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Topological phases induced by spin–orbit coupling (SOC) have been widely investigated and realized in various
artificial systems. In this work, we theoretically propose and experimentally demonstrate two distinct spinful topological
phases enriched by one- and two-dimensional SOC using topological circuit metamaterials. First, we report the emergence
of a spinful square-root topological phase in a one-dimensional SOC-induced Aharonov–Bohm (AB) caging lattice model,
characterized by spin-dependent topological winding numbers. Second, we present a spinful higher-order topological
phase in a two-dimensional dimerized SOC lattice model, which hosts eight topological corner modes and is characterized
by multipole chiral numbers. Experimentally, we synthesize effective spin–orbit couplings in a circuit metamaterial and
implement both lattice models, with impedance measurements directly revealing their characteristic topological boundary
and corner responses. Our work provides new physical insights into SOC-induced and SOC-enriched synthetic topological
phases.

Keywords: square-root topological phase, higher-order topological phase, synthetic spin–orbit coupling
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1. Introduction
Topological phases of matter are now of great inter-

est across many areas of physics.[1–3] Distinct from conven-
tional phases characterized by local order parameters, topolog-
ical phases are protected by global topological invariants,[4,5]

which endow them with intrinsic robustness against pertur-
bations and noise. This robustness gives rise to a wealth
of novel physical phenomena and underpins promising tech-
nological applications. Over the past decades, topolog-
ical phases have been extensively investigated in a wide
range of material and artificial platforms owing to their un-
conventional boundary states and transport properties, in-
cluding photonic,[6–19] acoustic,[20–26] cold-atom,[27–29] and
electrical-circuit platforms.[30–34] Importantly, these synthetic
platforms offer exceptional flexibility in engineering lattice
geometries, coupling strengths, and symmetries, thereby en-
abling systematic and controllable exploration of topological
band theory beyond the intrinsic limitations of solid-state ma-
terials.

Spin–orbit coupling (SOC) describes an effective interac-
tion that couples internal spin degrees of freedom to the mo-
tion or geometry of a system, and it plays a central role in the
emergence of spinful topological phases. Realizing SOC in ar-
tificial platforms enables controlled access to spin–momentum
coupling and effective spin-dependent gauge fields, which are
difficult to isolate or tune in natural solid-state materials. Such

synthetic SOC has been experimentally implemented in recent
years in ultracold atoms,[35–45] photonic systems,[46] and elec-
trical circuits[47] by engineering spin-dependent phases in the
hopping or coupling processes. These implementations allow
for the controlled engineering of spin-dependent band struc-
tures and coupling processes, providing a direct route to tailor-
ing spin-resolved topological features. This mechanism gives
rise to well-established topological phases, including time-
reversal–invariant Z2 topological insulators, Chern topologi-
cal phases, and more generally symmetry-protected crystalline
topological phases with spin-resolved boundary states.

In this work, we investigate two lattice models whose
topological phases are induced and enriched by synthetic
SOC. The first model is a one-dimensional (1D) SOC-induced
Aharonov–Bohm (AB) caging lattice, in which the interplay
between destructive interference and spin-dependent hopping
leads to a spinful square-root topological phase. This phase
is characterized by spin-resolved topological winding num-
bers and enriched boundary localization. The second model
is a two-dimensional (2D) dimerized SOC lattice that real-
izes a spinful higher-order topological phase, hosting mul-
tiple robust corner modes. The multiplicity of these corner
states reflects SOC-enriched higher-order topology and is cap-
tured by multipole chiral numbers. In both models, SOC does
not merely realize known topological phases but fundamen-
tally enriches their boundary physics, manifested by the dou-
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bling and reorganization of the associated topological bound-
ary states in a spin-dependent manner. We further implement
both lattice models in circuit metamaterials and directly probe
their SOC-induced and SOC-enriched topological responses
through impedance spectroscopy and spatial voltage mapping.

2. Spinful square-root topological phase in a
SOC AB caging lattice

2.1. SOC AB caging

We first consider a single-channel quantum wire with
Rashba SOC oriented along an arbitrary direction γ̂ in the x–y
plane. The corresponding Hamiltonian is given by[48]

H =
p2

γ

2m
− h̄kSO

m
pγ(𝜎× ẑ) · γ̂, (1)

where pγ is the momentum operator along γ̂ , m is the effective
electron mass, and 𝜎= (σx,σy,σz) denotes the Pauli matrices.
The parameter kSO characterizes the Rashba SOC strength and
is related to the spin–precession length by LSO = π/kSO. To
construct the lattice model, we treat each bond as such a SOC
quantum wire with uniform length L and identical kSO. The
unit cell contains three lattice nodes labeled A, B, and C, as
illustrated in Fig. 1(a). Consider an electron initially in an ar-
bitrary spin state |σ〉 at site A: it can propagate to the next A
site via two distinct paths, namely the upper path through B
and the lower path through C. Along the upper path, the spin
rotates sequentially about ẑ× γ̂1 and then ẑ× γ̂2, whereas along
the lower path, the rotation order is reversed. The spin states
at the target A site along these two paths are

|s1〉= R̂γ̂2 R̂γ̂1 |σ〉, |s2〉= R̂γ̂1 R̂γ̂2 |σ〉, (2)

where |s1〉 and |s2〉 denote the spin states along the upper and
lower paths, respectively, and R̂γ̂ = exp [−i(𝜎 · (ẑ× γ̂))kSOL]
is the spin-rotation operator induced by SOC along a bond in
the γ̂ direction, with rotation axis ẑ× γ̂ . Destructive interfer-
ence between the two paths occurs when the rotation oper-
ators anticommute, {R̂γ̂1 , R̂γ̂2} = 0. In our setup, γ̂1 and γ̂2

are orthogonal (γ̂1 · γ̂2 = 0), so this condition is satisfied when
kSOL = (n+ 1/2)π , with n chosen as an even integer. Under
this condition, the rotation operators reduce to

R̂γ̂1 =−iσy, R̂γ̂2 =−iσx. (3)

The spin states along the two paths then satisfy |s1〉 = −|s2〉,
resulting in destructive interference that completely localizes
the electron within the diamond chain. This mechanism is
analogous to the Aharonov–Bohm (AB) cage effect,[49,50]

where the phase difference between paths originates from the
enclosed magnetic flux. In our system, however, the phase
difference arises from the Rashba spin–orbit interaction.[51,52]

Motivated by this analogy, we refer to the elementary square-
loop structure in our system as a SOC AB cage.

