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Quantum anomalous Hall effect with tunable Chern numbers
induced by d-wave sublattice-staggered altermagnetism

Lizhou Liu(X¥>7&)! and Qing-Feng Sun(fhpkF)H27

llntemational Center for Quantum Materials, School of Physics, Peking University, Beijing 100871, China
2Hefei National Laboratory, Hefei 230088, China

(Received 24 December 2025; revised manuscript received 4 February 2026; accepted manuscript online 6 February 2026)

We construct a minimal spinful tight-binding model on a square lattice, where a d-wave sublattice-staggered alter-
magnetism drives the quantum anomalous Hall effect. Here the exchange field is staggered between the two sublattices,
where it takes opposite signs on A and B described by the Pauli matrix 7,. The resulting insulating phases host tunable
Chern numbers C = +1 and C = %2, controlled by the staggered exchange strength and the sublattice-staggered potential.
We determine the complete phase diagram, identify valley-resolved band inversions at the X and Y points in the Brillouin
zone, and demonstrate chiral edge states together with quantized two-terminal conductance plateaus. Our work provides
a simple route to realizing the quantum anomalous Hall effect in compensated magnets via a d-wave sublattice-staggered

altermagnetism.
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1. Introduction

The quantum anomalous Hall effect (QAHE), charac-
terized by dissipationless chiral edge states and quantized
Hall conductance in the absence of external magnetic fields,
has been at the forefront of topological condensed matter

research.'-17

I Conventional realizations of QAHE rely pre-
dominantly on systems with intrinsic ferromagnetism or mag-
netic doping, where the breaking of time-reversal symmetry
is essential for inducing nonzero Chern numbers. 825 While
ferromagnetic approaches have seen experimental success, in-
cluding the first experimental observation of QAHE in Cr-
doped (Bi,Sb),Tes thin films, [%] they often suffer from ex-
ternal magnetic field sensitivity, low operational temperatures,
and limited tunability of the topological phase.?°!

In contrast, compensated magnetic systems offer im-
proved robustness and additional internal degrees of freedom
for engineering topological states.>’?8] Here, compensated
magnets refer to magnetic states with vanishing net magne-
tization per unit cell, including both conventional antiferro-
magnets and altermagnets. For example, magnetic topologi-
cal insulators with layered antiferromagnetism have been pro-
posed and realized as promising platforms for QAHE and ax-

29301 Fyrthermore, several theoretical proposals

ion insulators.|
have demonstrated that QAHE can emerge in compensated an-
tiferromagnets, such as MnBi,Te4 and monolayer CrO.31:321
These works establish antiferromagnet-based QAHE as viable

in principle, yet they often rely on delicate external tuning or
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specific crystal structures.

Recently, the concept of altermagnetism has been un-
veiled as a new class of collinear magnetism that combines
compensated spin configurations with strongly spin-polarized
band structures.>3-37] Therefore, altermagnetism belongs to
the broader family of compensated magnets. The essential
distinction from a conventional Néel antiferromagnet is that,
despite zero net magnetization, the magnetic space group of
an altermagnet allows symmetry protected momentum de-
pendent spin splitting, whereas Néel antiferromagnets of-
ten exhibit antiunitary symmetries that enforce spin degen-
erate bands. Unlike conventional ferromagnets, altermag-
nets exhibit no net magnetization and thus generate no stray
magnetic fields; and unlike antiferromagnets, they naturally
host momentum-dependent spin splitting enforced by crys-
talline symmetries, which is robust across the entire Bril-
louin zone.[*33*! First-principles calculations have predicted
several candidate altermagnetic materials, such as RuOo,
MnF,, 3401 while experimental evidence has already been
reported in MnTe and MnTe,.*!#?l Owing to these advan-
tages, altermagnetism provides a platform for spin-dependent
transport phenomenal*>*! and for hosting unconventional

45461 Examples include Majorana zero

[50-52

topological phases.!

