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Multipole moments, fundamental characteristics of insulating materials, have garnered significant interest with the
recent emergence of higher-order topological insulators. However, a practical method to explore them in correlated insu-
lators is still lacking. Here, we introduce a systematic approach, which combines the general Green’s function formula
for multipoles with real-space dynamical mean-field theory, to calculate multipole moments in correlated materials. Our
demonstration calculations for the correlated two-dimensional Benalcazar–Bernevig–Hughes model are consistent with
symmetry analysis. This method opens a new avenue to study topological phase transitions in correlated multipole insula-
tors and other crucial physical quantities closely related to multipole moments.
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1. Introduction
The polarization, a fundamental property of insulators,

is closely related to the integral of the Berry curvature in
the parameter space and has been under intensive study for
decades.[1–7] The emergence of topological insulators offers a
new platform for the study of polarization, which works as a
topological index for the topological phase transition. Mean-
while, a calculation formula for the polarization is proposed,
and affords the possibility of exploring the polarization in
the interacting case.[8] However, its implementation associated
with a Lanczos algorithm makes the generalization to higher
dimensions forbidden.[9,10] Therefore, a practical method to
reveal the polarization in correlated insulators remains largely
elusive.

The physics of polarization and its multipole generaliza-
tion have become more active in the new field of higher-order
topological insulators, which are characterized by quantized
multipole indices.[11] The calculation of multipole moments
in non-interacting systems, including crystalline[12] and non-
crystalline systems,[13–15] has been carried out mainly using
two methods. The first method is a direct generalization of
Resta’s formula[8] to multipole moments,[12,16,17] and the sec-
ond is established by elaborating its relationship with the Wil-
son loop.[11,18] However, it is still difficult to incorporate inter-
actions in these formalisms. Recently, there have been some
attempts to take into account correlated effects for calcula-

tions of multipole moments, such as direct implementation
of dynamical mean-field theory (DMFT),[19] quantum Monte
Carlo combined with topological Hamiltonians,[20] and exact
diagonalization with the infinite density matrix renormaliza-
tion group.[21] Nevertheless, these methods exhibit three sig-
nificant limitations: (1) they require direct access to the wave
function of the many-body ground state, (2) they are unable
to accommodate the inhomogeneity arising from the hopping
term, and (3) their application to disordered systems presents
substantial challenges.

Here, we propose a Green’s function formalism in real
space for the multipole indices, which can be perfectly fitted
into the scheme of the real-space dynamical mean-field theory
(R-DMFT)[22–24] with the advantages of considering inhomo-
geneity due to hopping and its implementation in a disordered
system. We have carried out calculations of multipole indices
for the one-dimensional (1D) Su–Schrieffer–Heeger (SSH)
model and the correlated two-dimensional (2D) Benalcazar–
Bernevig–Hughes (BBH) model with different spatial symme-
tries. The results are consistent with the symmetry analysis
and shed light on the exploration of multipole indices of cor-
related insulators.

The rest of the manuscript has been organized as follows.
In Section 2, we present our derivation details for the general
formula of the multipoles, explain our protocol for combining
them with R-DMFT, and point out potential further general-
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izations. In Section 3, we present the models explored in this
work. In Section 4, we present demonstration results for the
non-interacting 1D SSH model and the correlated 2D BBH
model with different spatial symmetries. A summary and out-
look are presented in Section 5.

2. Many-body multipole indices
We propose a Green’s function formalism for the electri-

cal polarization of a crystal, which is applicable to correlated
systems,

Px =
1

2π𝒮
Im
[
Trln

(
G̃x + I

)]
−Pbg. (1)

