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This paper studies the quantification and structural properties of quantum average correlation based on average coher-
ence. Motivated by two mathematically equivalent approaches to define average coherence: one by averaging over complete
sets of mutually unbiased bases, and the other by integrating over all orthogonal bases under the Haar measure, we define
an average correlation for bipartite systems as the difference between global and local skew information. This correlation
measure is shown to satisfy essential properties including non-negativity, contractivity under local quantum channels, and
local unitary invariance. We further prove the equivalence between the average correlation defined via mutually unbiased
bases and that defined via unitary groups. Finally, we derive a complementarity relation that connects wave—particle duality
with the average correlation between a system and its environment.
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1. Introduction

Quantum coherence originates from the superposition
principle of quantum mechanics, serving as the core of many
quantum phenomena and a key feature.distinguishing. the
quantum world from the classical one. The quantification
of quantum coherence, first established in Ref. [1], laid the
foundation for its treatment as a quantum resource. Subse-
quent work introduced a variety of coherence measures”>!
and explored its manipulation via distillation and conversion
protocols.’! A comprehensive resource-theoretic framework
for coherence is reviewed in Ref. [6]. Within the framework
of resource theory for coherence, a variety of coherence quan-
tifiers have been successively proposed. These include the /-
norm of coherence,!!! coherence measures based on quantum
skew’ information, -8 fidelity, ! trace distance,>'%!!l geo-
metric coherence,!!?! and relative entropy of coherence,[!3-16]
among others.!"! Quantum coherence serves as a resource that
makes many physical tasks possible.[17-23]

More recently, research has focused on the fundamental
relations between coherence and other nonclassical features,
such as quantum correlations and complementarity. 263! In
particular, Luo et al. proposed a measure for correlations
in terms of the skew information.’3!! Luo and Sun proposed
the average and maximal coherence based on Wigner—Yanase
skew information to quantify the quantum correlation. 34401

Streltsov et al. established a fundamental trade-off between
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the /{-norm coherence measure and linear entropy with re-
spect to a fixed reference basis.’! Subsequent research has
generalized this relation to the relative entropy of coherence
and alternative mixedness measures such as the von Neumann
entropy. [14:41-45]

According to the fact that the Wigner—Yanase skew in-
formation of the global state is greater than that of the lo-
cal state, it is natural to capture the correlation by the differ-
ence between these two skew-information quantities. Given
the basis-dependent nature of quantum correlation measures, a
natural question concerns whether quantum correlations based
on the Wigner—Yanase skew information can be characterized
in an intrinsic, basis-independent way that depends only on the
quantum state. Fortuitously, quantities such as the minimal co-
herence and maximal coherence allow for basis-independent
formulations, achievable by optimizing over all bases.[*041]
Motivated by this, we aim to construct a correlation measure
based on the average coherence, which provides an intrinsic
characterization of a quantum state.

In this work, we develop a quantifier for quantum corre-
lations rooted in the notion of average coherence. The paper
is structured as follows. Section 2 introduces two complemen-
tary formulations of average coherence, defined respectively
via mutually unbiased bases and unitary integration over all
orthogonal bases. Building on these definitions, Section 3

constructs several correlation measures that satisfy key prop-
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erties such as non-negativity, contractivity, and local unitary
invariance, and establishes their equivalence under appropri-
ate normalizations. Section 4 derives a complementarity rela-
tion linking wave—particle duality with the average correlation
between a system and its environment. Finally, Section 5 sum-
marizes the results and outlines potential extensions.

2. Average coherence

Let p be a quantum state (density operator) on a d-
dimensional system Hilbert space and IT = {|i){i] : i =
1,2,...,d} be a von Neumann measurement, i.e., {|i) : i =
1,2,...,d} constitutes an orthonormal basis. The measure of
coherence based on the Wigner—Yanase skew information is

Cp|MT) = le\

O is an observable, and
7.46-48]

where 1(p,0) = —Lu[/p,0P,
[-,-] denotes the commutator between two operators.!
The coherence measure C(p|II) satisfies several key prop-
erties that define a physically meaningful coherence quan-
tifier, including convexity, monotonicity under incoherent
operations. 47431