2.2. Theoretical model

Building on the Rashba-induced localization mechanism,
we construct a 1D SOC AB cage model based on the diamond-
chain geometry shown in Fig. 1(a). The unit cell highlighted
by the yellow dashed box in Fig. 1(a) contains three lattice
sites (A, B, and C), each carrying two pseudospin degrees of
freedom, and the inter-site couplings are implemented through
the SOC σx and σy. Within the single-particle tight-binding
approximation, the Hamiltonian in momentum space reads

H(k) =

 0 σx e−ik +σy σx +σy e−ik

σx e ik +σy 0 0
σx +σy e ik 0 0

 , (4)

which yields three perfectly flat bands at E(k) = 0,±2. Be-
cause the eigenstates are twofold degenerate, the usual 1D
winding number is no longer applicable. To capture the topol-
ogy in this setting, we instead use a non-Abelian topological
invariant[53,54] that tracks the geometric evolution of the de-
generate subspace across the Brillouin zone

γ =
∫ 2π

0
Tr(A)dk, (5)

where A(k) ∗ α,β = i〈ψ ∗ α(k)|∂k|ψβ (k)〉 denotes the non-
Abelian Berry connection, and α,β label the degener-
ate eigenstates. A nontrivial value of γ reflects a non-
Abelian Berry phase accumulated during adiabatic evolu-
tion, revealing the geometric structure of the degenerate band
manifold.[55] This non-Abelian character originates from the
non-commuting SOC terms, which mix the spin subspaces and
give rise to a matrix-valued Berry connection.

Having established the non-Abelian topological structure
of the Bloch bands, we now turn to the real-space description.
In real space, the tight-binding Hamiltonian is written as

H = ∑
n

(
σya†

nbn +σxa†
ncn +σya†

ncn−1 +σxa†
nbn−1 +h.c.

)
, (6)

where a†
n (b†

n, c†
n) and an (bn, cn) denote the creation and an-

nihilation operators at the A (B, C) sites of the n-th unit cell.
To investigate the SOC caging effect, we consider a 1D lattice
with N = 6 unit cells under open boundary conditions (OBC).
The energy spectrum in Fig. 1(b) features three perfectly flat
bands at E = 0 and E =±2, along with a pair of in-gap states
at E = ±

√
2 localized at the boundary. The flat bands indi-

cate that the eigenstates at E = 0,±2 are highly localized, a
feature arising from destructive interference enforced by the
non-Abelian gauge structure. The spatial density distributions
in Fig. 1(c) reveal the nature of these states: the in-gap states
at E =±

√
2 are confined to the left boundary, the E = 0 states

form dark states with vanishing amplitude on all A sites, and
the states at E = ±2 correspond to bulk modes, with density
primarily concentrated on the A sites and their neighboring B
and C sites. These spatial profiles clearly distinguish bound-
ary, dark, and bulk states, illustrating the interference-induced
localization characteristic of the SOC AB cage.

097103-2
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Fig. 1. (a) Schematic of the SOC-based diamond chain (top) and the corresponding 1D SOC AB cage model (bottom), consisting of three lattice
sites A, B, and C (yellow dashed circle). The inter-site couplings act on the pseudospin degrees of freedom through σx and σy. (b) Energy
spectrum for N = 6 unit cells under OBC, showing three flat bands at E = 0,±2 and in-gap boundary states at E = ±

√
2. (c) Spatial density

distributions of representative eigenstates: E =±
√

2 (boundary states), E = 0 (dark states), and E =±2 (bulk states). (d) Squared Hamiltonian
H2 shown as two decoupled lattices in the spin-up (top) and spin-down (bottom) subspaces, where each unit cell (red dashed box) contains an
isolated site A and coupled sites B and C. (e,f) Same as (b,c), but for the squared Hamiltonian H2. There are flat bands at E = 0 and E = 4
originating from the E = 0 and E =±2 states of H, while the in-gap states at E = 2 are boundary-localized modes inherited from the E =±

√
2

states.

2.3. Square-root topological phase

Within the square-root topological framework, the
squared Hamiltonian H2 retains a one-to-one correspondence
with the eigenstates of the original Hamiltonian H. In contrast
to previously studied square-root lattice models,[56] which are
spinless and characterized by Abelian Berry phases, our sys-
tem incorporates explicit spin degrees of freedom through
SOC. Consequently, the topological properties of the sys-
tem are naturally described within a non-Abelian Berry-phase
framework. Upon squaring, the Hamiltonian decomposes into
two decoupled effective Hamiltonians in the spin space, fa-
cilitating the analysis of the underlying non-Abelian Berry-
phase properties and enabling a systematic identification of
the topological boundary modes of the original SOC lattice.
The squared Hamiltonian in momentum space can be written
as

H2(k) =


4 0 0 0 0 0
0 4 0 0 0 0
0 0 2−2sink 0 2cosk 0
0 0 0 2+2sink 0 2cosk
0 0 2cosk 0 2+2sink 0
0 0 0 2cosk 0 2−2sink

 .

(7)

Since [H2, I3⊗σz] = 0, the squared Hamiltonian can be
block-diagonalized into two independent spin subspaces, cor-
responding to the spin-up and spin-down sectors, as shown in
Fig. 1(d). The resulting Hamiltonians H2

+ and H2
− take the

forms

H2
±(k) =

4 0 0
0 2∓2sink 2cosk
0 2cosk 2±2sink

 . (8)

It is worth noting that the energy of site A is 4 in both sectors
and that this site is completely decoupled from the others. The
2× 2 sub-block describing the remaining sites B and C can
then be written as

H2′ ∗±(k) = 2σ0±2cosk,σx∓2sink,σz, (9)

We define the planar vector ℎ2′ ∗ ± = (±2cosk,∓2sink),
whose winding around the origin as k varies from −π to π

determines the 1D topological invariant of the subspace, given
by

v± =
1

2π

∫
π

−π

(
ℎ̃∗±(k)× d

dk
ℎ̃∗±(k)

)
dk =±1, (10)

where ℎ̃ ∗±(k) = ℎ ∗±2′(k)/|ℎ2′
±(k)|. These opposite wind-

ing numbers characterize the two topologically distinct sec-
tors corresponding to the spin-up and spin-down subspaces.
Although squaring the Hamiltonian maps the ±E branches
onto the same E2 values, H2 retains the spatial localization
and interference characteristics of the eigenstates of H. Con-
sequently, the topological invariants obtained from H2 directly
reflect the boundary localization and interference-induced fea-
tures of the original SOC AB cage model.

The spectrum of the squared Hamiltonian H2 under OBC
is shown in Fig. 1(e), featuring two sets of flat bands at E2 = 0
and E2 = 4, along with in-gap boundary states at E2 = 2. The
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spatial probability distributions of representative eigenstates
are presented in Fig. 1(f). The state at E2 = 2 is localized
at the left boundary, identifying it as a topological boundary
state. The state at E2 = 0 forms a dark state with vanishing
amplitude on all A sites. The state at E2 = 4 exhibits bulk
character. These distributions correspond to the characteris-
tic density patterns of the original 1D SOC AB cage model at
E =±

√
2, E = 0, and E =±2, confirming that the spatial and

boundary features of H are faithfully reflected in H2.