This is the central result of this work. Here G̃x = αxG, αx =

diag{e
2π ix1

Lx −1, . . . , e
2π ixN

Lx −1}, and Gx is a matrix of Green’s
functions with the i, jth element as ⟨c†

i c j⟩ = 1
β

∑n Gi j (iωn),

where ωn = (2n+1)π/β is the Matsubara frequency, and c†
i

(c j) is the creation (annihilation) operator on the lattice site i
( j) in a supercell with sizes of Lx, LxLy, and LxLyLz for one-,
two-, and three-dimensional cases, respectively. I is the iden-
tity matrix. 𝒮 is dimension-dependent: 𝒮 = 1, Ly, LyLz for
different dimensions, which is the area perpendicular to the
x direction. Pbg =

n f
𝒮 ∑i

xi
Lx

is the contribution from the back-
ground charge, with n f the local density of electrical states.
It can be combined with fixed boundary condition, periodic
boundary condition, and a hybrid boundary condition. The
generalization to include the spin flavor is straightforward.

We outline the crucial derivation steps for Eq. (1). Start-
ing from the formula,[8,12] Px =

1
2π𝒮 Im

[
ln
〈
Ûx
〉]

−Pbg, where〈
Ûx
〉
= ⟨GS|Ûx |GS⟩= ⟨GS| e2π i ∑l

xl
Lx n̂l |GS⟩, we have〈

Ûx
〉
= ⟨GS| e2π i x1

Lx n̂1 e2π i x2
Lx n̂2 · · · e2π i xN

Lx n̂N |GS⟩ . (2)

For the electron, we note the idempotency property of the elec-
tron number operator n̂2

l = n̂l , which is a key observation here
(see supplemental material for derivations of the spinful case).
It follows that e2π i xl

Lx n̂l = ∑
∞
m=0

1
m!

(
2π i xl

Lx
n̂l
)m

= 1+αl n̂l with

αl = e
2π ixl

Lx −1. Therefore, we come to

〈
Ûx
〉
= ⟨GS|

N

∏
l=1

(1+αl n̂l) |GS⟩ ,

= 1+
N

∑
l=1

αl ⟨n̂l⟩+ ∑
1≤i< j≤N

αiα j
〈
n̂in̂ j

〉
+ · · · , (3)

, where the last step is obtained by direct multiplication. We
define a N × N matrix G̃x, with

(
G̃x
)

i j = αi
〈
c†

i c j
〉

(i, j =

1,2, . . . ,N). A second key observation[25] is that different or-
ders of principal minors for det G̃x coincide with different or-
ders of terms for

〈
Ûx
〉

in Eq. (3) by Wick’s theorem. As
an example, we can see that the second-order principal mi-

nors of det G̃x are αiα j

∣∣∣∣∣ ⟨n̂i⟩
〈
c†

i c j
〉〈

c†
jci
〉 〈

n̂ j
〉 ∣∣∣∣∣, with 1 ≤ i < j ≤ N,

which coincide with ∑1≤i< j≤N αiα j
〈
n̂in̂ j

〉
in Eq. (3) by apply-

ing Wick’s theorem to the latter form. Furthermore, assuming
the eigenvalues of G̃x are λi (i = 1,2, . . . ,N), we have an iden-
tity for

〈
Ûx
〉

with eigenvalues as[26]

〈
Ûx
〉
= 1+

N

∑
i=1

λi + ∑
1≤i< j≤N

λiλ j + · · · . (4)

Compared with the characteristic polynomials det
(
G̃x −λ I

)
=

(−λ )N + (−λ )N−1
∑

N
i=1 λi + (−λ )N−2 · ∑1≤i< j≤N λiλ j + · · · ,

and setting λ =−1, we find〈
Ûx
〉
= det

(
G̃x + I

)
. (5)

. Therefore, we finally have the polarization in the formalism
of Green’s functions,

Px =
1

2π𝒮
Im
[
lndet

(
G̃x + I

)]
−Pbg. (6)

With the identity Tr lnA = lndetA, we have obtained Eq. (1).
We have a remark here on the numerical implementation. As is
known, polarization is an intensive quantity. In practical calcu-
lations, one cannot adopt Eq. (6), of which the first term tends
to go to zero in the thermodynamic limit in more than one-
dimensional space,[27] because numerically the imaginary part
of the logarithm function lies in the interval [−π,π); the com-
plex logarithm is multi-valued. If one computes lndet(· · ·)
in Eq. (6) as a single complex number, the result is implic-
itly forced onto one particular branch, and the resulting inten-
sive quantity 1

𝒮 lndet(· · ·) would vanish in the thermodynamic
limit 𝒮 → ∞. In contrast, the quantity 1

𝒮 Trln(· · ·) in Eq. (1)
scales with the size of matrix G̃, similar to the 1D case. There-
fore, one can obtain a proper value.