The quantification of average coherence can be ap-
proached via two distinct methodologies, each corresponding
to a different sampling strategy over measurement bases. The
first approach involves averaging over all. mutually unbiased
bases (MUBs), a set of bases in which any two bases are mu-
tually unbiased, that is, measurements in one basis give com-
pletely random outcomes with respect to the other. Recall that
two orthonormal bases IT; ={|by;) :i =1,2,...,d} and [T, =
{|bai) :i=1,2,...,d} of a d-dimensional Hilbert space are
mutually unbiased if |(b1|ba )| = 1/v/d, for all j, k. When
the dimension d is a prime power (i.e., d = p* for a prime
number p and apositive integer k ), there exists a complete set
ofd+1MUBSIL ={|b;):i=12,....d},t=1,2,...,d+]1.
Define the average coherence of p with respect to a complete
set of I1, 2940

d+1

ZC(p|H,).

Cnub(P) = ar1
=

The well-defined average coherence is actually independent
of the choice of complete sets of MUBs. Averaging coherence
over such a set captures a kind of intrinsic quantum random-
ness across complementary observables, and is closely related
to notions of quantum uncertainty and information comple-
mentarity.

The second, broader approach consists of averaging co-
herence over all possible orthogonal bases IT (equivalently,
over the entire unitary group with respect to the Haar mea-
sure). That is

Culp) = [ C(pluut)av,

the normalized Haar measure on
iUt} for II =
d}.12%%01 This corresponds to a fully basis-

where dU denotes
the unitary group U, UNUT = {Uli)(
{li)(i], i=1,2,...,
independent notion of average coherence, reflecting the typical
coherence content of a quantum state when subjected to arbi-
trary orthogonal measurements. This measure is naturally in-
variant under unitary transformations and can be linked to the
geometric structure of the state space and resource-theoretic
averages.

Interestingly, although there are two distinct approaches
to defining average coherence — one based on-averaging over
all MUBs and the other on averaging over all orthogonal bases
— the two formulations ultimately yield the same quantitative

result29-40]

_ (try/p)?
d—(ryp) 0

Cmub(p): d+1

Culp) =
3. Quantum average correlation based on coher-
ence

Let us consider a bipartite state pA? of the composite sys-
tem HA ® H® with dimH* = d, and dimH? = dj. The global
information content of pA% with respect to the local measure-
ment IT = {|i)(i| : i =1,2,...,da} on H* is defined as[**+7:4%]

da

=Y 1(p"

i=1

C (p*| T @ 1p) il @17%),

which can be regarded as the measure of partial coherence in
HA @ H®. Here I is the identity operator on H® and 15 is the
corresponding identity matrix. Following the fact that

1(p"%,[i)(il @ 1°) = 1(p™, li) (i),

where p? is the reduced state obtained by tracing out sub-

system B. Then the correlation of pA8 can be formulated

as [30,31,34,50]

0 (p*8|) =C (p*® | 215) - C(p* @ pP | 2 1p).

It can also be equivalently expressed as

0 (p*|) =C (p*®| N @ 1) — C (p*|1T) .

The quantity of correlation can be interpreted as the difference
between the global skew information and local skew informa-
tion.

Motivated by definitions of average coherence, we also
adopt two distinct approaches to define average correla-
tion. One is based on averaging over all MUBs II;, =
{|bn'> = 1,2,...,dA},t =1,2,...,ds+1,

1 ds+1

Omu (0*7) = 7 ZQ (p"8|11,)
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1 da+1 AB A
Saril & (C(P [ @1g) —C (p*|11,))
dA+1 da
I(p 1
dA+1 [Z; zzf b bl 1)
| datlda
Cdy+1 )y 1[ 10} el

t=1 i=

Proposition 1 The quantifier Opup, (%) has the follow-
ing properties:

(a) (Non-negativity) Omub (pAB ) >
holds if pA8 = p4 ® p? is a product state.

0 and the equality

(b) (Contractivity) For any quantum channel ® acting on
party B,

Qmub ((IA & (I))( )) Qmub ( ) )

where 7, denotes the identity channel on party A.

(c) (Local unitary invariance) Let \//W =YuXnw®
|u)(v| with |u) the computational basis of H5. For any local
unitary operators Uy and Up on parties A and B, respectively,

Omub (Us @ Usp™® (Us @Up)") = Ot (p™) .

