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Quantum coherence constitutes a fundamental physical mechanism essential to the study of quantum algorithms. We
study coherence and decoherence in the generalized Shor’s algorithm where the register A is initialized in an arbitrary pure
state, or the combined register AB is initialized in a pseudo-pure state, which encompasses the standard Shor’s algorithm
as a special case. We derive both lower and upper bounds on the performance of the generalized Shor’s algorithm, and
establish the relation between the probability of calculating the order r when register AB is initialized in a pseudo-pure state
and that when register A is initialized in an arbitrary pure state. Moreover, we study coherence and decoherence in the noisy
Shor’s algorithm and give a lower bound on the probability that we can calculate the order r.
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1. Introduction
Quantum coherence represents a fundamental resource

in quantum information processing, derived from the quan-
tum superposition principle, a concept originally for-
mulated to explain interference phenomena in light.[1–3]

The rigorous quantification of coherence has been sys-
tematically formalized through comprehensive theoretical
frameworks,[4,5] which have subsequently facilitated the de-
velopment of diverse coherence measures with distinct opera-
tional interpretations.[6–11] As a quantifiable resource closely
connected to other ones, coherence finds many applications
in other fields.[12–16] Significant progress has been made in
the systematic investigation of coherence manipulation, evolv-
ing from fundamental studies on coherence transformations
under incoherent operations to sophisticated protocols for
multi-mode quantum systems.[17–20] Furthermore, quantum
coherence has been extended from orthonormal basis-based to
POVM-based.[21–23]

Fisher information stands as a fundamental concept in
quantum metrology.[24–26] Using operator monotone metrics,
Hansen[27] introduced a class of quantum Fisher information
known as metric-adjusted skew information, which encom-
passes notable examples such as the Wigner–Yanase skew in-
formation and the quantum Fisher information based on the
symmetric logarithmic derivative. Owing to its versatility and
theoretical importance, metric-adjusted skew information has
found widespread applications across various domains, in-
cluding uncertainty relations[28,29] and asymmetry.[30] Sun[31]

further demonstrated its utility by quantifying the coherence

of quantum states relative to channels using metric-adjusted
skew information.

Shor’s algorithm[32] enables the efficient factorization of
large integers, posing a significant threat to RSA encryp-
tion security. Accordingly, great attention has been paid
to optimizing its circuit and architectural design to reduce
qubit requirements.[33–35] It has been clarified how Shor’s
algorithm can be implemented in realistic quantum mod-
els to break RSA, underscoring the vulnerability of conven-
tional public-key cryptosystems.[36] Despite these advances,
resource estimates indicate that breaking standard 2048-bit
RSA with Shor’s algorithm would still require fault-tolerant
quantum hardware with on the order of millions of physical
qubits.[37,38] In parallel with large-scale assessments, proof-
of-principle demonstrations have also been reported, includ-
ing implementations based on a single photon encoded in a
32-dimensional quantum state[39] and Qiskit-based circuit re-
alizations for factoring small integers.[40]

Quantum coherence has emerged as a critical resource un-
derpinning the efficacy of quantum algorithms.[41–49] Studies
have demonstrated that the Deutsch–Jozsa algorithm’s preci-
sion correlates directly with recoverable coherence.[50,51] Ex-
tensive research has been conducted to elucidate the coher-
ence dynamics in Grover’s search algorithm under both ideal
and noise-affected conditions, establishing significant corre-
lations between coherence measures and algorithmic success
probability.[52–61] Similarly, coherence establishes both up-
per and lower bounds on Shor’s algorithm’s performance.[62]

More recently, Zhou showed that the generalized Grover algo-
rithm’s success probability depends not only on oracle queries
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but also on the coherence fraction.[63] In this work, we investi-
gate quantum coherence within the framework of a generalized
Shor’s algorithm.

The remainder of this paper is organized as follows. In
Section 2, we review Shor’s algorithm and define coherence
and decoherence based on the generalized metric-adjusted
skew information of ρ with respect to a channel Φ . In Sec-
tion 3, we investigate the coherence and decoherence dynam-
ics in generalized Shor’s algorithm. We derive both lower and
upper bounds on the performance of generalized Shor’s algo-
rithm when the register is initialized in an arbitrary pure state
and derive the relation between the probability of calculating
r for an initial arbitrary pure state in register A and for an ini-
tial pseudo-pure state in register AB. In Section 4, we study the
coherence and decoherence in noisy Shor’s algorithm. Finally,
we summarize the results in Section 5.

2. Shor’s algorithm and coherence quantifiers

In this section, we recall Shor’s algorithm and the coher-
ence measures that will be used in this paper.

Given an odd composite positive integer N, the prime
factorization problem requires finding its prime factors. It is
widely recognized that the factorization of a composite num-
ber can be reduced to the problem of order finding. Specifi-
cally, for an integer N and a coprime integer x where x < N
and gcd(x,N) = 1, the order-finding task involves determin-
ing the smallest positive integer r satisfying xr ≡ 1 (mod N).
The algorithm employs a quantum system of n qubits struc-
tured into two registers: register A containing t qubits (where
Q = 2t ) and register B. The composite system AB is initial-
ized in the state |0⟩⊗t

A |1⟩B, establishing the foundation for the
quantum computation. The principal steps of Shor’s algorithm
proceed as follows:[32]

(i) Impose the Hadamard gate

H⊗t =
1√
2t ∑

x,y
(−1)xy|y⟩⟨x|

on the qubits in register A. This yields the state

|ψ1⟩=
1√
2t

2t−1

∑
j=0

| j⟩A|1⟩B, (1)

and |ψ1⟩ can be rewritten as |+⟩⊗t
A |1⟩B.

(ii) Consider the unitary operator U = ∑
2t−1
m=0 |m⟩⟨m|A ⊗

Um
B acting on the state |ψ1⟩, where UB|m⟩B = |xm mod N⟩B

and U | j⟩A|m⟩B = | j⟩A|x jm mod N⟩B. Then we have

|ψ2⟩=
1√
2t

2t−1

∑
j=0

| j⟩A|x j mod N⟩B. (2)

The eigenvectors of UB, denoted as |us⟩B, are given by

|us⟩B =
1√
r

r−1

∑
a=0

exp
(
−2πias

r

)
|xa mod N⟩B,

where 0 ≤ s ≤ r−1. These eigenvectors correspond to eigen-
values e2πis/r, and they satisfy the relation

1√
r

r−1

∑
s=0

|us⟩B = |1⟩B.