Similarly, we can write down the formula for the
quadrupole moment in a crystal,

Qxy =
1

2πℒ
Im
[
Trln

(
G̃xy + I

)]
−Qbg. (7)

Here G̃xy = αxyG, and αxy = diag{e
2π ix1y1

LxLy −1, . . . , e
2π ixN yN

LxLy −
1}. ℒ = 1, Lz for two- and three-dimensional cases, which is
the length perpendicular to the x−y plane. Qbg =

n f
ℒ ∑i

xiyi
LxLy

. A
generalization to the case of the octupole moment is straight-
forward.

The key issue in the calculations in Eqs. (1) and (7) is to
obtain the matrix of the Green’s function G, and we are inter-
ested in correlated systems described by the fermionic Hub-
bard model. It is necessary to obtain G of a correlated lattice
model to calculate many-body multipole moments. Real-space
dynamical mean-field theory (R-DMFT)[19,22–24] is perfectly
suitable for this purpose. In this scheme, a strongly correlated
system on a lattice is mapped onto a group of impurities on
lattice sites with the same spatial symmetry, along with hop-
ping between different sites. In this way, both the onsite inter-
actions and the inhomogeneity due to hopping are taken into
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account. One then solves the DMFT problem on all sites un-
til it is fully converged. Therefore, the interaction effects are
taken into account at the DMFT level. Once the R-DMFT
loop is converged, we then adopt Eqs. (1) and (7) to compute
multipole indices. The flow chart for the whole computation
process is shown in Fig. 1, which can be mostly divided into
two parts: (1) the R-DMFT part and (2) the computation of

many-body multipole indices. We comment on the efficiency

of this algorithm. The most time-consuming part would be

the R-DMFT routines, which can be accelerated with parallel

implementation and optimized by spatial symmetry consider-

ations. With a convergent Green’s function, the calculations of

multipole indices are quite efficient.

0 1 0 2
⋯ 0 Impurity solver on every site 

Full green’s function in real space
−1( )

′
= 0

−1( )
′
− Σ ( )

′

Inverse to obtain ( )

0
−1 = −1 + Σ ( ) Σ = 0

−1 − −1

Convergent?
Compute many-body multipole 

indices

Yes

i i i

i i i

i

i i i

iii

Fig. 1. Flowchart to compute the many-body multipole indices with the real-space dynamical mean-field theory (R-DMFT) and the Green’s
function formula for the multipole indices in the real-space. The R-DMFT is featured in Anderson impurities on every lattice site, self-
consistently dealt with impurity solver to obtain Σ𝑅i (iωn) on site 𝑅i, and meanwhile, the hopping taken into account by

(
G−1

0 (iωn)
)
𝑅i𝑅i′

.

The computation of the multipole indices takes place when the R-DMFT loop is convergent with the Weiss field 𝒢0𝑅i (iωn).

The computational protocol shown in Fig. 1 is imple-
mented as follows:

(1) Initialize the Weiss fields 𝒢0𝑅i(iωn) on all real-space
sites 𝑅i.

(2) Solve the impurity problem on each site 𝑅i using an
impurity solver to obtain the local impurity Green’s function
G𝑅i(iωn) = [G(𝑅i,𝑅 j, iωn)]i= j, and update the local self-
energy via Σ𝑅i(iωn) = 𝒢−1

0𝑅i
(iωn)−G−1

𝑅i
(iωn).