[47-49 I and un-

modes, I higher-order topological states,
conventional superconducting responses.>3-3¢! Recent stud-
ies have shown that altermagnets, despite hosting zero net

magnetization, can nevertheless exhibit anomalous Hall ef-
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fect and even QAHE, 75! though typically only in the pres-
ence of strong electronic correlations or intricate spin—orbit
coupling configurations. Meanwhile, compensated altermag-
netic states have been proposed where the altermagnetic ex-
change changes sign between sublattices in real space, thereby
restoring spin degeneracy and suppressing the characteris-
tic altermagnetic spin splitting.[%" In the sublattice-staggered
altermagnet, the altermagnetic exchange is compensated at
the unit-cell level, while its sublattice-staggered sign struc-
ture imprints a sublattice-opposed spin texture in momentum
space. This is distinct from conventional antiferromagnets,
where real-space compensation is typically accompanied by
momentum-independent spin degeneracy, and from ordinary
altermagnets, which allow symmetry-constrained momentum-
space spin splitting but usually lack such a sublattice-opposed
texture. Nevertheless, it remains an open question whether al-
termagnetism with an additional real-space inversion between
sublattices can still generate QAHE with a nonzero Chern
number.

In this paper, we address this question by constructing
a minimal square-lattice model with two sublattices and a d-
wave sublattice-staggered altermagnetic exchange field. Here
“sublattice-staggered” is used only to indicate that the ex-
change field is reversed between the two sublattices, yielding
a compensated magnetic configuration. The model, illustrated
in Fig. 1, contains hopping and spin—orbit coupling terms that
preserve time-reversal symmetry 7. We then introduce a d-
wave sublattice-staggered altermagnetic field that breaks 7T
and drives QAHE while keeping selected crystalline symme-
tries specified below. We show that this system realizes mul-
tiple QAHE phases with tunable Chern numbers C = £+1 and
C = £2, controlled by the interplay between altermagnetic-
field strength and sublattice-staggered potential. By analyzing
bulk topology, phase diagrams, edge spectra, and quantized
two-terminal conductance, we establish a complete picture
of QAHE driven by a d-wave sublattice-staggered altermag-
netic field. Our results demonstrate that a d-wave sublattice-
staggered altermagnetism provides a distinct route to QAHE in
compensated magnets, where the d-wave form factor controls
valley-resolved band inversions at X and Y.
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Fig. 1. Schematic diagram of the square lattice model consisting of two sub-
lattices, A (red) and B (blue). The green arrows indicate the diagonal hopping
paths that include both nearest-neighbor hopping and spin—orbit coupling con-
tributions. The d-wave staggered altermagnetism adds +J(cosk, — cosky)sy
on sublattice A and —J(cosk, — cos ky)sx on sublattice B.

2. Model and Hamiltonian

We start from a spinful two-sublattice model defined on
a square lattice. In momentum space, the Bloch Hamiltonian
can be written as3?!

A AB
0= [ oy ] W
where the intra sublattice contributions are given by
FkA = —2(tccosky +t,cosky) so + S0,
1';cB = 2(tycosky +1,cosky) so — I So- 2)

The hoppings (.,7,) enter with opposite signs on sublat-
tices A and B, which favors an insulating spectrum once the
inter-sublattice coupling is included. The parameter u is a
sublattice-staggered potential, taking +t on A and —u on B.
The inter-sublattice block FkAB describes the coupling between
A and B, including diagonal hopping (¢) and spin—orbit cou-
pling (i1),

ke +ky
LAB = 2(t+iLsy)cos (?)

+2(tilsx)cos<kx;ky> . 3)

Here s; (i = x,y,z) denote the Pauli matrices for spin, and s is
the 2 x 2 identity matrix.

