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Optomechanical cooling of levitated nanoparticles has become an essential topic in modern quantum physics, pro-
viding a platform for exploring macroscopic quantum phenomena and high-precision sensing. However, conventional
cavity-assisted cooling is fundamentally constrained by cavity dissipation and environmental noise, limiting the attainable
minimum temperature. In this work, we propose a non-Hermitian optomechanical cooling scheme through nonrecipro-
cal coupling between two levitated nanoparticles, where one particle is directly cooled by an optical cavity and the other
is cooled indirectly through a non-Hermitian interaction. Both analytical solutions and numerical simulations reveal that
increasing nonreciprocity enhances directional energy transfer, enabling the target particle to reach a lower phonon oc-
cupation than is achievable in conventional cavity cooling. Theoretically, the nonreciprocal coupling scheme achieves a
reduction in the steady-state phonon occupation number of the target particle by approximately 80% compared to the con-
ventional cavity cooling limit. This study demonstrates a new cooling mechanism driven by non-Hermitian interactions,
offering theoretical guidance for realizing controllable energy flow and deep cooling in levitated optomechanical systems
and paving the way for future developments in quantum control and sensing technologies.
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1. Introduction
Optomechanics, which explores the interaction between

optical fields and mechanical motion, has emerged as a piv-
otal platform for realizing fundamental quantum control and
precision measurement at the mesoscopic scale.[1,2] It plays
a central role in diverse applications, such as optical cool-
ing, quantum-state manipulation, and high-sensitivity force
detection. Without efficient cooling, thermal noise dominates
the dynamics of levitated nanoparticles, masking quantum
behavior and limiting the sensitivity of force measurements.
Conversely, once cooled to near their quantum ground state,
these nanoparticles can exhibit macroscopic quantum super-
positions and enable ultra-precise sensing beyond the standard
quantum limit.[3]

In recent years, optical trapping and manipulation of lev-
itated nanoparticles have attracted increasing attention due to
their exceptional isolation from the environment and poten-
tial for observing macroscopic quantum phenomena,[3,4] non-
linear dynamics,[5] and ultrasensitive metrology.[6,7] Various
techniques have been developed to cool the motion of levi-
tated nanoparticles. Cavity-assisted cooling, where particles
are coupled to a high-finesse optical cavity, enables sideband
cooling analogous to trapped ions.[3,8] Feedback cooling, ei-
ther through parametric modulation of the trapping potential

or via electric field feedback, provides an alternative approach
that does not require cavity coupling.[9] Among these, cav-
ity cooling has become a cornerstone method that enables
the suppression of thermal motion through cavity-mediated
energy dissipation.[3,8] Such schemes have been successfully
implemented in a variety of systems, including levitated mi-
crospheres, nanoparticle arrays, and atomic ensembles, where
the coupling between cavity and mechanical modes allows en-
ergy transfer from mechanical degrees of freedom to the op-
tical field, effectively reducing the temperature of the particle
mode.[9,10]

Despite these advances, the achievable cooling limit in
conventional cavity optomechanics remains restricted by cav-
ity losses, coupling strength, and the intrinsic properties of
the mechanical element.[11,12] This “cooling limit” arises from
the fundamental trade-off in cavity optomechanics: to achieve
strong cooling, one requires high cavity finesse and strong op-
tomechanical coupling, but these same conditions amplify un-
wanted heating effects from cavity dissipation and photon re-
coil. In the resolved-sideband regime, the minimum phonon
occupancy is fundamentally bounded by nmin = (γ/4ωm)

2

for large mechanical frequency ωm and cavity decay rate γ ,
a limit imposed by the balance between cooling and heat-
ing processes.[12] In levitated systems, especially under ultra-
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high vacuum conditions, the final phonon occupation is typi-
cally further constrained by the balance between cavity dissi-
pation and environmental noise.[3] These fundamental limita-
tions have motivated the search for new cooling mechanisms
that can surpass the traditional sideband or feedback cooling
limits, including unconventional dissipative engineering and
multi-mode strategies.[13,14]

Recently, the introduction of non-Hermitian physics into
photonic and optomechanical systems has opened new av-
enues for controlling energy flow and dissipation. Non-
Hermitian interactions, characterized by asymmetric or nonre-
ciprocal coupling, can induce directional energy transport and
an effective gain loss balance within composite systems. Non-
reciprocal coupling refers to an asymmetric interaction where
the coupling strength from mode 1 to mode 2 differs from that
from mode 2 to mode 1 (i.e., g12 ̸= g21). This breaks time-
reversal symmetry and can be achieved through various tech-
niques, such as dynamic modulation, synthetic gauge fields, or
dissipative coupling in optomechanical systems.[15,16] Unlike
reciprocal coupling, which preserves energy exchange sym-
metry, nonreciprocal coupling creates a preferred direction for
energy flow, analogous to a one-way valve for phonons or
photons. Such interactions have enabled a range of intrigu-
ing phenomena, including unidirectional photon (phonon)
transmission,[17–19] exceptional points,[20,21] and topological
mode control.[19,22] However, their potential for manipulat-
ing thermalization processes and achieving deep cooling in
mechanical systems has not yet been thoroughly explored.
Recent theoretical proposals suggest exponentially enhanced
cooling using non-Hermitian chains[23] and related reservoir-
engineering approaches.[15,16]

In this work, we propose a scheme for sympathetic cool-
ing through nonreciprocal coupling between two optically lev-
itated nanoparticles. In our model, only one particle (the aux-
iliary particle) is directly coupled to an optical cavity, while
the other particle (the target particle) interacts with the aux-
iliary particle through a nonreciprocal mechanical coupling.
The cavity particle coupling enables standard optomechanical
cooling for the auxiliary particle, while the non-Hermitian in-
terparticle interaction allows directional energy transfer from
the target particle to the auxiliary particle, effectively extend-
ing the cooling effect to the target particle. By adjusting the
nonreciprocal interaction strength, we demonstrate that the tar-
get particle can reach a lower steady-state phonon number than
would be achievable through direct cavity cooling alone.

The remainder of this paper is organized as follows. In
Section 2, we present the model and the non-Hermitian Hamil-
tonian of the coupled system. In Section 3, we derive the an-
alytical solution by first obtaining the cavity-induced effective
damping and temperature of the auxiliary particle, and then in-
corporating them into a two-mode non-Hermitian model of the

two particles. In Section 4, we perform numerical simulations
based on the full master equation to investigate the dynami-
cal cooling behavior and verify the analytical results. Finally,
Section 5 concludes with a discussion of the implications of
our findings and potential applications of non-Hermitian cool-
ing in levitated optomechanics and quantum thermodynamic
control.

