normal-state bands, endow-
ing them with non-zero Chern numbers. Upon inducing su-
perconductivity from the superconducting substrate, the TSC
phases emerge from the non-trivial Chern bands, hosting chi-
ral Majorana edge modes along the open boundaries of a rib-
bon and MZMs within the vortex cores in the superconduct-
ing vortex-lattice state. Remarkably, we find that the vortex
MZMs are energetically well-separated from the trivial Caroli-
de Gennes—Matricon (CAGM)#! states, conferring enhanced
robustness to these topological modes.

2. Model and formalism

The system is a two-dimensional heterostructure com-
posed of a SKL placed on top of a d-wave superconductor. The
model Hamiltonian, built on the tight-binding formalism, is
written as

A = Z (_tr,r’ _uar,r’)ci-,scr’,s
7,75

+J Z m(r) . Us,s’ci7scr,s/

8,8
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n Z, (Arﬁrlcjﬁc:, L+ H.c.) . (1)

Here, » = me, + ney is the position vector of the lattice
site, where e, and e, are primitive vectors (the lattice con-
stant is chosen as the length unit) and m,n are integers. The
spin index s takes values 1,]. The chemical potential is de-
noted by u. The hopping amplitude ¢, ,» =t or ¢’ for hop-
ping between nearest or next-nearest neighbors, respectively.
The spin-singlet superconducting pairing amplitude are repre-
sented by A,. /. In this paper, we focus on the d-wave pairing
which has been used in TI-based hybrid systems to realize first
order®%3!1 and second-order!>%>31 TSC. The pairing potential
Arrte, = —A”:iey = Ay, where Ay is the d-wave order pa-
rameter.

The magnetic exchange interaction between the electrons
and the magnetic SKL is described by the J term in Eq. (1).
Here, the magnetic texture, corresponding to a double-Q SkL,
(38401 {5 represented by
m(r) = [sin(Q;-r)e; +sin(Q2-7)er

+[mo +cos(Q1-7) +cos(Q2- 1) /Nr, (2)

where Q; = QT”ei represents the wave vectors of two spin spi-
rals, with e; unit vectors indicating the spiral directions and
A the wavelength. N, is the local normalization factor. The
winding number of the SkL is defined as

N = (4m)""! / m(r) - (dem(r) x dm(r))dxdy, (3)

where the integral is taken over the SkL unit cell. The
skyrmion number Ny = 1 for —2 < my < 0, and Ny = —1
for 0 < mp < 2.

The system Hamiltonian can be re-expressed as

L1
H= 5 Y Heag® + const., @

where PT = (‘I’TT,‘IQT"PTT,‘IQT) denotes the Nambu basis.
Here, ¥ with s =1, is a row operator written as ¥ =
(a .. ’CTT‘,S’ ..
tor. The BAG Hamiltonian Hgqg is written as

Ho—p  i0y,Hu
Hpgg = . , 5
pe ( —io,H) —H§+ 1 ) )

-), while ¥ = (--- ,cm,m)T is a column opera-

where the matrix element of the pairing matrix H, is related
to the pairing potential by (Hy),. ,» = A, ,». The normal-state
Hamiltonian is denoted by Hy, which is expressed as

Hy=o0yH;+Jo- M, (6)

where the matrix element of the hopping Hamiltonian H; is
(H;)p o =ty v, and M encodes the magnetic texture, whose
elements are M, ,» = m(r)6,. .

3. Topological phase diagram

In this paper, we construct the double-QQ SkL accord-
ing to Eq. (2) by setting the spiral propagation directions
e12 = (£e,+e,)/v2 and an atomic-scale33401 SKL. wave-
length A = 2+/2. The choice of my = 1 gives rise to a skyrmion
number Ngx = —1. Since this SKL imposes a commensu-
rate periodic modulation on the underlying lattice, the real-
space BAG Hamiltonian (5) can be Fourier transformed into
the Bloch-BdG Hamiltonian Hgq4g(k), where k is the momen-
tum in the SkL Brillouin zone. For each k, the BdG equation
is

HgaG(K)|@n(K)) = En(K)[9n(K)), @)

where E,(k) denotes the BdG energy band with |¢,(k)) the
corresponding eigenvector. The bulk gap Ag,, of this hybrid
system is determined from the minimum of |E, (k)|. The BdG
Hamiltonian has particle-hole symmetry CHpgg(k)C™' =
—Hpag(—k) with C = 1,K. Thus, the system belongs to the
topological class D and is characterized by the Chern number
defined as!*¥

= Zim/Tr{P(k)[akxP(k)73k,,P(k)]}dzk, ®)

where P(k) = Y, (k)<0 |9(K))(¢n(K)| is the projector onto
the occupied BAG bands and the integral is over the SkL Bril-
louin zone (BZ).