In the absence of spin—orbit coupling, the model has an
enlarged symmetry that includes independent spin rotations
combined with lattice operations.[®'=%31 Along the Brillouin
zone boundaries (ky = 7 or ky = 7), FkAB vanishes, so bands
originating from different sublattices cannot hybridize. When
spin—orbit coupling is switched on, the Hamiltonian remains
time-reversal symmetric and does not imply magnetic order
by itself. Its role is to lock the spin quantization axis to lat-
tice harmonics in the inter-sublattice coupling, thereby con-
straining the symmetry-allowed mass structures once a time-
reversal-breaking exchange field is introduced. Along the
zone-boundary lines, the vanishing of l"kAB yields symmetry-
protected band touchings in the absence of exchange. After
adding the d-wave sublattice-staggered altermagnetism Hanm
defined below, the system becomes magnetic, and the sym-
metry analysis is naturally formulated in terms of a magnetic
point group.*?! In this magnetic setting, the exchange gen-
erates momentum-dependent masses that gap out the relevant
zone-boundary band touchings at X and Y, producing a non-
trivial Berry-curvature distribution and QAHE phases with
tunable Chern numbers.

To fully gap out the system and realize QAHE, we in-
troduce a d-wave sublattice-staggered altermagnetic exchange
term,

Ham (k) = J(cosk, — cosky) sy, 4
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where 7, acts on the sublattice degrees of freedom, such that
the exchange contributes +J(cosk, — cosky)s, on sublattice
A and —J(cosk, — cosky)s, on sublattice B. Here s, fixes
the orientation of the staggered altermagnetic field along the
x direction. Notably, when the staggered exchange field is
aligned with the spin—orbit coupling spin axis, the combined
effect produces masses of the same sign for the relevant zone-
boundary valleys, opening a full bulk gap in the parame-
ter regime of interest.[*?] This term explicitly breaks time-
reversal symmetry 7. We consider anisotropic hoppings t,
and ;. The isotropic limit is recovered at #, = t,; otherwise
t, # ty describes hopping anisotropy. The d-wave form factor
(cosky—cosky) vanishes on the diagonals k. = %k,. Neverthe-
less, the full bulk gap is determined by the complete Hamil-
tonian. In the parameter regime considered, the spin—orbit
coupling together with Han gaps out the zone-boundary val-
leys at X and Y, generating a nontrivial Berry curvature dis-
tribution and QAHE phases. Compared with Ref. [32], which
is based on a conventional antiferromagnetic exchange, our
model instead employs a d-wave sublattice-staggered alter-
magnetic exchange field. This key modification produces a
momentum-dependent exchange texture that is fundamentally
different from a uniform staggering and directly targets the
zone-boundary valleys at the X and Y points. The d-wave mo-

mentum dependence further enables valley-resolved band in-

versions and hence tunable Chern numbers controlled by J, 1,
and the symmetry that relates the X and Y valleys.

3. QAHE driven by a d-wave staggered alter-
magnetic exchange

‘We now turn to the topological band evolution driven by
the d-wave sublattice-staggered altermagnetism. Figures 2(a)—
2(c) display the band evolution in the absence of a sublattice-
staggered potential (4 = 0). As J increases from 0 to 0.8, the
bulk gap closes simultaneously at the X and Y points when
J = 0.4, signaling a topological phase transition where two
valley band inversions occur at the same critical point. Since
each inversion contributes a unit change AC = 1, the Chern
number jumps from C =0 to C = 2. In contrast, for a fi-
nite staggered potential u = 1.2, shown in Figs. 2(d)-2(h), the
gap closes sequentially: first at ¥ [Fig. 2(e)] and later at X
[Fig. 2(g)], giving rise to two successive transitions, each asso-
ciated with a single valley inversion and a unit change AC =1,
so that the Chern number evolves from C =0 to C = 1 and
finally to C = 2. This comparison demonstrates that the stag-
gered potential controls whether the band inversions at the X
and Y valleys occur simultaneously or sequentially, and thus
whether the Chern number changes by two in a single jump or
by two unit steps, enabling QAHE phases with tunable Chern
numbers.
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Fig. 2. Energy band structures for different parameter settings. The high-symmetry path is chosen as ' -M—-X-I"-Y—-M. Panels (a)—(c) show
the evolution at fixed p = 0 with increasing J = 0, 0.4, 0.8, where the bulk gap closes at J = 0.4, and the Chern number increases from C = 0
to C = 2. Panels (d)—(h) show results for u = 1.2 with increasing J = 0,0.2,0.6, 1, and 1.2, where multiple topological transitions take place,
with corresponding Chern numbers C = 0, 1, and 2. Other parameters are fixed as t = 1, A = 0.5, 1, = 0.2, ty, = 0.6.