(tr\/;?) ’ —trg (trA \/;W) ’

dy+1

Omub (p*5) = 2)

Proof (a) Follows from the fact that I(pA8 |i) (i| ®15) >
I(p*,]i)(i]) and the equality holds if pA% = p4 © pB.
(b) For any quantum channel & acting on party B,

0 ((Za @ @) (p"")| 1)
= C((Ta @) (p)|IT, © Tp)
C((Za®@)(p* @ p®)|IT, @ 1p)
= C ((Za® @) (p*?)|IT, 2 1) — C (p*|IT,)
<C(p"| @) —C (p"|IT;),

where the inequality. ' is due to the contractivity of
C(p*IMlp), e, C((Za@®)(p")|Lel) <
C (p*8|11, ®1).1**! The proof is completed by summing the
inequalities over all IT;.

(c) Denote |b;) = U2|b,,‘>,
{buysi=1,2,....ds},t=1,2,...
set of MUBs for any unitary operator Uy. In order to prove (2),

the new bases Il =
,da + 1 are still acomplete

we need the following identities:[*”!

dy+1 dy

Z Zlbl‘l btt|_ dA+l)

t=1 i=
dytldy o
Y Y 1Bii) (Bril @ |Bii) (Bril = 1 @ 1% + F,
=1 i=1
where 14 is the identity matrix on H, F = Y, |k)(I| @ |1) (k|
is the swap matrix and trF (p ® 6) = tr(po).

Let \/pAB =Y, X, @ |u) (v| with X,,, = trg(1/pAB14 ®

[v) (u]). For any two local unitary operators Uy and Ug,

dy+1 dy
Y Y 1 (Us@Upp*®(Us @ Up)", |bri) (bri] ©17)
=1 i=1
da+1 dy .

=Y Y w(Us@Usp™ (Us @ Up)|byi) (bii| ©17)
=1 i=1

da+1 dy 2
— Z Ztr <UA ®UB\/pAB(UA®UB)T|b,,»)<bn-|®13)
=1 i=1
=dy+1-—
dy+1 dy
Y X Y e (UnXa U b Bl Un XU 1) (bl
w =1 i=1
dyt1 dy
=ds+1 —Z Z Ztr (Xuv | Bri) (Bri | Xou | Bii) (B )
uv t=1 i=1
da+1.dy
_dA+1_Z Z Ztr |btl bll|®|bll><bll‘Xuv ®Xvu)
wv t=1 i=

=dy+1 —Ztr (* ®1A +F) (Xuy @ X))

- dA + 1- Ztr uv tI‘ vu Ztl‘ Xquvu)

:dA—i-l—Ztr o)t (X)) — 1
uyv

=dj— Z ltr (X,) |2

uv

2
=dy —trg (tI‘A\ / pAB>

and
da+1 dy

S Y1 (Uap U b bl
t=1 i=1
da+1 dy
Y i (U U i) 0
=1 i=1

da+1 da

_ Z Ztr (UA\/[;UX|bti><bti|>2

t=1 i=

dA+l dy

hrt- L Y Bl )

t=1 i=

da+1 dA
=dy+1-) Ztr<bn (bri| @ |byi) btt|\/»®\/>>

t=1 i=1

- dA—I—l—tr<(1A®1A+F) (W@g\/,;»
— i (/o)

Combining the above two formulas, we obtain

(tr\/;?) ’ —trg (trA \/;W) ’

Omub (pAB) = dy+1

Another way to define average correlation is by averaging

over all orthogonal bases

AB\ __ AB il
Qu(p )—/L{Q(p vnut) du.
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Proposition 2 For any state pA® in Hilbert space H4 ®
HB, the average correlation based on all orthogonal bases is

(tr pA>2 —trg (trA W)Z

ABY\ _
Qu(p™) = i1 3)
Proof Let \/p48 =Y, X, ® |u)(v|. Following the
relation!]
5 dur(AB) —tr(A)tr(B)
UTAUXUTBU AU = tr(X)1
/u da@-1n "X
dtr(A)tr(B) — tr(AB) @
d(d*>-1) ’

where A, B and X are operators with d dimension, and 1 is the
identity matrix. One obtains

