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Total focusing method (TFM) using full matrix capture (FMC) data provides high-quality ultrasound imaging by en-
abling pixel-level dynamic focusing during both transmission and reception. However, when applied to three-dimensional
(3D) ultrasound imaging with a two-dimensional (2D) matrix array (MA), TFM suffers from computational inefficiency
due to the conventional delay-and-sum (DAS) algorithm, which limits its applicability in high-volume imaging scenar-
i0s. To address this challenge, we introduce an efficient beamforming framework, designated MA-FMC-fk, leveraging
the frequency-wavenumber (f-k) domain to accelerate 3D FMC imaging. The proposed method achieves a computational
complexity of O(N2N2N; log, (N2N2N?)), compared to O(N2N2N,NyNy) for the conventional DAS algorithm. The imaging
performance of the proposed method was evaluated using simulations, phantom experiments, and in-vivo studies. Quantita-
tive results demonstrate that MA-FMC-fk improves the average lateral resolution by 25.00% for the simulated point targets
and by 19.18% for the phantom wire experiments compared to the DAS algorithm. In addition, MA-FMC-fk enhances
the average contrast-to-noise ratio (CNR) by 11.73% and the speckle signal-to-noise ratio (sSSNR) by 11.16% for the phan-
tom cyst. The MA-FMC-fk algorithm achieves a several-fold reduction in computation time on a CPU-based MATLAB
platform relative to DAS. The human experimental results further demonstrate the effectiveness of the proposed method, in
which the sSSNR and CNR are improved by 19.74% and 18.18%, respectively. The results demonstrate that the MA-FMC-fk
method improves image quality while reducing computational cost for 3D TFM imaging using a 2D matrix array.

Keywords: total focusing method, full matrix capture, frequency-wavenumber, two-dimensional matrix array
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1. Introduction

Three-dimensional (3D) ultrasound imaging is an ad-
vanced medical imaging modality that provides volumetric
visualization of internal structures.'!?! In general, 3D ultra-
sound imaging techniques are implemented through mechan-
ical scanning,m freehand scanning, 4l and two-dimensional
(2D) array transducers.>%! Mechanical scanning is achieved
by mechanically controlling a one-dimensional (1D) array to
move along different scanning trajectories, such as linear, tilt,
and rotational scanning. Multiple cross-sectional images are
sequentially acquired at varying spatial positions and then re-
constructed into a 3D volumetric dataset using image process-
ing techniques. In contrast, freehand scanning is achieved by
manually moving a 1D array while tracking the probe posi-
tion using position sensors. Freehand scanning offers flexible
control over scanning trajectories to meet different clinical re-
quirements. Alternatively, 2D array transducers use electronic
scanning and pulse delay control to steer and focus the beam,
thereby enabling the acquisition of high-frame-rate 3D ultra-
sound images.

Fully populated matrix arrays are a type of 2D array, fea-
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turing transducer elements arranged in a grid pattern resem-
bling a chessboard. Each transducer element of the matrix
array can be independently driven to steer and focus ultra-
sound beams in both lateral and elevational directions. Owing
to the full sampling capability and precise beam control, ma-
trix arrays generally offer improved image quality compared
to other 2D array configurations, such as sparse arrays!’8! and
row-column addressed arrays.[*~'!] Specifically, regarding the
advancements in row-column addressed array (RCA) technol-
ogy, Fu et al.”! investigated orthogonal plane wave (OPW)
compounding strategies through simulations to optimize the
quality of 3D blood flow imaging. Building on these imaging
methods, Sun et al.!'% proposed a 4D vector Doppler imaging
technique utilizing ultrafast plane waves, demonstrating its ca-
pability to capture hemodynamics in the human carotid artery.
Furthermore, Sun et al.!'!l developed a single-crystal RCA
transducer to achieve volumetric ultrasound localization mi-
croscopy (ULM) for super-resolved visualization of rat cere-
bral vasculature. 3D ultrasound using matrix arrays has been
widely investigated in various studies. Gongalves et al.!'?l ex-
amined fetal structures, including the fetal heart, using a 2D
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matrix array. Provost et al.!'3 implemented 3D ultrafast ultra-
sound imaging using either diverging or plane waves emitted
from a sparse virtual array located behind a 32 x 32 matrix
array. Gennison et al.l'* performed four-dimensional (4D)
shear-wave ultrasound imaging with a 32 x 32 matrix phased
array driven by a 1024-channel ultrasound system. Rabut et
al.!"! achieved 4D functional ultrasound imaging of the whole
brain using multiple plane waves emitted from a 2D matrix ar-
ray. Heiles et al.!'%! realized volumetric ULM using a 32 x 32-
element, 9 MHz matrix probe. Bureau et al.!'” performed vol-
umetric imaging of a tissue-mimicking phantom through ex-
vivo tissues using a 2D probe, subsequently demonstrating the
potential of 3D matrix imaging for transcranial applications.
Yan et al.'"® implemented an adaptive weight-based beam-
forming method to improve 3D super-resolution ultrasound
imaging. Zhang et al.!") investigated 3D ULM for tumor mi-
crovascular imaging using a 2D array. Wu et al.[*°! proposed a
row-transmission scheme to address the elevational blank row
issue in Vermon matrix probes, improving 3D image quality
and arterial wall motion estimation accuracy. Wu et al.*!1 fur-
ther introduced a projection-based directional coherence fac-
tor to reduce sidelobe artifacts by utilizing the separability of
volumetric coherence given 2D aperture functions of matrix
arrays. The fully populated matrix array plays an important
role in ultrasound volumetric imaging.