The state |ψ2⟩ can be rewritten as

U |ψ1⟩ =
1√
2t

2t−1

∑
j=0

| j⟩AU j
B

(
1√
r

r−1

∑
s=0

|us⟩B

)

=
1√
2tr

r−1

∑
s=0

2t−1

∑
j=0

exp
(

2πi j
s
r

)
| j⟩A|us⟩B. (3)

(iii) By applying the inverse Fourier transform F† to reg-
ister A, we obtain

|ψ3⟩= (F†
A ⊗𝐼B)

1√
2tr

r−1

∑
s=0

2t−1

∑
j=0

exp
(

2πi j
s
r

)
| j⟩A|us⟩B

=
1√
r

r−1

∑
s=0

(
F†

A
1√
2t

2t−1

∑
j=0

exp
(

2πi j
s
r

)
| j⟩A

)
(𝐼B|us⟩B) =

1√
r

r−1

∑
s=0

|ψs⟩A|us⟩B, (4)

where

|ψs⟩A =
1√
2t

2t−1

∑
j=0

exp
(

2πi j
s
r

)
(F†

A | j⟩A)

=
1
2t

2t−1

∑
j=0

2t−1

∑
k=0

exp
[

2πi j
(

s
r
− k

Q

)]
|k⟩A

and 𝐼B is the identity operator of register B. The measurement
of the first register yields an approximation k/Q ≈ s/r where
s ∈ {0,1, . . . ,r − 1}. Here, |k⟩A represents a t-bit string that

serves as an estimate of the fraction s/r for some s. The prob-
ability of measuring outcome k in the first register at step (iii)
is given by

Pk =
1
r

r−1

∑
s=0

∣∣∣∣∣ 1
Q

2t−1

∑
j=0

exp
[

2πi j
(

s
r
− k

Q

)]∣∣∣∣∣
2

. (5)

In essence, the order-finding algorithm randomly selects a
value s ∈ {0,1, . . . ,r − 1} and generates an approximation to
s/r expressed as k/Q. Subsequently, the order r is determined
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by employing the continued fraction algorithm.
Denote by R+ the set of all nonnegative real numbers,

and let f : R+ → R+ be an operator monotone function that
satisfies f (0) > 0 and x f (1/x) = f (x). The corresponding
Morozova–Chentsov function is then defined as c f (x,y) =
1/[y f (x/y)].[64] For any quantum state ρ and operator K, the
generalization of metric-adjusted skew information is defined
by[27]

Ff (ρ,K) =
f (0)

2
⟨i [ρ,K] , i [ρ,K]⟩

ρ, f , (6)

where ⟨A,B⟩ρ, f = tr[A†c f (Lρ Rρ)(B)] for any operators A and
B. Here Lρ(A) = ρA, Rρ(A) = Aρ , and [A,B] = AB−BA is
the commutator between operators A and B. For a pure state
ρ = |ψ⟩⟨ψ| and any operator K, Ff (ρ,K) simply reduces to

I(|ψ⟩⟨ψ|,K) =
1
2
[⟨ψ|K†K|ψ⟩+ ⟨ψ|KK†|ψ⟩]−|⟨ψ|K|ψ⟩|2,

(7)
which reveals that Ff (ρ,K) becomes independent of the
function f for any pure state ρ , where I(ρ,K) :=
1
2 tr[

√
ρ,K][

√
ρ,K]† is the modified Wigner–Yanase skew

information.[65–67]

A quantum channel is a trace-preserving completely pos-
itive mapping, which has the following Kraus representation

Φ(ρ) =
m

∑
l=1

KlρK†
l ,

where the set {Kl}m
l=1 comprises the Kraus operators char-

acterizing the channel, satisfying the completeness relation
∑

m
l=1 K†

l Kl = 𝐼 . A key focus in quantum information the-
ory is the quantification of coherence in relation to quantum
channels. Suppose that the density matrix ρ has the spec-
tral decomposition ρ = ∑i λi|φi⟩⟨φi|. The generalized metric-
adjusted skew information of ρ with respect to a channel Φ is
given by [31]

Ff (ρ,Φ) = ∑
l

Ff (ρ,Kl)

=
f (0)

2 ∑
i j

(λi −λ j)
2

λ j f (λi/λ j)
⟨φi|Φ(|φ j⟩⟨φ j|)|φi⟩. (8)

When ρ in Eq. (8) is a pure state, i.e., ρ = |ψ⟩⟨ψ|, Ff (ρ,Φ)

reduces to

Ff (|ψ⟩⟨ψ|,Φ) =
1
2
+

1
2

m

∑
l=1

⟨ψ|KlK
†
l |ψ⟩−

m

∑
l=1

|⟨ψ|Kl |ψ⟩|2 .

(9)
In particular, when f in Eq. (8) is chosen as the operator mono-
tone function

f (x) =
(

1+
√

x
2

)2

,

Ff (ρ,Φ) reduces to the modified Wigner–Yanase skew infor-
mation [65]

I(ρ,Φ) =
1
2

m

∑
l=1

tr [
√

ρ,Kl ] [
√

ρ,Kl ]
†

=
1+ tr(ρΦ(𝐼))

2
− tr(

√
ρΦ(

√
ρ)). (10)

Specifically, when ρ in Eq. (10) is a pure state, i.e.,
ρ = |ψ⟩⟨ψ|, one can find that I(|ψ⟩⟨ψ|,Φ) coincides with
Ff (|ψ⟩⟨ψ|,Φ).

Rather than relying on a single quantity such as the
relative entropy of coherence, metric-adjusted skew infor-
mation offers a more flexible and fine-grained characteriza-
tion by exploiting the family structure induced by opera-
tor monotone functions. Moreover, these quantities admit
a clear physical interpretation in parameter estimation,[24,25]

quantum metrology,[26] and asymmetry.[30] Owing to their
intrinsic connection with quantum Fisher information, they
can be viewed not only as quantifiers of decoherence in-
duced by quantum channels, but also as measures directly
linked to metrological precision and sensitivity to parameter
variations.[31] In contrast, the relative entropy of coherence
can be interpreted as the optimal rate for distilling a maximally
coherent state from given states.[12]

In Shor’s algorithm or the generalized Shor’s algorithm,
we investigate the coherence of the final state ρ ′ with re-
spect to the von Neumann measurement Π = {|i⟩⟨i|AB}d−1

i=0 ,
constructed from the orthonormal basis {|i⟩AB}d−1

i=0 of the d-
dimensional Hilbert space as

C f (ρ
′,Π), Ff (ρ

′,Π). (11)

Correspondingly, the decoherence of the initial state ρ induced
by the unitary transformation 𝒮 is characterized by

D f (ρ,𝒮), Ff (ρ,𝒮), (12)

where 𝒮(·) = (F†
A ⊗ 𝐼B)U(·)((F†

A ⊗ 𝐼B)U)† represents the
composite unitary evolution conducted in Shor’s algorithm.
When ρ ′ and ρ are pure states, the coherence of the final state
ρ ′ with respect to the von Neumann measurement is

C(ρ ′,Π), I(ρ ′,Π), (13)

and the decoherence of the initial state ρ induced by the uni-
tary transformation 𝒮 is

D(ρ,𝒮), I(ρ,𝒮). (14)

3. Coherence and decoherence in generalized
Shor’s algorithm
In Subsection 3.1, we investigate the coherence and de-

coherence dynamics and derive both lower and upper bounds
on the performance of Shor’s algorithm when the register A
is initialized in an arbitrary pure state. In Subsection 3.2, we
investigate the coherence and decoherence dynamics in Shor’s
algorithm when the register AB is initialized in a pseudo-pure
state. We also derive the relationship between the probability
of successfully calculating r for an initial pure state in register
A and for an initial pseudo-pure state in the combined register
AB.
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3.1. Coherence and decoherence in Shor’s algorithm for
arbitrary pure state

Instead of applying the Hadamard gate to obtain

|ψ1⟩=
1√
Q

Q−1

∑
j=0

| j⟩A|1⟩B,

we impose an arbitrary unitary quantum gate U ′ on the initial
state |0⟩⊗t of register A, yielding the state in the composite
system AB as

|φ1⟩=
Q−1

∑
j=0

α j| j⟩A|1⟩B, (15)

where α j are complex amplitudes satisfying ∑
Q−1
j=0 |α j|2 = 1.

