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Local active memristors demonstrate complex nonlinear dynamic characteristics under specific voltage stimuli, mak-
ing them well-suited for emulating biological synapse behavior. This paper presents a novel local active memristor with
coexisting hysteresis loops, whose non-volatility and local activity are experimentally verified. Based on this memris-
tor, a spiking-bursting chaotic system is constructed, which can reproduce neuronal firing patterns such as periodic spiking,
bursting and spiking-bursting alternating discharge. In addition, it reveals the generation mechanism of the spiking-bursting
alternating chaos driven by the locally active memristor. Finally, the chaotic system is physically implemented on a field-
programmable gate array (FPGA). The experimental results show excellent agreement with numerical simulations, con-
firming the system’s feasibility and highlighting its potential for engineering applications.
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1. Introduction

Originating from the construction and analysis of climate

[1-4] chaos theory has achieved breakthroughs in do-

[6,7]

models,
mains such as time series prediction,®! data encryption,
and optimization algorithms.!®! Due to their inherent non-
linearity, memristors offer a natural advantage in construct-
ing chaotic systems. In recent years, a series of mem-
ristive chaotic circuits and systems have been developed,
exhibiting complex dynamical behavior including transient
chaos,®! sustained chaos, 19! coexisting attractors, [11:12] hid-
den attractors, 1314 extreme multistability[ls‘”] and intermit-
tent chaos.['8-221 However, a survey of the literature,>>>*! in-
dicates that the analysis of biomimetic characteristics in mem-
ristive systems remains relatively scarce, and thus deserves
further investigation.

Local activity, as the origin of complexity, provides
a theoretical foundation for the discovery of locally active

S. [25

memristors.[>>) The presence of locally active domains in

memristors can elicit rich biomimetic dynamics in memris-

s.[26-281 For instance, a coupled neuron

tive chaotic system
model incorporating a locally active discrete memristor has
been exhibited to induce hyperchaotic attractors under en-

(291 A Jocally ac-

hancing electromagnetic radiation intensity.
tive tristable memristor was introduced into chaotic circuits,
demonstrating its capability to generate complex dynamics
from locally active regions through the progressive integration
of circuit components.*°! In addition, a chaotic circuit based

on a local active memristor has been constructed, exhibit-
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ing neuromorphic dynamics.*!! Another widely explored re-
search direction involves using memristors to emulate synap-
tic functions, either for coupling neurons or for constructing
neural networks. Within these systems, a variety of novel
and interesting phenomena are reported. For instance, in
a memristor-coupled discrete heterogeneous neuron network,
multiple coexisting firing patterns have been observed. In ad-
dition, Gaussian white noise has been found to both induce
transitions in neuronal firing patterns and promote phase syn-
chronization between the two heterogeneous neurons.*?! Un-
der the influence of an ideal memristor serving as an exter-
nal electromagnetic stimulation and a locally active memristor
serving as a synapse, the Hindmarsh—Rose neuron model ex-

s.1331 Moreover, hidden at-

hibits multiple burst firing pattern
tractors have been identified in a novel 4D fractional-order
memristive cellular neural network model, which demon-
strates promising performance in data encryption.**! How-
ever, most existing studies on biomimetic characteristics rely
on mathematical models fitted to biological neuronal discharge
data, rather than on the memristor system itself. In contrast,
the locally active memristive system proposed in this paper
intrinsically exhibits distinctive neuronal firing behavior, pro-
viding an approach to neuromorphic modeling.

The dynamic behavior of biological neurons underpins
information transmission and neural coding. Simulating these
complex neuronal dynamics is therefore of great scientific im-
portance. It also remains a challenging research topic. At
present, significant progress has been made in simulating neu-
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ronal firing behavior. For example, one study observed a dy-
namical evolution from intermittent bursting to chaotic burst-
ing, then to periodic bursting, and finally to synchronization in
a feedback-based chaotic oscillator.!*3] Another study found
that memristive chaotic circuits can exhibit both chaotic and
periodic bursting depending on initial conditions.*®! Exter-
nal stimuli have also been shown to induce various periodic
spiking and chaotic bursting patterns in memristive Hodgkin—
Huxley (MHH) models.?”) Despite these advances, the spe-
cific phenomenon of the alternating spiking-bursting discharge
has been rarely explored. In light of this, this paper pro-
poses a novel memristive chaotic system that generates al-
ternating spiking-bursting discharges and systematically ex-
plores its complex dynamics. This deepens our understanding
of spiking-bursting discharge.