The total focusing method (TFM)??! is an ultrasound
imaging technique that uses a full matrix capture (FMC)
dataset to reconstruct high-resolution images by dynamically
focusing at every point in the region of interest. However,
in the case of matrix arrays, the conventional delay-and-sum
(DAS) beamformer is computationally inefficient as the num-
ber of channels and pixels increases. Frequency-wavenumber
(f-k) domain-based beamformers have been demonstrated to
be effective methods for reducing the computational complex-
ity of image reconstruction. The algorithm is adapted from
the Fourier-domain Stolt migration algorithm, originally de-
veloped for seismic imaging!?*! and subsequently applied in
the fields of synthetic aperture radar (SAR) and sonar.!?*%]
The method was later extended to ultrasonic imaging, facil-
itating further advancements in this field. In the context of
2D plane wave imaging, Lu et al.!*®! developed a pulse-echo
imaging method to achieve a high frame rate with limited
diffraction beams. Garcia er al.*”) implemented f-k domain
ultrasound imaging on plane wave echo data using an im-

1.1281 proposed

proved exploding reflector model. Bernard et a
a new ultrasound acquisition scheme based on Fourier slice
imaging to achieve finer lateral resolution compared to other
Fourier-based methods. Albulayli er al.!*®! achieved plane-
wave ultrasound imaging at ultrafast image acquisition rates
by modifying two classical algorithms used for geophysical

data processing, namely Stolt’s and slant-stack depth migra-

tion under zero-offset constant velocity assumptions. Zhang

et al.3%

extended Fourier-based techniques to the reconstruc-
tion of sectorial images from diverging wave (DW) data by
proposing an explicit transformation. Regarding synthetic
aperture and FMC techniques, Stepinski ez al. *!l implemented
the synthetic aperture focusing technique (SAFT) for radar
and sonar in the frequency domain. Hunter et al.*?! intro-
duced a Fourier-domain full matrix imaging method based on
a wavenumber algorithm for ultrasonic nondestructive testing
and evaluation. Vos er al.33 introduced a two-stage beam-
forming method, combining line-based DAS with subsequent
fast Fourier transform (FFT)-based beamforming, to reduce
the computational load and data transfer rate for linear array
systems while maintaining a comparable resolution to conven-

1341 presented an efficient

tional methods. Moghimirad et al.
Fourier beamformer for multistatic synthetic aperture ultra-
sound imaging using virtual sources. Guo et al.*>! integrated
the wavenumber beamformer with sub-Nyquist sampling, re-
ducing the computational complexity of traditional focused ul-
trasound imaging. With the advancement of transducer tech-
nology, Fourier-domain algorithms have been extended from
2D to 3D imaging. Cheng et al.[*%! adapted the high-frame-
rate imaging theory for fast 3D ultrasound imaging. The re-
sults demonstrated that the processing time of Fourier beam-
forming using virtual sources was reduced by a factor of 20
compared to DAS. Merabet et al.[3”! developed computation-
ally efficient 2D and 3D reconstruction algorithms in the f-k
domain to enable imaging of defects in solids. Marmonier

1.381 applied Fourier-domain algorithms to 3D imaging

et a
for nondestructive testing (NDT). Lin er al.*®! proposed a
fast Fourier-based 3D ultrasound imaging method using row
and column-addressed 2D arrays, achieving reduced compu-

1.1491 presented a novel Fourier-

tational complexity. Li ef a
domain beamformer for 3D plane wave imaging to improve
computational efficiency. Liu et al.'*!! introduced an f-k do-
main beamforming strategy for efficient volumetric image re-
construction in RCA-based orthogonal plane-wave imaging.
Recently, in our previous work,*?! a 3D f-k migration beam-
former was proposed specifically for RCA arrays to address
hardware-specific addressing constraints. However, to the best
of our knowledge, the application of 3D f-k beamforming for
matrix arrays, specifically in the field of medical ultrasound
imaging, has received limited attention. Given the distinct re-
quirements of medical imaging compared with NDT, such as
tissue heterogeneity and resolution demands, adapting this al-
gorithm for medical ultrasound using matrix arrays remains to
be investigated.

Inspired by the challenges and limitations discussed
above, this study establishes a spectral beamforming frame-
work specifically tailored for medical ultrasound volumet-
ric imaging with fully populated matrix arrays. Specifically,
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we propose the MA-FMC-fk method to reconstruct three-
dimensional full-matrix capture (3D-FMC) images, aiming to
alleviate the computational burden associated with conven-
tional DAS. By analyzing the wavefield propagation mecha-
nism, we derive a 3D Stolt mapping theory applicable to this
geometry. Consequently, this approach improves computa-
tional efficiency while enhancing spatial resolution and con-
trast through accurate modeling of wave diffraction, support-
ing the potential for real-time volumetric imaging.

The remainder of this article is structured as follows. Sec-
tion 2 presents the existing work on time-domain total focus-
Then,
the novel wavenumber beamforming algorithm is introduced.

ing algorithms using fully populated matrix probes.

Section 3 describes the process of experimental data acquisi-
tion and the image evaluation metrics. Section 4 shows the
simulation results, experimental results, and corresponding
quantitative analyses. Section 5 provides further discussion.
Section 6 concludes the paper.

