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Majorana surface states in time-reversal invariant (TRI) topological superconductors (TSCs) typically exhibit a highly
anisotropic magnetic response, a phenomenon termed “Majorana Ising spins.” This Ising character is governed by the crys-
talline symmetries protecting the topological phase. In this work, we investigate the orientation and tunability of Majorana
Ising spins within TRI TSCs engineered in two-dimensional spin—orbit coupled systems proximitized to an extended s-
wave superconductor. We demonstrate that the interplay between Rashba and Dresselhaus spin—orbit couplings (SOC)
plays a decisive role in determining the Ising spin orientation. In the limit of pure Rashba SOC, the Ising spin aligns along
the x-axis, protected by mirror symmetry M, whereas for pure Dresselhaus SOC, it orients along the y-axis, protected
by the rotational symmetry C;,. Crucially, we reveal that when both Rashba and Dresselhaus interactions coexist, the
Ising spin direction becomes continuously tunable within the basal plane. By adjusting the relative strengths of the SOC
parameters — experimentally accessible via gating in semiconductor heterostructures — any orientation between the x-
and y axes can be achieved. We validate these findings by calculating the topological winding number W and elucidating
the symmetry-protection mechanism for the tunable phases. Our results propose a pathway for manipulating Majorana
fermions in quantum devices through purely electrical means, bridging the gap between symmetry-protected topology and

functional spintronic applications.
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PACS: 74.25.—q, 74.78.Na
DOI: 10.1088/1674-1056/ae43cd

1. Introduction

The discovery of topological phases of matter has rev-
olutionized our understanding of condensed matter physics,
marking a paradigm shift from the classification of phases
via local order parameters associated with symmetry break-
ing to the identification of global invariants that characterize
the topology of the quantum wavefunction.!!! This topologi-
cal classification, initially solidified by the discovery of topo-
logical insulators, has since expanded to include supercon-
ducting systems.!”) Among these, topological superconduc-
tors (TSCs) have garnered intense theoretical and experimen-
tal interest due to their potential to host Majorana fermions
(MFs) — exotic quasiparticles that act as their own antiparti-
cles and obey non-Abelian braiding statistics.*! These prop-
erties render MFs promising candidates for the realization of
fault-tolerant topological quantum computing, where quan-
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tum information is encoded non-locally in the parity of sep-
arated Majorana modes, protecting it from local decoherence
sources. 4!

While the initial search for MFs predominantly focused
on chiral p-wave superconductors and systems with bro-
ken time-reversal symmetry (TRS),[®®) such as those in the
Altland—Zirnbauer class D, 7] recent attention has shifted sig-
nificantly toward time-reversal invariant (TRI) topological su-
perconductors belonging to class DIIL!" Class D systems are
characterized by a Z, or Z invariant depending on dimension-
ality, but they require substantial magnetic fields to break TRS,
which can be detrimental to the parent superconducting state.
In contrast, class DIII systems preserve TRS and are charac-
terized by a Z; invariant in one dimension and a Z invariant in
two dimensions.

In class DIII systems, Kramers’ theorem dictates that Ma-
jorana surface states must appear in pairs, commonly referred
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to as Majorana Kramers pairs (MKPs). Unlike their chiral
counterparts in class D, which are robust against any local per-
turbation preserving particle-hole symmetry, MKPs are pro-
tected by time-reversal symmetry. However, this protection
is subtle; while a single MKP is robust against non-magnetic
disorder, it can be gapped out by perturbations that break TRS,
such as external magnetic fields. Crucially, protection is also
afforded by additional crystalline symmetries of the host lat-
tice. A defining, yet frequently overlooked, feature of these
states is their anisotropic magnetic response.

Early phenomenological studies on the *He-B superfluid
phase — a definitive 3D class DIII system — revealed highly
anisotropic responses of its Majorana boundary states to ex-
ternal magnetic fields, detected through measurements of su-
perconducting spin susceptibility and spin relaxation.!*-19 Re-
searchers observed that the spin density operator for these
surface states exhibited Ising-type behavior, with a distinct
This
implies that the Majorana modes remain gapless for mag-

polarization axis often perpendicular to the surface.