Applying the unitary transformation U = ∑
Q−1
n=0 |n⟩⟨n|A ⊗

Un
B , we then have

|φ2⟩=U

(
Q−1

∑
j=0

α j| j⟩A|1⟩B

)
=

Q−1

∑
j=0

α j| j⟩A|x j mod N⟩B. (16)

Noting that the eigenvectors of UB are |us⟩B, |φ2⟩ can be rewrit-
ten as

U |φ1⟩=
2t−1

∑
j=0

α j| j⟩AU j
B

(
1√
r

r−1

∑
s=0

|us⟩B

)

=
1√
r

r−1

∑
s=0

2t−1

∑
j=0

α j exp
(

2πi j
s
r

)
| j⟩A|us⟩B. (17)

Since

F†
A | j⟩A =

1√
Q

Q−1

∑
k=0

exp
(
−2πi jk

Q

)
|k⟩,

the state of AB after the inverse Fourier transform F†
A is im-

posed on register A is

|φ3⟩= (F†
A ⊗𝐼B)

[
1√
r

r−1

∑
s=0

2t−1

∑
j=0

α j exp
(

2πi j
s
r

)
| j⟩A|us⟩B

]

=
1√
r

r−1

∑
s=0

2t−1

∑
j=0

α j exp
(

2πi j
s
r

)
(F†

A | j⟩A)(𝐼B|us⟩B)

=
1√
2tr

r−1

∑
s=0

2t−1

∑
j,k=0

α j exp
[

2πi j
(

s
r
− k

Q

)]
|k⟩A|us⟩B. (18)

Note that by applying the inverse Fourier transform F†
A to

Eq. (16), we also obtain

|φ3⟩= (F†
A ⊗𝐼B)

(
Q−1

∑
j=0

α j| j⟩A|x j mod N⟩B

)

=
1√
Q

Q−1

∑
k=0

Q−1

∑
j=0

α j exp(−2πi jk/Q) |k⟩A|x j mod N⟩B. (19)

When measuring register A, the probability of obtaining
outcome k is

P(k) =
1

Qr

r−1

∑
s=0

∣∣∣∣∣2
t−1

∑
j=0

α je2πi j(s/r−k/Q)

∣∣∣∣∣
2

. (20)

The quantum circuit for Shor’s algorithm in this scenario is
illustrated in Fig. 1.

|0>⊗t   
... U'

U

|φ
Α
>   

F†

|1>   

Fig. 1. Quantum circuit for Shor’s algorithm when the register A is initial-
ized in an arbitrary pure state.

To simplify the subsequent analysis, we assume that Q =

rm, where m is a positive integer. Then it follows that⌊
Q−1

r

⌋
= m−1.

By decomposing the index j in the form j = a+ br, where a
and b serve as the remainder and quotient respectively, we can
reformulate the quantum state |φ3⟩, that is,

|φ3⟩=
1√
Q

Q−1

∑
k=0

r−1

∑
a=0

m−1

∑
b=0

αa+bre−2πi(a+br)k/Q|k⟩A|xa mod N⟩B,

where 0 ≤ a ≤ r − 1 and 0 ≤ b ≤ m− 1. The probability of
obtaining the measurement result k can be rewritten as

P(k) =
1
Q

r−1

∑
a=0

∣∣∣∣∣m−1

∑
b=0

αa+bre−2πibrk/Q

∣∣∣∣∣
2

. (21)

Denote

Aa,k =
m−1

∑
b=0

αa+bre−2πibrk/Q.

Then we have

P(k) =
1
Q

r−1

∑
a=0

∣∣Aa,k
∣∣2 .

Remark 1 When k = s ·(Q/r) = sm, s= {0,1, . . . ,r−1},
we have e−2πibrk/Q = e−2πibs = 1, and the formula simplifies
to

P(k) =
1
Q

r−1

∑
a=0

∣∣∣∣∣m−1

∑
b=0

αa+br

∣∣∣∣∣
2

. (22)

We now proceed to investigate coherence and decoher-
ence in a generalized Shor’s algorithm when the register A is
initialized in an arbitrary pure state.

Theorem 1 For the generalized Shor’s algorithm with the
register A initialized in an arbitrary pure state, the coherence
of state |φ3⟩ with respect to the von Neumann measurement Π

in the computational basis is quantified by

C(ρ ′
3,Π) = 1−

r−1

∑
a=0

Q−1

∑
k=0

∣∣Aa,k
∣∣4

Q2 , (23)
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where Π(·) = ∑i Ki(·)K†
i , Ki = |i⟩⟨i|AB, ρ ′

3 represent the den-
sity operators of |φ3⟩ and Aa,k = ∑

m−1
b=0 αa+bre−2πibrk/Q, and

the decoherence of the initial state ρ ′
1 induced by the unitary

transformation 𝒮 is characterized by

D(ρ ′
1,𝒮) = 1− 1

Q

∣∣∣∣∣Q−1

∑
k=0

αkA0,k

∣∣∣∣∣
2

, (24)

where ρ ′
1 represents the density operator of |φ1⟩ and A0,k =

∑
m−1
b=0 αbre−2πibrk/Q.

Proof Let the density matrix of |φ3⟩ be ρ ′
3. According to

Eqs. (9), (13), and (19), by letting

Aa,k =
m−1

∑
b=0

αa+bre−2πibrk/Q,

we have

C(ρ ′
3,Π) = 1−

r−1

∑
a=0

Q−1

∑
k=0

∣∣∣∣∣ 1
Q

m−1

∑
b=0

m−1

∑
b′=0

αa+brαa+b′ re
−2πi(b−b

′
)rk/Q

∣∣∣∣∣
2

= 1−
r−1

∑
a=0

Q−1

∑
k=0

∣∣Aa,k
∣∣4

Q2 .

Let the density matrix of |φ1⟩ be ρ ′
1. According to Eqs. (9), (14), and (15), by letting A0,k = ∑

m−1
b=0 αbr e−2πibrk/Q, we have

D(ρ ′
1,𝒮) = 1− 1

Q

∣∣∣∣∣Q−1

∑
k=0

m−1

∑
b=0

αkαbre−2πibrk/Q

∣∣∣∣∣
2

= 1− 1
Q

∣∣∣∣∣Q−1

∑
k=0

αkA0,k

∣∣∣∣∣
2

.

Theorem 1 characterizes coherence and decoherence of
arbitrary pure initial states in quantum systems. It precisely
quantifies the coherence of state ρ ′

3 under von Neumann mea-
surements and the decoherence of the quantum operation 𝒮(·)
on the initial state ρ ′

1.
Theorem 2 For the generalized Shor’s algorithm with the

register A initialized in an arbitrary pure state, the probability
that we can calculate r satisfies

P >
4Q|αmin|2φ(r)

rπ2 , (25)

where |αmin|2 = min j |α j|2, φ is Euler’s totient function, and
φ(r) is the number of integers s that are less than and coprime
to r.

Proof According to Eq. (20), the probability of obtaining
outcome k in register A satisfies

P(k)>
|αmin|2

Qr

r−1

∑
s=0

∣∣∣∣∣2
t−1

∑
j=0

e2πi j(s/r−k/Q)

∣∣∣∣∣
2

,

where |αmin|2 = min j |α j|2. Denote ∑
2t−1
j=0 e2πi j(s/r−k/Q) by 𝒮.

