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Time-resolved x-ray absorption spectroscopy is a widely used technique for monitoring ultrafast dynamics of
molecules. Here we use this technique to analyze the quantum nuclear dynamics of NaK molecules in the first excited
state. To quantitatively reconstruct the vibrational dynamics, we introduce a similarity function to determine the time-
dependent position of the nuclear wavepacket from the time-resolved x-ray absorption spectroscopy. Here we demonstrate
this new approach through numerical simulations.
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1. Introduction
Molecular spectroscopy is an important tool to investigate

molecular structures and properties in detail.[1–3] The integra-
tion of molecular spectroscopy with ultrafast time-resolved
techniques enables real-time analysis of nanoscale dynam-
ics, offering unprecedented insights into transient species
evolution and energy transfer pathways on femtosecond-to-
nanosecond timescales. This approach has proven particu-
larly valuable in the study of transition metal complexes[4–7]

with a focus on excited-state relaxation dynamics in com-
plex systems. For example, picosecond x-ray absorption spec-
troscopy can track the structural relaxation of [RuII(bpy)3]

2+

from a high-spin to low-spin state, a process driven by metal-
to-ligand charge transfer.[5]

Time-resolved x-ray absorption spectroscopy (TRXAS)
has become a powerful tool for monitoring molecular dy-
namics in real time. Its applications span a wide range of
fields, including chemical reactions,[8,9] catalysis,[10] energy
conversion,[11] and materials science.[12] TRXAS sheds light
on reaction mechanisms by examining intermediate formation,
reaction pathways, and dissociative ionization,[8] while also
contributing to catalyst design. In Ref. [8], photo-induced
chemical reactions in the lowest electronic states of isolated
CF+

4 and SF+
6 molecules were investigated using TRXAS to

characterize the reaction paths and explore the effects of sym-
metry breaking and Rydberg-valence mixing.

Rapid advancements in x-ray sources, including large-
scale x-ray free-electron lasers (XFELs)[13–17] and laboratory-
based high-harmonic generation (HHG) setups,[8,18–20] have

made it possible to achieve femtosecond or even shorter tem-
poral resolution. These innovations have sparked TRXAS
experiments that capture ultrafast dynamics, ranging from
ionization,[21,22] excitation,[19] bond breaking,[23] to molec-
ular vibrations.[24,25] In addition, theoretical simulations
play a crucial and challenging role in interpreting these
complex dynamics[26–28] and analyzing experimental sig-
nals. Combined experimental and theoretical investigations
have been performed to reveal ultrafast relaxation processes
following ionization using attosecond transient absorption
spectroscopy.[21,22,24] Typical applications include direct ob-
servation of sub-7-femtosecond electronic relaxation in ethy-
lene cation mediated by conical intersection[24] as well as
successful detection and analysis of femtosecond symmetry
breaking and coherence relaxation in methane cations.[21] Re-
cently, real-time observation of electron dynamics following
valence ionization in liquid water, utilizing paired attosecond
x-ray pulses, was reported in Ref. [22]. These studies open
new avenues for exploring complex systems at their natural
time scales.

Apart from illustrating electronic structure dynamics,
TRXAS is also widely used to unravel the nuclear dynam-
ics of molecules.[25,29–36] It has the potential to resolve com-
peting channels in excited-state non-adiabatic dynamics[36]

and provide insights into core-excited potential energy sur-
faces by monitoring core-level excitation energy changes
with x-ray probes after exciting vibrational superpositions.[25]

Information on the vibrational dynamics of molecules is
typically obtained indirectly by comparing experimentally
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measured differential absorption spectra with theoretical
calculations.[25,29,31,33–35] Notable examples include utilizing
the sensitivity of 3d core-level transient absorption spec-
troscopy to bond length and charge state to investigate the evo-
lution of the ground and ionized state vibrational wavepack-
ets produced by strong-field ionization of Br2,[29] and ex-
plaining the oscillation in the 1s-2π peak energy of the elec-
tronic ground state of NO+, triggered by strong-field ioniza-
tion, through potential energy curves of NO and NO+ obtained
from ab initio calculations.[31]

From the theoretical point of view, it is possible to cal-
culate the TRXAS using information from the time-dependent
nuclear wavepacket. However, the inverse reconstruction of
the corresponding nuclear wavepacket from the TRXAS data
remains a challenging task. In this work, we report the inverse
reconstruction of the nuclear wavepacket position for the NaK
molecule from its TRXAS. The theoretical framework under-
lying this work is detailed in Section 2. The results and the
discussion are in Section 3. The conclusions are in Section 4.