netic fields applied perpendicular to this “Ising” axis but ac-
quire a mass (gap) for fields parallel to it.[%10:13:14.16] Thjg
anisotropic behavior led to the concept of the “Majorana Ising
spin.” Contemporaneous research established that in noncen-
trosymmetric topological superconductors, even when TRS
is broken (rendering the strict Z, classification formally in-
valid), a weak magnetic field applied perpendicular to the
edge propagation direction could preserve the gapless nature
of Majorana modes. This stability was attributed to acci-
dental symmetries inherent to specific Hamiltonians, such as
the Rashba spin—orbital coupled model.!'>!7! Later theoretical
work demonstrated that Majorana Ising spin is a manifestation
of symmetry-protected topology, where the spin direction is
governed by crystalline symmetries.[!!-1]

Intrinsic TRI class DIII TSCs are experimentally scarce
due to the stringent requirement for odd-parity pairing in the
presence of time-reversal symmetry. Consequently, theoreti-
cal research has identified systems exhibiting strong spin—orbit
coupling (SOC) as promising candidates for engineering these
topological phases. Key proposed platforms include doped
topological insulators such as Cu,BisSe3, '8! topological insu-
lator thin films sandwiched between s -wave superconductors
with opposite pairing phases,''® and bilayers featuring linear
and cubic Rashba SOCs.[?%??1 Additionally, Rashba mono-
layers proximity-coupled to extended s-wave superconductors
(such as iron-based superconductors) offer a high-temperature

(211 Despite these theoretical advances,

pathway to this state.
the manipulation of the Majorana Ising spin — the anisotropic
magnetic response of the helical edge modes — via the direct
electrical tuning of SOC parameters in 2D class DIII TSCs
remains largely unexplored.

This work presents a comprehensive investigation into the

orientation and tunability of Majorana Ising spins within TRI
TSCs engineered in two-dimensional (2D) spin—orbit coupled
systems proximitized to an extended s-wave superconductor.
We demonstrate that the interplay between Rashba and Dres-
selhaus SOCs plays a decisive role in determining the Ising
spin orientation. In the limit of pure Rashba SOC, the Ising
spin aligns along the x-axis, protected by mirror symmetry
M. In the limit of pure Dresselhaus SOC, it orients along the
y-axis, protected by the combined rotational-mirror symmetry
C,y. Most crucially, we reveal that when both interactions co-
exist, the Ising spin direction becomes continuously tunable
within the basal plane. By adjusting the relative strengths of
the SOC parameters — experimentally accessible via gating in
semiconductor heterostructures — any orientation between the
x- and y-axes can be achieved. We validate these findings by
calculating the topological winding number W and elucidating
the symmetry-protection mechanism for the tunable phases.
These results propose a viable pathway for manipulating Ma-
jorana fermions in quantum devices through purely electrical
means, bridging the gap between symmetry-protected topol-
ogy and functional spintronic applications.

2. Model

We construct a minimal 2D tight-binding model on a
square lattice to investigate class DIII TSCs driven by SOC
and extended s-wave pairing. The corresponding normal-state
Hamiltonian in momentum space is given by

h(k) = —2t(cosky +cosky) + hsoc, Q)

where ¢ denotes the nearest-neighbor hopping amplitude.
The term hgoc encapsulates the SOC interactions, includ-
ing both Rashba and Dresselhaus types, which are particu-
larly relevant for systems such as (110)-grown semiconduc-
tor heterostructures.!?>! In this work, we examine specific
isotropic and anisotropic variants of Rashba and Dresselhaus
SOCs,?*! which are summarized in Table 1. The spin textures
on the Fermi surface for these four SOC configurations are il-
lustrated in Fig. 1.

Superconductivity is induced in this spin—orbit cou-
pled system via the proximity effect. The system is de-
scribed by the Bogoliubov—de Gennes (BdG) Hamiltonian
H= %Zk 'P,I HpagWs, where the basis function is defined as

e = (€€l it €k 1) and

_ (h(k)—u A
Hpic = ( AT —h*(—k)+u>' (2)

The off-diagonal pairing potential, A = [Ag + 24| (cosk, +
cosky)]sy, corresponds to an si-wave superconducting pair-
ing.
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Table 1. Explicit form of isotropic and anisotropic Rashba and Dressel-
haus SOCs.

Rashba SOC Dresselhaus SOC
Isotropic —sinkysy + sinkys, sinkysy + sinkys,
Anisotropic sinkysy + sinkysy sinkysy — sinkysy

(a) (br\
(c) (d)
Fig. 1. Spin textures of distinct SOC types on the Fermi surface. (a)

and (b) illustrate the spin textures for isotropic Rashba and Dresselhaus
SOC, respectively. (c) and (d) correspond to the anisotropic cases.