Since 𝒮 represents an arithmetic progression, the magnitude
squared |𝒮|2 can be effectively bounded as

|𝒮|2 > 4Q2

π2 for
∣∣∣∣ sr − k

Q

∣∣∣∣< 1
2Q

.

Since the condition Q > N2 holds, this constitutes a sufficient
condition ensuring that, given the ratio k/Q, there exists ex-
actly one fraction s/r with r < N that satisfies the aforemen-
tioned condition. Thus the probability that k/Q is the best
estimate of a fraction with denominator r is

P′(k)>
|αmin|2

Qr
· 4Q2

π2 =
4Q|αmin|2

rπ2 .

For the algorithm to function correctly, we impose the con-
straint that the numerator s is coprime to r. This requirement is
essential because, in the absence of this condition, cancellation
of common factors would occur in the fraction s/r, thereby
compromising the algorithm’s effectiveness.

The number of values of s that satisfy both conditions,
being less than r and coprime to r, is given by Euler’s to-
tient function φ(r).[68] Consequently, the probability of suc-
cessfully calculating r can be estimated by Eq. (25).

Specifically, Hardy and Wright’s theorem provides the
asymptotic bound φ(r)/r > δ/log logr,[68] where δ is a posi-
tive constant. Therefore, by Theorem 2, we can further derive
that

P >
4Q|αmin|2δ

π2 log logr
.

To obtain an upper bound for the probability that we can cal-
culate r, we first estimate the probability of obtaining outcome
k.

Lemma 1 The probability of obtaining outcome k in reg-
ister A satisfies the following relation:

1−C(ρ ′
3,Π)≤ ∑

k
P(k)2 ≤ r(1−C(ρ ′

3,Π)), (26)

where the upper bound is saturated when the initial state of
register A is

|φ⟩A = |+⟩⊗t
A =

Q−1

∑
j=0

1√
Q
| j⟩A,

and the lower bound is saturated when the initial state of reg-
ister A is |φ⟩A = | j⟩A.

Proof From Theorem 1 and Eq. (21), we have
r−1

∑
a=0

|Aa,k|2 = QP(k),
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r−1

∑
a=0

Q−1

∑
k=0

|Aa,k|4 = Q2(1−C(ρ ′
3,Π)).

By applying the Cauchy–Schwartz inequality for the sequence
{|Aa,k|}, we have(

r−1

∑
a=0

|Aa,k|2
)2

≤ r
r−1

∑
a=0

|Aa,k|4.

Since
(
∑

r−1
a=0 |Aa,k|2

)2
= Q2P(k)2, we obtain

Q2P(k)2 ≤ r
r−1

∑
a=0

|Aa,k|4.

Summing over k yields

Q2
Q−1

∑
k=0

P(k)2 ≤ r
Q−1

∑
k=0

r−1

∑
a=0

|Aa,k|4 = rQ2 (1−C(ρ ′
3,Π)

)
,

which gives an upper bound for ∑k P(k)2 as

∑
k

P(k)2 ≤ r(1−C(ρ ′
3,Π)).

We next prove the corresponding lower bound. From Eq. (21),
we can obtain

P(k)2 =
1

Q2

(
∑
a
|Aa,k|2

)2

.

Expanding the squared term yields(
∑
a
|Aa,k|2

)2

= ∑
a

∑
a′
|Aa,k|2|Aa′,k|2

= ∑
a
|Aa,k|4 + ∑

a ̸=a′
|Aa,k|2|Aa′,k|2.

Substituting this expansion into the expression for P(k)2 and
summing over all k, we obtain

∑
k

P(k)2 =
1

Q2 ∑
k

(
∑
a
|Aa,k|4 + ∑

a̸=a′
|Aa,k|2|Aa′,k|2

)
.

Noting that

1−C(ρ ′
3,Π) =

1
Q2 ∑

k
∑
a
|Aa,k|4,

we get

∑
k

P(k)2 ≥ 1−C(ρ ′
3,Π).

Thus we have derived Eq. (26).
Note that ∑k P(k)2 = r(1−C(ρ ′

3,Π)) if and only if for
any given k, |Aa,k|= α for all a ∈ {0,1, . . . ,r−1}, where α is
a constant. It is easy to check that the upper bound is saturated
when the initial state of register A is

|φ⟩A = |+⟩⊗t
A =

Q−1

∑
j=0

1√
Q
| j⟩A.

On the other hand, ∑k P(k)2 = 1−C(ρ ′
3,Π) if and only if for

each k, |Aa,k| = 0 or |Aa′,k| = 0 for a ̸= a′. It is easy to check
that the lower bound is saturated when the initial state of reg-
ister A is |φ⟩A = | j⟩A.

Remark 2 From Lemma 1, the lower and upper bounds
of the sum of P(k)2 are closely related to the coherence
C(ρ ′

3,Π), indicating that ∑k P(k)2 cannot be too large if the
coherence C(ρ ′

3,Π) is large and it cannot be arbitrarily small
when the coherence C(ρ ′

3,Π) is very small.
Theorem 3. For the generalized Shor’s algorithm with

the register A initialized in an arbitrary pure state, the proba-
bility of calculating r satisfies the following relation:

P2 < r(1−C(ρ ′
3,Π))φ 2(r). (27)

Proof The probability that k/Q is the best estimate of a
fraction with denominator r, i.e.,∣∣∣∣ sr − k

Q

∣∣∣∣< 1
2Q

satisfies

P′2(k)< ∑
k

P(k)2.

We now require that the numerator, s, be coprime to r. Then,
the probability of the generalized Shor’s algorithm that we can
calculate r is P2 < φ 2(r)∑k P(k)2.

According to Lemma 1, ∑k P(k)2 ≤ r(1−C(ρ ′
3,Π)), and

thus we get Eq. (27).
We now consider a special case of the global unitary oper-

ation U ′, that is, the local unitary operation acting on an t-qubit
quantum register as

U ′ =
(
U ′(α,β ,θ)

)⊗t
.

Here, the single-qubit unitary gate U ′(α,β ,θ) is parameter-
ized by three real parameters α , β , and θ , where α,β ,θ ∈
[0,π/2], which is of the form

U ′(α,β ,θ) =

[
eiα cosθ e−iβ sinθ

eiβ sinθ −e−iα cosθ

]
.

It is worth noting that when α = β = 0 and θ = π/4, this gate
reduces to the well-known Hadamard operator. When we ap-
ply this unitary gate to the single-qubit state |0⟩, the resulting
state is

|φ(α,β ,θ)⟩= U ′(α,β ,θ)|0⟩

= eiα cosθ |0⟩+ eiβ sinθ |1⟩.

In this case, the initial state and the final state of the register
AB respectively are
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|φ1⟩= |φ(α,β ,θ)⟩⊗t
A |1⟩B =

Q−1

∑
j=0

(
eiα cosθ

)x j
(

eiβ sinθ

)t−x j
| j⟩A|1⟩B,

|φ3⟩=
1√
Q

Q−1

∑
k=0

Q−1

∑
j=0

(
eiα cosθ

)x j
(

eiβ sinθ

)t−x j
e−2πi jk/Q|k⟩A|x j mod N⟩B,

where x j denotes the number of zeros in the binary represen-
tation of j = j1 j2 · · · jt . Moreover, the coherence of state |φ3⟩
with respect to the von Neumann measurement Π is

C(ρ ′
3,Π) = 1−

r−1

∑
a=0

Q−1

∑
k=0

∣∣Ea,k
∣∣4

Q2 , (28)

where

Ea,k =
m−1

∑
b=0

(
eiα cosθ

)xa+br
(

eiβ sinθ

)t−xa+br
e−2πibrk/Q,

and the decoherence of the initial state ρ ′
1 induced by 𝒮 is

D(ρ ′
1,𝒮) = 1− 1

Q

∣∣∣∣∣Q−1

∑
k=0

(
eiα cosθ

)xk
(

eiβ sinθ

)t−xk
G0,k

∣∣∣∣∣
2

,

(29)
where

G0,k =
m−1

∑
b=0

(
eiα cosθ

)xbr(
eiβ sinθ

)t−xbr
e−2πibrk/Q.