[ X0 vliivt o 1%)av
:Z/utr(pABu|i><i|UT®1B)

—tr(y/pABU i) (i|UT @ 18)2dU

=1- ZZtr(|l><
iy
— 1 Zzt dAtr Xuv)i;u) ; _(Xuv)tr(Xvu)
iouv A(dA 1)
B Zzt dAtr (X ) tr(Xow) — tr( X Xy )
T da(d; —1)
|y () ~ (KXo
—~ da+1
Zuv |tr m) | —1
ds+1

dA — Zuv |tr (XMV) |2
dy+1

- dy —trp (trA\/;W)2

dyg+1

i\/ UTX,, Ui (i|U X, UdU)

)

=1-

Complete the proof by combining with the equality (1).
In Ref. [31], Luo et al. proposed a well-defined measure
of correlation based on local observables,

2
dA

1 Y 1(p" G -

Qob(p*?) = m

1(p*.G)], (5

where {G} A, is an orthonormal basis for the real Hilbert
space L£(H"). Note that the quantum correlation (5) is basis-
independent. Without loss of generality, let {|i)} be an or-
thonormal basis for H4, i be imaginary unit, and

then
(G ud{sii<jtu{T; i<}
2
constitutes an orthonormal basis {Gi}?i , for £ (H*). Employ-
ing the relation (4) and the facts ¥;(trG;)*> = d4 and ¥;trG? =
dfzx’ for \Y% pAB =YX ® ‘u> <V >

/u Y 10", UGU ©17)dU
i

-y / w(pPUGIUT 1)
i Ju

—tr(y/pABUG U ®18)2dU

=ds—) Y u(G; / U'X, UGU"X,,UdU)

i uv

XMVXVM (XMV)tr(XVLl)

—a -y y i i (tr(G))*
7;;’ datr(X,, ) tr( (dv;)_ 5 (X””X””)tr(G,?)
datr Xquvu — Xuv r Xvu
:dA_; atr( (;2_1() Jtr(Xou)
dAtr(Xquvu)

ZdAtr )t (Xoy) —
(di—1)

2
=dy —trg (tl‘A\/pAB> .

The local skew information

d% 2
ZAI(pA,Gi):dAf (H‘\/[;> .
i=1

Thus

(tr pA)2 —trp (trA \/W)z

Oob (pAB) = ds+1

By inspecting the equalities (2), (3) and (6) we have the

(6)

following result.
Proposition 3 For any state pA? in Hilbert space H4 ®
HB, the average correlation based on coherence is equivalent

to the correlation based on an orthonormal basis, i.e.,

Omub (PAB) =Qu (pAB) = Oob (pAB) : O

This equivalence may be explained from a group-
theoretic and invariant-measure perspective. The existence of
a complete set of MUBs implies that such a set provides a
discrete uniform tiling of the unitary group under the Haar
measure. As a result, averaging correlation over the complete
MUB ensemble, integrating over the entire unitary group, or
summing over any complete orthonormal operator basis ulti-
mately yields the same value, since all three procedures corre-
spond to the same invariant integration over the space of mea-
surement bases under appropriate normalization. This demon-
strates that the concept of average correlation is well-defined
in a basis-independent manner, reflecting a deeper structural
symmetry in the space of quantum states.

100305-4
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Actually, from the perspective of quantum channels, the
average correlation can also be interpreted as the correlation
relative to certain quantum channels. The quantum coher-

ence based on the depolarizing channel p. can be expressed
5129491

X; 14
& I +1 A,),
C(p"IEe) Z ( ¢dA+) (p N

where

1 1

14, Xi:il,z,...,dz}
{ Vs +1 "y +1 4
is the set of Kraus operators of &pe and {X;:i=1,2,... ,dﬁ}
is a complete orthonormal operator basis of £(H*). In this
sense, it is natural to explain the averaged correlations as the
correlations relative to the quantum channel &p, as defined in
Ref. [49]:
P A |5De) 5

Q(p**|Epe) = C(p*?|Epe ® Tp) — C(

where Zp is the identity channel on system B. More generally,
the correlations relative to the twirling channel 77, induced by
the unitary group U/ (H*) are actually the correlations relative
to the completely depolarizing channel £p.. The correspond-

ing quantifier of correlations in p4?8 relative to 7y, is defined

as!4l
0(p"*ITu) = /u 1(p"%, Uy @17) —1 (p*,U) AU,
A

- (tr pA>2—trB (ter\/;W>2

du

According to Proposition 3, one has

)= d—AQ(pABm).