2. Methods

FMC using matrix arrays is a specific acquisition mode
for 3D ultrasound imaging, where each element sequentially
transmits an ultrasonic wave while all N elements in the array
simultaneously record the echoes, as shown in Fig. 1. This
operation is repeated until every element has been used as the
transmitter. Ultrasound imaging using FMC data provides im-
proved image resolution and signal-to-noise ratio (SNR) com-
pared to conventional focused and plane wave transmissions,
as dynamic focusing is achieved during both transmission and
reception.

- T, on (5, 5)
+ Active Recoive Elements

Y Inactive Transmit Elements Y
® Active Transmit Element

0 0

T, on (6, 5r

20% R 0.:.:0.:0

.0....:... ...:......... ...:::::O::’:o::‘:.....’o

Fig. 1. FMC data acquisition model.

2.1. Delay and sum beamforming

TFM employs the DAS algorithm for beamforming, as
shown in Fig. 2. For TFM using FMC data from a matrix ar-
ray, the most critical step is the calculation of appropriate time
delays for the DAS algorithm. To achieve focusing at each
imaging voxel at (x,y,z), the algorithm must precisely com-
pute the time-of-flight (TOF)*3! for the acoustic path from ev-

ery transmitting element at (uy, ,,0) to the voxel and back to
every receiving element at (vy, vy,0). Based on this geometric
path, the TOF is expressed as

V(e —x)2+ (uy —y)2 +22
Ve =22+ (v, — )2+ 22

+ ; ey
C

ti,j(x7yaz) =

where c is the sound velocity of the propagation medium, u,
and u, are the lateral and elevation positions of the transmit-
ting element, respectively. vy and vy are the lateral and eleva-
tion positions of the receiving element, respectively. For each
voxel, all delayed signals of the full matrix data are coherently
summed at the imaging point to obtain the imaging point am-
plitude I(x,y,z) as

I(x,y,z) =

1=

1

N
Y eijtij(x,,2)), )
j=1

where e; ;(t; j(x,y,z)) is the amplitude of the ultrasonic echo
emitted by the i-th element and received by the j-th element.

. Transmit element
(uw7uy’0)

. Receive element
(Uz7vy»o)

Fig. 2. Schematic of the 3D coordinate system and data acquisition ge-
ometry for the fully populated matrix array. The diagram illustrates the
spatial relationship among a transmit element located at (u,,u,,0), a re-
ceive element at (vx,vy,0), and a spatial point P(x,y,z). This geometric
configuration serves as the physical basis for the conventional DAS beam-
former.

2.2. Frequency-wavenumber beamforming

The f-k beamforming is a computationally efficient imag-
ing algorithm. It first transforms the raw spatiotemporal echo
data into the frequency domain via the Fourier transform.
Then, leveraging the concise frequency-domain representation
of the wave equation (i.e., the dispersion relation), it remaps
and focuses the data to reconstruct the entire high-quality im-
age in a single step. This approach elegantly converts the com-
plex physical propagation process into efficient mathematical
operations in the frequency domain.

According to the Weyl identity, the Green function repre-
senting the wavefield from the origin to the point (x,y,z) in a
3D Cartesian coordinate system can be expressed as

eflkr

G(x,y,z) = .
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In 3D FMC imaging, one ultrasound pulse emitted from
the transducer element located at (uy,uy,0) is reflected by a
scatterer with intensity f(x,y,z) and then backscattered to be
recorded by a transducer element located at (vy,vy,0). Note
that the half space z > 0 is generally defined as the imaging

area. The process can be described as

—Vy, Y — VyaZ)

—ikyzz

dkux dkuy f(xa Vs Z)

) “

*iksz
kyx x Vx +kt}(y lV)) ©

dkydky,y

vz

where the subscripts # and v of k refer to the wavenumbers of ultrasound transmission and backscattering, respectively. The

received pulse-echo data are the responses of all scatterers in the imaging volume, expressed as a spatial integral

8\8

RF (vy, vy, Uy, Uy, @) = //

RF (vy, vy, Uy, Uy, X, y,2, @) dxdy dz

i k1¢\+kvxx 1<ku)+kvx)y l(k kv, )

f(xy,2) dxdydz | et

_ 1/°°
T 4n?

8\8

L

8\8

[1]=

kquVZ

x e huty g ove o oty i, diyyy dy dkyy. (5)

It is evident that the ultrasound response of the scatterers is
associated with the RF data in the f-k domain, as

RF (kuX7 kuw kvy; kVya (1.))

e[ [

—00 —00 —00

—ikxx—ikyy—ikzz

x,y,z) dxdydz, (6)
Kok ————f(x»z) dxdy

where ky = ke + ki, ky = kuy + kyy,
k? — k2, — kg, + 1 /k? — k}, — k3, are the wavenumber base-
lines in the three directions of the scatterers.

and ky =

The propagating wavenumber can be calculated using the
wavenumber baseline, which is related to the distribution of
the scatterers as

\/(kz + k2, A k2, k2 k)% — A(k2 k2,
2k,

) (k2 + Ky

(N

Using interpolation methods, the intensity of scatterers in
the wavenumber domain can be recovered from the radio-
frequency (RF) data. The ultrasound image is obtained using
a 3D inverse Fourier transform.