When θ < π/4, we have |αmin|2 = min j |α j|2 = sin2t
θ , and

the probability that we can calculate r is

P >
4Qsin2t

θφ(r)
rπ2 .

When θ > π/4, we have |αmin|2 = min j |α j|2 = cos2t θ , and
the probability that we can calculate r is

P >
4Qcos2t θφ(r)

rπ2 .

When θ = π/4, we have |αmin|2 = min j |α j|2 = 1/Q, and the
probability that we can calculate r is

P > 4φ(r)/rπ
2.

Note that the state |φ1⟩ here corresponds to the state in
Eq. (15) in which α j =

(
eiα cosθ

)x j
(
eiβ sinθ

)t−x j . So when
α = β = 0 and θ = π/4, U ′(α,β ,θ) reduces to the Hadamard
operator, which corresponds to the original Shor’s algorithm
where all α j = 1/

√
Q. This leads to the following result.

Corollary 1 The coherence of state |ψ3⟩ with respect to
the von Neumann measurement Π in the computational basis
is given by

C(ρ3,Π) = 1− 1
r2 , (30)

where ρ3 is the density operator of |ψ3⟩ and r is the order of
Shor’s algorithm, and the decoherence of the initial state ρ ′

1
induced by 𝒮 is

D(ρ1,𝒮) = 1−1/Q, (31)

where ρ1 is the density operator of |ψ1⟩ and Q = 2t is the di-
mension of register A.

3.2. Coherence and decoherence in Shor’s algorithm for
any pseudo-pure state

Pseudo-pure states can be effectively prepared using ex-
isting techniques,[69–71] and play a crucial role in quantum
computation in the presence of noise. Indeed, the utility of
pseudo-pure states for nuclear magnetic resonance (NMR)
quantum computation has been recognized.[72] It is shown that
an entanglement-free version of the Bernstein–Vazirani (BV)
algorithm on an NMR ensemble quantum computer can be
implemented,[73] and for a given bounded purity, pseudo-pure
states are the quantum states that achieve optimal performance
in the probabilistic BV algorithm.[48]

Consider Shor’s algorithm with the register AB initialized
in a pseudo-pure state[70]

ρ
ε
1 = (1− ε)|φ1⟩⟨φ1|+(ε/d)𝐼AB, (32)

where 0 ≤ ε ≤ 1, |φ1⟩ = ∑
Q−1
j=0 α j| j⟩A|1⟩B, and d = 2n denote

the dimension of the composite system AB. It is one of the
simplest models for mixed-state quantum computation. After
applying the unitary transformation

U =
Q−1

∑
n=0

|n⟩⟨n|A ⊗Un
B ,

the resulting state becomes

ρ
ε
2 = (1− ε)|φ2⟩⟨φ2|+

ε

d
𝐼AB, (33)

where

|φ2⟩=
Q−1

∑
j=0

α j| j⟩A|x j mod N⟩B.

Applying the inverse Fourier transform F† to register A yields

ρ
ε
3 = (1− ε)|φ3⟩⟨φ3|+

ε

d
𝐼AB, (34)

where

|φ3⟩=
1√
Q

Q−1

∑
k=0

Q−1

∑
j=0

α je−2πi jk/Q|k⟩A|x j mod N⟩B.

When measuring register A, the probability of obtaining out-
come k is

Pε(k) = (1− ε)P(k)+ ε/Q. (35)
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ρ
1
 ε

�
...

U

F†

Fig. 2. Quantum circuit for Shor’s algorithm when the register AB is initial-
ized in a pseudo-pure state.

For large Q, the probability of obtaining outcome k with

the register AB initialized in a pseudo-pure state is approxi-
mately proportional to the probability of obtaining outcome k
with the register A initialized in an arbitrary pure state. The
quantum circuit for Shor’s algorithm in this scenario is illus-
trated in Fig. 2.

Theorem 4 For the generalized Shor’s algorithm with the
register AB initialized in a pseudo-pure state, the coherence of
the state ρε

3 with respect to the von Neumann measurement Π

in the computational basis is quantified by

C f (ρ
ε
3 ,Π) =

f (0)(1− ε)2C(ρ ′
3,Π)

2

 d

ε · f
(

d − (d −1)ε
ε

) +
d

(d − (d −1)ε) · f
(

ε

d − (d −1)ε

)
 , (36)

where 0 < ε ≤ 1 and C(ρ ′
3,Π) represent the coherence of |φ3⟩, and the decoherence of the initial state ρε

1 induced by the unitary
transformation 𝒮 is

D f (ρ
ε
1 ,𝒮) =

f (0)(1− ε)2D(ρ ′
1,Π)

2

 d

ε · f
(

d − (d −1)ε
ε

) +
d

(d − (d −1)ε) · f
(

ε

d − (d −1)ε

)
 , (37)

where 0 < ε ≤ 1 and D(ρ ′
1,Π) represent the decoherence of

|φ1⟩.
Proof The spectral decomposition of the state ρε

3 takes
the form

ρ
ε
3 = λ1|φ3⟩⟨φ3|+

d

∑
j=2

λ j|ϕ j⟩⟨ϕ j|,

where λ1 = 1− (d−1)ε
d and λ j =

ε

d ( j ∈ {2,3, . . . ,d}). Here,
{|ϕ j⟩}d

j=1 represents the orthonormal basis, where |ϕ1⟩= |φ3⟩

and the remaining states |ϕ j⟩ satisfy ⟨ϕ j|φ3⟩ = 0 for j ≥ 2.
Utilizing the orthogonality relation ∑

d
j=2 |ϕ j⟩⟨ϕ j| = 𝐼AB −

|φ3⟩⟨φ3|, we can rewrite this as

ρ
ε
3 =

(
1− (d −1)ε

d

)
|φ3⟩⟨φ3|+

ε

d
(𝐼AB −|φ3⟩⟨φ3|) .

According to Eqs. (8) and (11), the coherence of state ρε
3 with

respect to the von Neumann measurement Π is

C f (ρ
ε
3 ,Π) = ∑

i
Ff (ρ,Ki) =

f (0)
2 ∑

jk

(λ j −λk)
2

λk f (λ j/λk)
⟨ϕ j|Π(|ϕk⟩⟨ϕk|)|ϕ j⟩.