2.4. Experimental implementation in circuit metamateri-
als

Classical electrical circuits provide a versatile platform
for exploring topological phenomena,[30–34] as their node-
based structure allows flexible engineering of lattice connec-
tivity and couplings, while voltages and currents can be di-
rectly measured to probe the system response. In such circuits,
each node is connected to others through capacitors and induc-
tors, and the current flowing out of node α at frequency ω sat-
isfies Kirchhoff’s laws, Iα(ω) = Jαβ (ω)Vβ (ω), where Vβ (ω)

is the voltage at node β and Jαβ (ω) is the circuit Laplacian.
Here, capacitive elements contribute I(ω) = iωCV (ω), while
inductive elements contribute I(ω) = (iωL)−1V (ω). Using
this framework, we implement the 1D SOC AB cage model by
mapping its Hamiltonian onto J(ω), thereby realizing SOC-
induced topological phases in an electrical circuit.

In our circuit design, each lattice site is implemented as
a square of four nodes connected by identical capacitors C0,
with nodes labeled (1,2,3,4) as shown in Fig. 2(a), and is
realized experimentally on the printed circuit board (PCB)
in Fig. 2(c). The n-th unit cell is highlighted by the yellow
dashed circle. SOC terms corresponding to σx and σy are im-

plemented via two distinct interconnection schemes between
neighboring sites using identical inductors L, as illustrated in
Fig. 2(b). Specifically, for the σx coupling, nodes (1,2,3,4)
of the a site are connected to (1,4,3,2) of the b site; for the
σy coupling, they are connected to (2,1,4,3), with the de-
tailed derivation provided in Appendix A. These wiring con-
figurations reproduce the spin-dependent hopping terms of the
theoretical 1D SOC AB cage model, ensuring that the circuit
faithfully emulates the non-Abelian interference effects in the
Hamiltonian. Based on this layout, the circuit Laplacian J(ω)

can be constructed by applying Kirchhoff’s laws to each node,
yielding the following expression (see Appendix B for more
details):

J(ω) =
1

iω ∑
n

Jn(ω)
(
a†

nan +b†
nbn + c†

ncn
)

− 1
iωL ∑

n

(
σya†

nbn +σxa†
ncn

+σya†
ncn−1 +σxa†

nbn−1 +h.c.
)
, (11)

where Jn(ω) =
(
−2ω2C0 +4/L

)
σ0. In the absence of ex-

ternal input currents, i.e. I(ω) = 0, the circuit modes sat-
isfy J(ω)V (ω) = − 1

iω (H−E(ω))V (ω) = 0, with energy

E(ω)=−2ω2C0+4/L. This relation establishes a direct map-
ping between the circuit Laplacian J(ω) and the Hamiltonian
H of the 1D SOC AB cage model under OBC, such that the
eigenmodes of the circuit correspond to the eigenstates of the
Hamiltonian and the resonant frequencies encode the energy
spectrum. Consequently, the circuit provides a fully control-
lable platform to experimentally probe the SOC-induced topo-
logical states and their associated interference patterns.

Fig. 2. (a) Schematic of the 1D SOC AB cage circuit lattice, where each lattice site is implemented by a loop of four identical capacitors C0.
(b) The σx and σy couplings are realized via specific connections of inductors L. (c) Photograph of the experimental PCB, with capacitors
C0 = 2.2 nF and inductors L = 10 µH.
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2.5. Experimental observation of spin-dependent edge
modes

In the experiment, we realized a 1D synthetic SOC AB
cage with a lattice size of N = 6. The theoretical admit-
tance spectrum is shown in Fig. 3(a), where the zeros of the
admittance, jn(ωn) = 0, correspond to the eigenenergies of
the Hamiltonian H through the relation En = −2ω2

nC0 + 4/L.
Defining fn = ωn/(2π), the system exhibits five eigenfrequen-
cies at f1 = 1.07 MHz, f2 = 1.21 MHz, f3 = 1.52 MHz,
f4 = 1.77 MHz, and f5 = 1.86 MHz. Among them, f2 and
f4 correspond to edge states, f1 and f5 correspond to bulk
states, while f3 represents a dark state localized inside the SOC
AB cage. The eigenstate resonances and their density distribu-
tions are experimentally probed by measuring the impedance
Zα between node α and ground. The impedance is related
to the eigenvalues and eigenvectors of the circuit Laplacian
through Zα = ∑n |ψn,α |2/ jn. This relation implies that, when
the circuit is driven at an eigenfrequency, the measured site-
resolved impedance becomes proportional to the density dis-
tribution of the corresponding eigenstate. It should be noted
that, since impedance measurements probe the frequency re-
sponse at a single site, degenerate states with identical ener-
gies cannot be distinguished. Nevertheless, by selectively ex-
citing a specific spin subspace, the states within that subspace

can be observed. In the following measurements, we selec-
tively excite the spin-up subspace by driving the four subn-
odes of each lattice site with the phase pattern [1,−i,−1, i]
(see Appendix D for details). The measured and simulated
impedance responses at sites A1 (blue), C1 (red), and B3 (yel-
low) over the driving-frequency range from 0 to 3 MHz are
shown in Fig. 3(b). Each impedance peak corresponds to an
eigenstate with nonzero amplitude at the probed site: all five
eigenstates have finite amplitude at site C1, only the two edge
states exhibit finite amplitude at site A1, and the bulk and dark
states exhibit finite amplitude at site B3. We then measured
the impedance at the eigenfrequencies f2, f3, and f4 to probe
the spatial density distributions of the edge and dark states in
the spin-up sector. As shown in Fig. 3(c), the upper and lower
panels present the experimental and simulated results, respec-
tively. For f2 and f4, the strong impedance localization at the
first unit cell reflects the presence of topological edge states
originating from the system’s nontrivial SOC. In contrast, at
f3, the response is confined to sites B and C, with vanishing
amplitude on site A, confirming the formation of a dark state
in which destructive interference between SOC channels pre-
vents energy transfer through site A. The experimental results
are in excellent agreement with simulations.