The flowchart of 3D ultrasound imaging using the MA-
FMC-fk method is given in detail in Fig. 3. The following
steps outline the proposed algorithm.

RF data

RF(uwzquz’Uy:t)

5D FFT

RF( kurakuyvkvlv kvyaw)

| Fix k, k, K, .k, , get k

11,,7w)k'““k“‘ Kk, = const

Stolt mapping

NO

Last kuf’kuu’kvx’kvu?

Yes

Get P(ky,kykz)
then IFFT to f(z,y,2)

Fig. 3. Flowchart of the MA-FMC-fk method.

(i) The time-space data RF (i, uy,Vvy,Vy,t) are converted
to wavenumber-frequency data RF (kyux, Ky, kyx, kyy, ®) using a
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five-dimensional FFT.

(i) The wavenumber k is calculated at each wavenum-
ber sampling point (kyx,kuy,kvx,kyy) using Eq. (7). A 1D
slice of RF (kux, kuy, kyx, kyy, @) is obtained in the wavenumber-
frequency domain.

(iii) The 1D slices are interpolated to the image wavenum-
ber domain P(kyx, kuy, kyx, kvy, k) using Stolt mapping.

(iv) The interpolated 1D slices are summed to produce the
wavenumber-domain data P(ky,ky,kz) of the 3D image.

(v) The 3D data in the wavenumber domain are converted
into a 3D ultrasound image by a 3D inverse Fourier transform
in the spatial domain.

3. Experiment setup
3.1. Data acquisition

The performance of the proposed method was validated
through simulations, tissue-mimicking phantom experiments,
and in vivo studies. The RF data were acquired using the sim-
ulation mode of a Vantage NXT 4 system (Verasonics Inc.,
Kirkland, WA, USA), equipped with a 32 x 32 matrix array
probe with uniform element spacing. Five ideal point tar-
gets, modeled as mathematical points with infinitesimal size,
were used to assess the resolution of the point spread func-
tion (PSF) in the simulations. The targets were located at
(0 mm, 0 mm) in the lateral and elevational directions and
uniformly distributed from 10 mm to 30 mm along the ax-
ial direction. The simulation parameters were configured with
a sound speed of 1540 m/s and an attenuation coefficient of
0.5dB-cm~!'-MHz ™! for the propagation medium.

To evaluate the imaging performance, experiments were
conducted using a multi-purpose ultrasound phantom (Model
040GSE, CIRS Inc., Norfolk, VA, USA). The phantom is con-
structed from a proprietary solid elastic hydrogel, calibrated
to a sound speed of 1540 m/s and an attenuation coefficient
of 0.5 dB-cm™~!-MHz~!. While the phantom contains mul-
tiple target groups, specific targets were selected in this study
to validate the proposed method. For spatial resolution as-
sessment, the vertical distance group was imaged. This group
consists of nylon monofilaments with a diameter of 0.1 mm.
Specifically, the wire targets located within the depth range of
10 mm to 30 mm, with a 10 mm spacing, were selected for
analysis. For contrast assessment, an anechoic stepped cylin-
der target located at a depth of 15 mm was selected to simulate
a fluid-filled lesion. A coupling agent was applied to eliminate
air gaps between the transducer surface and the phantom. For
data acquisition, the Vantage NXT 4 system was connected to
the 32 x 32 matrix probe. However, to meet the uniform ele-
ment spacing requirement (A /2 pitch) inherent to the Fourier
transform-based f-k algorithm, the system was configured to
activate only an 8 x 32 rectangular sub-aperture of the matrix

array for signal transmission and reception. Further valida-
tion was performed by scanning the carotid artery of a healthy
volunteer. Informed consent was obtained prior to the exper-
iment. The data were acquired using a hand-held probe un-
der normal breathing conditions. The in vivo data were ac-
quired using the same experimental configuration as the phan-
tom study, utilizing the active 8 x 32 rectangular sub-aperture
of the matrix probe driven by the Vantage NXT 4 system. Ac-
quisition parameters for all experiments are summarized in Ta-
ble 1.

Table 1. Parameters of the transducer for simulation and experiment.

Simulation ~ Experiment
Element number 32 x32 8x32
Center frequency 3.47 MHz 3.47 MHz
Fractional bandwidth 60% 60%
Pitch 0.3 mm 0.3 mm
Element length 0.275mm  0.275 mm
Sampling frequency  13.90 MHz  13.90 MHz

3.2. Image quality evaluation metrics

A suite of image quality metrics was employed to quan-
titatively evaluate the two imaging algorithms. Full-width at
half-maximum (FWHM) was used to quantify resolution by
measuring the —6 dB width of the point-target amplitude pro-
file curve. Contrast ratio (CR) was used to quantify the con-
trast between different tissues, defined as the ratio of the av-
erage pixel intensity of the cyst to that of the background
speckle. The contrast-to-noise ratio (CNR) assesses the de-
tectability of the target by calculating the ratio of the pixel in-
tensity difference between the cyst and the background noise
to the square root of the sum of the standard deviations of
the pixel intensities. The speckle signal-to-noise ratio (sSNR)
was used to evaluate speckle uniformity, defined as the ra-
tio of the mean to the standard deviation of the pixel inten-
sity within the speckle region. To avoid changes in dynamic
range affecting the assessment of image quality, the general-
ized contrast-to-noise ratio (gCNR) was introduced to improve
lesion detectability.[**] Unlike traditional CNR, gCNR is no
longer affected by logarithmic compression, as it compares
the pixel intensity distributions in two different regions. The
mathematical definitions for these metrics are as follows:

CR = 20log,, (”) , (8)
Up
CNR = M7 9)
\/ o2+ 0f
U
sSNR = —, (10)
Op
eCNR =1~ [min{p(x).pp(0}dv. (1D

where u; and uy, denote the mean pixel intensities of the cyst
region and the background speckle area, respectively. ©; and
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Oy, represent their corresponding standard deviations. p; and
py refer to the probability distributions of the cyst region and
the speckle area, respectively.