Furthermore, memristive systems are highly practical in
many engineering disciplines. 3831 Implementing these sys-
tems on hardware platforms like FPGAs is crucial for real-
world applications since FPGAs provide a direct interface to
the digital world.[***#? In this study, the proposed memris-
tive system is successfully implemented on an FPGA. An
improved Euler algorithm is applied for numerical integra-
tion. The experimental results captured from the oscilloscope
show excellent agreement with numerical simulations, verify-
ing the system’s physical realizability.

The remainder of the paper is arranged as follows. Sec-
tion 2 presents the design and theoretical analysis of a novel
spiking-bursting chaotic system based on a locally active
memristor. Section 3 investigates the dynamic behavior of the
chaotic system through numerical simulations. Section 4 de-
tails the FPGA implementation of the proposed memristive
chaotic system. Finally, Section 5 provides concluding re-
marks.

2. Memristor-based chaotic system
2.1. Memristor emulator

In this section, a novel memristor emulator is designed,
as illustrated in Fig. 1.

The circuit comprises an inverting amplifier, a multiplier
and multiple resistors. A sinusoidal AC voltage signal, vi,, is
applied as an input, while the output is measured as the current
i.

To explore the dynamic characteristics of the system, the
dynamics are derived based on Kirchhoff’s laws

dX _ 1 3 1 v2 1 Vin 1
@ = X tem Xt e X ks — eV

e))

i R Ros 2 .
17<R07X+R03X Vi

Extensive experimental measurements have yielded specific
values for the physical components, including C, Ry, Ry, R3,
R4, Rs, Ro3, Ros and Ry7, as summarized in Table 1. Circuit

simulations of the design shown in Fig. 1 were performed us-
ing Multisim. The memristor was stimulated by a voltage sig-
nal defined as vy, = vy, sin (27 f1). Hysteresis loops were cap-
tured under an amplitude v, =4 V and frequency f = 1 Hz,
f =5 Hz and f = 20 Hz, as depicted in Fig. 2. It was ob-
served that the area of the hysteresis loop progressively shrank
as the frequency f increased. Furthermore, as the frequency
approached infinity, the hysteresis loop collapsed into a single-
valued function, which aligns with the recognized fingerprint

characteristics of memristors. 4]

_/\'g\ﬁ\,_ull—'ll

Fig. 1. Circuit design of the memristor emulator.

Fig. 2. Hysteresis loops of the memristor under the stimulus v;, =
vm sin (27 ft) with frequencies (a) f = 1 Hz, (b) f =5 Hz, (¢) f =20 Hz,
and vy, is fixed at 4 V.

Table 1. Internal parameters of the memristor emulator.

Internal parameters ~ Values  Units
C 100 nF
R 10 kQ
Ry 50 kQ
R3 33.333 kQ
Ry 100 kQ
Rs 100 kQ
Ro3 20 kQ
Roa 20 kQ
Ro7 20 kQ

Experimental analysis indicates that the graph enclosed
by the power-off plot (Fig. 3) and the horizontal line dX /dr =
0 is symmetrical and has an equal area under the external volt-
age stimulation Ci&vl = 2. The memristor has three equilib-
rium points: Qg (0, 0), O; (—1.6,0), and Q> (2.1,0). The
arrows denote the evolution direction of the memristor states.
From this, it can be inferred that points Q; and Q; are asymp-
totically stable, while point Qg is unstable. The internal charge
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filling and release within the memristor achieve a balance,
thereby gradually approaching static equilibrium points in a
power-off state.

15

10r

dx/dt
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X

Fig. 3. Memristor dynamics with Ci& v =2.
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Fig. 4. DC V-I plot of the memristor.