2. The scheme
We consider two optically levitated nanoparticles coupled

through a nonreciprocal interaction and an optical cavity cou-
pled only to one of them, as shown schematically in Fig. 1.
Each nanoparticle is confined by a linearly polarized Gaussian
trapping laser and behaves as a quantum oscillator with fre-
quencies ωa and ωb for particles A and B, respectively. An op-
tical cavity mode with resonance frequency ωc interacts with
particle A through radiation pressure coupling. Particle B, in
contrast, does not couple directly to the cavity field but inter-
acts with particle A through a nonreciprocal coupling chan-
nel, which can be engineered by controlling the optical phase,
laser wavelength, cavity geometry, and the spatial separation
between the particles.

x

y

z

Cavity

Particle A

(a) (b)

Particle B

Particle B Particle A

z

x
gba

gab
κaκb

Fig. 1. (a) Schematic diagram of the nonreciprocal optomechanical
cooling system. Particle A (shown in red) is optically trapped inside
the cavity (shown in green) and coupled to the cavity mode through ra-
diation pressure, while particle B (shown in blue) is levitated outside
the cavity. Each particle supports a quantized harmonic mode with fre-
quencies ωa and ωb, respectively. The coupling strengths are defined as
gba = g1 +g2 (from particle B to A) and gab = g1 −g2 (from particle A
to B). When gba ̸= gab, nonreciprocal coupling is realized. (b) Illustra-
tion of the nonreciprocal coupling between particles A and B and their
mechanical dissipation processes. The parameters κa and κb represent
the mechanical damping rates of particles A and B, respectively, arising
from their coupling to the thermal environment.

The total Hamiltonian of the system can be expressed
as H = H0 +H1. The non-interaction part is given by H0 =

ωcc†c+ωaa†a+ωbb†b, where a (a†), b (b†), and c (c†) de-
note the annihilation (creation) operators of particle A, parti-
cle B, and the cavity mode, respectively. Meanwhile, ωa and
ωb represent the mechanical oscillation frequencies of parti-
cles A and B, respectively. Physically, these frequencies are
determined by the trapping potential curvature and the mass of
the nanoparticles, typically ranging from tens of kHz to several
MHz in typical levitated optomechanics experiments.[3] The
parameter ωc denotes the resonance frequency of the optical
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cavity mode, which is set by the cavity length and determines
the wavelength of light that can resonantly circulate within the
cavity. H1 describes the coupling between the two mechanical
modes and the optomechanical interaction between particle A
and the cavity,

H1 = gbaa†b+gabab† +g(a†c+ac†), (1)

where the coupling strengths are defined as gba = g1 + g2

(from particle B to A) and gab = g1−g2 (from particle A to B).
When g2 ̸= 0, we achieve gab ̸= gba, realizing nonreciprocal
coupling between the two nanoparticles. Here, g1 represents
the reciprocal coupling component, which arises from the con-
ventional position–position interaction mediated by the optical
field. The parameter g2 denotes the nonreciprocal coupling
component, which can be engineered through auxiliary driving
fields, synthetic gauge fields, or dissipative coupling mech-
anisms that break time-reversal symmetry.[15,16,24–26] Physi-
cally, g2 acts as the key control parameter that determines the
directionality and strength of the energy flow between the two
mechanical modes. The interaction becomes non-Hermitian
when Re(g2) ̸= 0, corresponding to unidirectional energy flow
between the particles. The parameter g denotes the linearized
coupling rate between particle A and the cavity field.

In a frame rotating at the driving laser frequency ωL,
the cavity frequency is replaced by the detuning parame-
ter ∆ = ωL − ωc, and the free Hamiltonian becomes H ′

0 =

−∆ c†c+ωaa†a+ωbb†b. The detailed derivation of this trans-
formation, including the explicit use of the unitary operator
U(t) = exp[iωLt(c†c)] and the Baker–Campbell–Hausdorff
formula,[1] is provided in Appendix A for completeness. This
transformation eliminates the fast optical oscillations. Under
the rotating-wave approximation, rapidly oscillating counter-
rotating terms such as ac and a†c† are neglected since their
effects average out when the coupling strengths are small com-
pared with the optical and mechanical frequencies. The effec-
tive Hamiltonian governing the system dynamics in the rotat-
ing frame is therefore[27,28]

Heff = −∆ c†c+ωaa†a+ωbb†b

+gabab† +gbaa†b+g(a†c+ac†). (2)

The detuned cavity mechanical coupling, the asymmetric
inter-particle interaction, and the unidirectional phonon ex-
change characteristic of non-Hermitian dynamics are explic-
itly captured in Eq. (2).

Initially, both particle A and B are in the thermal states
with the average thermal phonon number na and nb. We
achieve cooling of the target particle B through the cavity and
the auxiliary particle A. Considering the non-Hermitian inter-
action and the unavoidable intrinsic loss, the evolution of the
whole system containing decay and damping can be described

by the quantum master equation[29]

ρ̇sys = ℒρsys

= −i(Heffρsys −ρsysH
†
eff)+ iTr[ρsys(Heff −H†

eff)]ρsys

+(ℒa +ℒb +ℒc)ρsys, (3)

where the Lindblad superoperators are given by

ℒa = (1+na)κaDa +naκaDa† , (4)

ℒb = (1+nb)κbDb +nbκbDb† , (5)

ℒc = γDc. (6)

Here, Dx refers to the notation in the Lindblad form, which
is expressed as Dx(ρ) = 2xρx† − x†xρ − ρx†x. The trace-
correction term iTr[ρsys(Heff−H†

eff)]ρsys is introduced to guar-
antee trace preservation during non-Hermitian evolution. κa

and κb are the mechanical decay rates of particle A and B,
respectively, and γ is the intrinsic decay rate of the cavity.
Equation (3) will be solved using both analytical and numeri-
cal methods, and the results will be discussed in the following
sections.

3. Analytical solution
In this section, we derive the analytical expressions gov-

erning the steady-state phonon numbers of the two mechanical
modes. Starting from the complete three-mode master equa-
tion presented in Section 2, we first obtain an effective de-
scription of particle A by treating the cavity–A subsystem as
a linearized optomechanical pair. This allows us to identify
an optically induced damping rate and an effective thermal oc-
cupation for mode a. We then incorporate these effective pa-
rameters into a reduced two-mode non-Hermitian model for
particles A and B, from which closed dynamical equations for
the phonon numbers can be obtained.

Throughout this section, we make use of the fact that, un-
der the bad-cavity limit and the harmonic oscillator approx-
imation, mode a is cooled to a sufficiently small amplitude
such that the nonlinear trace-correction term iTr[ρsys(Heff −
H†

eff)]ρsys in the original master equation contributes negligi-
bly to the dynamics (see Appendix B for the formal justifica-
tion).