In Fig. 1(a), we illustrate the topological phase diagram
manifested by the variation of Ag,, as a function of u and
J. A rich phase structure is exhibited. These phases, char-
acterized by quantized superconducting Chern numbers Cgqg,
are distinctly separated by phase boundaries where the bulk
energy gap closes. Note that only Chern numbers for topo-
logical regimes with notable gaps are shown in Fig. 1(a). To
probe the evolution of the topological properties, we examine
the changes of Ag,, and Cpgg with  for fixed J /t =3.0, as
well as with J for fixed pu/t = —0.7. The results, presented
in Figs. 1(b) and 1(c), reveal that the Chern number remains
quantized and constant whenever the bulk gap stays open, and
it changes discontinuously across certain critical parameters
where the gap closes, signaling a topological phase transition.

The variation of the superconducting Chern number as a
function of u can be understood by examining the normal-
state band structure. The SkL acts as a magnetic superlat-
tice imposed on the underlying lattice, causing the reconstruc-
tion of the tight-binding electron band. To elucidate this, we
choose an intermediate-coupling strength with J/f = 3 and
solve the Schrodinger equation in momentum space

Ho(K)[un(k)) = & (F)[un(k)), ©

where Hy(k) denotes the normal-state Bloch Hamiltonian ob-
tained from Eq. (6). Since the SKL unit-cell size is A, there
are totally 2A2 = 16 bands, as shown in the inset of Fig. 2(a).
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The eighth and ninth bands counted from the lowest band are
well separated from their neighbors, whereas the remaining
multiplets of bands exhibit significant crossings and degen-
eracies. The normal-state Chern number is calculated using
Eq. (8). For a single-band normal-state Chern number C,,, the
projector is P(k) = |u,(k))(u,(k)|, where n denotes the band
index. For a multi-band normal-state Chern number C,, .y, ,
P(k) =
the bottom and top bands of the multiplet, respectively. The

nin, [Un(k)) (un (k)| where ny and ny are indices of
results are shown in Fig. 2(a). When the Fermi level lies
within the energy gap between the bottom of the eighth band
and the top of the seventh band, indicated by the light green
region in Fig. 2(a), the normal state is a quantized topologi-
cal Hall insulator characterized by a Chern number of the oc-
cupied bands, Cj.7 = —1. Thus, in the presence of the d-
wave pairing, we get a TSC with an even Chern number!!3]
CBag = C1~7— (C+C9 +Cig~16) = 2C1o7 = —2, correspond-
ing to the topological region —1.4 < u/t < —1. as shown in
Fig. 1(b). Similarly, for —0.24 < p/t < 1.0, corresponding
to the light blue region of Fig. 2(a), we have a topologically
trivial phase with Cggg = 2(C1~7+Cg) =0.

3.5
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2.5

2.0

J/t

1.5

2 2.0
(b) -
o 1 1.0 <
~
20 0 g
0—1 <
-2
—-1.5 —1.0 —0.5 0 0.5
w/t
4 ¢ 2.0
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Fig. 1. (a) Topological phase diagram of the SKL-dSC model. The density
plot depicts the excitation gap as a function of p and J, and the integers in
different topological regions show the associated Chern numbers. Excitation
gaps (green lines) and Chern numbers (blue lines) as functions of u with
fixed J/t = 3.0 (b), and as functions of J with fixed p/r = —0.7 (c). The
remaining parameters are ¢’ /t = —0.3 and Ay /t = 0.1.
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Fig. 2. (a) Band structure of the normal-state electrons. The blue and
green curves show the energy dispersions of the eighth and ninth bands
in the first SKL BZ, respectively. Cg and Cy are the corresponding Chern
numbers. Cj~7 and Cjg~1¢ denote the multi-band Chern numbers. The
parameters are t'/f = —0.3, J/t = 3.0. The TRIM in the SkL BZ are
I' =(0,0), X = (n/A,0) and M = (w/A,7m/A). The inset displays the
band structure of all the sixteen bands. (b) Momentum structure of the
effective gap function Aes(k). The density plot shows the magnitude,
while the arrows represent the phases of Aegr(k). The red, green and
blue curves are the Fermi surfaces corresponding to i/t = —0.7 (in the
pink region of (a)), —0.35 (Fermi level crossing the 8-th band at X) and
—0.3 (in the yellow region of (a)), respectively.