B) = Q(pAB|5De dy+1

Oob (pA

4. Complementarity between average correla-
tion and wave—particle duality

The average correlation defined in the previous sec-
tion can be employed to establish a novel complementar-
ity relation that connects wave—particle duality and system—
Let pAf = |¥)(¥| be a bipar-
tite pure state of H* @ HE with the Schmidt decomposition
¥) = ZZA:1 VA1) @ |by), then

(Lu V)"~ LA

dy+1

environment correlations.

Qu(p**) = (8)

In Ref. [52], Fu and Luo illustrated the wave—particle du-
ality by casting it into a form of information conservation in a
multi-path interferometer, with uncertainty as a unified theme.

The wave feature via state uncertainty has the following form
in paths IT = {]i)(i|, i=1,2,...,da}:

w () =Y [(ilp* )] )
i#]j

The particle feature is defined as
P(p"|I) ZI (ilpi)? (10)
Thus

t(p")”. an

From the perspective of quantum complementarity, the

W (p*|IT) + P(p* |IT) =

following result can be directly derived by combining Egs. (8)
and (11).

Proposition 4 Let p*% = |¥)(¥| be a bipartite state
shared between quantum system A and environment E, i.e.,
|¥) € H* ® HE.
holds:

W (P + PR IT) + (dy + 1)0u(p*) = (iny /o), 12)

where IT = {]i)(i|], i=1,2,...
jectors.

The following complementarity relation

,da } denotes the set of path pro-

Based on the principle of quantum complementarity, the
relation presented in Proposition 4 can be analyzed as fol-
lows: This complementary relationship provides a unified de-
scription of wave—particle duality and the measure of system—
environment correlations. Equation (12) shows that for any bi-
partite pure state p*%, the sum of the wave feature W (p*|IT)
and the particle feature P (pA|H ) of the local subsystem A
is not conserved. The missing part is precisely compensated
by the correlation measure Oy (p**) between the system and
the environment. This structure reveals the deeper implica-
tion of quantum complementarity in a multipath interferom-
eter: when the correlation between the system and the envi-
ronment strengthens, the local subsystem exhibits less pro-
nounced wave—particle behavior; conversely, when the cor-
relation weakens, the wave—particle behavior becomes more
dominant. In particular, when Qy, (pAE ) =0, i.e., the system
and environment are uncorrelated, the relation reduces to the
standard wave—particle duality identity given in Eq. (11), indi-
cating that the wave and particle aspects of subsystem A then
form a complete complementary pair. This proposition not
only offers a quantitative tool for understanding how quantum
correlations modulate complementarity, but also establishes a
direct link between wave—particle duality in multi-path inter-
ference and the theory of quantum entanglement.

5. Conclusion

In this work, we have established a coherent framework
for quantifying average coherence and average correlation us-
ing the Wigner—Yanase skew information. The equivalence
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between the MUB-averaged and unitarily averaged formula-
tions that both quantities can be defined in a basis-independent
way, rooted in the invariant Haar measure on the unitary group.
The proposed average correlation measure fulfills fundamen-
tal physical requirements such as non-negativity, contractivity,
and local unitary invariance, positioning it as a well-behaved
descriptor of quantum correlations beyond entanglement.

Furthermore, by relating the average correlation to wave—
particle duality measures, we have obtained a new comple-
mentarity relation that unifies coherence, path information,
and system—environment correlation. This relation under-
scores the inherent trade-offs among different informational
aspects of a quantum state and provides a fresh viewpoint on
the role of correlation in quantum interference.

Future work may extend this approach to multipartite sys-
tems, explore operational interpretations of the average cor-
relation in quantum protocols, and examine its dynamics in
open quantum systems. These results reinforce that skew
information-based quantities offer a natural and mathemati-
cally rigorous framework for characterizing quantum coher-

ence, correlations, and complementarity.
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