2. Theory and model
The time-dependent molecular wavefunction Ψ(𝑟,R, t)

can be expressed by the Born–Huang expansion

Ψ(𝑟,R, t) = ∑
α

χα(R, t)φα(𝑟,R), (1)

where 𝑟 and R denote the electronic and the nuclear coordi-
nates, respectively. The wavefunction φ(𝑟,R) of the electronic
state |α〉 can be obtained by solving the electronic Schrödinger
equation

Helφα(𝑟,R) =Vα(R)φα(𝑟,R), (2)

where Hel is the electronic Hamiltonian and Vα(R) is the po-
tential energy curve of state |α〉. The electronic Hamiltonian
Hel can be expressed as

Hel = Tel +Vel−el +Vel−nuc +Vnuc−nuc +Vso, (3)

where Tel = − h̄2

2me
∑i ∇2

i is the electronic kinetic energy op-
erator with ∇2

i being the Laplacian operator of the i-th elec-
tron; Vel−el = ∑i< j

e2

4πε0ri j
is the potential energy of electron–

electron interactions with ri j being the distance between the

i-th and j-th electrons; Vel−nuc =−∑i,A
ZAe2

4πε0riA
is the potential

energy of electron–nuclear interactions with ZA and riA being
the nuclear charge of nucleus A and the distance between the
i-th electron and nucleus A; Vnuc−nuc = ∑A<B

ZAZBe2

4πε0rAB
is the po-

tential energy of nuclear–nuclear interactions with rAB being
the distance between nucleus A and nucleus B. The last term
Vso includes spin–orbit coupling. The spin–orbit coupling is
calculated using the Breit–Pauli operator.[37] Relativistic ef-
fects are included by the Douglas–Kroll–Hess (DKH) Hamil-
tonian as implemented in MOLPRO.[38]

The ground state of the system is χg0(R)φg(𝑟,R), where
χg0(R) is the vibrational ground state wavefunction of the elec-
tronic ground state |g〉. It is obtained by the diagonaliza-
tion of the matrix form for the nuclear Hamiltonian Hnuc =

Tnuc +Vg(R) = − h̄2

2µ

∂ 2

∂R2 +Vg(R) with µ = mNamK
mNa+mK

. The ma-
trix form is obtained by the Fourier grid Hamiltonian.[39]

The system can be prepared in the first electronic excited
state |e〉 characterized by the initial wavefunction

Ψ(𝑟,R, t = 0)≈ χe(R, t = 0)φe(𝑟,R), (4)

where χe(R, t = 0) ≈ χg0(R) for typical ultrafast laser excita-
tions. Subsequently, the system propagates according to the
time-dependent Schrödinger equation

ih̄
∂

∂ t
χα(R, t) = (Tnuc +Vα(R))χα(R, t)

+∑
β

Hαβ (R)χβ (R, t), (5)

where Hαβ (R) represents the nonadiabatic couplings. Each
block of the Hamiltonian matrix, namely each of the nu-
clear operators Tnuc +Vα(R) and Hαβ (R), is generated by
the Fourier grid Hamiltonian[39] to form the entire vibronic
Hamiltonian matrix. Equation (5) is then propagated by means
of the Crank–Nicolson method.[40]

The nonadiabatic couplings Hαβ (R) are directly calcu-
lated numerically. The numerical solution of Eq. (5) reveals
that the nonadiabatic transitions from the first excited state |e〉
to the other electronic states are negligible. Accordingly, the
time-dependent wavefunction can be approximated as

Ψ(𝑟,R, t)≈ χe(R, t)φe(𝑟,R). (6)

To calculate the TRXAS, we first obtain the x-ray ab-
sorption cross section according to Fermi’s golden rule, as de-
scribed in Refs. [8,9]

σ(ω,R) =
4π2ω

3c ∑
α

|µeα(R)|2δ [Vα(R)−Ve(R)− h̄ω], (7)

where µeα(R) is the transition dipole moment between the
electronic states |e〉 and |α〉. In our numerical calculations,
the delta function in Eq. (7) is replaced by a Gaussian function

1√
π h̄Γ

e−[ω−
Vα (R)−Ve(R)

h̄ ]2/Γ 2
with a phenomenological width pa-

rameter h̄Γ = 0.05 eV. The TRXAS σ(ω, t) is calculated by
an incoherent weighting of Eq. (7) as

σ(ω, t) =
∫

σ(ω,R)|χe(R, t)|2 dR. (8)