This study further investigates the memristor dynamics
under DC excitation. When the system is in a steady state
(dX /dt = 0) under DC voltage excitation, the relationship be-
tween the DC voltage V and the internal state X can be derived
as follows:

V =3X3—2X2— 10X +2 = v, (X). )

Substituting Eq. (2) into Eq. (1) and simplifying yields the re-
lationship between V and I:

I = (X +X%)(3X3 —2X> - 10X +2)
= 3X°+ X% —12x3 —8x? +2X. (3)

The DC V-I characteristic curve in Fig. 4, which plots the
relationship between V and I from Eqgs. (2) and (3), depicts
the memristor’s local activity and passivity. Local activity de-
scribes the local energy behavior of a device in response to
small-signal perturbations when it is biased at a specific DC
equilibrium point. This means that within the local activity
region, the device can convert energy from the DC bias into
energy for small AC signals, thereby amplifying disturbances
or noise at specific frequencies. This mechanism serves as

the origin for generating complex nonlinear dynamics such as
oscillations and chaos. In the DC V—I plot of a memristor,
the segment with a negative slope (d//dV) corresponds to its
local activity region, where the memristor is more prone to
exhibit complex dynamic behavior. According to Fig. 4 and
the enlarged image adjacent to curve segment @, locally ac-
tive regions are marked in blue (@, @, ®), and locally passive
regions are marked in red (®©, ®, ®, @). Table 2 provides the
particulars of the three locally active domains.

Table 2. Local active regions of the memristor.

X Voltage (V) Current (A)

(0.19, 1.35) (~7.764, —6.622) (—28.386, —24.631)
(-1.41,0.85) (3.714,7213)  (—0.920,2.147)
(~0.58,0.19)  (0.048,6.542)  (—1.594,0.011)

2.2. Chaotic system construction

A chaotic circuit system was designed using the memris-
tor mentioned above, as shown in Fig. 5. This system consists
of four nonlinear components, including two capacitors, an in-
ductor and a memristor.

_ M +
| |
I
Cl

(]

Fig. 5. Chaotic circuit based on the locally active memristor.

Based on the characteristics of a parallel circuit, the volt-
ages across the memristor and capacitor C1 are equal, i.e.,
v =vc1. Using the memristor parameters provided in Table 1,
the dynamics of the memristive chaotic circuit are governed
by the following set of equations:

% = —3X3 +2X% + 10X +vc; — 2,

% = *%iL - % (ver tve2), “
dver ___Ros XVC1_7R04 xva1+iiL

dr CiRy7 C1Ro3 G

dvea 1,

dc = EZZL.

Here, ii, represents the current flowing through the inductor L,
and vc; and vep represent the voltages across capacitors C1
and C2, respectively. The characteristic voltage Vj;,s corre-
sponding to the equilibrium point Q> (X = 2.1) of the mem-
ristor is 27.9 V. To derive the dimensionless form of Eq. (4),
the Wyias 1S chosen as the reference voltage, while resistor R
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and capacitor C, in Fig. 5 are taken as the reference resistor

and reference capacitor, respectively, i.e., Vi = Vipias =279V,
R. =R, C; = C,. We define
_ _ LR __vci _ v _ T __ RRCG
x=XRy, y= Vi L=y WE Y T RG by = L >
_RG _ GRy _ GRy G _G
by = L 1= CRy> TCRy BT o MT G
(5)

Substituting Eq. (5) into Eq. (4) and performing simplification
and rearrangement yield the normalized dynamics

A 02 10xtz 2
ar

d

d—);:—bly—bz(z-i-w),

dz ©

2
— = —C1XZ—CX"Z+cC3
dr Vs

dw
— = my.
a

The system parameters, determined through iterative ex-
perimental refinement, are provided in Table 3. Using these
parameters and initial conditions (x(0),y(0),z(0),w(0)) =
(0,0,0.1,0), the four Lyapunov exponents for system (6) were
calculated via the Wolf method, yielding LE1 = 0.064, LE2 =
—0.003, LE3 = —3.800 and LE4 = —18.571, and the posi-
tivity of LE1 indicates the existence of chaos in the system.
Furthermore, the system exhibits a spiking-bursting alternat-
ing chaotic behavior, as depicted in Fig. 6(a). This state com-
prises two primary discharge modes: bursting discharge, char-
acterized by high-frequency activity analogous to rapid neu-
ronal firing, and spiking discharge, marked by sudden intensi-
fications that manifest as sharp oscillations or large-amplitude
transitions. The corresponding phase trajectory of the spiking-
bursting alternation is presented in Fig. 6(b), representing the
observed and novel discharge phenomenon.