For the case of isotropic Rashba SOC, the proximity ef-
fect induces s pairing within the Rashba layer. A critical
condition arises if the Rashba spin-splitting is sufficiently large
that the inner and outer helical Fermi surfaces intersect regions
of the Brillouin zone with opposite signs of the induced super-
conducting gap. This condition is met when the nodal ring
of the pairing function lies between the inner and outer Fermi

Bl|z

(a) 0.1

—-0.1

surfaces. In this regime, a TRI helical p-wave superconducting
phase, characterized by a Z, invariant, is realized.!?!] While
the other three SOC variants exhibit distinct spin textures, they
all support a helical p-wave superconducting phase, provided
that the two helical Fermi surfaces experience opposite signs
of the induced gap. Consequently, we investigate the Majo-
rana Ising spin for TRI TSCs arising from these four distinct
SOC configurations.

3. Properties of the Ising spin

As mentioned previously, in spinful superconductors, the
Majorana Ising spin character has been demonstrated to re-
sult from symmetry-protected topological phases.!!> Further-
more, for a pairing potential with a given irreducible repre-
sentation, the crystal symmetry uniquely determines the direc-
tion of the Majorana Ising spin.!?>! This provides a theoretical
foundation for utilizing magnetic fields to probe electron pair-
ing behaviors in superconducting materials. In this section,
we demonstrate that for a given pairing potential, the Ma-
jorana Ising spin also responds differently to distinct SOCs.
Specifically, in the presence of Rashba SOC, the Ising spin
aligns along the x-axis, while under Dresselhaus SOC, it ori-
ents along the y-axis. This leads to the key observation that
the Majorana Ising spin’s orientation can be continuously con-
trolled in-plane by tuning the relative strength between the two
SOC types.

Bl|z

ky

Fig. 2. Evolution of the edge states under a magnetic field (B = 0.01) for the four SOCs in Eq. (2), with a y-direction open boundary. The edge
states are identical for isotropic and anisotropic conditions in both the (a) Rashba-type (g = 0.5) and (b) Dresselhaus-type (op = 0.5) SOCs.

Common parameters, t = 1, 4 = -2, Ag =0.2, A; = —0.1.

Figures 2(a)-2(d) illustrate the evolution of edge states
with respect to the magnetic field direction for the four dif-
ferent SOC types, assuming open boundary conditions along
the y-direction. At zero magnetic field, the system exhibits a
Kramers pair of helical Majorana edge modes for all four SOC
cases. For both isotropic and anisotropic Rashba SOC, the
MKPs respond exclusively to a magnetic field applied along

the x-direction, resulting in a gap opening for the Majorana

zero modes at k, = 0. In contrast, for the Dresselhaus SOC
cases, the MKPs are responsive only to a y-directed magnetic
field. In a TRI topological superconducting phase, Majorana
zero modes generally remain gapless when the magnetic field
is oriented perpendicular to the Ising spin direction; a gap
opens only when the field has a component parallel to the Ising
spin axis. Based on this principle, the distinct directional se-

lectivity observed in our calculations implies the orientation

067404-3
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of the Ising spin: it is aligned along the x-axis for both forms
of Rashba SOC and along the y-axis for both forms of Dres-
selhaus SOC. We next calculate the topological invariant to
characterize this topological phase.

4. Topological invariant

This Majorana Ising spin character defines a symmetry-
protected topological phase.
analysis for the four SOC cases is summarized in Table 2.
Under time-reversal symmetry, our analysis indicates that the

The corresponding symmetry

Ising spin is protected by mirror symmetry M, for Rashba-
type SOC and by rotational symmetry C,, for Dresselhaus-
type SOC. These conclusions are valid for both isotropic and
anisotropic SOC.

Table 2. Symmetries protecting the Ising spin and their operator forms
in different SOC systems, where 7; (i = 1,2, 3) denote the Pauli matrices
acting in the particle-hole space.

Type of SOC Symmetry Operator
Isotropic/anisotropic Rashba M, 178y
Isotropic/anisotropic Dresselhaus Cyy iTosy
1 1
£ ) £ M)
;) ;)
< -
52 52
+ 0 + 0
[ [
o o
) o0
3 3
19 0 1 19 0 1
ky/m ky/m
1 1
£ @ £ @)
= )
- -
= =
- 0 - 0
|5} o}
e e
) 60
3 g
17 0 1 17 0 1
ky/m ky/m

Fig. 3. Winding of argdetg(k,) for each SOC. (a), (c) For Rashba-type
SOC: or = 0.5, isotropic W = 2 and anisotropic W = —2. (b), (d)
For Dresselhaus-type SOC: ap = 0.5, isotropic W = 2 and anisotropic
W = —2. Common parameters, t = 1, 4t = —2, Ao = 0.2, A; = —0.1.