After algebraic manipulation, the result of C f (ρ
ε
3 ,Π) is

f (0)(1− ε)2

2

 d

ε · f
(

d − (d −1)ε
ε

) +
d

(d − (d −1)ε) · f
(

ε

d − (d −1)ε

)

(

1−
d−1

∑
i=0

|⟨i|φ3⟩|4
)
,

where 0 < ε ≤ 1, and ⟨i| denotes ⟨i|AB for the sake of simplicity. The coherence of |φ3⟩ with respect to the von Neumann
measurement Π is 1−∑

d−1
i=0 |⟨i|φ3⟩|4. Thus we can derive Eq. (36). The spectral decomposition of the state ρε

1 takes the form
ρε

1 = λ1|φ1⟩⟨φ1|+∑
d
j=2 λ j|ϕ ′

j⟩⟨ϕ ′
j|, where λ1 = 1− (d−1)ε

d and λ j =
ε

d ( j ∈ {2,3, . . . ,d}). Here, {|ϕ ′
j⟩}d

j=1 is an orthonormal
basis with |ϕ ′

1⟩= |φ1⟩ and ⟨ϕ ′
j|φ1⟩= 0 for j ≥ 2.

According to Eqs. (8) and (12), the decoherence of the initial state ρε
1 induced by the unitary transformation 𝒮 is shown

below:

D f (ρ
ε
1 ,𝒮) = Ff (ρ

ε
1 ,𝒮) =

f (0)
2 ∑

jk

(λ j −λk)
2

λk f (λ j/λk)
⟨ϕ ′

j|S(|ϕ ′
k⟩⟨ϕ ′

k|)|ϕ ′
j⟩.

The value of decoherence D f (ρ
ε
1 ,𝒮) is

f (0)(1− ε)2

2

 d

ε · f
(

d − (d −1)ε
ε

) +
d

(d − (d −1)ε) · f
(

ε

d − (d −1)ε

)
(1−|⟨φ1|φ3⟩|2

)
,
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where 0 < ε ≤ 1. Noting that the decoherence of the ini-
tial state ρ ′

1 induced by the unitary transformation 𝒮 is 1−
|⟨φ1|φ3⟩|2, we obtain Eq. (37).

After algebraic manipulation, the square root is given by√
ρε

3 =

√
ε

d
𝐼AB +

(√
1− (d −1)ε

d
−
√

ε

d

)
|φ3⟩⟨φ3|.

Let the operator monotone function be f (x) =
(

1+
√

x
2

)2
. Then

we can obtain the following result.
Corollary 2 The coherence of state ρε

3 with respect to
the von Neumann measurement Π is given by

C(ρε
3 ,Π) =

(√
1− (d −1)ε

d
−
√

ε

d

)2

C(ρ ′
3,Π), (38)

where C(ρ ′
3,Π) represents the coherence of |φ3⟩, and the de-

coherence of the initial state ρε
1 induced by the unitary trans-

formation 𝒮 is

D(ρε
1 ,𝒮) =

(√
1− (d −1)ε

d
−
√

ε

d

)2

D(ρ ′
1,𝒮), (39)

where D(ρ ′
1,S) represents the decoherence of |φ1⟩.

Theorem 5 The probability that we can calculate r when
the register AB is initialized in a pseudo-pure state and the one
when the register A is initialized in an arbitrary pure state ex-
hibit the following relation:

P(ρε
3 ) = (1− ε)P+

εφ(r)
Q

. (40)

Proof According to Eq. (35), the probability that k/Q is
the best estimate of a fraction with denominator r, i.e.,∣∣∣∣ sr − k

Q

∣∣∣∣< 1
2Q

,

satisfies
P′

ε(k) = (1− ε)P′(k)+
ε

Q
.

We now require that the numerator s is coprime to r. There are
φ(r) values of s which are less than and coprime to r. Then,
the probability that we can calculate r when the register AB is
initialized in a pseudo-pure state is

P(ρε
3 ) = P′

ε(k)φ(r) = (1− ε)P′(k)φ(r)+
εφ(r)

Q
.

Since P′(k)φ(r) = P, we obtain Eq. (40).

4. Coherence and decoherence in noisy Shor’s
algorithm
In the real world, quantum systems cannot be completely

isolated from their environment and are subject to various
noise influences. Furthermore, quantum systems inevitably
interact with their surrounding environments, leading to deco-
herence phenomena. In this section, we investigate coherence
and decoherence in noisy Shor’s algorithm.

Now we consider an important channel Φ acting on
a d-dimensional quantum system called the depolarizing
channel,[74–76]

Φ(ρ) = λV ρV † +(1−λ )
𝐼AB

d
,

−1
d2 −1

≤ λ ≤ 1,

where V represents an arbitrary unitary operator. The pa-
rameter λ is chosen to ensure that the channel Φ maintains
complete positivity, which is essential for physical realizabil-
ity. Since all depolarizing channels satisfy the unitality con-
dition (Φ(𝐼) = 𝐼), the set of depolarizing channels consti-
tutes a proper subset of the broader class of unital channels.
When λ = 0, Φ reduces to the completely depolarizing chan-
nel, which maps any input state to the maximally mixed state
𝐼AB/d.

The depolarizing channel exhibits the fundamental prop-
erty of unitary invariance and constitutes a significant subclass
of commutativity-preserving channels. It possesses the re-
markable characteristic of never increasing quantumness be-
tween any two quantum states. When λ ̸= 0, the depolariz-
ing channel stands as one of the few channel types incapable
of creating quantum discord in zero quantum discord states.
Moreover, for quantum systems with dimension n≥ 3, it occu-
pies a privileged position due to its unique bidirectional prop-
erty of preserving quantum correlations, distinguishing it from
other quantum channels in the context of quantum information
theory.

Here, we discuss the case V = WA ⊗ 𝐼B where WA =

∑x eiθx |x⟩⟨x| is an arbitrary diagonal unitary matrix. This spe-
cific scenario allows us to examine the properties and impli-
cations of diagonal unitarity within quantum computational
frameworks. Let Φ be the noise channel. Then the noisy
Shor’s algorithm can be described as

ℰ = (ℱ† ⊗ I)∘Φ ∘𝒰 ∘Φ , (41)

where Φ(ρ) = λ (WA ⊗ 𝐼B)ρ(WA ⊗ 𝐼B) + (1 − λ )(𝐼AB/d),
(ℱ† ⊗ I)(ρ) = (F†

A ⊗𝐼B)ρ(FA ⊗𝐼B), and 𝒰 =UρU†. By ap-
plying the Hadamard gate, we obtain the initial state

|ψ1⟩=
1√
Q

Q−1

∑
j=0

| j⟩A|1⟩B.

Subsequently, applying the operator WA ⊗ 𝐼B to this state
yields

(WA ⊗𝐼B)|ψ1⟩=
1√
Q ∑

j
eiθ j | j⟩A|1⟩B.

Next, we consider the unitary transformation U acting on the
previously obtained state, and obtain

|ψ ′
2⟩=U(WA ⊗𝐼B)|ψ1⟩=

1√
Q ∑

j
eiθ j | j⟩A|x j mod N⟩B.

By applying the operator WA ⊗𝐼B to the state |ψ ′
2⟩, we obtain

(WA ⊗𝐼B)U(WA ⊗𝐼B)|ψ1⟩=
1√
Q ∑

j
e2iθ j | j⟩A|x j mod N⟩B.

Finally, by using the inverse Fourier transform F†
A ⊗𝐼B, we get
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|ψ ′
3⟩= (F†

A ⊗𝐼B)(WA ⊗𝐼B)U(WA ⊗𝐼B)|ψ1⟩=
1
Q ∑

j,k
e2iθ j exp

(
−2πi jk

Q

)
|k⟩A|x j mod N⟩B.