4. Results
4.1. Point simulation

Both methods accurately reconstruct the positions of the
simulated point scatterers, as illustrated in the 3D images in
Figs. 4(a) and 4(f). The tri-plane views are further shown from
different angles in Figs. 4(e) and 4(j). The results indicate that
the main lobe width of the point targets in the images recon-

structed by the DAS method broadens as depth increases. In
contrast, the main lobe width obtained using the MA-FMC-
fk remains relatively stable across different depths, as shown
in Fig. 4(f). Notably, in the shallow region, the MA-FMC-fk
displays an elevated sidelobe level. Conversely, in the deep
region, the DAS-reconstructed images exhibit higher sidelobe
levels compared to those of the MA-FMC-fk. Figures 4(b)—
4(d) and 4(g)—4(i) further visualize the 2D cross-sectional
slices of the point targets along three orthogonal planes. As
shown in Figs. 4(b) and 4(g), the main lobe width of the DAS
image is larger than that of the MA-FMC-fk method, indicat-
ing that the latter offers superior lateral resolution.
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Fig. 4. Imaging results of simulated point targets obtained using the conventional DAS (a)—(e) and the proposed MA-FMC-fk (f)-(j) methods. (a)
and (f) 3D volumetric renderings; (b) and (g) lateral-elevation (xy-plane) slices at depths of 15 mm, 20 mm, and 25 mm; (c) and (h) lateral-axial
(xz-plane) slices at y = 0 mm; (d) and (i) elevation-axial (yz-plane) slices at x = 0 mm; and (e) and (j) tri-plane views. (k) and (1) 3D beam profiles
of the DAS method at depths of 25 mm and 30 mm, respectively, and (m) and (n) corresponding profiles of the MA-FMC-tk method.

Table 2. Quantification of the lateral FWHM is performed using both simulated point targets and experimental wire phantom

data in lateral-axial slices at y = 0 mm.

Simulated point targets

Experimental wire phantom

Location[mm] 0,100  (0,15)  (0,20)
DAS[mm] 0.74 0.74 0.89
MA-FMC-fk[mm] 0.36 0.55 0.71

0,25) (0,30) (0,100 (0,19.2) (0, 28.6)
1.12 1.32 0.41 0.71 1.06
0.91 1.09 0.33 0.59 0.85
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The 3D beam profiles for the DAS method at depths
z =125 mm and z = 30 mm are given in Figs. 4(k) and 4(1),
respectively, with the corresponding results for MA-FMC-fk
presented in Figs. 4(m) and 4(n). It can be seen that the
MA-FMC-fk method achieves a narrower main lobe width
and a lower sidelobe level, indicating advantages in both lat-
eral resolution enhancement and sidelobe suppression perfor-
mance. The proposed MA-FMC-fk method demonstrates su-
perior spatial resolution, as quantified by FWHM in Table 2.
Specifically, it achieves an average FWHM of 0.72 mm, rep-
resenting a 25.00% improvement over the 0.96 mm obtained
using the DAS method.

4.2. Wire phantom experiments

The 3D ultrasound images of the wire phantom recon-
structed using different methods are shown in Figs. 5(a) and
5(f). Although the embedded wires are rendered consistently
by both approaches, the images generated by the MA-FMC-
fk method exhibit a reduction in signal intensity in the deeper
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region compared with the DAS reconstruction. Furthermore,
the experimental wire phantom targets are clearly visualized
in the tri-planar views presented in Figs. 5(e) and 5(j).

The three corresponding orthogonal 2D slices of the wire
phantom for the DAS and MA-FMC-fk methods are depicted
in Figs. 5(b)-5(d) and 5(g)-5(i), respectively. A visual inspec-
tion of the lateral-axial (x-z) plane (Figs. 5(c) and 5(h)) re-
veals that the MA-FMC-fk method produces a narrower main
lobe, indicating enhanced spatial resolution over the conven-
tional DAS method. To quantify this improvement, a com-
parative analysis of the lateral amplitude profiles was per-
formed at depths of z = 19.2 mm and 28.6 mm, as shown in
Figs. 5(k)-5(n). The lateral FWHM for each method is listed
in Table 2, showing that the MA-FMC-fk method consistently
yields lower lateral FWHM values. The average FWHM for
all wire targets was measured to be 0.73 mm for DAS and
0.59 mm for MA-FMC-{k, representing an improvement of

3
R
X

/b “(\(“\

K

2
Y ..
N
30
5
4u, 4

0
@m\ ”’@ -4 o ‘i

/

0
g g
;g g 20
£ - =
§ ] g
2 Yy 0y
n) x(\'“m) ) 3(n)_4 % (mem)

()