3.1. Effective bath description for particle A

We consider the coupled cavity–A subsystem prior to in-
troducing particle B. In a frame rotating at the cavity drive fre-
quency, the standard linearized optomechanical Hamiltonian
reads[27,28]

Hc−A =−∆c†c+ωaa†a+g(a†c+ac†). (7)

The cavity induces anti-Stokes and Stokes scattering rates

Γ− = g2 γ

(∆ −ωa)2 +(γ/2)2 , (8)
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Γ+ = g2 γ

(∆ +ωa)2 +(γ/2)2 , (9)

which respectively cool and heat the mechanical mode. The
optically induced damping rate and effective occupation of the
optical reservoir are therefore

Γopt = Γ−−Γ+, (10)

nopt =
Γ+

Γ−−Γ+
. (11)

Combining optical and intrinsic mechanical dissipation, the
total effective damping rate and total effective bath occupation
of particle A become

κ
(eff)
a = κa +Γopt, (12)

n(eff)
a =

κana +Γoptnopt

κ
(eff)
a

. (13)

These expressions provide an explicit mapping from the phys-
ical cavity parameters (γ,∆ ,g) to an effective thermal environ-
ment for particle A. For the convenience of the notation, we
rename κ

(eff)
a → κ ′

a and n(eff)
a → n′a.

3.2. Two-mode non-Hermitian dynamics

With the cavity eliminated in favor of an effective bath for
mode a, we now turn to the reduced two-mode system, which
captures the essential non-Hermitian dynamics between parti-
cles A and B. The Hamiltonian is

HA−B = ωaa†a+ωbb†b+gabab† +gbaa†b. (14)

Mode a now couples to the effective bath characterized by
(κ ′

a,n
′
a), while mode b retains its intrinsic dissipation (κb,nb).

The master equation for the reduced density matrix ρa,b is

ρ̇a,b = ℒ′
ρa,b

= −i(HA−Bρa,b −ρa,bH†
A−B)+(ℒ′

a +ℒb)ρa,b, (15)

where ℒ′
a = (1+n′a)κ

′
aDa +n′aκ ′

aDa† .
Using the standard adjoint Liouville method,[29] we de-

rive the equations of motion for the average phonon number.
Applying the adjoint Liouvillian corresponding to Eq. (15) to
the number operators na = a†a and nb = b†b yields coupled
nonlinear differential equations[13,14] (see Appendix C for the
full derivation):

d
dt

na =
2(g1 +g2)

2

κ ′
a +κb

(1+na)nb −
2(g1 −g2)

2

κ ′
a +κb

na(1+nb)

+κ
′
a
(
n′a −na

)
,

d
dt

nb = −2(g1 +g2)
2

κ ′
a +κb

(1+na)nb +
2(g1 −g2)

2

κ ′
a +κb

na(1+nb)

+κb
(
nb −nb

)
. (16)

At the steady state, i.e., when dna/dt = dnb/dt = 0, taking
the quantum expectation values of both sides and employing

the mean-field approximation ⟨nanb⟩= ⟨na⟩⟨nb⟩, we can solve
for the steady-state average phonon number of particle B from
a quadratic equation written as

A⟨nb⟩2 +B⟨nb⟩+C = 0, (17)

with coefficients

A =
8g1g2κb

κ ′
a(κ

′
a +κb)

, (18a)

B = − 8g1g2

κ ′
a +κb

(
n′a +

κb

κ ′
a

nb

)
− 2(g1 +g2)

2

κ ′
a +κb

− 2(g1 −g2)
2

κ ′
a +κb

· κb

κ ′
a
−κb, (18b)

C =
2(g1 −g2)

2

κ ′
a +κb

(
n′a +

κb

κ ′
a

nb

)
+κbnb. (18c)

3.3. Steady-state phonon occupations

The steady-state average phonon number of particle A is
derived analogously and provided in Appendix D. We numeri-
cally solved Eq. (16) for both particles, excluding nonphysical
solutions, and analyzed the steady-state phonon populations
⟨na⟩ and ⟨nb⟩ as functions of the nonreciprocal coupling pa-
rameter Kg = (g1 + g2)/(g1 − g2) (g1 ̸= g2). This parameter
characterizes the degree of nonreciprocity between particle A
and particle B, with a larger Kg representing stronger unidirec-
tional energy transfer from particle B to particle A within the
same interaction timescale. Physically, Kg > 1 corresponds to
the regime where the nonreciprocal component g2 dominates
over the reciprocal component g1 in determining the direction-
ality of energy flow. In this regime, the asymmetric coupling
creates an effective directional channel that facilitates energy
transfer from particle B to particle A, enabling cooling of the
target particle beyond the conventional cavity cooling limit.
As Kg increases, the degree of nonreciprocity becomes more
pronounced, leading to more efficient directional energy trans-
fer.

In our calculations, the characteristic mechanical fre-
quency used lies in the range of 105–106 Hz, consistent with
experimentally measured center-of-mass and torsional-mode
frequencies of optically levitated nanoparticles in cavity and
tweezer-based traps.[25,26] For convenience, all the parame-
ters in the calculation are expressed in dimensionless units,
where the mechanical frequencies are normalized as ωa =

ωb = ∆ = 1. The cavity–A coupling strengths g = 0.01–
0.05 correspond to linearized optomechanical coupling rates
of approximately 103–104 Hz, and the mechanical damping
rates κa = κb = 10−4 represent intrinsic line widths of 10–
100 Hz typical for levitated nanoparticles at high vacuum.
The thermal occupations na = nb = 20 correspond to effec-
tive mode temperatures in the millikelvin regime following
precooling through feedback or cavity-assisted schemes. Re-
cent torsional-mode implementations have demonstrated that
nonreciprocal mechanical coupling can reach relatively large
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values of Kg,[25,26,30] highlighting the feasibility of accessing
strongly asymmetric interaction regimes in experiments.

As shown in Fig. 2, the analytical steady-state solutions
exhibit a clear dependence of the phonon populations on the
degree of nonreciprocity. When the cavity–A coupling is rel-
atively strong as in Fig. 2(a), particle A is efficiently cooled
and therefore remains nearly insensitive to variations in Kg,
whereas particle B experiences a pronounced reduction in its
phonon number due to the increasingly directional energy flow
from B to A. In contrast, for weaker cavity coupling as in
Fig. 2(b), the reduced optical damping of particle A results
in gradual phonon accumulation as Kg increases, while parti-
cle B still undergoes enhanced cooling under stronger nonre-
ciprocity. In both regimes, the limit Kg → 1+ leads to nA ≈ nB,
consistent with the restoration of reciprocal coupling. Exam-
ining both Figs. 2(a) and 2(b), we find that at Kg = 2.0, the
introduction of nonreciprocal coupling achieves a reduction in
the steady-state phonon number of the target particle by ap-
proximately 80% compared to the reciprocal coupling case
(Kg → 1+). These results collectively demonstrate that nonre-
ciprocal interactions offer a robust mechanism for improving
the remote cooling of particle B, with the behavior of parti-
cle A primarily governed by the strength of its cavity-induced
dissipation.