(3) Construct the full lattice Green’s function in real
space by assembling the matrix Dyson equation G−1(iωn) =

𝒢−1
0 (iωn)−Σ(iωn), and invert the matrix to obtain G(iωn) =

[G(𝑅i,𝑅 j, iωn)].
(4) Update the Weiss field using the DMFT self-

consistency condition 𝒢−1
0𝑅i

(iωn) = G−1
𝑅i
(iωn) + Σ𝑅i(iωn),

and iterate steps (2)–(4) until convergence by calculating the
absolute value of the difference of 𝒢0𝑅i(iωn) between succes-
sive steps.

(5) After the R-DMFT loop converges, compute the
many-body polarization/quadrupole indices using Eqs. (1) and
(7).

In the R-DMFT iterations, self-consistency is monitored
by the changes in all the local Weiss Green’s functions be-
tween successive iterations. Concretely, for the Weiss Green’s
function in the k-th and (k+1)-th iterations, we require
∑n,i

∣∣∣𝒢(k+1)
0Ri

(iωn)−𝒢(k)
0Ri

(iωn)
∣∣∣≤ 10−5, where the value of the

error can be slightly adjusted for different cases. In the second-
to-last paragraph of Section 2, we pointed out that the numer-
ically difficult part was to invert G−1(iωn) to obtain the full
lattice Green’s function, scaling with N3, with N being the ma-

trix size. Therefore, for the case of systems with large sizes, a

parallel implementation of matrix inversion is necessary.

We comment on the limitations of our method. On one

hand, the numerical constraints on our calculations arise from

inverting G−1 (iωn) to obtain G(iωn), where the dimension of

G−1 (iωn) is N ×N, with N representing the number of lattice

sizes. Mathematically, it is known that the computational com-

plexity of matrix inversion is 𝒪
(
N3
)
, constituting the most

time-consuming part of our calculations. On the other hand,

when non-local effects are important, or inter-site Coulomb in-

teractions are significant, one must take the self-energy among

different sites into account, which is beyond the reach of our

DMFT implementation.

To sum up, we have achieved two significant advance-

ments. (1) We have a formula in the formalism of real-space

Green’s functions for the multipole indices, which can be im-

plemented without requirement of wave-function of many-

body ground state and is ready to be combined with the DMFT

method, the real space formalism applicable to systems with-

out translational symmetry, and one can further introduce dis-

order to lattices to explore the rich physics of disorder effects,

quasi-crystal lattice,[28] amorphous lattices,[29,30] and so on.

(2) With the multipole indices as a bridge, one can certainly

study the localization length of the electron,[10] the polariza-

tion fluctuation,[31] and the quantum geometric tensor[32] in

the correlated lattices.

060301-3



Chin. Phys. B 35, 060301 (2026)

3. The models
In this section, we present the models that we are go-

ing to investigate: the non-interacting one-dimensional Su–
Schrieffer-Heeger model with staggered potentials in Eq. (8)
and the interacting BBH model with staggered potentials in
Eq. (9). We use the former model as a benchmark for our
general formula in Eq. (1), and focus on the latter as a demon-
stration of our R-DMFT protocol.

The Hamiltonian of a one-dimensional SSH model with
staggered potentials (see Fig. 2(a)) is

HSSH = ∑
𝑅

(
γxc†

𝑅1c𝑅2 +λxc†
𝑅2c𝑅+x̂1 +h.c.

)
+∑

𝑅

(
∆xc†

𝑅1c𝑅1 −∆xc†
𝑅2c𝑅2

)
. (8)

For the SSH model, its Hamiltonian exhibits mirror sym-
metry UM = σ1 with respect to the unit cell. The onsite stag-
gered potential ∆x breaks the mirror symmetry of the sys-
tem. The interacting BBH model[11,18] on a two-dimensional
lattice with Hubbard interaction and staggered potentials (in
Fig. 2(b)) reads