Fig. 5. Imaging results of the experimental wire phantom obtained using the conventional DAS (a)—(e) and the proposed MA-FMC-fk (f)—(j)
methods. (a) and (f) 3D volumetric renderings; (b) and (g) lateral-elevation (xy-plane) slices at depths of 10.1 mm, 19.2 mm, and 28.6 mm; (c)
and (h) lateral-axial (xz-plane) slices at y = 4.12 mm; (d) and (i) elevation-axial (yz-plane) slices at x = —0.51 mm; and (e) and (j) tri-plane views.
(k) and (1) 3D beam profiles of the DAS method at depths of 19.2 mm and 28.6 mm, respectively, and (m) and (n) corresponding profiles of the
MA-FMC-fk method.
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4.3. Cyst phantom experiments

The 3D ultrasound images of the experimental phantom
with cyst targets reconstructed using different methods are pre-
sented in Figs. 6(a) and 6(c). The tri-plane views (Figs. 6(b)
and 6(d)) and corresponding 2D orthogonal slices (Figs. 6(e)-
6(g) for DAS and Figs. 6(i)-6(k) for MA-FMC-fk) are also
provided, revealing the details of the cyst morphological fea-
tures from various observation angles. The image recon-
structed by the DAS algorithm suffers from noise artifacts
In contrast, the MA-

FMC-fk method improves the imaging quality. The recon-

within the anechoic cyst (Fig. 6(f)).

structed image not only suppresses the internal noise of the
cyst (Fig. 6(j)), but also enhances edge sharpness, contributing
to accurate detection of the target. To further evaluate the con-
trast performance, the 3D beam profiles at a depth of 14.9 mm
are also presented in Figs. 6(h) and 6(1) for the DAS and MA-
FMC-fk methods, respectively.
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The imaging performance of the different methods was
systematically evaluated using four quantitative metrics (CR,
CNR, sSNR, and gCNR), as listed in Table 3. The cyst and
speckle regions for calculating these metrics are indicated by
a black circle and a blue rectangle, respectively, as shown in
Fig. 6(f). The MA-FMC-fk method outperforms the DAS al-
gorithm, improving CNR by 11.73% and sSNR by 11.16%.
The CR and gCNR achieved by both methods are nearly iden-
tical. These results indicate that the MA-FMC-fk method can
effectively maintain the speckle texture features while enhanc-
ing cyst contrast.

Table 3. CR, CNR, sSNR, and gCNR for experimental cyst phantom and
human carotid artery.

Experimental cyst phantom Human carotid artery

CR CNR sSNR gCNR CR CNR sSNR gCNR

DAS 21.59 1.96 2.15 0.9666 16.71 0.66 0.76 0.5607
MA-FMC-fk 20.02 2.19 223 09674 17.13 0.78 091 0.5662
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Fig. 6. Imaging results of the cyst phantom obtained using the conventional DAS (a), (b), (e)—(g) and the proposed MA-FMC-fk (c), (d), (i)-
(k) methods. (a) and (c) 3D volumetric renderings; (b) and (d) tri-plane views; (e) and (i) lateral-elevation (xy-plane) 2D slices at a depth of
z=14.9 mm; (f) and (j) axial-lateral (xz-plane) 2D slices at y = 4.1 mm; and (g) and (k) elevation-axial (yz-plane) 2D slices at x = —0.51 mm.
(h) and (1) 3D beam profiles at a depth of 14.9 mm for the DAS and MA-FMC-fk methods, respectively.
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4.4. In vivo study

As shown in Fig. 7, the experimental platform utilized a
Vantage NXT 4 system configuration for the in vivo imaging
scenario. Figure 8 presents the ultrasound imaging results of
the carotid artery obtained using different reconstruction meth-
ods. The volumetric renderings and tri-plane views are shown
in Figs. 8(a)-8(d), while the associated 2D slices for the DAS
and MA-FMC-fk methods are displayed in Figs. 8(e)-8(g) and
8(1)-8(k), respectively. The corresponding 3D beam profiles
at a depth of 13.6 mm are shown in Figs. 8(h) and 8(1). The
longitudinal and transverse views clearly display the arterial
anatomy in 2D slices. Both methods exhibit limited perfor-
mance in suppressing noise; therefore, noise and clutter re-
main observable within the vessel lumen. In contrast, the MA-
FMC-fk image displays a smoother speckle pattern and reveals
well-defined hyperechoic tissues.
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Fig. 7. Experimental data acquisition platform and in vivo imaging sce-
nario. (a) The Vantage NXT 4-system configuration equipped with 1024
transmit and receive channels. (b) In vivo scanning of a healthy young
male volunteer using a fully addressed 2D matrix array with a center fre-
quency of 3 MHz.
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Fig. 8. Imaging results of the carotid artery reconstructed using the conventional DAS (a), (b), (e)-(g) and the proposed MA-FMC-fk (c), (d),
(i)—(k) methods. (a) and (c) 3D volumetric renderings; (b) and (d) tri-plane views; (e) and (i) lateral-elevation (xy-plane) 2D slices at a depth of
z=13.6 mm; (f) and (j) axial-lateral (xz-plane) 2D slices at y = 4.1 mm; and (g) and (k) elevation-axial (yz-plane) 2D slices at x = —0.51 mm.
(h) and (1) 3D beam profiles at a depth of 13.6 mm for the DAS and MA-FMC-fk methods, respectively.
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For the quantitative evaluation, as shown in Fig. 8(f), the
vessel region and the tissue region are delineated by a magenta
circle and a blue rectangle, respectively, for measuring the CR,
CNR, sSNR, and gCNR metrics. The results are shown in Ta-
ble 3. The experimental results indicate that the MA-FMC-fk
method improves CNR by 18.18% and sSNR by 19.74% com-
pared to the DAS method, while the CR and gCNR for the
two methods are almost the same. These findings suggest that
the MA-FMC-fk method enhances target detectability while
maintaining tissue homogeneity.