(b)(a) Particle A

Particle B

0.5

0.4

0.3

0.2

0.1

1.0 1.2 1.4 1.6 1.8 2.0

n

Kg

1.0

8.0

6.0

4.0

2.0

0
1.2 1.4 1.6 1.8 2.0

n

Kg

Particle A

Particle B

Fig. 2. Steady-state phonon numbers of particles A and B versus the
nonreciprocal coupling parameter Kg. All parameters are expressed
in dimensionless units with ωa = ωb = ∆ = 1. The remaining pa-
rameters are fixed as γ = 1, na = nb = 20, κa = κb = 10−4, and
g2 = 0.1. The nonreciprocal coupling coefficient is chosen as g1 =
g2(Kg +1)/(Kg −1) so that Kg > 1 corresponds to an increasingly non-
reciprocal interaction. Particles A and B correspond to the red and blue
lines, respectively. (a) Results for cavity–A coupling g = 0.05. Here nA
remains almost constant, while nB decreases significantly with Kg due to
efficient directional energy transfer into the strongly cooled particle A.
(b) Results for weaker coupling g = 0.01. In this regime nB contin-
ues to decrease exponentially with Kg, whereas nA increases slowly and
reaches values one order of magnitude larger than in that in panel (a),
reflecting phonon accumulation at particle A. In both panels, nA and nB
approach each other as Kg → 1+, consistent with the reciprocal coupling
limit.

4. Numerical simulation
To verify the analytical results and investigate the dy-

namical cooling behavior of the coupled system, we numer-
ically solve the full time-dependent master equation for the
total density matrix ρsys(t) as described in Eq. (3). The time
evolution of ρsys(t) is computed using the Runge–Kutta algo-
rithm, which allows high-order integration accuracy and flex-
ible adaptive time stepping. The Hilbert space of each mode

is truncated to a finite dimension to ensure numerical conver-
gence while keeping computational costs manageable.[29,31,32]

The initial state is chosen as |0⟩A|2⟩B|0⟩C, corresponding to
the case where only particle B initially possesses vibrational
excitations, while particle A and the cavity mode are both in
their ground states. This initial condition simulates a scenario
where the target particle B is in a thermally excited state, while
the auxiliary system (particle A and the cavity) has been pre-
cooled, allowing us to isolate the cooling dynamics driven by
nonreciprocity. By initially placing all excitations in parti-
cle B, we can clearly observe how the nonreciprocal coupling
facilitates directional energy transfer from the target particle
to the auxiliary system, leading to sympathetic cooling of par-
ticle B without direct cavity interaction.

During the time evolution, we calculate the expectation
values of the phonon number operators nA = Tr[ρsysa†a], nB =

Tr[ρsysb†b], and nC = Tr[ρsysc†c] to monitor the cooling pro-
cess of each mode.[33] To guarantee the physical validity of
the simulation, the trace of ρsys, the minimum diagonal ele-
ment, and the smallest eigenvalue of its Hermitian part are also
evaluated throughout the evolution to verify trace preservation,
positivity, and numerical stability of the density matrix.[34,35]

In Fig. 3, time is scaled by the mechanical damping rate
κ , where we have set κ = κa = κb = 0.01 in dimensionless
units. As shown in Fig. 3, the time evolution of the phonon
numbers for particles A and B under two distinct coupling
conditions is plotted. In both cases, the system evolves from
the initial nonequilibrium configuration toward a steady state,
where the phonon populations of the two particles exhibit a
clear asymmetry. The target particle B continuously loses en-
ergy to particle A through the nonreciprocal interaction chan-
nel, leading to a reduction in its steady-state phonon number.
By contrast, particle A accumulates energy during the same
process, resulting in an increased phonon occupation.

The comparison between Figs. 3(a) and 3(b) reveals that
increasing the nonreciprocal parameter Kg not only enhances
the unidirectional energy transfer but also substantially re-
duces the steady-state phonon population of the target parti-
cle B. The numerical simulations show that the nonreciprocal
cooling scheme presented in Fig. 3(b) achieves approximately
40% reduction in the steady-state phonon number of the tar-
get particle compared to the reciprocal coupling case approx-
imated by Fig. 3(a). Due to computational limitations that re-
strict the initial phonon occupation to relatively small values in
our direct integration of the full master equation, this reduction
is less pronounced than the 80% enhancement predicted by
the analytical solutions under optimal parameter conditions.
Although relatively small parameters are chosen here due to
the numerical cost of directly integrating the full master equa-
tion after Hilbert-space truncation, the observed cooling con-
trast between different Kg values is already significant. Under
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realistic experimental parameters with stronger coupling and
higher cavity quality factors, the cooling asymmetry and over-
all reduction in ⟨nB⟩ are expected to be even more pronounced.
These results confirm that non-Hermitian interactions can ef-
fectively facilitate asymmetric energy dissipation and enable
sympathetic cooling below the conventional optomechanical
limits.
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κt

0 1 2
κt

(b)(a)

Fig. 3. Time evolution of the phonon number n for particles A and B. par-
ticle B is the target to be cooled, while particle A acts as the auxiliary sys-
tem mediating the cooling process. The initial phonon numbers of particles
A and B are 0 and 2, respectively. The parameters are g = 0.1, γ = 1.0,
κ = κa = κb = 0.01, and na = nb = 1. Particle A, B, and the cavity cor-
respond to the red solid, blue solid, and green dashed lines, respectively.
(a) g1 + g2 = 0.11, g1 − g2 = 0.1 (Kg = 1.1). The steady-state phonon
numbers are nB = 0.32 and nA = 0.38. (b) g1 + g2 = 0.40, g1 − g2 = 0.1
(Kg = 4.0). The steady-state phonon numbers are nB = 0.22 and nA = 1.69.
As Kg increases, the nonreciprocity strengthens, leading to lower nB and
higher nA, which highlights the directional energy transfer and enhanced
non-Hermitian cooling efficiency.

For larger parameter regimes where the Hilbert-space di-
mension becomes significantly larger, direct time-domain inte-
gration of the master equation is computationally demanding
and memory-intensive. In this case, the steady-state phonon
number is obtained by solving the stationary master equa-
tion ℒρss = 0 using sparse-matrix techniques.[31,32] Specif-
ically, we construct the full Liouvillian superoperator ℒ in
the column-stacking representation,[36,37] where both coher-
ent and dissipative contributions are included in a sparse com-
pressed sparse row format. The steady-state density matrix
ρss is then determined by replacing one row of ℒ with the
trace constraint Tr(ρss) = 1[38] and solving the resulting lin-
ear system. After the numerical solution is obtained, the den-
sity matrix is Hermitized and normalized to guarantee phys-
ical validity (trace preservation and positivity). The steady-
state phonon numbers ⟨nA⟩ and ⟨nB⟩ are then computed from
⟨n j⟩= Tr[ρssa

†
ja j] ( j = A,B).