All the quantum chemistry calculations are performed
at the CASSCF/cc-pwCVQZ-DK level of theory using
MOLPRO.[38] The required potential energy curves Vα(R) and
dipole moment curves µeα(R) for all the involved electronic
states are calculated over the range of nuclear distance R from
2.00 Å to 6.50 Å, with the step size 0.01 Å.
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3. Results and discussion
3.1. The stationary x-ray absorption spectrum of NaK

The calculated equilibrium bond length of NaK is 3.49 Å,
which is consistent with Refs. [41,42]. The main elec-
tronic configuration of the ground state |g〉 is 1σ22σ2

3σ24σ21π45σ26σ27σ22π48σ23π49σ2. This will be short-
ened as 2σ29σ2 in the subsequent context. The active space
for CASSCF calculations contains two occupied orbitals 2σ ,
9σ and 22 virtual orbitals up to 19σ , 8π , 2δ . The first excited
state |e〉 has the main electronic configuration 2σ29σ110σ1.
Here the molecular orbital 2σ is the 1s orbital of the sodium
atom. Both the states |g〉 and |e〉 belong to the symmetry
Ω = 0+. Rigorous notations for these two states are (1)0+ and
(2)0+, respectively. According to the calculations, both |g〉
and |e〉 are contributed by more than 99% 1Σ+ and less than
1% 3Π states. Therefore we simply use the notations X1Σ+

and A1Σ+ for the states |g〉 and |e〉, respectively.
We consider the five lowest excited states, which involve

the excitation of one electron from the 1s orbital of the Na
atom. This means the sodium K-edge absorption spectroscopy.
The corresponding spectrum calculated at the equilibrium
structure of the NaK molecule is presented in Fig. 1. This
spectrum spans an energy range from 1092.5 eV to 1095.5 eV
and features five distinct peaks. Each peak primarily originates
from a two-electron transition: one electron is transferred from
the 10σ orbital to the 9σ orbital, while another electron is ex-

cited from the 2σ orbital to a higher molecular orbital. To
simplify notation, we will omit the explicit reference to the
common transition from 10σ to 9σ for all five peaks, repre-
senting each peak instead by a single transition from the 2σ

orbital.
The peaks at 1092.80 eV, 1093.97 eV and 1094.80 eV are

assigned to the transitions 2σ → 10σ , 2σ → 11σ and 2σ →
12σ , respectively. Namely, the main electronic configurations
of the corresponding transition final states are 2σ19σ210σ1,
2σ19σ211σ1 and 2σ19σ212σ1, respectively. The three σ or-
bitals 10σ , 11σ and 12σ are mainly contributed by the s and
pz orbitals of Na and K atoms. Here z denotes the direction
along the molecular axis. The weights of the pz orbitals of
Na atom decrease from 10σ to 12σ when the orbital energy
increases. Accordingly, the intensities of these three peaks de-
crease when the excitation energy increases.

The absorption features observed at 1093.5 eV and
1094.77 eV are attributed to transitions from the 2σ orbital to
the 4π and 5π orbitals, respectively. These two π orbitals are
predominantly formed by the px (or py) orbitals of the Na and
K atoms. The key difference between them is that the contri-
bution of the Na atomic orbitals is much larger in the 4π orbital
than in the 5π orbital. The dominant contribution of Na atomic
p orbitals to the molecular 4π orbital leads to the most intense
2σ → 4π transition within the energy range shown in Fig. 1.
For more details, color contour plots of these six molecular
orbitals are provided in the bottom panel of Fig. 1.
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Fig. 1. The sodium K-edge x-ray absorption spectrum of NaK at the equilibrium structure. The six involved molecular orbitals are shown in
the bottom panel. Two “×” symbols are added to each orbital to indicate the positions of the Na (left) and K (right) atoms.

3.2. The time-resolved x-ray absorption spectrum and vi-
brational dynamics of NaK

The initial wavepacket of NaK, expressed in Eq. (4) and
shown as a blue curve in Fig. 3(a), is populated in the first
excited state A1Σ+ following ultrafast vertical excitation from
the electronic ground state. After excitation, the wavepacket