The effective chiral symmetry operator, denoted as I, is
constructed from the original chiral operator Y = —it,s, and
is defined by the following relation: Iy, = Tys;, Ic,, = Txso,
Iy, = 7ys;, and I¢,, = Tyso. Using I', we compute the winding
number at the TRT momentum ke =0,

/4

wir) = [ 52 g wedeta(k) ®
where W([I",y] is the winding number corresponding to Ma-
jorana edge states on the (010) edge, and g(k,) is defined as
the off-diagonal component of the Hamiltonian (Eq. (2)) in
the chiral basis. By the bulk—boundary correspondence un-
der the effective chiral symmetry I", a nonzero winding num-

ber implies protected zero-energy boundary modes. In the

present TRI setting, the boundary zero modes appear as an
MKRP, i.e., two Majorana modes related by TRS. The results in
Fig. 3 show that for all cases, the winding number is nonzero
(W = £2). Specifically, the result |W| = 2 provides topolog-
ical verification of the Majorana Kramers pairs on the (010)
edge, linking the symmetry protection directly to the existence
of the edge states.

5. Coexisting Rashba and Dresselhaus SOCs

Following the preceding discussion on the distinct effects
of Rashba and Dresselhaus SOC, a natural question arises:
how does the Ising spin orientation evolve when both types
of SOC are present? For simplicity, we restrict this section
to the isotropic forms of linear Rashba and Dresselhaus SOC.
The direction of the Majorana Ising spin determines a highly
anisotropic magnetic response. To investigate this directional-
ity intuitively, we study the magnetic-field-induced quasipar-
ticle gap in the edge-state spectrum, as shown in Figs. 4(a)
and 4(b).
only Rashba SOC is present, the Ising spin aligns along the

Consistent with our previous conclusions, when

x-direction, whereas it aligns along the y-direction for pure
Dresselhaus SOC. Our investigation reveals that when Rashba
and Dresselhaus SOC coexist with equal strength, the Majo-
rana Ising spin orients along the diagonal direction in the x—y
plane (Fig. 4(c)). Furthermore, varying their relative strength
enables continuous rotation of the Ising spin within the plane
(Figs. 4(a)—4(d)).

0.02

(a) I (b) 002.
(d) o.ozl

T

z

y o )

(c) o.ozl
y ‘ % |y

Fig. 4. Magnetic-field-induced (B = 0.01) quasiparticle gap in the edge-
state spectrum. (a) For pure Rashba SOC (ar = 0.5, 0p = 0). (b) For
pure Dresselhaus SOC (op = 0.5, ar = 0). The case of mixed Rashba
and Dresselhaus SOC is depicted in (c) and (d), corresponding to a ratio
of ar/op =1 for (¢) and ar /op = —1 for (d). Common parameters:
t=1,u=-2.0,4=02,4 =—0.1.

0

To understand the physical origin of this continuous rota-
tion, it is necessary to address the role of crystalline symme-
try. Conventionally, for a given pairing symmetry, the orienta-
tion of the Majorana Ising spin is uniquely fixed by the crystal

067404-4
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symmetries protecting the topological phase.!?>! This princi-
ple strictly governs the limiting cases in our model: the pure
Rashba case is protected by mirror symmetry M,, pinning the
spin to the x-axis, while the pure Dresselhaus case is protected
by rotation symmetry Cy, pinning it to the y-axis.

However, in the mixed regime where both SOCs coexist,
these global spatial symmetries are explicitly broken. With
the rigid symmetry constraints lifted, the orientation of the
Majorana Ising spin is no longer pinned to a specific crys-
tallographic axis. Instead, it is determined by the direction
of the effective spin—orbit field experienced by the electrons
at the Fermi momentum. This effective field behaves as the
vector sum of the Rashba and Dresselhaus components. As
the relative strength o / o is varied electrically, the direction
of this resultant vector rotates continuously within the basal
plane. Consequently, the Majorana Ising spin tracks this ef-
fective quantization axis, allowing for the continuous tunabil-
ity of the magnetic response.