HHubbard
BBH = H0 +Hstagger +U ∑𝑅γ n𝑅γ↑n𝑅γ↓, (9)

where

H0 = ∑
𝑅σ

[
γx

(
c†
𝑅1σ

c𝑅3σ + c†
𝑅2σ

c𝑅4σ

)
+γy

(
c†
𝑅1σ

c𝑅4σ − c†
𝑅2σ

c𝑅3σ

)
+λx

(
c†
𝑅1σ

c𝑅+x̂3σ + c†
𝑅4σ

c𝑅+x̂2σ

)
+λy

(
c†
𝑅1σ

c𝑅+ŷ4σ − c†
𝑅3σ

c𝑅+ŷ2σ

)]
+h.c., (10)

and Hstagger is the onsite staggered potential. The non-
interacting part H0 is a standard toy model of the higher-
order topological insulator. In general, spatial symmetries
are closely related to the quantization of the polarization and
quadrupole moments.[11,18] By the term Hstagger we can tune
the spatial symmetry and explore the correlation effects by in-
troducing the Hubbard interaction term. We are mainly inter-
ested in two cases with different spatial symmetries as follows:
case (i) Hstagger = ∆xy ∑𝑅σ (n𝑅1σ +n𝑅2σ −n𝑅3σ −n𝑅4σ ),
which preserves the spatial inversion symmetry, and case (ii)
Hstagger =∆x ∑𝑅σ (n𝑅1σ −n𝑅2σ −n𝑅3σ +n𝑅4σ ) or Hstagger =

∆y ∑𝑅σ (n𝑅1σ −n𝑅2σ +n𝑅3σ −n𝑅4σ ), which respect mirror
symmetry along the y-direction (or the x-direction).

The system has the following symmetries: mirror sym-
metry: UMx = τ1 ⊗σ3, UMy = τ1 ⊗σ1, and inversion ℐ, and
rotation C2: Uℐ =UC2 =UMxUMy = iτ0⊗τ2. The on-site stag-
gered potential ∆x (∆y) breaks mirror symmetry along the y-
direction (x-direction), and the on-site staggered potential ∆xy

breaks both mirror symmetries along the x and y directions,
but preserves the spatial inversion symmetry.

(b)

(a)

Fig. 2. The schematics of (a) 1D SSH model and (b) 2D BBH model,
where dashed lines have a negative sign. a1 and a2 are lattice distances.
We set a1 = a2 in our calculations.

4. Results and discussion
In this section, we first present the models that we are go-

ing to investigate. We start with a benchmark calculation for
the non-interacting SSH model. Then, we present our main re-
sults for quadrupole moments in the interacting BBH model.

First, as a benchmark of Eq. (1), we perform a calculation
of the polarization in the one-dimensional SSH model without
interactions. As shown in Fig. 3, there are quantized polar-
ization components Px and sharp topological phase transitions
in the non-interacting case. For the 1D SSH model, the on-
site staggered potential ∆x breaks the quantized polarization
by removing the mirror symmetry about the x axis. This result
is consistent with the common understanding of the 1D SSH
model in Refs. [12,33], both of which developed real-space
formalisms to calculate topological invariants of the 1D SSH
model. Because the DMFT approximation is not applicable to
1D systems, we do not turn on interactions for the 1D case.

Non interacting 1D SSH

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0

0.1

0.2

0.3

0.4

0.5

P
x

∆x=0
∆x=0.0001
∆x=0.01
∆x=0.05
∆x=0.1
∆x=0.2

γx

Fig. 3. The polarization in 1D non-interacting SSH model with Nx = 100.

Secondly, as a demonstration of our general protocol for
calculating the quadrupole indices in correlated insulators, we
present results for the quadrupole moments of the interacting
2D BBH model when the onsite staggered potential is nonzero,
which provides a way to tune the spatial symmetry. For the R-
DMFT calculations, an impurity solver based on iterative per-
turbation theory[19] is adopted. We choose periodic boundary
conditions for the lattices, work at half-filling with n f =

1
2 , and
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focus on the paramagnetic phase. As a side remark, we point
out that all multipole moment data are presented modulo 1.