We have compared the analytical steady-state phonon oc-
cupations with the numerical results obtained from the full
three-mode Liouvillian simulation, as shown in Fig. 4. In the
weakly nonreciprocal regime, where Kg is only slightly above
unity, the agreement between the two approaches is very good,
confirming the consistency of the effective-bath reduction and
the reduced two-mode non-Hermitian model. The deviation
observed when Kg > 1.25 primarily stems from Hilbert space
truncation, as the population of particle A becomes large in
the strongly nonreciprocal regime. In this regime the trun-
cated Hilbert space cannot fully capture the high-excitation

tails, consistent with convergence diagnostics, although the
numerically stable region still exhibits clear agreement with
the theoretical trend. Fully handling higher excitations re-
quires methods beyond the linearized model, such as matrix
product states or full quantum master equation simulations
with larger Hilbert space dimensions, marking an interesting
region worthy of future study.

Numerical
simulation

Analytical
solution

0.80

0.75

0.70

0.65

0.60

0.55

0.50

1.10 1.15 1.20 1.301.25

Kg

n
B

Fig. 4. Comparison between the analytical and numerical steady-
state phonon numbers of particle B as a function of the nonrecipro-
cal coupling parameter Kg. The red dots represent the results ob-
tained from the sparse-Liouvillian steady-state solver, and the blue
solid line shows the analytical solution based on Eq. (16). g2 = 0.1,
g1 = g2(Kg + 1)/(Kg − 1), g = 0.05, κa = κb = 10−4, γ = 2, and
na = nb = 20.

Beyond numerical truncation effects, it is important to
note that such deviations may also signal the onset of ad-
ditional physical mechanisms that are not fully captured by
the analytical treatment. The analytical model relies on sev-
eral controlled approximations, including linearized dynam-
ics, effective bath elimination, and the neglect of higher-order
correlations. When Kg becomes large, the strongly direc-
tional energy flow can substantially enhance fluctuations and
occupation numbers in the auxiliary mode, potentially am-
plifying nonlinear optomechanical effects or inducing non-
negligible quantum correlations between the two mechanical
subsystems. Similar breakdowns of linearized or reduced de-
scriptions at strong nonreciprocity or strong effective coupling
have been discussed in related non-Hermitian and cascaded-
system settings.[15,39] In particular, higher-order phonon pro-
cesses, weak mechanical nonlinearities, or entanglement-
induced backaction may modify the steady-state properties in
ways that are not accounted for in the effective non-Hermitian
Hamiltonian. From this perspective, the observed quantita-
tive deviations at large Kg should not be interpreted solely as
numerical artifacts, but rather as a potentially meaningful in-
dicator of the limits of the present theoretical framework.

In conclusion, while the analytical model faithfully cap-
tures the key qualitative features of non-Hermitian cooling and
its dependence on the nonreciprocity parameter Kg, a defini-
tive identification of the origin of the deviations at strong non-
reciprocity requires more refined theoretical models and fur-
ther optimized numerical simulations with extended Hilbert
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spaces. This regime therefore represents an interesting direc-
tion for future investigation.

5. Conclusion
We have theoretically proposed and analyzed a sym-

pathetic cooling scheme through nonreciprocal coupling be-
tween two optically levitated nanoparticles. In this system,
only one particle is directly coupled to an optical cavity, while
the other is cooled indirectly through a nonreciprocal me-
chanical interaction. By introducing asymmetric coupling co-
efficients, we derived an effective non-Hermitian Hamilto-
nian and obtained analytical expressions for the steady-state
phonon numbers. Both analytical and numerical results con-
sistently demonstrate that increasing the nonreciprocity pa-
rameter Kg enhances directional energy transfer from the tar-
get particle to the auxiliary particle, resulting in a lower
steady-state phonon number of the target particle and more
efficient cooling.

The key insight gained from this study is that by introduc-
ing an auxiliary particle that interacts nonreciprocally with the
target particle, one can engineer a synthetic energy flow chan-
nel that enables cooling the target particle mode to a lower
effective temperature. This mechanism fundamentally differs
from traditional cavity-assisted sideband cooling, as it does
not solely rely on cavity dissipation but exploits the asymme-
try of coupling to break detailed balance and enable directional
heat transfer.

Our results provide a new perspective on controlling me-
chanical motion in levitated optomechanical systems through
tunable nonreciprocal interactions. While demonstrated for
a minimal two-particle configuration, the underlying mech-
anism naturally extends to larger networks, where syn-
thetic gauge fields,[15,24] engineered dissipation,[40] or phase-
controlled optical feedback[16,41] can be employed to es-
tablish spatially distributed nonreciprocal couplings. In
such settings, arranging nanoparticles into unidirectional non-
Hermitian chains enables cascaded energy transport and, in
principle, substantially enhanced cooling performance com-
pared with reciprocal or purely local schemes.[23,39]

From an experimental standpoint, nonreciprocal interac-
tions in levitated optomechanics can be realized through op-
tically mediated and phase-engineered couplings, rather than
direct mechanical connections. When multiple levitated par-
ticles interact with a common optical mode or traveling op-
tical field, effective non-Hermitian and direction-dependent
mechanical interactions can emerge after eliminating the opti-
cal degrees of freedom, in close analogy with cascaded quan-
tum systems.[15,40] Alternatively, optical phase control and
feedback-assisted schemes provide flexible routes to break
reciprocity without requiring magnetic fields or intrinsic time-
reversal symmetry breaking.[16,41] These approaches align

well with current experimental capabilities in levitated op-
tomechanics.

The essential ingredients required for implementing such
schemes including precise optical phase control, spatial-
mode engineering, and tunable dissipation are already avail-
able in state-of-the-art experiments. Optical tweezers arrays
and cavity-assisted trapping techniques allow accurate con-
trol over particle positions and coupling phases,[7,24] while
recent demonstrations of nonreciprocal mechanical couplings
further indicate that strongly asymmetric interaction regimes
are experimentally accessible.[25,26] Within this framework,
the proposed non-Hermitian cooling mechanism does not rely
on extremely high cavity finesse, as directional energy flow
rather than strong sideband resolution plays the dominant role.
Several experimental challenges still remain, including main-
taining phase stability, mitigating additional noise introduced
by asymmetric coupling, and balancing strong nonreciprocity
with overall system stability. Nevertheless, these challenges
are primarily technical rather than fundamental. With contin-
ued progress in optical trapping, feedback control, and dissi-
pation engineering, the realization of nonreciprocal cooling in
levitated systems appears well within reach.

Overall, this work advances the theoretical foundation for
exploiting non-Hermitian physics in levitated optomechanics
and highlights its potential for scalable mechanical cooling, di-
rectional energy control, and future studies of non-equilibrium
many-body dynamics in highly controllable mechanical plat-
forms.