The Chern number, serving as the topological invariant of

the QAHE phases, is calculated using the Kubo formula[6+6>]

Z d2k9 (5)

where the Berry curvature!®®%7] of the nth band is

Z 2T (Wi [Ve | Wi ko) (Wi ke [ Vy | W)

Qn(k) -
n'#n (wn’ - Con)2

, (6

with v,(,) denoting the velocity operator and @, = E, /h. Our
calculations reproduce the Chern numbers identified in Fig. 2,
providing a consistent verification of the topological phase
transitions.

The QAHE phases arise from the time-reversal breaking
induced by Ham together with SOC. In the absence of Haw,

the system respects 7 and the Berry curvature integrates to
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zero. Turning on Hap breaks 7 and generates finite Berry
curvature, driving the system into QAHE phases with nonzero
Chern numbers. A finite sublattice-staggered potential u shifts
the relative energies of the X and Y valleys and can therefore
turn a simultaneous band inversion into two sequential inver-
sions, yielding intermediate C = 41 phases when the sym-
metry relating X and Y is broken. In particular, anisotropic
hoppings t, # t, remove the k, <+ k, interchange equivalence
between the two directions, which makes the two valleys in-
equivalent and enables phases with odd Chern numbers. In
contrast, the isotropic limit #, = f, restores the valley equiva-
lence and restricts the phase diagram to even Chern numbers
only.

4. Phase diagram

To gain a global view of the topological regimes, we
construct the phase diagram in the J—u plane by combining
band-gap analysis with Chern number calculations, as shown
in Fig. 3. The color map represents the bulk gap magni-
tude. Figure 3(a) corresponds to anisotropic hoppings . 7 f,.
In this case, the system develops a rich phase structure with
C =0,%1,+£2, originating from sequential gap closings at the
X and Y valleys. In contrast, Fig. 3(b) shows the isotropic hop-
ping case f, = t,, where the phase diagram simplifies dramati-
cally and only C = 0 and C = £2 phases appear. This compar-
ison indicates that the isotropic limit renders the X and Y val-
leys equivalent, enforcing simultaneous band inversions and
hence even Chern numbers, whereas hopping anisotropy lifts
this equivalence and allows valley-resolved inversions, leading
to intermediate odd-Chern phases.

Fig. 3. Phase diagrams in the J—u plane. The color map shows the
bulk gap magnitude, and the labeled regions indicate the corresponding
Chern numbers. White dashed lines mark the phase boundaries. Both
panels share the common parameters: r = 1 and A = 0.5. (a) t, = 0.2,
t,=0.6;(b) 1, =0.2,¢,=0.2.

To make the origin of the white dashed boundaries in
Fig. 3 explicit, we derive the band-closing conditions from
the low-energy expansions around the two zone-boundary val-
leys X = (m,0) and Y = (0,7). Because the d-wave stag-
gered exchange field Ham(k) = J(cosk, — cosk,)Ts; acts
with opposite signs on the two sublattices, it modifies the di-
agonal blocks as I;! — ;A + J(cosk, — cosky)s, and I[Z —

I;B — J(cosk, — cosky)sy. Moreover, along the Brillouin-zone
boundaries (ky = 7 or k, = &), the inter-sublattice coupling
FkAB vanishes identically, so the gap closing at X and Y is con-
trolled by the diagonal sectors evaluated at the corresponding
valley momenta.