6. Discussion and conclusion

In this work, we have demonstrated that in systems with
Rashba or Dresselhaus SOC, the Majorana Ising spin can ori-
ent along different directions even under the same pairing po-
tential. Through symmetry analysis, we have established that
for Rashba-type SOC, the Ising spin aligns along the x-axis on
the (010) edge, protected by mirror symmetry M,. We derived
the corresponding effective chiral operator and calculated the
resulting winding number to be 2 for the isotropic case and —2
for the anisotropic case. Similarly, for Dresselhaus-type SOC,
the Ising spin orients along the y-axis, protected by rotational
symmetry Cy, with winding numbers of 2 (isotropic) and —2
(anisotropic).

Crucially, we revealed that when Rashba and Dresselhaus
SOC coexist, the relative strength between them dictates the
in-plane orientation of the Majorana Ising spin. In this mixed
regime, the global crystalline symmetries (M, and Cyy) are ex-
plicitly broken, lifting the rigid symmetry constraints on the
spin direction. Consequently, the Majorana Ising spin contin-
uously tracks the effective spin—orbit magnetic field vector —
determined by the vector sum of the SOC fields — as the ra-
tio is tuned. This insight extends the theoretical framework of
symmetry-protected topology and offers valuable perspectives
for probing electronic pairing behaviors through magnetic-
field tuning.

To experimentally realize the tunable Majorana Ising spin
predicted in our model, we propose a heterostructure based on
a 2D InSb or InAs quantum well grown along the (110) direc-
tion, proximity-coupled to an iron-based superconductor (e.g.,
Fe(Te,Se) or LiFeAs). Iron-based superconductors are particu-
larly suitable candidates as they naturally provide the extended

s-wave pairing symmetry!2®28 assumed in our model, com-
bined with a high superconducting critical temperature. Fur-
thermore, the regime of comparable Rashba and Dresselhaus
strengths R ~ Qp is experimentally accessible. The feasibil-
ity of tuning oR to match op has been rigorously demonstrated
in the observation of the persistent spin helix state,>*-3?! con-
firming that the ratio o /0y can be precisely controlled to
rotate the Majorana Ising spin orientation.

While electrostatic gating offers a theoretical pathway to
tune the SOC ratio, we acknowledge that practical implemen-
tation faces challenges from interface disorder and band hy-
bridization. To enhance experimental robustness, we propose
two specific material strategies. First, epitaxial heterostruc-
tures are essential for reducing disorder. Unlike evaporated
contacts, interfaces grown via in-situ molecular beam epitaxy
(MBE) — such as Fe-based thin films on (110)-InAs quan-
tum wells — demonstrate a “hard” superconducting gap, in-
dicating a ballistic interface free from disorder-induced sub-

(23] Second, to mitigate strong band hybridization

gap states.
(metallization) that might screen the gate electric field, van
der Waals (vdW) heterostructures offer a distinct advantage.
By stacking 2D semiconductors onto layered superconductors
(e.g., Fe(Te,Se) flakes), one creates atomically sharp interfaces
without dangling bonds. This minimizes the renormalization
of the semiconductor’s parameters, ensuring that the SOC co-
efficient remains effectively tunable by external gates. Addi-
tionally, the use of semi-insulating substrates (such as SrTiO3)
is recommended to eliminate parasitic bulk conduction that
could otherwise obscure the transport signatures.

Finally, we discuss how the electrical rotation of the Ma-
jorana Ising spin can be detected in experiments. We propose
angle-dependent tunneling spectroscopy as the primary detec-
tion method. The defining feature of the Majorana Ising spin is
its anisotropic response to magnetic fields: the Majorana edge
modes remain gapless only when the magnetic field is perpen-
dicular to the Ising spin polarization; a parallel field opens a
gap. Experimentally, this can be probed by measuring the dif-
ferential conductance (dI/dV) using a tunnel probe. At zero
magnetic field, the Majorana modes manifest as a zero-bias
conductance peak (ZBCP). By applying an in-plane magnetic
field of fixed magnitude and rotating its angle 8, the ZBCP will
split into two finite-energy peaks only when the field aligns
with the Ising spin direction (the “hard axis”). Crucially, as
the SOC ratio ar/ap is tuned via electrical gating, the angle
6 at which this splitting is maximal will shift continuously.
This angle-dependent evolution of the spectral gap serves as
a direct observable quantity reflecting the rotation of the Ising

spin.
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