propagates freely until the transient x-ray absorption spectrum

is recorded at a later time t. The possibility of nonadiabatic

transitions from the initial A1Σ+ state to nearby electronic

states is taken into account. Each of these nearby states is pre-

dominantly characterized by one of the following: 1Σ+, 3Σ+,
1Π, or 3Π, with a contribution greater than 99%. The nona-
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diabatic coupling matrix elements between the 1Σ+ states and
the 3Σ+ (or 1Π, 3Π) states are zero for NaK. We specifically
focus on calculating the nonadiabatic transitions between the
three lowest 1Σ+ states. The transitions from the A1Σ+ state
to the other two nearby 1Σ+ states contribute less than 1%.
Subsequently, we focus on the vibrational dynamics of NaK
in the A1Σ+ state. Accordingly, the wavepacket travels from
the equilibrium structure at R= 3.5 Å to the right turning point
at R = 5.2 Å in approximately 234 fs, then returns to the left
turning point at around t ≈ 468 fs. The detailed dynamics of
this wavepacket are shown in Fig. 3(b), where two horizon-
tal lines are used to indicate the times when the wavepacket
reaches the left and right turning points.
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Fig. 2. (a) Time-resolved x-ray absorption spectrum σ(ω, t) for t ≤
600 fs. (b) The x-ray absorption cross section σ(ω,R) for different
molecular structures.

Using the time-dependent nuclear wavefunction, the
TRXAS σ(ω, t) is calculated according to Eq. (8). The re-
sulting spectrum is shown in Fig. 2(a), which reflects the real-
time nuclear dynamics of NaK in the A1Σ+ state. The spec-
trum exhibits oscillations with a period of approximately 460
fs, corresponding to the nuclear wavepacket dynamics shown
in Fig. 3(b). At t = 0 fs, five absorption bands appear at
1092.8 eV, 1093.5 eV, 1094.0 eV, 1094.6 eV, and 1094.9 eV.
For the first half of the oscillatory period, the transition ener-
gies of these bands increase with time. Notably, the absorption
signals initially located at 1093.5 eV and 1093.97 eV over-
lap and merge at 1094.0 eV, forming a pronounced absorption
feature. This feature persists for approximately 200 fs before
the absorption signals separate again. During the first half of
the vibrational period, as the nuclear wavepacket propagates
from its initial position to the right turning point, the intensity
of the lowest absorption band decreases while the intensities

of the other four bands increase. The extremal intensities for
all five bands are reached when the wavepacket reaches the
right turning point. The second half period is roughly a mir-
ror image of the first half. The stationary x-ray absorption
cross section σ(ω,R), as a function of internuclear distance
R, serves as the fundamental input for both the theoretical cal-
culations of TRXAS σ(ω, t) and the inverse quantitative anal-
ysis of nuclear dynamics from the TRXAS data. Figure 2(b)
displays the σ(ω,R) at different values of R, as described by
Eq. (7). It is evident that σ(ω,R) is sensitive to the geometry
structure, indicating that the dominant transition characteris-
tics vary with molecular geometry. At the equilibrium posi-
tion (R = 3.5 Å), transitions from the 2σ molecular orbital
to the other five orbitals contribute to the spectrum. Notably,
the transition to the 4π orbital has a significantly larger inten-
sity than the transitions to the other orbitals, as shown in both
Figs. 2(b) and 1. In contrast, when the internuclear distance
R exceeds 5.0 Å, the transition from the 2σ orbital to the 5π

orbital becomes dominant. Furthermore, the peak for the tran-
sition 2σ → 10σ disappears when the internuclear distance R
exceeds 5.5 Å. This is because, as the internuclear distance
R increases, the weights of the pz orbitals of the Na atom in
the 10σ and 11σ orbital decreases, while the weight in the
12σ orbital increases. As the internuclear distance R further
increases into the dissociation region, the molecular orbitals
gradually change to atomic orbitals. Specifically, the 9σ and
10σ orbitals become the s orbitals of Na and K atoms, respec-
tively. In this region, all the σ(ω,R) intensities for R > 10 Å
in the energy window of Fig. 2(b) become zero due to the for-
bidden transition from 10σ to 9σ . For the present work, only
the data of σ(ω,R) for R < 6 Å are required.
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Fig. 3. (a) The potential energy curves of NaK for the X1Σ+ and A1Σ+

states. The initial wavepacket (blue) in the first electronic excited state
propagates to the right turning point at about t = 234 fs, see the purple
curve. (b) Propagation of the wavepacket for t ≤ 600 fs.
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To quantitatively analyze molecular vibrational dynam-
ics from TRXAS σ(ω, t), the ultimate goal is to reconstruct
the time-dependent nuclear wavepacket. The most intuitive
and straightforward approach, however, involves examining
the expectation value 〈R〉 of the nuclear wavepacket. This of-
fers a direct way to illustrate the vibrational dynamics. To de-
termine the position of the nuclear wavepacket R(t) at a given
time t, we need to analyze the spectrum σ(ω, t) at this spe-
cific time. This requires comparing the spectrum σ(ω, t) at a
given time t with the cross-section σ(ω,R) at different nuclear
distances. If the spectrum at a given time t closely matches
the cross-section for a specific internuclear distance R, we can
conclude that at this particular time t, the nuclear wavepacket
reaches this specific nuclear distance R.