On the other hand, when the Fermi level resides in the
eighth band, as shown in the pink and yellow regions of
Fig. 2(a) with —1.0 < u/r < —0.24, the normal state becomes
a topological Hall metal. Upon introducing d-wave pairing,
we project the BdG Hamiltonian onto the eighth band since
it is well separated from other bands and obtain a single-band
effective pairing Hamiltonian

Hglo(k) = (40
where ¢eg(k) is the energy dispersion of the -eighth
Chern band.
(ug(k)|Ha(k)lug(—k)). The quasiparticle excitation energy
is E, = \/(&5(k) — )2+ |Aere(k)|2. The momentum struc-
ture of Age(k) is illustrated in Fig. 2(b). We observe that the
effective superconducting gap function vanishes at the time-
reversal invariant momenta (TRIM) I" = (0,0), X = (w/A,0),
Y =(0,7r/A),and M = (n/A,n/A) in the SKL BZ. Both the

Acsi(k)
—ss(—k)+u) -0

The effective gap function is Aeg(k) =
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nodal behavior and the phase structure, as shown in Fig. 2(b),
reflect the chiral p-wave pairing character given by Acg(k) o<
sin(kjA) + isin(kaA). When the Fermi level crosses the en-
ergy band at the TRIM, the bulk gap vanishes and a topolog-
ical phase transition occurs. Therefore, the phase boundaries,
separating successive topological phases with superconduct-
ing Chern numbers —2, —1, 1, and 0, are u/t = —1.0, —0.35,
and —0.24, respectively, consistent with the results shown in
Fig. 1(b).

4. Chiral edge modes and Majorana vortex zero
modes

While the previous section focused on the bulk properties
under periodic boundary conditions, we next consider a rib-

bon geometry with open boundaries to explore the emergence
of topologically protected boundary states. The ribbon is pe-
riodic along e; and has two open edges along e, as shown
in Fig. 3(a). By performing a Fourier transform along the
e direction, the energy spectra are computed and shown in
Figs. 3(b)-3(d) for three distinct TSC phases. Our results un-
ambiguously demonstrate the presence of gapless chiral edge
modes (CEMs) within the bulk energy gap. The TSC phases
with superconducting Chern numbers Cggg = —1,—2 and —3
host |Cpqg| pairs of CEMs, with half of them localized at each
of the two opposite edges of the ribbon, in compliance with
the bulk—boundary correspondence. These CEMs traverse the
superconducting gap and disperse linearly near the Fermi level

as a function of k;.

Fig. 3. (a) Distribution of the magnetic SkL on a ribbon which is periodic along the e; direction, while open along the e, direction. The z component
of the magnetic moment is represented by the color of the square. For white (black) squares with central black (white) dot m; =1 (—1), and for gray
squares with central arrow m, = 1/+/3. The red arrows denote the directions of the magnetic moments in the xy plane. (b)—(d) Energy spectra of the BAG
bands for the ribbon. The exchange couplings are J/ = 3.0, 2.4 and 1.0, respectively. The associated superconducting Chern numbers are Cggg = —1,
—2 and —3, respectively. The other parameters are '/t = —0.3, i/t = —0.7, and Ag/t = 0.1.

We now turn our attention to whether such a SkL-dSC
heterostructure can host MZMs in the cores of superconduct-
ing vortices. Qualitatively similar results are observed for odd
superconducting Chern numbers; therefore, we focus our dis-
cussion on the representative case of Cggqg = —1. When a mag-
netic field B,(r) is applied normal to the 2D heterostructure,
the electron hopping between sites 7 and 7’ acquires a Peierls
phase factor exp[i§ [ / A(l) - dI] resulting from the magnetic
vector potential A. For a sufficiently large magnetic field, a
square vortex lattice!>! is formed. We construct the d-wave
order parameter (dOP), Aq(r) = |Ag(r)|e'®(™) in the vortex-
lattice state by employing Abrikosov’s solution:

f(x,y) — ei277.7y~'2 i 67%[(2)?7n)2+i(2)’7n)2]7 (11)

n——o0

where ¥ = x/L, § = y/L with L the size of the magnetic unit
cell (MUC). Considering that f(x,y) has a large core size com-
parable to L, we modify it by shrinking its core size according
to

|Aa(r)| = Aotanh[a| f(r)]], (12)

while preserving the phase 0 (r) = arg[f(r)]. In Eq. (12), o is
used to tune the vortex-core size. The magnitude and phase
of the dOP in one MUC are shown in the upper-left panel
of Fig. 4. Two vortices can be clearly seen. The d-wave
pairing potential in Eq. (1) is then determined according to
Ap rie,, = £[Ad(T) +Ad(r + €xy)] /2. Note that the pairing
potential is not determined self-consistently because this has
no impact on the overall topological features.
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Fig. 4. (a) The magnitude and phase of the dOP A4(r) in one MUC accommodating two vortices. We set @ = 10 in Eq. (12). (b) BdG
quasiparticle spectra in the magnetic BZ. I" = (0,0), X = (n/L,0), M = (x/L, /L) with MUC size L = 60. (c)—(e) The spatial distribution of
the electron components of the zero-mode wave function around one of the two vortices. The MUC size is L = 100. The system parameters
are the same as those in Fig. 3(b) with the associated superconducting Chern number Cgqg = — 1. For the hole components, we have |v4(7)| =
lur ()| and |v) ()] = |uy (r)]. (c) Spin-up component of electron |u4(7)| (blue lines) and spin-up component of electron |uy ()| (green line)
for 7 across the vortex core along x direction. (d) and (e) Density plots of [uy(7)| and |u) ()|, respectively.