Appendix A: Detailed derivation of the rotating-
frame transformation

In this appendix, we provide a step-by-step derivation of
the transformation from the original Hamiltonian H0 to the
rotating-frame Hamiltonian H ′

0 discussed in Section 2. The
goal is to eliminate the fast optical oscillations at the driving
laser frequency ωL, which simplifies the subsequent analysis
and enables the rotating-wave approximation.

A1. Original Hamiltonian in the Schrödinger picture

We start from the non-interaction part of the Hamiltonian
in the Schrödinger picture,

H0 = ωcc†c+ωaa†a+ωbb†b, (A1)

where ωc is the cavity resonance frequency, and ωa, ωb are
the mechanical oscillation frequencies of particles A and B,
respectively.

A2. Transformation to the rotating frame

We introduce a unitary transformation that takes the sys-
tem into a frame rotating at the driving laser frequency ωL.
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The unitary operator is defined as

U(t) = exp
[
iωLt

(
c†c
)]
. (A2)

This operator acts only on the cavity mode, leaving the me-
chanical modes unchanged, since the driving field couples
only to the cavity.

In the rotating frame, the state vector transforms as

|ψrot(t)⟩=U(t)|ψ(t)⟩, (A3)

where |ψ(t)⟩ is the state in the original (Schrödinger) picture.

A3. Transformation of the Schrödinger equation

The Schrödinger equation in the original picture is

i
∂

∂ t
|ψ(t)⟩= H0|ψ(t)⟩. (A4)

Substituting |ψ(t)⟩=U†(t)|ψrot(t)⟩ into Eq. (A4), we obtain

i
∂

∂ t

[
U†(t)|ψrot(t)⟩

]
= H0U†(t)|ψrot(t)⟩. (A5)

Expanding the left-hand side using the product rule gives

i
[(

∂

∂ t
U†(t)

)
|ψrot(t)⟩+U†(t)

∂

∂ t
|ψrot(t)⟩

]
= H0U†(t)|ψrot(t)⟩. (A6)

A4. Evaluating the time derivative of U†(t)

From Eq. (A2), we have

U†(t) = exp
[
−iωLt

(
c†c
)]
. (A7)

The time derivative is

∂

∂ t
U†(t) =−iωL

(
c†c
)

U†(t). (A8)

Substituting Eq. (A8) into Eq. (A6) gives

i
[
−iωL

(
c†c
)

U†(t)|ψrot(t)⟩+U†(t)
∂

∂ t
|ψrot(t)⟩

]
= H0U†(t)|ψrot(t)⟩. (A9)

Simplifying the first term: i × (−i) = 1, so

ωL
(
c†c
)

U†(t)|ψrot(t)⟩+ iU†(t)
∂

∂ t
|ψrot(t)⟩

= H0U†(t)|ψrot(t)⟩. (A10)

A5. Obtaining the transformed Hamiltonian

Multiplying both sides from the left by U(t) (note that
U(t)U†(t) = 1), we obtain

ωLU(t)
(
c†c
)

U†(t)|ψrot(t)⟩+ i
∂

∂ t
|ψrot(t)⟩

=U(t)H0U†(t)|ψrot(t)⟩. (A11)

Rearranging to isolate the time derivative,

i
∂

∂ t
|ψrot(t)⟩

=
[
U(t)H0U†(t)−ωLU(t)

(
c†c
)

U†(t)
]
|ψrot(t)⟩. (A12)

Thus, the Hamiltonian in the rotating frame is

H ′
0 =U(t)H0U†(t)−ωLU(t)

(
c†c
)

U†(t). (A13)

A6. Evaluating the transformed terms

First, we evaluate U(t)H0U†(t). Since U(t) acts only on
the cavity mode, it commutes with a†a and b†b. Therefore,

U(t)H0U†(t) = ωcU(t)c†cU†(t)+ωaa†a+ωbb†b. (A14)

To evaluate U(t)c†cU†(t), we use the Baker–Campbell–
Hausdorff formula. For any operator X , Y and parameter λ ,

eλXY e−λX = Y +λ [X ,Y ]+
λ 2

2!
[X , [X ,Y ]]+ · · · . (A15)

Here, A= iωLt(c†c) and B= c†c. Note that [c†c,c†c] = 0,
so all commutators vanish. Thus,

U(t)c†cU†(t) = c†c. (A16)

Similarly, for the second term in Eq. (A13),

U(t)
(
c†c
)

U†(t) = c†c. (A17)

A7. Final form of the rotating-frame Hamiltonian

Substituting Eqs. (A14), (A16), and (A17) into Eq. (A13),
we obtain

H ′
0 = (ωc −ωL)c†c+ωaa†a+ωbb†b. (A18)

Introducing the detuning parameter ∆ =ωL−ωc, we have
ωc −ωL =−∆ , so

H ′
0 =−∆c†c+ωaa†a+ωbb†b. (A19)

This is exactly the rotating-frame Hamiltonian presented
in the main text. The transformation has eliminated the fast
optical oscillations at frequency ωL, replacing ωc with the de-
tuning parameter ∆ .

Appendix B: Dispose of the trace-correction
term

Here, we discuss the trace-correction term iTr[ρsys(Heff−
H†

eff)]ρsys in Eq. (3) in the main text. Substituting Heff−H†
eff =

2g2(a†b−ab†), we obtain

iTr[ρsys(Heff −H†
eff)]ρsys = 2ig2Tr[ρ(a†b−ab†)]ρ. (B1)

Since particle A is coupled to the optical cavity, under
the bad-cavity limit (which is satisfied by the parameters we
adopt), the mode of particle A is strongly cooled and can
be regarded as a small quantity α , which can be written as
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α = |α|e iθ . With this approximation, Eq. (B1) can be rewrit-
ten as

iTr[ρsys(Heff −H†
eff)]ρsys = 2ig2Tr[ρ(α*b−αb†)]ρ

=2ig2|α|Tr[ρ(e−iθ b− e iθ b†)]ρ. (B2)

By introducing a phase transformation b′ = be−iθ , so that
b′† = b† e iθ , Eq. (B2) can be further simplified as

iTr[ρsys(Heff −H†
eff)]ρsys = 2ig2|α|Tr[ρ(b′−b′†)]ρ. (B3)

Noting that b and b† are the annihilation and creation opera-
tors of particle B, we have b−b† = ikpb, where k is a constant
and pb is the momentum operator of particle B. Under the har-
monic oscillator approximation, the expectation value of pb is
zero. Because b′ differs from b only by a phase factor e−iθ ,
we obtain

iTr[ρsys(Heff −H†
eff)]ρsys = 2ig2|α|Tr[ρ(b′−b′†)]ρ = 0.

(B4)

Therefore, we have demonstrated that, under the har-
monic oscillator approximation and the bad-cavity limit,
iTr[ρsys(Heff −H†

eff)]ρsys vanishes.