Fig. 3. (a) Admittance spectrum of the effective circuit Laplacian J(ω), showing five eigenfrequencies at fn = 1.07,1.21,1.52,1.77, and
1.86 MHz, with the mode at f3 = 1.52 MHz (crosshair) corresponding to the zero-energy dark state. (b) Measured (left) and simulated (right)
impedance at sites A1 (blue), C1 (red), and B3 (yellow) to ground, obtained by scanning the driving frequency from 0 to 3 MHz. (c) Experimental
(top) and simulated (bottom) impedance distributions at f2 and f4 (boundary states) and f3 (dark state). (d) Experimental (top) and simulated
(bottom) voltage distributions under local excitations at site B4 for the dark state at f3, at site A1 for the edge state at f4, and at site A3 for the
bulk state at f5. In panels (b)–(d), the measurements and simulations are performed by selectively exciting the spin-up sector.
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Furthermore, to directly probe the spatial localization of
the flat-band modes, we performed site-selective excitations
in the spin-up sector by exciting nodes B4, A1, and A3 at the
eigenfrequencies f3 (dark state), f4 (edge state), and f5 (bulk
state), respectively. Each excitation used an AC voltage of
2.5 V, and the resulting steady-state voltage profiles across the
lattice are shown in Fig. 3(d). This site-selective driving ap-
proach ensures that the excited node predominantly couples
to the eigenmode with the largest local amplitude, enabling a
clear visualization of the underlying density distributions. The
measurements reveal that the dark state is confined to the B
and C sites of three adjacent unit cells and exhibits a vanish-
ing amplitude at the C site of the driven cell due to destruc-
tive interference. The edge state remains confined within the
first unit cell, as expected for this boundary-localized mode.
By contrast, the bulk state spreads over five unit cells cen-
tered around the A site, with reduced voltage on neighboring
A sites resulting from SOC-induced interference patterns. All
measured voltage profiles show excellent agreement with cir-
cuit simulations. To further verify the robustness of the SOC-
induced topological phase, we present simulations with a 10%
parameter deviation in Appendix G. The results show that the
topological phase remains stable within this error range. In
addition, control measurements performed with spin-down ex-
citation yield identical spatial impedance and voltage distribu-
tion profiles.

3. Spinful second-order topological phase in a
dimer SOC lattice

3.1. Theoretical model

We extend the SOC AB cage model to two dimensions,
forming the lattice illustrated in Fig. 4(a). The lattice incor-
porates SOC σx and σy along the x and y directions, gener-
ating an effective π-flux per plaquette. Each unit cell com-
prises four sites, A, B, C, and D (yellow dashed box), with
intra-cell hopping t1 and inter-cell hopping t2. The resulting
Hamiltonian in momentum space describes a two-dimensional
SOC system exhibiting second-order topological properties,
characterized by gapped bulk and edge spectra and the emer-
gence of topological corner states.[57–101] Importantly, dis-
tinct from the seminal Benalcazar–Bernevig–Hughes (BBH)
model,[57] which is defined on a two-dimensional square lat-
tice with dimerized hoppings along both spatial directions and
a π-flux threaded through each plaquette, our lattice model is
constructed purely from dimerized spin–orbit couplings. In
this setting, no synthetic π-flux gauge field is required to real-
ize higher-order topology. Even in the absence of a π-flux, the
SOC-induced dimerization supports in-gap topological corner
modes and leads to a doubling of the corner-state multiplicity
compared with the BBH model. Its explicit form in momen-

tum space is given by

H(kx,ky) = (t1 + t2 coskx)Λ1 +(t1 + t2 cosky)Λ2

−t2 sinkxΛ3− t2 sinkyΛ4, (12)

where Λ1 = ςxτ0σx, Λ2 = ςxτxσy, Λ3 = ςyτzσx, and Λ4 =

ςxτyσy, with each Λi explicitly defined as the tensor product
ςi⊗τ j⊗σk of three Pauli matrices. The Hamiltonian possesses
mirror symmetry with respect to the line kx = ky, generated
by the operator Mxy = τ0σy⊕ τxσx. Under this mirror oper-
ation, the Hamiltonian satisfies MxyH(kx,ky)M†

xy = H(ky,kx).

Additionally, the system preserves chiral symmetry, with the
chiral operator C = ςzτ0σ0, which satisfies CH(kx,ky)C−1 =

−H(kx,ky).

To investigate the topological corner modes under OBC,
we next consider the system in real space. The Hamiltonian of
the model in real space is given as

H = ∑
m,n

(
t1σxa†

m,ncm,n + t1σxb†
m,ndm,n + t1σya†

m,ndm,n

+t1σyb†
m,ncm,n + t2σxa†

m,ncm−1,n + t2σxd†
m,nbm−1,n

+t2σya†
m,ndm,n−1 + t2σyc†

m,nbm,n−1 +h.c.
)
, (13)

where a†
m,n(b

†
m,n,c

†
m,n,d

†
m,n) and am,n(bm,n,cm,n,dm,n) are the

creation and annihilation operators at A (B, C, and D), re-
spectively. Owing to chiral symmetry, the Hamiltonian can
be transformed into the block-off-diagonal form

H =
(
0 h h† 0

)
, (14)

which naturally partitions the lattice into two sublattices A and
B that carry opposite chiral charges. In the one-dimensional
SOC AB-cage model, squaring the Hamiltonian produces de-
coupled subspaces, which enables the square-root construc-
tion. Although the two-dimensional SOC higher-order model
possesses chiral symmetry and exhibits local cage-like in-
terference effects, it does not allow such a decomposition,
and the square-root framework is therefore inapplicable. In-
stead, its second-order topology is characterized by a multi-
pole chiral number, which is protected by crystalline symme-
tries. We introduce quadrupole-moment operators QA

i j and QB
i j

acting on the subspaces associated with sublattices A and B,
respectively. After projecting onto their occupied-band sub-
spaces using UA and UB, their reduced forms are Q̄ ∗ i jS =

U†
S Q ∗ i jSUS, S ∈ A,B. The 2D multipole chiral number is

then defined as[102]

N =
1

2π i
Tr log

(
Q̄∗ i jAQ̄∗ i jB†) ∈ Z. (15)

In our system, when t2/t1 < 1, the topological index N = 0
indicates a trivial phase. As t2/t1 increases and crosses the
critical point t1 = t2, the system undergoes a topological tran-
sition. For t2/t1 > 1, the topological index becomes N = 2,
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showing that the system enters a nontrivial phase (phase di-
agram see Appendix E). In this case, two degenerate zero-
energy modes localize at each of the four crystalline corners
under OBC, forming eight degenerate corner states.

We construct a 2D SOC lattice with 4×4 unit cells under
OBC to probe higher-order topological features. The corre-
sponding energy spectrum is shown in Fig. 4(b). In the trivial
phase (top panel), the spectrum consists of two symmetric bulk
bands (black) separated by a gap, with no in-gap states, indi-
cating the absence of topologically protected boundary modes.
In contrast, in the topological phase (bottom panel), the bulk-
boundary correspondence ensures the emergence of topologi-
cal boundary states. The spectrum clearly separates into three

sectors: in-gap corner states (red), 1D edge states along the

lattice boundaries (blue), and conventional bulk states (black).