4.5. Computational complexity analysis

The remarkable advantage of the MA-FMC-fk method is
its operation entirely in the Fourier domain, which allows for
improved computational efficiency over the DAS approach.
The theoretical computational performance of the two meth-
ods is quantitatively analyzed. The computational complexity
is characterized using the Landau symbol O. Here, N, and N,
are defined as the numbers of elements in the lateral and el-
evational directions of the 2D array transducer, respectively.
K represents the number of time samples acquired by the ar-
ray elements. Furthermore, Ny, Ny, and N; denote the num-
bers of voxels in the lateral, elevational, and axial dimensions
of the 3D image, respectively. For FMC, a five-dimensional
dataset of size N, x N, X N, X N, x K is obtained. For the MA-
FMC-fk method, spatial-temporal data acquired by the matrix
array are first zero-padded and then transformed into the f-
k domain via a five-dimensional (5D) FFT, with a computa-
tional complexity of O(N2>N2Klog,(N>N2K)). Subsequently,
a one-dimensional slice of the Fourier-transformed data is ob-
tained at each wavenumber sampling point (K, Ky, kyx,kyy),
and then interpolated and summed. Finally, the data in the
wavenumber domain are transformed to the spatial domain
by a 3D inverse Fourier transform. The computational costs
for interpolation, summation, and 3D inverse Fourier trans-
form are denoted as O(N,N,N.N,Ny), O(N,N,N;NcNy), and
O(N,N:Nylog,(N.N:Ny)), respectively. N, is generally equiv-
alent to Ny, and N, to Ny, while K is typically a multiple of
N,. Furthermore, the cost of the 3D inverse Fourier transform
is negligible compared with that of the 5D Fourier transform.
Therefore, the computational complexity of MA-FMC-fk is
O(N2N2N_log,(N?N?N;)). In contrast, the DAS method ex-
ecutes 1D linear interpolation along the temporal axis of RF
data for each voxel and every transmit-receive pair, leading to
a computational complexity of O(N2N2N,N.N,). Theoretical
analysis thus confirms that the MA-FMC-fk method achieves
lower computational costs compared to DAS, which is par-
ticularly advantageous for large-scale ultrasound imaging ap-
plications requiring high-dimensional data processing. This
translates to a computational speed improvement by a factor of
approximately N, over DAS, often resulting in a performance

increase of several orders of magnitude. From a theoretical
perspective, the wavenumber-domain MA-FMC-fk algorithm
is derived by constructing the forward propagation model of
the wave equation and solving its inverse problem. Its mathe-
matical rigor is superior to that of the empirically based DAS
beamforming. Numerical simulations show that the PSF ob-
tained by the proposed method exhibits superior spatial reso-
lution and characterization. This performance is further con-
firmed by experimental measurements using FMC data from
a 3.47 MHz 2D transducer, where the results agree well with
theoretical predictions.

The computational performance of the two algorithms
was evaluated by reconstructing 3D images offline in MAT-
LAB on a workstation equipped with an Intel Xeon Silver
4110 CPU (2.10 GHz) and 1 TB of RAM. To minimize com-
putational cost, the code was vectorized, and MATLAB’s
built-in interpl and ffin functions were employed. The compu-
tation time for each method as a function of the total number of
image voxels is shown in Table 4. For the simulation analysis,
the number of voxels in the lateral and elevational directions
was set to 64, while the number of axial voxels ranges from 16
to 256. Similarly, in the phantom and in vivo studies, the lat-
eral and elevational voxel counts are 64 and 16, respectively,
while the axial voxel counts vary from 64 to 1024. The experi-
mental results demonstrate that the MA-FMC-fk approach ex-
hibits a computational efficiency advantage over conventional
DAS beamforming. Notably, the temporal discrepancy be-
tween the two algorithms widens nonlinearly as the number of
voxels increases. Specifically, the MA-FMC-fk beamformer
achieves a 2.1-fold speedup at 2! voxels, which extends to
11.6-fold at 22° voxels. This phenomenon stems from the fun-
damental algorithmic differences between the two algorithms.
At lower voxel counts, the computational cost is dominated by
5D FFT operations and phase calibration procedures. The ob-
served growth in computation time is highly consistent with
theoretical predictions of computational complexity. How-
ever, it must be emphasized that practical computation times
are also substantially influenced by critical parameters such as
hardware capabilities, code optimization, and data throughput,
which can account for performance variations across different
implementations.

Table 4. Summary of the computational performance of the MA-
FMC-fk and DAS algorithms under different voxel resolutions. The
theoretical computational complexity of the MA-FMC-fk algorithm

is O(N2N2N,log, N2N2N,), whereas that of the DAS algorithm is
O(N2NZN,NyNy).