Appendix C: Derivation of the adjoint equations
for the number operators

In this appendix, we provide a complete step-by-step
derivation of the adjoint equations presented in Eq. (16) of the
main text. Starting from the reduced two-mode master equa-
tion, we apply perturbation theory and the Markov approxi-
mation to obtain explicit equations of motion for the phonon
number operators.

C1. Decomposition of the Liouvillian

We begin by decomposing the Hamiltonian HA−B into a
system part and an interaction part

Hsys = ωaa†a+ωbb†b, (C1)

Hint = gabab† +gbaa†b, (C2)

where gab = g1 −g2 and gba = g1 +g2 as defined in the main
text.

The total Liouvillian ℒ′ in Eq. (15) can be decomposed as
ℒ′ = ℒsys +ℒint, where

ℒsysρ =−i[Hsys,ρ]+ℒ′
aρ +ℒbρ, (C3)

ℒintρ =−i(Hintρ −ρH†
int). (C4)

C2. Second-order perturbation expansion

Following the standard approach to open quantum
systems,[29] we perform a second-order perturbative expan-
sion of the master equation. Assuming the interaction is weak
compared to the system dynamics, we obtain

ρ̇a,b(t) = ℒsysρa,b(t)+ℒint

∫
∞

0
dt ′ eℒsyst ′ℒintρa,b(t − t ′). (C5)

Here we have made the Markov approximation, extending
the upper limit of the time integral to infinity and evaluat-
ing the density matrix at time t rather than t − t ′ after the
integration.[29]

C3. Expanding the interaction terms

Substituting the expression of ℒint from Eq. (C4) into
Eq. (C5) and expanding step by step, we first obtain

ℒint

∫
∞

0
dt ′ eℒsyst ′ℒintρa,b(t − t ′)

=−iHint

∫
∞

0
dt ′ eℒsyst ′ℒintρa,b(t − t ′)

+ i
∫

∞

0
dt ′ eℒsyst ′ℒintρa,b(t − t ′)H†

int. (C6)

Meanwhile,

ℒintρa,b(t − t ′) =−iHintρa,b(t − t ′)+ iρa,b(t − t ′)H†
int. (C7)

C4. Transformation to the Heisenberg picture and Markov
approximation

To simplify these expressions, we transform to the
Heisenberg picture. The key insight is that the action of eℒsyst ′

on an operator O corresponds to evolving that operator under
the adjoint Liouvillian ℒ†

sys:
[29]

eℒsyst ′(Oρ) = (eℒ†
syst ′O)ρ, (C8)

where we have used the Markov approximation to replace
ρ(t − t ′) with ρ(t) inside the integral. This is valid when the
correlation time of the bath is much shorter than the timescale
of system dynamics.

Applying this relation, we obtain

eℒsyst ′ℒintρa,b(t − t ′)

=−i eℒ†
syst ′(Hint)ρa,b(t)+ iρa,b(t)eℒ†

syst ′(H†
int). (C9)

Substituting Eqs. (C7) and (C9) into Eq. (C6) and collect-
ing terms, the reduced master equation can be written as

ρ̇a,b(t) =−i[Hsys,ρa,b(t)]

−
∫

∞

0
dt ′Hint eℒ†

syst ′(Hint)ρa,b(t)

+
∫

∞

0
dt ′Hintρa,b(t)eℒ†

syst ′(H†
int)

+
∫

∞

0
dt ′ eℒ†

syst ′(Hint)ρa,b(t)H
†
int

−
∫

∞

0
dt ′ρa,b(t)eℒ†

syst ′(H†
int)H

†
int

+ℒ′
aρa,b(t)+ℒbρa,b(t). (C10)
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C5. Evaluating the adjoint evolution of Hint

We now need to compute eℒ†
syst ′(Hint) and eℒ†

syst ′(H†
int).

First, we express Hint in terms of its components

eℒ†
syst ′(Hint) = (g1 +g2)(eℒ†

syst ′a†)(eℒ†
syst ′b)

+(g1 −g2)(eℒ†
syst ′a)(eℒ†

syst ′b†). (C11)

The action of ℒ†
sys on a is derived as follows. For any op-

erator O, the adjoint Liouvillian is defined by Tr[O(ℒsysρ)] =

Tr[(ℒ†
sysO)ρ]. For the harmonic oscillator with damping, we

have the well-known result[29]

ℒ†
sysa = i[Hsys,a]+ℒ′†

a a+ℒ†
ba. (C12)

Computing each term explicitly:

i[Hsys,a] = i[ωaa†a,a] =−iωaa, (C13)

ℒ′†
a a = (1+n′a)κ

′
a(2a†aa−a†aa−aa†a)

+n′aκ
′
a(2aaa† −aa†a−aaa†)

=−(1+n′a)κ
′
aa+n′aκ

′
aa =−κ

′
aa, (C14)

ℒ†
ba = 0 (since ℒb acts only on mode b). (C15)

Combining these results, we obtain

ℒ†
sysa =−(iωa +κ

′
a)a. (C16)

This is a key result: under the adjoint Liouvillian, the an-
nihilation operator decays exponentially with rate κ ′

a and os-
cillates at frequency ωa.

Solving the differential equation da(t ′)/dt ′ = ℒ†
sysa(t

′)

with initial condition a(0) = a, we get

eℒ†
syst ′a = e−(κ ′

a+iωa)t ′a. (C17)

Similarly, we derive

eℒ†
syst ′a† = e−(κ ′

a−iωa)t ′a†, (C18)

eℒ†
syst ′b = e−(κb+iωb)t ′b, (C19)

eℒ†
syst ′b† = e−(κb−iωb)t ′b†. (C20)

C6. Substituting back into Hint

Substituting these relations into Eq. (C11), we obtain

eℒ†
syst ′(Hint) = (g1 +g2)e−

(
(κ ′

a+κb)−i(ωa−ωb)
)

t ′a†b

+(g1 −g2)e−
(
(κ ′

a+κb)+i(ωa−ωb)
)

t ′ab†, (C21)

where we have neglected fast-oscillating terms such as a2 and
a†2 that do not conserve energy in the rotating wave approxi-
mation.

Similarly, for the Hermitian conjugate:

eℒ†
syst ′(H†

int) = (g1 +g2)e−
(
(κ ′

a+κb)+i(ωa−ωb)
)

t ′ab†

+(g1 −g2)e−
(
(κ ′

a+κb)−i(ωa−ωb)
)

t ′a†b. (C22)

C7. Performing the time integrals

For the remainder of this derivation, we set ωa = ωb,
which is the regime considered in our numerical simulations.
This simplifies the exponents by eliminating the oscillatory
terms e±i(ωa−ωb)t ′ .