We first expand around X = (7,0) by setting ky = T+ g
and k, = g, with gx,q, < 1. Using cosk, ~ —(1 —¢2/2) and
cosky ~1— qg /2, one has FkAB =0 at g = 0. The Hamiltonian
then reduces to two decoupled 2 x 2 spin blocks on the two
sublattices,

LA(0) = 2(t, — ty)s0 + iso — 2J sy, (7
LE(0) = —2(t, — ty)s0 — pso + 2Jsy. 8)

Diagonalizing the spin structure yields £ = +|u +2(t, —t,) F
2J|, so the gap closes at X when

w420t —1)| =2 = pu=-2(tc—1t,)+2J. 9

A completely analogous expansion around Y = (0,7)
with k, = g, and k, = 7w+ g, gives, at g =0,

FYA(O) = _z(tx_t,v)SO‘i‘”SO'FZJSx, (10
LA (0) = 2(t, — t,)s0 — pso — 2J sy, )

leading to the band-closing condition
=20 —t)|=2] = p=2(t—1,)x2J. (12)

Equations (9) and (12) provide the analytical phase bound-
aries associated with gap closings at X and Y, respectively,
and they coincide with the white dashed lines in Fig. 3. This
establishes a transparent valley interpretation of the phase di-
agram: Chern-number changes are triggered by gap closings
at the zone-boundary valleys, while hopping anisotropy enters
through the offset 2(#, — ;) which splits the X and Y closing
lines and hence separates the two valley inversions. As a re-
sult, the system can undergo two successive topological tran-
sitions with an intermediate odd-Chern regime. In contrast, in
the isotropic limit #, = f,, the offset vanishes and the two con-
ditions collapse to u = £2J, enforcing a simultaneous closing
at X and Y and leaving only even-Chern phases.

5. Chiral edge states and quantized transport

To verify the chiral edge states, we compute the ribbon
spectrum with periodic boundary conditions along x and open
boundary conditions along y, so that k, remains a good quan-
tum number. Figures 4(a) and 4(b) show the band structures
for two representative parameter sets corresponding to Chern
numbers C = 1 and C = 2, respectively. In both cases, gapless
edge modes are clearly visible within the bulk energy gap.

To examine their spatial localization, we select represen-
tative states labeled A—F (black dots) and plot their real-space
probability distributions in Figs. 4(c), 4(d), and 4(e). For the
C =1 phase [Fig. 4(a)], the states A and B shown in Fig. 4(c)
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localize at opposite edges, forming a single pair of chiral edge
modes. In contrast, for the C = 2 phase [Fig. 4(b)], states
C-D and E—-F are both localized at the two edges of the rib-
bon. Importantly, states C and E propagate in the same di-
rection and reside on the same edge, giving rise to two co-
propagating chiral modes per edge.!'”! This direct correspon-
dence between the number of edge branches and the bulk
Chern number provides compelling evidence that the d-wave
sublattice-staggered altermagnetism drives QAHE phases in
our model.

[¥]?
=}
| —
“'&f--

l[?

!

P o e e e e

[]?

—1.0 0 1.0
J J

—1.0 0 1.0

Fig. 4. (a), (b) Ribbon band structures under open boundary condi-
tions along the y direction for anisotropic hopping (#, = 0.2, t, = 0.6) at
J=0.6 and J = 1.2, corresponding to Chern numbers C = 1 and C =2,
respectively. (c)—(e) Real-space probability distributions of the edge
states labeled A—F in (a) and (b), showing their localization at opposite
edges. (f), (g) Two-terminal conductance as a function of altermagnetic
strength J at fixed Fermi energy £ = 0.01. Approximately quantized
plateaus of 0, &2 /h, and 262 /h in (f) reflect successive transitions with
C =0, 1, 2, while in (g) (isotropic hopping, ¢, = t, = 0.2) the con-
ductance jumps directly between 0 and 2¢? /h. Other parameters: ¢ = 1,
A=05u=12.