The corner states are zero-dimensional modes localized at the

lattice vertices, directly reflecting the nontrivial bulk topology

characteristic of the SOC SOTI. The edge states extend along

the 1D boundaries connecting the corners, forming topolog-

ically protected 1D channels. The bulk states remain delo-

calized across the lattice, as expected for conventional bands.

These spatial features are further confirmed by the real-space

probability density distributions in Fig. 4(c), where the top,

middle, and bottom panels correspond to corner, edge, and

bulk states, respectively.

Fig. 4. (a) Schematic of the 2D SOC SOTI lattice with σx couplings along x and σy couplings along y, where the intercell and intracell hopping
strengths are t1 and t2, respectively. (b) Energy spectra of a 4×4 lattice under open boundary conditions: trivial phase (t1 = 0.7, t2 = 0.3, top) with
bulk (black) states, and topological phase (t1 = 0.3, t2 = 0.7, bottom) with bulk (black), edge (blue), and in-gap corner (red) states. The enlarged
sub-image at the bottom right shows the eight corner states. (c) Density distributions in the topological phase: corner (top), edge (middle), and
bulk (bottom) states. (d) Circuit schematic and experimental PCB. (e) Theoretical admittance spectrum with the corner state within the gap at
f0. (f) Impedance distribution of the corner state at the resonant frequency f0 under spin-up excitation. (g) Experimental (top) and simulated
(bottom) impedance spectra measured at corner, edge, and bulk sites under spin-up excitation over the frequency range from 0 to 2 MHz, with
the corner-state resonance at f0 clearly isolated from the bulk and edge bands. The circuit components are chosen as C1 = 3.3 nF, L1 = 10 µH,
and L2 = 3.3 µH, yielding a resonant frequency f0 = 1/(2π

√
C1L1)≈ 876 kHz.

3.2. Circuit implementation in circuit metamaterials

For the experimental realization of corner states in the
synthetic SOC SOTI model, we designed a standard PCB com-
prising 4.5×4.5 unit cells, as shown in Fig. 4(d). The yellow
circle highlights an enlarged schematic of the underlying cir-
cuit network, illustrating the detailed layout of nodes and in-
terconnections. Analogous to the 1D SOC AB cage model,
the synthetic SOC along the x and y directions is implemented

through specific interconnection patterns of inductors, corre-
sponding to σx (blue boxes) and σy (red boxes), respectively.
The intra-cell and inter-cell inductances, L1 (dashed lines) and
L2 (solid lines), establish dimerized hopping amplitudes, al-
lowing precise control of the SOC strengths. This design en-
ables the realization of higher-order topological phases and
supports corner-localized modes as predicted theoretically. To
guarantee uniform resonance across all nodes, differentiated
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grounding conditions are applied to satisfy the resonance rela-
tion ω0 =

√
1

C1L1
=
√

1
C2L2

, where C1 denotes the coupling
capacitor connecting the four loops within a unit cell, and
C2 represents an additional compensation capacitor introduced
through the grounding configuration (see Appendix C for de-
tails). This ensures that all unit cells and their constituent
nodes oscillate coherently at the target frequency ω0, mini-
mizing detuning effects and preserving the designed SOC in-
terference patterns. Applying Kirchhoff’s laws to each node,
the corresponding circuit Laplacian J(ω0) can be constructed,
which directly maps onto the theoretical Hamiltonian of the
2D SOC SOTI model (see Appendix B for details)

J(ω0) =
1

iω0
∑
m,n

(
− 1

L1
σxa†

m,ncm,n−
1
L1

σxb†
m,ndm,n

− 1
L1

σya†
m,ndm,n−

1
L1

σyb†
m,ncm,n

− 1
L2

σxa†
m,ncm−1,n−

1
L2

σxd†
m,nbm−1,n

− 1
L2

σya†
m,ndm,n−1−

1
L2

σyc†
m,nbm,n−1 +h.c.

)
. (16)

The SOC SOTI Hamiltonian H is directly obtained from the
circuit Laplacian via J(ω0) = 1/(iω0)H, with the intra-cell
and inter-cell coupling strengths set by t1 = 1/L1 and t2 =

1/L2, respectively. This PCB implementation thus provides
a faithful realization of the theoretical SOC SOTI model, en-
abling direct experimental access to corner-localized modes
and the exploration of their higher-order topological proper-
ties.

3.3. Experimental observation of spin-dependent corner
modes

We theoretically calculate the dependence of the spectrum
of the circuit Laplacian on the driving frequency, as shown
in Fig. 4(e). An isolated mode traverses the bandgap and
reaches zero at the resonant frequency f0, corresponding to
a zero eigenvalue of the Laplacian ( jn = 0). This mode rep-
resents a corner-localized, zero-admittance state, whose exis-
tence is protected by the higher-order topology of the system.
Its presence within the bulk bandgap provides a clear theoret-
ical indication of topological corner modes in the SOC SOTI
circuit and highlights the nontrivial bulk–boundary correspon-
dence. For comparison, we also provide simulations of the
trivial phase in Appendix F.

To experimentally probe the spatially resolved response
of the lattice, we applied an AC voltage over the frequency
range from 0 to 2 MHz and measured the impedance spec-
tra at representative corner, edge, and bulk sites in the spin-up
sector, as shown in Fig. 4(g). At the resonant frequency f0,
the corner site exhibits a pronounced impedance peak, indicat-
ing strong localization of the excitation, whereas the edge and

bulk sites display only weak responses. This site-dependent
resonance behavior directly reflects the spatial confinement of
the corner mode and confirms its selective occupation of the
lattice corner. The experimental results show excellent agree-
ment with numerical simulations based on the same circuit pa-
rameters, validating both the circuit design and the theoretical
predictions.

Furthermore, the spatial impedance distribution measured
in the spin-up sector at the resonant frequency f0, shown in
Fig. 4(f), exhibits a sharply localized pattern at a single cor-
ner, with the response rapidly decaying away from this site.
This observation provides direct experimental evidence for the
existence of a higher-order topological corner state. The cor-
ner mode demonstrates strong spatial localization and robust-
ness against perturbations in the surrounding lattice, consis-
tent with the predictions of higher-order topological theory.
Together, these results unambiguously confirm the realization
of 2D SOC-induced SOTI corner states and their characteris-
tic higher-order topological properties in the electrical circuit
platform. Measurements performed with spin-down excitation
lead to the same spectral features and spatial localization pro-
files.