The key task is therefore to quantitatively compare the
TRXAS σ(ω, t) with the cross section σ(ω,R). For this pur-
pose, we define the following similarity function:

S(R, t) =
∫

σ(ω, t)σ(ω,R)dω√∫
σ(ω, t)2 dω

√∫
σ(ω,R)2 dω

(9)

to characterize the similarity between σ(ω, t) and σ(ω,R),
for a given t and R. The value of S(R, t) is in the region
0 ≤ S(R, t) ≤ 1. If σ(ω, t = t0) and σ(ω,R = R0) represent
the same spectrum σ(ω), the value of S(R = R0, t = t0) will
be one. Conversely, if σ(ω, t) and σ(ω,R) have nothing in
common, the value of S(R, t) will be zero. A larger value of
S(R, t) indicates a higher similarity between σ(ω, t) at t and
σ(ω,R) at R. Accordingly, we define the position R(t) of the
wavepacket at a given time t as the value of R that maximizes
the value of S(R, t). In other words, R(t) corresponds to the
root(s) of the following equation:

∂S(R, t)
∂R

= 0. (10)

This equation is solved numerically to find the maximum of
S(R, t) at any given time t and the corresponding value of R,
which is the position R(t) of the nuclear wavepacket.

This comparative analysis enables the extraction of the
time-dependent position R(t) of the nuclear wavepacket from
the time-resolved spectra σ(ω, t). By analyzing these spec-
tra at different time intervals, the evolution of the nuclear
wavepacket can be tracked, offering a precise reconstruction
of its trajectory over time. This approach provides a robust
framework for studying molecular vibrational dynamics and
monitoring the motion of the nuclear wavepacket throughout
its evolution.

In this way, we reconstruct the time-dependent position
R(t) of the nuclear wavepacket for 0 ≤ t ≤ 600 fs. The cor-
responding results are shown in Fig. 4. We further compare
R(t) with the quantum mechanical mean value 〈R〉 of the in-
ternuclear distance R in Fig. 4. As can be seen, the agree-

ment is quite good, indicating that the position of the nu-
clear wavepacket can be quantitatively reconstructed from the
TRXAS data.
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<R>
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Fig. 4. Time-dependent position R(t) of the nuclear wavepacket of
Fig. 3(b) reconstructed from the time-resolved x-ray absorption spec-
trum σ(ω, t). Also shown is the quantum mechanical mean value 〈R〉
directly calculated from the nuclear wavepacket of Fig. 3(b) for com-
parison.

4. Conclusions
In summary, we present a novel theoretical approach

for the inverse reconstruction of the time-dependent nuclear
wavepacket from TRXAS. This method is successfully applied
to investigate the vibrational dynamics of NaK. We define a
similarity function that quantitatively compares the TRXAS
with x-ray absorption cross-sections of various molecular
structures to reconstruct the time-dependent position of the
nuclear wavepacket. This reconstruction demonstrates good
agreement with the corresponding quantum mechanical mean
value obtained by nuclear quantum dynamics simulations, val-
idating the effectiveness of the proposed approach.

This study opens new avenues for quantitative investi-
gations of molecular vibrational dynamics using x-ray tech-
niques. It reveals the relationship between electronic struc-
ture and ultrafast vibrational dynamics, thereby advancing the
broad field of molecular dynamics research. Our approach can
be applied easily to other molecular systems, providing a pow-
erful tool for ultrafast science and molecular quantum control.

However, it is important to acknowledge the scope and
limitations of this method. The successful application demon-
strated here relies on the fact that the TRXAS of the NaK sys-
tem exhibits five distinct and well-separated absorption peaks
whose energies and intensities vary significantly with the inter-
nuclear distance R. This “spectral richness” allows the similar-
ity function S(R, t) to identify a unique maximum at each time
step. In contrast, for some molecular systems, the core-level
absorption spectrum might consist of only a single broad peak,
or the spectral shape might be very similar over a wide range
of nuclear geometries. In such cases, the similarity function
might yield multiple equivalent maxima for different R values
at a given time t, or fail to identify a clear global maximum.
Therefore, the similarity-based inversion is expected to be ro-
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bust primarily for systems where spectral features are rich and
sensitive to geometry changes.
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