The time integrals in Eq. (C10) are now straightforward
to evaluate using

∫
∞

0 e−(κ ′
a+κb)t ′ dt ′ = 1/(κ ′

a +κb).

First, consider the term −
∫

∞

0 dt ′Hint eℒ†
syst ′(Hint)ρa,b(t).

Using Eqs. (C6) and (C21):

−
∫

∞

0
dt ′Hint eℒ†

syst ′(Hint)ρa,b(t)

=−
∫

∞

0
dt ′
(
(g1 −g2)ab† +(g1 +g2)a†b

)
×
(
(g1 +g2)e−(κ ′

a+κb)t ′a†b

+(g1 −g2)e−(κ ′
a+κb)t ′ab†

)
ρa,b(t)

=− g2
1 −g2

2
κ ′

a +κb
(aa†b†b+a†abb†)ρa,b(t), (C23)

where we have used the commutation relations [a,a†] = 1 and
[b,b†] = 1 to simplify the operator products.

Following similar procedures for the remaining terms in
Eq. (C10), we obtain∫

∞

0
dt ′Hintρa,b(t)eℒ†

syst ′(H†
int)

=
1

κ ′
a +κb

(
(g1 −g2)

2ab†
ρa,b(t)a†b

+(g1 +g2)
2a†bρa,b(t)ab†

)
, (C24)∫

∞

0
dt ′ eℒ†

syst ′(Hint)ρa,b(t)H
†
int

=
1

κ ′
a +κb

(
(g1 +g2)

2a†bρa,b(t)ab†

+(g1 −g2)
2ab†

ρa,b(t)a†b
)
, (C25)

−
∫

∞

0
dt ′ρa,b(t)eℒ†

syst ′(H†
int)H

†
int

=− g2
1 −g2

2
κ ′

a +κb
ρa,b(t)(a†abb† +aa†b†b). (C26)

C8. The final reduced master equation

Substituting Eqs. (C23)–(C26) into Eq. (C10) and collect-
ing terms, we obtain the reduced master equation in Lindblad
form

ρ̇a,b(t) =−i
[
H ′

sys +
4g2

2
κ ′

a +κb
a†ab†b,ρa,b(t)

]
+ℒ′

aρa,b(t)+ℒbρa,b(t)+ℒabρa,b(t), (C27)

where the modified system Hamiltonian H ′
sys is given by

H ′
sys =

(
ωa +

2g2
2 −2g1g2

κ ′
a +κb

)
a†a

+
(

ωb +
2g2

2 +2g1g2

κ ′
a +κb

)
b†b, (C28)
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and the additional Liouvillian describing the nonreciprocal in-
teraction is

ℒab =
(g1 +g2)

2

κ ′
a +κb

Da†b +
(g1 −g2)

2

κ ′
a +κb

Dab† . (C29)

C9. Derivation of the adjoint equations for phonon num-
bers

The adjoint master equation describes the time evolution
of operators in the Heisenberg picture. For any operator O,
the adjoint Liouvillian ℒ† satisfies Tr[O(ℒρ)] = Tr[(ℒ†O)ρ],
which implies d⟨O⟩/dt = ⟨ℒ†O⟩.[29]

Applying this to the phonon number operators na = a†a
and nb = b†b, we have

d
dt

⟨na⟩= ⟨ℒ†na⟩= ⟨(ℒ†
ab +ℒ′†

a +ℒ†
b)na⟩, (C30)

d
dt

⟨nb⟩= ⟨ℒ†nb⟩= ⟨(ℒ†
ab +ℒ′†

a +ℒ†
b)nb⟩. (C31)

Note that ℒ†
bna = 0 and ℒ′†

a nb = 0 since these Liouvillians
act on different modes.

To evaluate these expressions, we need the action of each
adjoint Lindblad operator on na and nb. For a general Lindblad
dissipator Dx = 2xρx† − x†xρ −ρx†x, the adjoint action on an
operator O is given by[29]

D†
xO = 2x†Ox− x†xO−Ox†x. (C32)

Applying this formula, we compute

D†
a†b(na) = 2(ab†)na(a†b)− (ab†)(a†b)na −na(ab†)(a†b)

= 2(1+na)nb, (C33)

D†
ab†(na) = 2(a†b)na(ab†)− (a†b)(ab†)na −na(a†b)(ab†)

=−2na(1+nb), (C34)

D†
a(na) = 2a†naa−a†ana −naa†a

=−2na, (C35)

D†
a†(na) = 2anaa† −aa†na −naaa†

= 2(1+na). (C36)

Similarly for nb:

D†
a†b(nb) = 2(ab†)nb(a†b)− (ab†)(a†b)nb −nb(ab†)(a†b)

=−2(1+na)nb, (C37)

D†
ab†(nb) = 2(a†b)nb(ab†)− (a†b)(ab†)nb −nb(a†b)(ab†)

= 2na(1+nb), (C38)

D†
b(nb) = 2b†nbb−b†bnb −nbb†b

=−2nb, (C39)

D†
b†(nb) = 2bnbb† −bb†nb −nbbb†

= 2(1+nb). (C40)

C10. Final equations of motion

Substituting these results into Eqs. (C30)–(C31) and in-
cluding the explicit coefficients from Eq. (C29), we obtain

d
dt

na =
(g1 +g2)

2

κ ′
a +κb

D†
a†b(na)+

(g1 −g2)
2

κ ′
a +κb

D†
ab†(na)

+(1+n′a)κ
′
aD†

a(na)+n′aκ
′
aD†

a†(na), (C41)

d
dt

nb =
(g1 +g2)

2

κ ′
a +κb

D†
a†b(nb)+

(g1 −g2)
2

κ ′
a +κb

D†
ab†(nb)

+(1+nb)κbD†
b(nb)+nbκbD†

b†(nb). (C42)

Finally, inserting the explicit forms from Eqs. (C33)–
(C40) and taking expectation values, we arrive at the form
given in Eq. (16) presented in the main text. In the final
step, we have applied the mean-field approximation ⟨nanb⟩ =
⟨na⟩⟨nb⟩, which is valid in the limit of weak correlations be-
tween the two modes.

Appendix D: Stationary state for the average
phonon number of particle A

Similar to Eq. (17) in the main text, the stationary state for
the average phonon number of particle A can be solved from a
quadratic equation written as

D⟨na⟩2 +E⟨na⟩+F = 0, (D1)

where

D =− 8g1g2κ ′
a

κb(κ ′
a +κb)

, (D2a)

E =
8g1g2

κ ′
a +κb

(
κ ′

a

κb
n′a +nb

)
− 2(g1 +g2)

2

κ ′
a +κb

· κ ′
a

κb
− 2(g1 −g2)

2

κ ′
a +κb

−κ
′
a, (D2b)

F =
2(g1 +g2)

2

κ ′
a +κb

(
κ ′

a

κb
n′a +nb

)
+κ

′
an′a. (D2c)
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