4. Conclusion
In summary, we have shown that SOC-induced spin-

dependent interference enriches boundary physics in low-
dimensional lattice systems. In one dimension, it simulta-
neously produces AB caging of bulk states and square-root
topological boundary modes. In two dimensions, SOC gives
rise to higher-order topological corner states that are robustly
localized at lattice corners and protected by gapped edges,
highlighting the role of SOC in enriching boundary physics
within established topological frameworks. Experimental ob-
servations confirm the predicted localization and robustness
of both bulk and boundary states, providing direct evidence
that interference can reorganize and enrich topological bound-
ary states in engineered lattice systems. Looking forward,
our work offers a new theoretical perspective for exploring
SOC-enriched synthetic topological phases and enables spin-
dependent topological boundary structures. In addition to
these fundamental insights, topological circuit metamaterials
are inherently compatible with complementary metal–oxide–
semiconductor technology and have shown promising appli-
cations in wireless signal processing[103] and ultrasensitive
circuit-based sensors.[104,105] Here, we demonstrate that syn-
thetic SOC can induce and enrich topological phases by in-
troducing an additional pseudospin degree of freedom. This
capability enables pseudospin-dependent functionalities, al-
lowing the design of robust, selective, or multifunctional de-
vices, such as pseudospin-selective filters, signal processors,
and electromagnetic sensors.
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Appendix A: Circuit implementation of synthetic
SOC

In this section, we provide a detailed derivation of the
SOC terms associated with the operators σx and σy. Consider
the circuit configuration shown in Fig. 2(b). Applying Kirch-
hoff’s current law to the nodes in the σx configuration yields

Ia,1 = iωC0(Va,1−Va,2)+ iωC0(Va,1−Va,4)

+
1

iωL
(Va,1−Vb,1),

Ia,2 = iωC0(Va,2−Va,1)+ iωC0(Va,2−Va,3)

+
1

iωL
(Va,2−Vb,4),

Ia,3 = iωC0(Va,3−Va,2)+ iωC0(Va,3−Va,4)

+
1

iωL
(Va,3−Vb,3),

Ia,4 = iωC0(Va,4−Va,1)+ iωC0(Va,4−Va,3)

+
1

iωL
(Va,4−Vb,2),

Ib,1 = iωC0(Vb,1−Vb,2)+ iωC0(Vb,1−Vb,4)

+
1

iωL
(Vb,1−Va,1),

Ib,2 = iωC0(Vb,2−Vb,1)+ iωC0(Vb,2−Vb,3)

+
1

iωL
(Vb,2−Va,4),

Ib,3 = iωC0(Vb,3−Vb,2)+ iωC0(Vb,3−Vb,4)

+
1

iωL
(Vb,3−Va,3),

Ib,4 = iωC0(Vb,4−Vb,1)+ iωC0(Vb,4−Vb,3)

+
1

iωL
(Vb,4−Va,2). (A1)

Here, Ia(b), j and Va(b), j ( j = 1,2,3,4) denote the current and
voltage at node j of site a(b), respectively. We define the cur-
rent and voltage vectors as Ia(b) = [Ia(b),1, Ia(b),2, Ia(b),3, Ia(b),4]

T

and Va(b) = [Va(b),1,Va(b),2,Va(b),3,Va(b),4]
T. The above node

equations can be compactly rewritten in matrix form as

[
Ia
Ib

]
=

iωC0M0 +
1

iωL
−1
iωL

Mx

−1
iωL

Mx iωC0M0 +
1

iωL

[Va
Vb

]
, (A2)

where M0 and Mx represent the pseudo-spin matrix and the
σx coupling matrix, respectively. The explicit forms of these
matrices are given by

M0 =


2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

 , Mx =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 . (A3)

By applying a unitary transformation U to diagonalize the ma-
trices M0 and Mx, we obtain

U =
1
2


1 1 1 1
1 −1 1 −1
1 −i −1 i
1 i −1 −i

 ,
U†M0U =

[
0 0
0 4

]
⊕2σ0, U†MxU = σ0⊕σx. (A4)

Thus, the Laplacian matrix between a and b is[
Ia
Ib

]
=

[
K −1

iωL (σ0⊕σx)
−1
iωL (σ0⊕σx) K

][
Va
Vb

]
, (A5)

where K = iωC0

([
0 0
0 4

]
⊕2σ0

)
+ 1

iωL . We define the spin-

space representation of the node voltages for sites a and b as

V ′a(b) =
[
Va(b),↑
Va(b),↓

]
=

[
Va(b),1− iVa(b),2−Va(b),3 + iVa(b),4
Va(b),1 + iVa(b),2−Va(b),3− iVa(b),4

]
. (A6)

The corresponding currents in this spin basis are denoted by
I′a(b), and the Laplacian matrix describing the coupling be-
tween sites a and b is then written as

[
I′a
I′b

]
=

(2iωC0 +
1

iωL
)σ0

−1
iωL

σx

−1
iωL

σx (2iωC0 +
1

iωL
)σ0

[V ′aV ′b

]
. (A7)

It is clear that the inter-site coupling between a and b directly
implements the spin–orbit coupling term σx in this spin-space
representation. This formulation allows a transparent mapping
between the physical circuit and the effective SOC Hamilto-
nian.

Similarly, for the σy configuration, the Kirchhoff equa-
tions for nodes a and b can be written as

[
Ia
Ib

]
=

iωC0M0 +
1

iωL
−1
iωL

My

−1
iωL

My iωC0M0 +
1

iωL

[Va
Vb

]
, (A8)

where My represents the σy coupling matrix. The explicit
forms of the matrices and their representations after block di-
agonalization via the unitary transformation U are given by

My =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , U†MyU = σz⊕σy. (A9)

Thus, the Laplacian matrix between a and b is

[
I′a
I′b

]
=

(2iωC0 +
1

iωL
)σ0

−1
iωL

σy

−1
iωL

σy (2iωC0 +
1

iωL
)σ0

[V ′aV ′b

]
. (A10)

It is clear that the coupling between a and b in this case realizes
the SOC term σy.
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Appendix B: Derivation of the circuit Laplacian
We now derive the Laplacian matrix of the LC circuit im-

plementing the 1D SOC AB cage. The Kirchhoff equations
for the A, B, and C sites of the n-th unit cell are

In
a = iωC0M0V n

a +
1

iωL
(V n

a −MyV n
b )

+
1

iωL
(V n

a −MxV n
c )+

1
iωL

(
V n

a −MxV n−1
b

)
+

1
iωL

(
V n

a −MyV n−1
c
)
,

In
b = iωC0M0V n

b +
2

iωL
V n

b +
1

iωL
(V n

b −MyV n
a )

+
1

iωL

(
V n

b −MxV n+1
a
)
,

In
c = iωC0M0V n

c +
2

iωL
V n

c +
1

iωL
(V n

c −MxV n
a )