The mechanism governing the spiking-bursting alternat-
ing chaos is explored as follows. Figure 6(a) shows that this
discharge pattern occurs for the memristor voltage vcy, the
corresponding state z in the interval (—7.764, 7.213). This
range shows a high degree of coincidence with the memristor’s
locally active regions displayed in Fig. 4. This correlation sug-
gests that the memristor’s local activity initiates the spiking-
bursting phenomenon. Specifically, in a locally active region,
the system gains energy, causing a gradual amplitude growth.
Upon surpassing a critical point, the state experiences a rapid
energy release, manifesting as a spike. The system then en-
ters a locally passive region where energy decays, giving rise
to a bursting cluster. This cycle of energy infusion and dis-
sipation underpins the chaotic spike-cluster alternation. The
subsequent section provides a theoretical stability analysis.

(a) 20

==
[ =N

Mmr{‘ “WUWMHM \‘H‘” ”W V"“{

M Hh \u \\ M

\IN i
i nw‘l“‘ W fi Wu.m‘hh

H\
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—20
50 100 150 200 250

t T

z
O

Fig. 6. Emergent spiking-bursting behavior at c3 = 1.24. (a) Temporal
evolution of the state variable z and (b) phase trajectory projected onto
the z—w plane.

Table 3. Parameter values of the memristive chaotic system.

Parameters b by ¢ ¢ 3 m

Value -1 54 1 1 124 08

3. Dynamics analysis
3.1. Stability

Setting the left-hand side of Eq. (6) to zero after substi-
tuting the parameter values from Table 3 yields

303 4+2x24+10x+2z—-2=0,
y—54(z+w)=0,
—xz—x*z+1.24y =0,

0.8y =0.

N

Let E, = (e1,e2,e3, e4) be an equilibrium point of the system.
Then, the equilibrium Eq. (7) yields
E, = {(e1,e2,e3,e4) €R|e1e3(1+¢1) =0,
er =0, €3—|—€4=0}. (8)
The local stability of the equilibrium point can be assessed by
analyzing the associated eigenvalues. The Jacobian matrix is

derived via the local linearization of the system about the equi-
librium point, as follows:

—9x24+4x4+10 0 1 0

0 1 -54 -54
/= —z—2xz 124 —x—x* 0 |’ ®)
0 08 0 0

The eigenvalues and stability of the equilibrium points are
summarized in Table 4. The analysis indicates that equilib-
rium points Ey, E>, Es and Eg are unstable saddle-foci, E3 is
an unstable focus and Ejy is a stable node-focus. The presence
of these saddle-foci is critical since they can give rise to com-
A detailed
analysis of the system’s dynamic evolution follows.

plex and unpredictable phase-space trajectories.

3.2. Dynamic evolution of the system

The bifurcation diagram and Lyapunov exponents of the
system with parameter c3 are obtained, as illustrated in Fig. 7,
with the initial conditions (0, 0, 0.1, 0) and the parameter
values listed in Table 3. It can be seen from Fig. 7(a) that
the system enters a chaotic state through a boundary crisis at
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c3 = 1.04, and this state persists until c3 = 1.1124. As c3
increases, the system undergoes another boundary crisis and
degenerates into a periodic discharge pattern. Subsequently,
when c3 increases to 1.157, the system switches to chaos, per-
sisting until ¢c3 = 1.27. When ¢3 > 1.27, the system under-
goes transitions to a distinct dynamical state, as exemplified by
c3 = 1.3 in Fig. 8(a). It is characterized by trajectories that are
first attracted to the stable node-focus E4 (—1.6, 0, 0, 0) before
being diverted by the influence of other equilibria. Due to the
global dominant role of the unstable saddle-focus E¢ (2.1, 0, 0,
0), a periodic discharge emerges, which stems from the local

dynamics around it. As c3 continuously increases, the system
undergoes another state transition at c¢3 = 1.38, shifting from
the periodic discharge mode to another, as shown in Fig. 8(b).
Its characteristic is that the system is initially attracted by point
E4, then moves away from it. Under the strong attraction of
Eg, the system is pulled and attracted constantly, and finally
oscillates weakly around it, but cannot form a point attractor.
This unconventional phenomenon primarily arises from the in-
terplay among equilibrium points, signal amplification by lo-
cally active memristors, and the particularly strong attractive
strength of equilibrium point Eg.

Table 4. The corresponding eigenvalues and stability of the equilibria.