The quasiparticle energy spectrum in the magnetic BZ
of the vortex lattice state is investigated, and the results are
shown in Fig. 4 for a system with superconducting Chern num-
bers Cggqg = —1. A salient feature is the emergence of two
nearly dispersionless bands pinned at zero energy. We iden-
tify these flat bands as the vortex Majorana zero modes. In
addition to the topologically protected zero modes, we clearly
observe a series of trivial CdGM bound states within the bulk
gap. Remarkably, the minigap, defined as the energy differ-
ence between the vortex MZMs and the lowest-lying CdGM
states, is found to be approximately half of the bulk gap Agap,
as illustrated in the upper-right panel of Fig. 4. While the
nearly dispersionless nature of both the MZMs and the lowest-
lying CdGM states reflects their localization around the vortex
center, only the MZMs are topologically pinned at zero en-
ergy due to particle-hole symmetry, whereas the lowest-lying
CdGM states reside at finite energies. In the presence of weak
inhomogeneities or imperfections, the MZMs remain robust
due to the bulk-vortex correspondence, provided the perturba-
tions do not close the bulk topological gap. While disorder
may shift the CdGM levels, it cannot easily shift the MZMs
away from zero energy without breaking particle-hole sym-
metry. For the pairing potential A9 = 10 meV in the host
d-wave superconductor, we have the bulk gap Ag,, = 6 meV
seen in Fig. 2(b), and accordingly a topological minigap equals
3 meV. This large minigap is expected to provide enhanced
protection of the vortex MZMs against environmental pertur-
bations. Furthermore, the energies of the CdGM states are
not equally spaced and become more closely packed near the
gap edge, deviating from the expectation of the quasiclassical
limit.*! Indeed, the bulk gap Agy, = 0.06¢ and the Fermi en-

ergy Ep = 0.3t yield a ratio Ag,p/Er = 0.2, corresponding to

[36] We attribute this large ratio to the large

the quantum limit.
pairing gap of the host d-wave superconductor and the small
Fermi energy of the conduction electron as shown in Fig. 2.

The wave function of the Bogoliubov quasiparticle has
four components: ug 1+(7), ug | (r), ve1(r), and vg | (r). The
quasiparticle operator is defined as y; = Yoslues(r)cl o+
Ve s(T)cr 5] For zero modes, we have ug (1) = vg () up to
a phase factor, and thus }lg = Y is the Majorana operator. The
MZM wave function is shown in the lower panels of Fig. 4.
Our numerical results confirm that each vortex core hosts a
single isolated MZM. The corresponding four components of
the wave function are found to be spatially localized around
the vortex centers and exhibit a characteristic oscillatory de-
cay behavior as the distance from the core increases.

5. Conclusion

In this work, we propose a novel platform for topolog-
ical superconductivity in the magnetic SkL. coupled to a d-
wave high-T; superconductor. The topological properties of
this hybrid system were investigated, focusing on the inter-
play between the SkL-induced topological band engineering
and the d-wave pairing correlation. On one hand, the SKL is
a magnetic texture of non-trivial topology, which generates an
emergent magnetic field for conduction electrons. This emer-
gent field manifests as an effective SOC and a quantized fic-
titious magnetic flux, enabling the reconstruction of normal-
state electron bands and the formation of Chern bands. On
the other hand, when the d-wave pairing is induced in the
doped topological Hall insulator, the topological supercon-
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ducting phase is realized with an odd superconducting Chern
number. Beyond the obvious advantage of high 7;, the d-wave
superconductor possesses a significantly larger gap amplitude
than that of a conventional s-wave one. This facilitates a more
robust topological gap and a sizable minigap, providing en-
hanced protection of the vortex MZMs in the superconducting
vortex lattice state.

The experimental realization of such a heterostructure re-
quires a delicate balance between the magnetic exchange cou-
pling and the superconducting pairing. Sufficiently strong
magnetic coupling is necessary to induce a full gap in an oth-
erwise nodal d-wave superconductor. While a strong mag-
netic background from the skyrmion lattice could potentially
suppress superconducting pairing, its spatially varying, non-
collinear nature is generally less detrimental to d-wave corre-
lation than that of a uniform magnetic field. Our results sug-
gest that even in a regime of moderate coupling, the emergent
topological superconductivity and MZMs can still be realized
as long as the exchange field is sufficient to drive the system
into a phase with an odd Chern number.
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