+
1

iωL

(
V n

c −MyV n+1
a
)
, (B1)

where In
i =

[
In
i,1, I

n
i,2, I

n
i,3, I

n
i,4

]
and V n

i =
[
V n

i,1,V
n
i,2,V

n
i,3,V

n
i,4

]
are

the current and voltage vectors at site i (i = a,b,c), respec-
tively. Simplifying the above equations, we obtain

In
a =

(
iωC0M0 +

4
iωL

)
V n

a

− 1
iωL

[
My(V n

b +V n−1
c )+Mx(V n−1

b +V n
c )
]
,

In
b =

(
iωC0M0 +

4
iωL

)
V n

b −
1

iωL

(
MyV n

a +MxV n+1
a
)
,

In
c =

(
iωC0M0 +

4
iωL

)
V n

c −
1

iωL

(
MxV n

a +MyV n+1
a
)
. (B2)

Using the unitary transformation U , we obtain the following
expressions in the spin subspace[

In
a↑

In
a↓

]
=

(
2iωC0 +

4
iωL

)
σ0

[
V n

a↑
V n

a↓

]
− 1

iωL
σy

[
V n

b↑
V n

b↓

]

− 1
iωL

σx

[
V n

c↑
V n

c↓

]
− 1

iωL
σx

[
V n−1

b↑
V n−1

b↓

]

− 1
iωL

σy

[
V n−1

c↑
V n−1

c↓

]
,

[
Ibn
↑

Ibn
↓

]
=

(
2iωC0 +

4
iωL

)
σ0

[
Vbn
↑

Vbn
↓

]
− 1

iωL
σy

[
Van
↑

Van
↓

]

− 1
iωL

σx

[
Van+1
↑

Van+1
↓

]
,

[
Icn
↑

Icn
↓

]
=

(
2iωC0 +

4
iωL

)
σ0

[
Vcn
↑

Vcn
↓

]
− 1

iωL
σx

[
Van
↑

Van
↓

]

− 1
iωL

σy

[
Van+1
↑

Van+1
↓

]
. (B3)

We can then obtain the Laplacian matrix J(ω)

J(ω) =
1

iω ∑
n

Jn(ω)
(
a†

nan +b†
nbn + c†

ncn
)

− 1
iωL ∑

n

(
σya†

nbn +σxa†
ncn

+σya†
ncn−1 +σxa†

nbn−1 +h.c.
)
. (B4)

Extending the 1D derivation, we derive the Kirchhoff
equations for the 2D LC circuit. The circuit relations for the
lattice sites a, b, c, and d are given byIm,n

a↑

Im,n
a↓

 =

[
2iωC1 +

2
iω

(
1
L1

+
1
L2

)]
σ0

V m,n
a↑

V m,n
a↓


− 1

iωL1
σx

V m,n
c↑

V m,n
c↓

− 1
iωL1

σy

V m,n
d↑

V m,n
d↓


− 1

iωL2
σx

V m−1,n
c↑

V m−1,n
c↓

− 1
iωL2

σy

V m,n−1
d↑

V m,n−1
d↓

 ,
Im,n

b↑

Im,n
b↓

 =

[
2iωC1 +

2
iω

(
1
L1

+
1
L2

)]
σ0

V m,n
b↑

V m,n
b↓


− 1

iωL1
σx

V m,n
d↑

V m,n
d↓

− 1
iωL1

σy

V m,n
c↑

V m,n
c↓


− 1

iωL2
σx

V m−1,n
d↑

V m−1,n
d↓

− 1
iωL2

σy

V m,n−1
c↑

V m,n−1
c↓

 ,
Im,n

c↑

Im,n
c↓

 =

[
2iωC1 +

2
iω

(
1
L1

+
1
L2

)]
σ0

V m,n
c↑

V m,n
c↓


− 1

iωL1
σx

V m,n
a↑

V m,n
a↓

− 1
iωL1

σy

V m,n
b↑

V m,n
b↓


− 1

iωL2
σx

V m−1,n
a↑

V m−1,n
a↓

− 1
iωL2

σy

V m,n−1
b↑

V m,n−1
b↓

 ,
Im,n

d↑

Im,n
d↓

 =

[
2iωC1 +

2
iω

(
1
L1

+
1
L2

)]
σ0

V m,n
d↑

V m,n
d↓


− 1

iωL1
σx

V m,n
b↑

V m,n
b↓

− 1
iωL1

σy

V m,n
a↑

V m,n
a↓


− 1

iωL2
σx

V m−1,n
b↑

V m−1,n
b↓

− 1
iωL2

σy

V m,n−1
a↑

V m,n−1
a↓

 . (B5)

The Laplacian matrix J(ω) of the circuit network is then given
by

J(ω) = ∑
m,n

(
Ja(ω)a†

m,nam,n + Jb(ω)b†
m,nbm,n
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+Jc(ω)c†
m,ncm,n + Jd(ω)d†

m,ndm,n

)
+∑

m,n

(
− 1

iωL1
σxa†

m,ncm,n−
1

iωL1
σxb†

m,ndm,n

− 1
iωL1

σya†
m,ndm,n−

1
iωL1

σyb†
m,ncm,n

− 1
iωL2

σxa†
m,ncm−1,n−

1
iωL2

σxd†
m,nbm−1,n

− 1
iωL2

σya†
m,ndm,n−1

− 1
iωL2

σyc†
m,nbm,n−1 +h.c.

)
. (B6)

Here, Ji(ω) denotes the on-site contribution of the circuit
Laplacian associated with site i (i = a,b,c,d). At the circuit
resonant frequency ω0, the diagonal elements of J(ω0) are
effectively nullified through a carefully designed grounding
scheme. Consequently, the resulting Laplacian matrix J(ω0)

establishes a direct correspondence with the Hamiltonian of
the theoretical 2D SOC SOTI model, enabling a faithful ex-
perimental realization of its topological properties.

Appendix C: Circuit network grounding setup

In Appendix B, we provide detailed descriptions of the
circuit network implementations for both the 1D SOC AB cage
model and the 2D SOC SOTI model. In each case, we faith-
fully reproduce the theoretical Hamiltonians through carefully
designed grounding schemes. For the 1D SOC AB cage, the
specific grounding configuration is illustrated in Fig. C1, en-
suring that each unit cell resonates at the target frequency
and that the circuit precisely mimics the SOC-induced hop-
ping terms. In the 2D SOC SOTI circuit, a distinct grounding
strategy is employed, with individual nodes grounded differ-
ently to ensure a uniform resonant frequency ω0 across the
network. This approach allows the circuit to faithfully realize
the higher-order topological features predicted by theory. The
complete grounding settings for all nodes in the 2D circuit are
summarized in Fig. C2.