Equilibria

Eigenvalues

Stability

Ey (—-1,0,7,=7)

4.2077, —0.8472,0.3198 +-2.8833i
0, —3,0.5+3.2787i
0.4409 £3.30521, 0.0591 +0.87951
—18.7783, —0.4168, —0.1024 4-2.2078i
8.3701, —0.095, 0.8625 +3.5877i
—33.6754, —3.5495, 0.2625 +2.2226i

unstable saddle-focus
unstable saddle-focus
unstable focus
stable node-focus
unstable saddle-focus
unstable saddle-focus

E> (-1,0,0,0)
E5(0,0,2,-2)
E4 (—1.6,0,0,0)
E5 (0.2, 0,0, 0)
E¢ (2.1,0,0,0)
a
@
2
l L
8 Of
;=127  ley=1.38
1.3 1.4 1.5

(b)

0.10

008 .,A%_JMJ'U%LW 7
—0.057775 1.1 1.2 1.3 1.4 1.5
0 T S
—0.2¢ / ~
» —0.4p
) 1.0 1.1 1.2 1.3 1.4 1.5
= 9
4 \“'\\
1.0 1.1 1.2 1.3 1.4 1.5
_15M
—20
1.0 1.1 1.2 1.3 1.4 1.5
C3

Fig. 7. (a) Bifurcation diagram and (b) Lyapunov exponents of the system with the parameter c3 varying in the range (0.95, 1.5).

(a) 3 (b) 30
2
1
8
0
-1
—2
(c) 3 1 (d) 30
2
1
8
0
—1
—2

x

Fig. 8. Dynamical evolution of the system between equilibrium points.
(a) Temporal evolution of the state x and (b) phase trajectory on the x—y
plane with ¢3 = 1.3; (c) temporal evolution of the state x and (d) phase
trajectory on the x—y plane with ¢3 = 1.38.

The system exhibits a chaotic bursting phenomenon at pa-

rameter c¢3 = 1.05, as shown in Figs. 9(a) and 9(b). Periodic
spiking occurs at parameter c3 = 1, as shown in Figs. 9(c) and

9(d). This demonstrates that the memristive chaotic system
has discharge behavior similar to that of the nervous system.

« [ i ” I Il M I3 |
A 3 £~ |

t

Fig. 9. Contrast between dynamical behavior under different parameters.
(a) Chaotic bursting discharge and (b) phase trajectory (x—w plane) for
c3 = 1.05; (c) periodic spiking discharge and (d) phase trajectory (x—w
plane) for ¢z = 1.
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3.3. Chaotic robustness

Chaotic robustness refers to the characteristic that chaotic
systems can maintain chaotic behavior even when their initial
values experience perturbations or disturbances, which means
that chaotic systems have a certain degree of anti-interference
ability.[**! With parameter values as shown in Table 3 and ini-
tial conditions (x(0), y(0), z(0), w(0)) = (0, ¥(0), 0.1, 0), the
bifurcation diagram of the system is obtained, as shown in
Fig. 10(a), where the variation range of initial states y(0) is
from —100 to 100.

(a) 3 (b) 5
Qsi%xe,r.n 0
% 1 w —5
ER) 5
& ~10
-1
_9 e —15
—: —20
—100 —50 0 50 100 —100 —50 0 50 100
y(0) Yo

Fig. 10. Robustness of chaotic dynamics against initial conditions. (a) Bi-
furcation diagram and (b) Lyapunov exponents versus initial value y(0)
varying from —100 to 100.

According to the observation from Fig. 10(a), the sys-
tem’s bifurcation diagram shows a dense set of points with a
large-scale range y(0), which indicates that the system does
not deviate from the chaotic state due to disturbances of
the initial value y(0). Further numerical experiments con-
firmed that the bifurcation structure of the system remains un-
changed under other varying initial conditions, as exemplified
in Fig. 10(a). This demonstrates the robustness of its opera-

tional mode to initial component variations. Lyapunov expo-

h
Xn+1 :xn‘i’i [
h
Yn+1 :,Yn‘FE[
h
Zn+1 :Zn+§|:
h
Wpil =Wy + D) (mYn +mypred) )

where Xpred, Ypreds Zpred> and Wpreq represent intermediate val-
ues predicted using the Euler method.