Then the state after the noisy Shor’s algorithm can be described as

ℰ(|ψ1⟩⟨ψ1|) = (ℱ† ⊗𝐼)∘Φ ∘𝒰
(

λ (WA ⊗𝐼B)|ψ1⟩⟨ψ1|(W †
A ⊗𝐼B)+(1−λ )

𝐼AB

d

)
= λ

2|ψ ′
3⟩⟨ψ ′

3|+(1−λ
2)
𝐼AB

d
.

Theorem 6 For the noisy Shor’s algorithm caused by the depolarizing channel where WA = ∑x exp(iπx/Q) |x⟩⟨x|, the
coherence of state σ3 with respect to the von Neumann measurement Π is quantified by

C f (σ3,Π) =
f (0)λ 4

2

(
1− 1

r2

) d

(1−λ 2) · f
(

λ 2(d −1)+1
1−λ 2

) +
d

(λ 2(d −1)+1) · f
(

1−λ 2

λ 2(d −1)+1

)
 , (42)

where −1
d2−1 ≤ λ < 1 and d = 2n are the dimensions of the

composite system AB, and the decoherence of the initial state
ρ1 induced by the quantum channel ℰ during noisy Shor’s al-
gorithm is characterized by

D(ρ1,ℰ) = λ
2
(

1
d
− 1

Q

)
+

d −1
d

. (43)

Proof Let σ3 = ℰ(|ψ1⟩⟨ψ1|). The spectral decomposition

of the state σ3 takes the form

σ3 = λ1|ψ ′
3⟩⟨ψ ′

3|+
d

∑
j=2

λ j|ϕ ′′
j ⟩⟨ϕ ′′

j |,

where λ1 = 1− (d−1)(1−λ 2)
d and λ j =

1−λ 2

d ( j ∈ {2,3, . . . ,d}).
Here, {|ϕ ′′

j ⟩}d
j=1 represents the orthonormal basis, where

|ϕ ′′
1 ⟩= |ψ ′

3⟩ and ⟨ϕ ′′
j |ψ ′

3⟩= 0 for j ≥ 2. According to Eqs. (8)
and (11), the coherence of the state σ3 with respect to the von
Neumann measurement Π is

C f (σ3,Π) = ∑
i

Ff (σ3,Ki) =
f (0)

2 ∑
jk

(λ j −λk)
2

λk f (λ j/λk)
⟨ϕ ′′

j |Π(|ϕ ′′
k ⟩⟨ϕ ′′

k |)|ϕ ′′
j ⟩.

Utilizing the relation ∑
d
j=2 |ϕ ′′

j ⟩⟨ϕ ′′
j |= 𝐼AB −|ψ ′

3⟩⟨ψ ′
3|, after algebraic manipulation, the value of C f (σ3,Π) is

f (0)λ 4

2

 d

(1−λ 2) · f
(

λ 2(d −1)+1
1−λ 2

) +
d

(λ 2(d −1)+1) · f
(

1−λ 2

λ 2(d −1)+1

)

(

1−
d−1

∑
i=0

|⟨i|ψ ′
3⟩|4
)
,

where λ ̸= 1 and ⟨i| denote ⟨i|AB for the sake of simplicity. To simplify the analysis, we set Q = rm where m is a positive integer,
which implies that

⌊
Q−1

r

⌋
= m−1. Decomposing the index j as j = a+br, where a is the remainder and b is the quotient, we

can rewrite the state |ψ ′
3⟩ as

|ψ ′
3⟩=

1
Q

Q−1

∑
k=0

r−1

∑
a=0

m−1

∑
b=0

e2iθa+br exp
(
−2πi(a+br)k

Q

)
|k⟩A|xa mod N⟩B.

The coherence of |ψ ′
3⟩ with respect to the von Neumann measurement Π is 1−∑

d−1
i=0 |⟨i|ψ ′

3⟩|4. When WA = ∑x e
iπx
Q |x⟩⟨x|, we

obtain

1−
d−1

∑
i=0

|⟨i|ψ ′
3⟩|4 = 1− 1

Q4

Q−1

∑
k=0

r−1

∑
a=0

∣∣∣∣∣m−1

∑
b=0

e2iθa+br exp
(
−2πikbr

Q

)∣∣∣∣∣
4

= 1− 1
Q4

Q−1

∑
k=0

r−1

∑
a=0

∣∣∣∣∣m−1

∑
b=0

exp
(
−2πib(k−1)

m

)∣∣∣∣∣
4

= 1− 1
r2 .

Thus we can derive Eq. (42). According to Eqs. (10) and (14), we have

D(ρ1,ℰ) =
1+ tr(ρ1ℰ(𝐼AB))

2
− tr(ρ1ℰ(ρ)) =

d −1+λ 2

d
−λ

2 ∣∣⟨ψ1|ψ ′
3⟩
∣∣2 .
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Direct calculations show that∣∣⟨ψ1|ψ ′
3⟩
∣∣2

=
1

Q3

∣∣∣∣∣Q−1

∑
k=0

m−1

∑
b=0

e2iθbr exp
(
−2πibrk

Q

)∣∣∣∣∣
2

=
1

Q3

∣∣∣e2iθ0Q
∣∣∣2 = 1

Q
.

Therefore, Eq. (43) holds.

Taking f (x) =
(

1+
√

x
2

)2
, we immediately obtain the fol-

lowing result.
Corollary 3 For the noisy Shor’s algorithm caused by

the depolarizing channel where WA = ∑x eiπx/Q|x⟩⟨x|, the co-
herence of state σ3 with respect to the von Neumann measure-
ment Π is given by

C(σ3,Π)

=

(√
1− (d −1)(1−λ 2)

d
−
√

1−λ 2

d

)2(
1− 1

r2

)
. (44)

Since −1/(d2 −1) ≤ λ ≤ 1, we can obtain 1− 1/Q ≤
D(ρ1,ℰ) ≤ 1 − 1/d and 0 ≤ C(σ3,Π) ≤ 1 − 1/r2. When
λ = 0, Φ reduces to the completely depolarizing channel,
which maps any input state to the maximally mixed state
𝐼AB/d, resulting in the complete loss of information from the
original state. In this scenario, the decoherence induced on the
state |ψ1⟩ by the channel ℰ reaches its maximum value, quan-
tified as D(ρ1,ℰ) = 1−1/d. However, the coherence of state
σ3 with respect to Π reaches its minimum value of 0 when
WA = ∑x eiπx/Q|x⟩⟨x|.

When λ = 1, Φ reduces to a unitary channel, which
merely performs a unitary transformation while perfectly pre-
serving the quantum state information. Under these condi-
tions, the decoherence induced on the state |ψ1⟩ by the chan-
nel ℰ attains its minimum value, represented as D(ρ1,ℰ) =
1− 1/Q. When WA = ∑x eiπx/Q|x⟩⟨x|, the coherence of state
σ3 with respect to Π reaches its maximum value of 1− 1/r2.
Furthermore, λ = −1/(d2 −1) represents the critical param-
eter value for maintaining complete positivity of the channel.
Any value of λ smaller than this threshold would cause the
channel to lose its complete positivity property. At this critical
point, the decoherence and coherence are given by

D(ρ1,ℰ) =
1

(d2 −1)2 × (1/d −1/Q)+(d −1)/d,

C(σ3,Π) =

(√
1− d(d −1)(d2 −2)

(d2 −1)2 −

√
d(d2 −2)
(d2 −1)2

)2

×
(

1− 1
r2

)
.