Fig. C1. The grounding configuration of the circuit network for the 1D
SOC AB cage model.

Fig. C2. The grounding configuration of the circuit network for the 2D
SOC SOTI model.

Appendix D: Experimental measurement
We outline the experimental protocols for the circuit mea-

surements presented in this work, focusing first on the 1D
non-Abelian lattice. As illustrated in Fig. D1, the impedance
spectroscopy setup provides electrical access to each lattice
site via BNC connectors mounted on the PCB, ensuring stable
signal injection and reliable connections to external instru-
mentation (see Fig. D1(c)). To probe the spin-up subspace |↑〉,
we employed a phase-coherent excitation scheme using four
AC voltage sources with relative phases (0,3π/2,π,π/2) and
a fixed amplitude of 2.5 V. The excitation signals were gen-
erated by two two-channel digital signal generators (Rigol-
DG2102) synchronized via an additional master generator
(Rigol-DG1022U), as shown in Fig. D1(a). The AC frequency
was swept from 0 to 3 MHz, covering all relevant resonant
modes of the system. The impedance response was measured
using a voltage-divider configuration with R0 = 430 Ω. The
circuit impedance Zcircuit was calculated as Zcircuit =

U1R0
U−U1

,
where U = 2.5 V is the source voltage and U1 is the volt-
age measured between the target node and ground. All
voltage signals were acquired using a digital oscilloscope
(Rigol-DS2202A), as shown in Fig. D1(b). The measurement

Fig. D1. Experimental setup and measurement circuit. (a) Photograph
of the function generators used to provide phase-coherent AC excitations.
(b) Photograph of the oscilloscope used for voltage measurements. (c)
Photograph of the experimental PCB and the measurement-node connec-
tions.
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protocol for the circuit implementation of the SOC SOTI fol-
lows the same procedure as that for the 1D lattice. The only
difference is that the AC excitation frequency is swept from 0
to 2 MHz, while all other experimental settings and data ac-
quisition procedures remain unchanged.

Appendix E: Topological phase diagram of the
two-dimensional SOC higher-order model

To identify the parameter regime in which the higher-
order topological phase persists in the two-dimensional SOC
model, we compute the corresponding topological phase di-
agram as a function of the coupling ratio t2/t1, as shown in
Fig. E1. For 0 < t2/t1 < 1, the topological invariant remains
N = 0, indicating that the system is in a topologically trivial
phase and does not support higher-order boundary modes un-
der open boundary conditions. As the coupling ratio crosses
the critical point t2/t1 = 1, the topological invariant undergoes
a quantized transition to N = 2, signaling the emergence of a
nontrivial second-order topological phase. In this regime, two
degenerate zero-energy corner modes appear at each corner of
the lattice.

Fig. E1. Phase diagram of the two-dimensional SOC-induced higher-
order topological model, characterized by the topological invariant N as a
function of the hopping ratio t2/t1. The system is in the trivial phase with
N = 0 for 0< t2/t1 < 1 and undergoes a topological transition at t2/t1 = 1,
entering the higher-order topological phase with N = 2 for t2/t1 > 1.

Appendix F: Circuit simulation of the two-
dimensional SOC higher-order model in the triv-
ial phase

When the model parameters are in the trivial phase, the
open-boundary energy spectrum exhibits a fully opened bulk
gap, with no topological in-gap states such as corner or edge
modes. In this section, we present the corresponding circuit
simulation results for the two-dimensional SOC higher-order
model, which illustrate this behavior. As shown in Fig. F1(a),
the theoretically calculated admittance spectrum jn of the cir-
cuit Laplacian features a pronounced gap at the resonant fre-
quency f0, with no spectral lines within the gap. Correspond-
ingly, Fig. F1(b) shows the simulated grounding impedance

spectra for corner, hinge, and bulk sites. The spectra are ob-
tained by applying spin-up excitation and sweeping the driving
frequency from 0 to 2 MHz. At the resonant frequency f0, the
grounding impedances at all sites are nearly zero, indicating
that no response is observed and therefore no eigenmodes ex-
ist within the gap. These observations provide a clear contrast
to the nontrivial phase discussed in the main text, further con-
firming the topological origin of the experimentally observed
corner-state resonances.

Fig. F1. (a) Theoretical admittance spectrum jn of the circuit Laplacian
under open boundary conditions, showing a clear bulk gap around the
resonant frequency f0 with no in-gap states. (b) Simulated grounding
impedance spectra at a corner site, an edge site, and a bulk site under
spin-up excitation. No pronounced impedance response is observed at
any of the three sites near the resonant frequency f0, indicating the ab-
sence of eigenstates within the gap. The circuit components are chosen
as C1 = 10 nF, L1 = 3.3 µH, and L2 = 10 µH, yielding a resonant fre-
quency of f0 = 1/(2π

√
C1L1)≈ 876 kHz.

Appendix G: Robustness of SOC-induced topo-
logical states against disorders

In this section, we investigate the robustness of SOC-
induced topological states against imperfections in circuit
components. To this end, random perturbations are introduced
into the circuit models, and the impedance responses of both
the one-dimensional and two-dimensional systems are system-
atically analyzed. In the simulations, all circuit components
— including inductors, capacitors, and parasitic resistances —
are subjected to random perturbations of 10%, thereby mim-
icking unavoidable component tolerances in experiments.

097103-12



Chin. Phys. B 35, 097103 (2026)

For the one-dimensional SOC AB cage model, as shown
in Fig. G1(a), the boundary-localized topological states still
exhibit pronounced impedance enhancement at specific fre-
quencies, while the dark and bulk states remain clearly dis-
tinguishable, despite moderate shifts in resonant frequencies
and peak shapes caused by the perturbations. Similarly, for
the two-dimensional SOC higher-order model, as shown in
Fig. G1(b), the corner-site impedance remains significantly
larger than those at edge and bulk sites near the resonant fre-
quency f0, forming a well-isolated resonant peak between the
bulk and edge bands. This indicates that the higher-order topo-
logical corner states retain clear spectral separation and strong
spatial localization under the same perturbation conditions.

Fig. G1. (a) Simulated grounding impedance spectra of the one-
dimensional SOC AB cage model in the topological phase, measured
at sites A1, C1, and B3 under 10% random perturbations of all circuit
components. (b) Simulated grounding impedance spectra of the two-
dimensional SOC higher-order model in the topological phase, measured
at corner, edge, and bulk sites under the same 10% random perturbations.

Taken together, these results demonstrate that, even in the
presence of 10% random component variations, the resonant
peaks associated with SOC-induced topological boundary and
corner states remain clearly distinguishable, confirming that
these states are robust and protected by the underlying topol-
ogy of the system.
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