The core idea of designing a chaotic signal generator
based on FPGA is to divide the entire system into multiple
functional modules, including an improved Euler algorithm
solving module, a data interception module, a numerical con-
version module and a data processing module. The system is
implemented on FPGA using the development platform VI-
VADO 2018.3, and the system parameters are specified in Ta-
ble 3, with the initial values of x(0) =0, y(0) =0, z(0) = 0.1,
and w(0) = 0. The pin association diagram of FPGA and DAC
are given, as shown in Fig. 11. It can be observed from Fig. 11

nents in Fig. 10(b) further validate this. In fact, disturbances
from other initial components cannot interfere with the chaotic
state of the system. Therefore, the system has dynamics sim-
ilar to neural discharge and chaotic robustness. The FPGA
implementation of the proposed system is detailed in the next
section.

4. FPGA-based hardware implementation

Traditionally, chaotic systems have been predominantly
implemented using analog circuits, including experimental
boards with discrete components*~471 and CMOS-based inte-

[48-50] However, these analog implementations

grated circuits.
are often susceptible to parameter drift caused by environmen-
tal factors such as temperature variations, which can compro-
mise control precision. To advance the engineering applica-
tions of chaotic systems and enable their efficient control and
regulation, a flexible and reconfigurable hardware architecture
is essential. The field-programmable gate array (FPGA) plat-
form, renowned for its computational speed, high integration
density, and design flexibility, presents an ideal solution for
generating precise digital chaotic signals. This section de-
tails the FPGA implementation of the proposed chaotic sys-
tem. The design begins with a numerical solver, and the im-
proved Euler algorithm is adopted as follows:

h
Ynrl =Yn+ 5 [f(xnayn) +f(xn+1 yVn +hf(xnayrl))] . (10)

The discretized system of Eq. (6) is as follows:

3 2 3 2
(*alxn +axx; +azx, +asz, — aS) + (*alxpred + A2Xpred + a3Xpred + A4Zpred — aS)} )

(_bl}’n —by (Zn + Wn)) + (_blypred —by (Zpred +Wpred))] )

Y

2 2
(_Clxnzn —C2XpZn + C3))n) + <_Clxprcdzpred — C2XpredZpred + C3ypred)] >

that there are two input signals and four output signals in total.
In the FPGA ACX720, the output signals are digital, while
the oscilloscope needs to receive analog signals. Therefore,
the signals output by the FPGA need to be converted using a
DAC (AN9767) module to generate analog signals. Specifi-
cally, four 32-bit digital signals generated by the FPGA cor-
respond to the system’s four variables x, y, z and w. They are
converted into 14-bit analog signals (o_da_datax, o_da_datay,
o_da_dataz, o_da_dataw) to achieve the conversion from digi-
tal to analog signals using a digital-to-analog converter DAC
(AN9767). Thus, the digital signals generated by the FPGA
are output as analog signals displayed on the oscilloscope.
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Fig. 11. Schematic diagram of FPGA and DAC connection pins.
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Fig. 12. Hardware structure and FPGA experimental results. (a) Hard-
ware structure diagram and (b) FPGA-oscilloscope.

The hardware structure of the system and experimental
results are given, as shown in Fig. 12. It can be seen from
Fig. 12(a) that the experiment requires a VIVADO 2018.3
development platform, an FPGA development board (Xilinx
ACX720), a DAC converter (AN9767) and a digital oscillo-
scope. The FPGA experimental results in Fig. 12(b) com-
pletely match the numerical simulations in Fig. 6(b), indicat-
ing that the designed FPGA-based memristor chaotic circuit
can be implemented.

5. Conclusion and perspective

This paper presents a new local active memristor simula-
tor and establishes a memristor-based chaotic circuit system.
This system exhibits rich neuron-like discharge dynamics, in-
cluding periodic spiking, bursting, and chaotic discharge with
an alternating spiking and bursting pattern. Mechanism anal-
ysis reveals that the spiking-bursting alternating chaotic be-
havior stems directly from the local activity of the memris-
tor. Furthermore, the system demonstrates strong chaotic ro-
bustness across a wide range of parameters. Both FPGA-based
hardware experiments and numerical simulations confirm the
theoretical findings. Future work will focus on exploring addi-
tional dynamical characteristics of this system, aiming to pro-
vide foundational support for its application in neuromorphic
computing and neural coding.
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