Voxel counts MA-FMC-fk runtime (s) DAS runtime (s) Acceleration ratio

216 1409 2952 2.1x
217 2291 6363 2.8x
218 2948 12287 4.2%
219 3442 22777 6.6
220 4538 52594 11.6x
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5. Discussion

This study addressed the high computational cost as-
sociated with TFM-based 3D ultrasound imaging, which is
severely limited by the conventional DAS algorithm despite
its excellent image quality resulting from dynamic focusing.
The primary contribution of this work was the implementa-
tion and validation of a computationally efficient f-k migra-
tion beamformer for 3D FMC data acquired with a 2D matrix
array. The efficacy and performance of the proposed method
were rigorously evaluated against the benchmark DAS-based
TFM through a comprehensive methodology involving numer-
ical simulations, wire phantom experiments, and in vivo stud-
ies.

The MA-FMC-fk demonstrates superior performance
compared to conventional DAS in terms of both contrast and
resolution. This is consistently observed in imaging results
from point-target simulations and wire phantom experiments,
where the DAS method yields lower resolution. This perfor-
mance discrepancy can be attributed to fundamental differ-
ences in the theoretical frameworks of the two methods, de-
spite their shared use of a spherical wavefront propagation
model™®! and double dynamic focusing to optimize image
quality. DAS is a diffraction-based field reconstruction algo-
rithm rooted in the principle of wave superposition. While
advantageous for its simplicity and universality, the method is
primarily limited by insufficient compensation for wavefront
energy attenuation during signal synthesis, leading to inac-
curate characterization of scatterer features. In contrast, the
MA-FMC-fk method constructs a complete inverse scattering
mathematical model based on the spatial mapping theory of
the Green function solution of the wave equation. This wave-
field inverse propagation algorithm not only corrects phase de-
viations but also introduces an accurate amplitude compensa-
tion mechanism, thereby accounting for the enhanced spatial
resolution and contrast achieved by the MA-FMC-fk method.

As observed in the imaging results from the wire-target
phantom, cyst phantom, and carotid artery experiments, the
MA-FMC-fk method exhibits lower intensity in deeper re-
gions compared to the DAS method. This discrepancy is a
direct consequence of their fundamentally different image for-
mation strategies. The strategy for DAS can be described as an
accumulative enhancement model, reconstructing each pixel
by summing the RF data from all relevant transmit-receive
pairs. This inherent accumulation effect results in a system-
atic growth of image intensity as the imaging depth increases
owing to the greater number of signals participating in the
summation. In contrast, the MA-FMC-fk method employs a
global mapping model requiring no summation. Instead, it
transforms the entire dataset into the f-k domain, establishing
a precise mapping between the data and image voxels based on
the wave equation, thereby redistributing energy to the correct

spatial locations. Consequently, this method does not inher-
ently produce depth-dependent intensity gain, and its final in-
tensity distribution relies on external time gain compensation
(TGC) for adjustment.

It should be emphasized that the comparative perfor-
mance evaluation among algorithms is dependent on spe-
cific implementation platforms. This study demonstrates that
the MA-FMC-fk beamformer consistently outperforms the
DAS beamformer in terms of computational efficiency. Since
both algorithms were implemented on the MATLAB platform,
which excels at efficient block processing but is less efficient
with loop operations, the MA-FMC-fk algorithm gained a dis-
tinct advantage. If implemented in a language such as C, the
advantage of the f-k domain algorithm might be diminished.
Nevertheless, both theoretical analysis and experimental re-
sults confirm that the MA-FMC-fk algorithm holds a clear ef-
ficiency advantage over the time-domain DAS algorithm when
processing large-scale datasets.

It should be noted that FMC imaging using matrix arrays
is subject to a reduced frame rate, as the number of trans-
mission events equals the number of transmit elements. Re-
garding computational implementation, the proposed method
incurs higher memory overhead than conventional DAS, as
it requires storing both the RF dataset and the 5D spectral
data in device memory. However, as illustrated in the MA-
FMC-fk flowchart, the algorithm relies on four independent
nested loops, making the structure suitable for parallelization
on graphics processing units (GPUs). Detailed code-level op-
timization and validation of this parallel efficiency will be the
subject of future work.

Unlike the straightforward implementation of time-
domain DAS, the wavenumber-domain MA-FMC-fk involves
a more intricate processing pipeline. Consequently, rigorous
parameter optimization, particularly for wavenumber interpo-
lation, is essential to preserve image quality in deeper regions.
Conversely, despite its computational cost, DAS benefits from
conceptual simplicity and ease of implementation, making it
adaptable to complex geometries such as curved arrays. Ex-
tending Fourier-domain algorithms to such non-planar config-
urations remains a challenge for future investigation.

6. Conclusion

This study presents a 3D ultrasound imaging framework
utilizing FMC data acquired via a 2D matrix array. To address
the heavy computational cost of traditional DAS beamform-
ing, we propose an MA-FMC-fk beamformer that leverages
efficient f-k domain processing. Comprehensive validation
through simulations, phantom studies, and in vivo experiments
indicates that this technique not only significantly accelerates
image reconstruction but also yields superior image quality,

074301-11



Chin. Phys. B 35, 074301 (2026)

characterized by enhanced resolution, contrast, and more ho-
mogeneous speckle patterns. These results suggest that adapt-
ing f-k beamforming for matrix arrays in medical ultrasound
offers a robust pathway toward high-quality, real-time volu-
metric ultrasound imaging.
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