The quantization of the quadrupole moment requires the
system to have mirror symmetry about both x and y axes. For
non-interacting systems, all three types of onsite staggered po-
tentials ∆x, ∆y, and ∆xy will destroy the quantized quadrupole
moment by breaking the mirror symmetry of the system (see
Fig. S1 in supplemental material for details). In the following,
we focus on case (i) of the staggered potential ∆xy.

We then present results of the 2D correlated BBH model
calculated with the protocol in Fig. 1 (see Ref. [12] and Fig. S1
in supplemental material for the non-interacting case). As
shown in Figs. 4(a) and 4(b) for the weakly interacting case,
the quadrupole moment Qxy stays quantized as long as the mir-
ror symmetry conditions for quantization are preserved. In
Fig. 4(c), the quantization fades away when the onsite stag-
gered potential ∆xy is turned on. It shows that the mirror
symmetry is a dominant factor for the quantization of the
quadrupole moment in the paramagnetic phase. We have simi-
lar observations for the strongly interacting case in Figs. 4(d)–

4(f). There are differences in two respects. (1) The phase
transition point deviates from γx = γy = 1 for the strongly in-
teracting case. This deviation can be attributed to finite-size
effects; the phase transition point shifts by about γx = γy = 1
and decreases with increasing system size (see Fig. S2 in sup-
plemental material for details). (2) The transition due to γx

jumps from 0.5 to 1, which is in fact 1− 0+ with 0+ being a
positive tiny quantity, and is equivalent to 0+ in the modulo
calculation. Therefore, we show that even in the correlated
regime, the quantization of the quadrupole moment is still de-
termined by the spatial symmetry of the system.

In Fig. 5, we show the spectral functions for four differ-
ent sites in one unit cell. The gaps due to interactions, together
with emergent side-bands in Figs. 5(b) and 5(c) for very strong
interactions, clearly indicate that the system is driven into the
Mott insulator phase when the interaction U is large enough.
Together with Fig. 4, we conclude that when spatial symme-
tries are preserved, even strong correlation does not preclude
quantized quadrupole moments.
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Fig. 4. The quadrupole moment Qxy versus γx (γy) of the 2D BBH model for case (i) versus the staggered potential ∆xy and weak interaction
strength U in (a)–(c) and strong interaction strength in (d)–(f), with a lattice size of 12×12 and γy = γx. For the DMFT calculations, β = 50,
the number of Matsubara frequencies is 256.
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and γy = γx. For the DMFT calculations, β = 50, the number of Matsubara frequencies is 256, and the Pade approximation[34] is adopted in
the analytical continuation of Green’s function to the real frequency.
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We have a few words on the experimental measure-
ment. The prediction of the multipole moments is ready to
be checked by experimental measurements. Even though it is
difficult to realize the BBH model in real materials, it seems
promising to do this in metamaterials.[35,36] In realistic elec-
tronic systems, corner states are expected to provide boundary
signatures of the underlying multipole indices. Our results for
2D systems emphasize that spatial symmetries remain the key
ingredient controlling the quantization of the multipole index
even in the correlated regime. This motivates using the corner
charge density ni = − 1

π
ImGR

𝑅i
(ω) |ω=0, which can be com-

puted straightforwardly with the R-DMFT method.

5. Conclusions
We propose a practical calculation scheme for the multi-

pole moments in correlated materials on the level of R-DMFT.
By calculations of BBH with different spatial symmetries due
to staggered potentials, and different strengths of interactions
we show the effectiveness of our method in exploring the prop-
erties of the multipole indices. However, its full potential is
not fully unleashed. Our general method is ready to be imple-
mented to explore a disordered correlated lattice. The close
relation of polarization with the localization length,[10] and
the quantum geometric tensor[32] affords us a way to explore
these interesting physical quantities. Our demonstrating calcu-
lations show that the spatial symmetry is a dominant factor for
the quantization of the polarization and quadrupole moments
even in the correlating regime, at least in the paramagnetic
phase.
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