To further confirm this bulk-boundary correspondence,
we calculate the two-terminal conductance of a ribbon geom-
etry using the Landauer—Biittiker formalism and the nonequi-
librium Green’s function approach.[%8-711 In this setup, semi-
infinite leads are attached to the left and right sides of the sys-
tem, and the transmission coefficient is obtained as T'(E) =
Tr[[LGTR(G)], where Tig)(E) = i | T ) — (5 )] is
the line-width function of the left (right) lead, ZE(R) de-
notes the self-energy, and G'(E) = [E — Hc — X} — X&]~!
is the retarded Green’s function of the central scattering re-
gion. The two-terminal conductance then follows as G(E) =
(€2 /h)T (E).

At a fixed Fermi energy E = 0.01, the conductance as a
function of the altermagnetic strength J is shown in Figs. 4(f)

and 4(g). In the anisotropic hopping case [Fig. 4(f)], corre-
sponding to the phase diagram in Fig. 3(a), distinct quantized
plateaus of 0, &> /h, and 262 /h are observed, tracking succes-
sive topological transitions with C =0, 41,£2. In contrast, the
isotropic hopping case [Fig. 4(g)], associated with the phase
diagram of Fig. 3(b), shows direct transitions between C = 0
and C = 42, with conductance jumping between 0 and 2¢* /h
without intermediate plateaus. This highlights the role of the
X-Y valley equivalence in the isotropic limit: when z, = t,,
only even Chern numbers appear, whereas hopping anisotropy
tx # t, allows intermediate odd-C plateaus. These results estab-
lish quantized conductance as a robust signature of the valley-
resolved topological transitions driven by the anisotropic d-
wave altermagnetic order.

6. Conclusion

We have proposed a minimal square-lattice model to re-
alize QAHE driven by a d-wave sublattice-staggered alter-
magnetism. The interplay between the d-wave staggered al-
termagnetism strength and the sublattice-staggered potential
gives rise to tunable topological phases with Chern numbers
C = £1,42. Through bulk band structures, phase diagrams,
edge spectra, and transport calculations, we have established
the topological nature of the phases and their dependence on
microscopic symmetry and coupling strength. Our results es-
tablish the d-wave sublattice-staggered altermagnetism mech-
anism as a distinct and versatile route to engineer QAHE in
compensated magnetic systems.

On the experimental side, altermagnetic order has been
firmly established in several material platforms and thin-
film settings, including MnTe and CrSb, where photoemis-
sion spectroscopy has directly resolved the characteristic,
symmetry-allowed band signatures of altermagnetism.!’>73]
For RuO,, magnetic circular dichroism in photoemission has
provided evidence for time-reversal-symmetry breaking with-

(741 and pronounced anomalous trans-

out net magnetization,
port responses together with thin-film compatibility have been
reported in related experiments.!”>~78 These advances identify
realistic parent altermagnets with sizable spin—orbit coupling
and device compatibility, which can serve as a materials ba-
sis to engineer the d-wave sublattice-staggered altermagnetism
required in our minimal model.

A concrete device-level route is to integrate a thin-film al-
termagnet with engineered interfacial inversion breaking and
sublattice asymmetry. Electrostatic gating tunes the chemical
potential into the bulk gap. A controllable sublattice-staggered
potential can be realized via an asymmetric interface, a polar
substrate, or a ferroelectric layer that breaks the equivalence
of the two sublattices. In parallel, uniaxial strain provides
an independent knob to tune the hopping anisotropy between
ty and t,, thereby generating the desired d-wave form factor
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and separating the X and Y valley inversions. Experimentally,
the proposed QAHE can be most directly identified through
transport measurements under gate and strain control. The re-
sulting benchmarks include zero-field quantized Hall plateaus
Ryy = h/(Ce?) accompanied by suppressed Ry, and a charac-
teristic plateau sequence that evolves from a single C =0 — 2
jump to two successive unit steps C = 0 — 1 — 2 upon tun-
ing strain or gate voltage. Moreover, since the altermagnetic
electronic structure is tied to the Néel-vector orientation, elec-
trical control or switching of the Néel vector provides a route

to reversibly manipulate the quantized Hall response in a com-

pensated setting.[7%-8%]
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