Since the eigenvectors of UB are |us⟩, |ψ ′
2⟩ can be rewritten as

follows:

U
1√
Q

2t−1

∑
j=0

eiθ j | j⟩A|1⟩B

=
2t−1

∑
j=0

1√
Q

eiθ j | j⟩AU j
B

(
1√
r

r−1

∑
s=0

|us⟩B

)

=
1√
Qr

2t−1

∑
j=0

r−1

∑
s=0

eiθ j exp
(

2πi j
s
r

)
| j⟩A|us⟩B. (45)

We then apply the operator WA ⊗ 𝐼B and the inverse Fourier
transform F†; |ψ ′

3⟩ can be rewritten as

(F†
A ⊗𝐼B)

(
1√
Qr

2t−1

∑
j=0

r−1

∑
s=0

e2iθ j exp
(

2πi j
s
r
| j⟩A|us⟩B

))

=
1

Q
√

r

2t−1

∑
j,k=0

r−1

∑
s=0

eiθ j exp
[

2πi j
(

s
r
− k

Q

)]
|k⟩A|us⟩B. (46)

When measuring register A, the probability of obtaining out-
come k is

Pλ (k) =
2n−t−1

∑
j=0

〈
k, j
∣∣∣∣[λ

2|ψ ′
3⟩⟨ψ ′

3|+(1−λ
2)
𝐼AB

d

]∣∣∣∣k, j
〉
.

(47)
Theorem 7 When WA = ∑x eiπx/6Q|x⟩⟨x|, the probability

that we can calculate r in noisy Shor’s algorithm is

Pλ >
27λ 2φ(r)

16rπ2 +
(1−λ 2)φ(r)

Q
. (48)

Proof Let P|ψ ′
3⟩(k) = ∑

2n−t−1
j=0 ⟨k, j|ψ ′

3⟩⟨ψ ′
3|k, j⟩. Through

rigorous calculations, we have

P|ψ ′
3⟩(k) =

1
Q2r

r−1

∑
s=0

∣∣∣∣∣2
t−1

∑
j=0

e2iθ j exp
[

2πi j
(

s
r
− k

Q

)]∣∣∣∣∣
2

.

When
WA = ∑

x
exp(iπx/6Q) |x⟩⟨x|,

we have

P|ψ ′
3⟩(k) =

1
Q2r

r−1

∑
s=0

∣∣∣∣∣2
t−1

∑
j=0

exp
[

2πi j
(

s
r
− k

Q
+

1
6Q

)]∣∣∣∣∣
2

.

Denote

2t−1

∑
j=0

exp
[

2πi j
(

s
r
− k

Q
+

1
6Q

)]
by R. Specifically, we have

|R|2 > 27Q2

16π2 for
∣∣∣∣ sr − k

Q

∣∣∣∣< 1
2Q

.

According to Eq. (47), we obtain that the probability of ob-
taining outcome k is

Pλ (k) = λ
2P|ψ ′

3⟩(k)+
1−λ 2

Q
.

For any given ratio k/Q, there exists a unique fraction s/r with
r < N satisfying this condition. Consequently, the probability
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that k/Q serves as the optimal approximation to a fraction with
denominator r satisfies

P′
λ
(k)>

27λ 2

16rπ2 +
1−λ 2

Q
.

The algorithm requires that the numerator s be coprime to r,
preventing cancellation of common factors that would other-
wise reduce the fraction s/r. Then the probability of success-
fully calculating r becomes

Pλ >
27λ 2φ(r)

16rπ2 +
(1−λ 2)φ(r)

Q
.

Remark 3 When WA = ∑x exp(iπx/Q) |x⟩⟨x|, the prob-
ability of obtaining outcome k with decoherence of the initial
state ρ1 satisfies the following relation:

D(ρ1,ℰ)−Pλ (k) = γ(λ ), (49)

where

γ(λ ) = λ
2(

1
d
− 1

r
)+1− 1

d
− 1

Q
.

Since

−1
d2 −1

≤ λ ≤ 1,

we obtain

1− 1
r
− 1

Q
≤ D(ρ1,ℰ)−Pλ (k)≤ 1− 1

d
− 1

Q
.

5. Discussion and conclusion
In this study, we have systematically analyzed the co-

herence and decoherence dynamics in Shor’s algorithm under
both noiseless and noisy conditions and established lower and
upper bounds for the probability of successfully determining
the order r. For the generalized Shor’s algorithm, we have
shown that the upper bound of the probability that we can cal-
culate r exhibits a negative correlation with the coherence of
state ρ ′

3 relative to the von Neumann measurement. The lower
bound of the probability that we can calculate r increases with
increasing Q. When the register is initialized in a pseudo-pure
state, we have investigated the coherence and decoherence dy-
namics in Shor’s algorithm. For large values of Q, the proba-
bility that we can calculate r when the register is initialized in
a pseudo-pure state is approximately proportional to the prob-
ability that we can calculate r when the register is initialized
in an arbitrary pure state.

In addition, we have investigated coherence and deco-
herence dynamics in noisy Shor’s algorithm. It has been re-
vealed that while the coherence of state σ3 relative to the
von Neumann measurement depends on the order r, the de-
coherence induced on state |ψ1⟩ by the quantum channel ℰ
remains independent of r. For the specific case where WA =

∑x exp(iπx/6Q) |x⟩⟨x|, we have rigorously proven that the
lower bound of the success probability is determined by the
parameters Q, r, and φ(r), where φ(r) denotes Euler’s totient
function. Our results may offer new insights into the study of
resources in quantum algorithms.

In Ref. [52], the authors investigated the Grover search
algorithm with an arbitrary pure initial state or in a pseudo-
pure state, and showed that the coherence, quantified by the
Wigner–Yanase skew information, satisfies a complementary
relation or an approximate one with the success probabil-
ity. Moreover, the relation between decoherence and suc-
cess probability under single-qubit noise was analyzed. In
this work, we shift our focus to Shor’s algorithm in both the
pure state and pseudo-pure state cases. Instead of deriving
complementary relations, we have deduced both upper and
lower bounds on the success probability by employing metric-
adjusted skew information of coherence, a class of more gen-
eral coherence quantifiers, which can also be interpreted as
a measure of quantum uncertainty or asymmetry in the state-
channel interplay.[65] This highlights the generality and appli-
cability of our approach. In addition, we obtain a lower bound
on the success probability under depolarizing channels in d
dimensional systems.

Grover’s algorithm was also considered in the arbitrary
pure initial state scenario, and the average success probabil-
ity is shown to exhibit a strict linear dependence on the coher-
ence fraction of the initial state, while the maximum coherence
fraction corresponds to the highest success probability.[63] We
found that the probability of obtaining the outcome k in the
generalized Shor’s algorithm reaches the maximum when the
algorithm reduces to the original one, where similar arguments
have been elucidated for Grover’s algorithm in Ref. [63].

We restrict attention to pseudo-pure states, and our main
conclusions rely on their form. For general mixed input states,
quantifying coherence in Shor’s algorithm becomes compu-
tationally intractable and analytically challenging due to the
algorithm’s intrinsic complexity, which makes a systematic
characterization of the performance difficult. It is revealed that
under a fixed admixture, purer inputs tend to yield higher suc-
cess probabilities. Structured mixed inputs have been consid-
ered, and the robustness of coherence has been related to the
performance of the probabilistic BV algorithm.[48] However,
most quantum algorithms are designed to operate on pure in-
put states.
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