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A simplicial complex that evolves over time is called a higher-order network, which has recently found applications
in social, technological, and biological contexts. The higher-order network is a generalization of traditional networks,
and its evolution models are generally more difficult to analyze than those of traditional networks. This paper proposes
a higher-order network evolution model with competitiveness. We introduce the method of difference equation analysis
into the study of higher-order networks to enable more rigorous analysis. This approach avoids relying on the assumption
of continuity in node degree, which is commonly made in traditional network analysis. Applying Poisson process theory,
we not only prove the existence of a stationary higher-order degree distribution but also derive an analytical expression
for this distribution. Our results show that the scale-free behavior of (d — 1)-dimensional simplex is controlled by the
competitiveness in the d-dimensional simplicial complex. As competitiveness increases, the d-order degree distribution of
(d — 1)-dimensional simplices exhibits curvature in log—log coordinates, whereas for d-order degree of the e-dimensional
simplices (where e < d —2) follows a scale-free distribution. We further extract competitiveness parameters under different
probability distributions to simulate the model, and find that simulation results agree with the theoretical analysis.

Keywords: scale-free, simplicial complex, higher-order network, hypernetwork
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1. Introduction

The real world is intricate and complex. The network
can describe complex systems very well and is ubiquitous
in the real world. Before this century, people usually use
the ER (Erdos—Rényi) model to describe networks in the real
world. Since Watts and Strogatz proposed the WS model!!!
and Barabasi and Albert proposed the BA model[?! at the end
of the 20th century, a wave of research on complex networks
has been triggered. Over the past two decades, research on
complex networks has been very active, involving scholars
from many different fields, such as physics, computer science,
mathematics, economics, and so on. The relevant research
scope ranges from the Internet to the WWW network, from
power networks to transportation networks, and from aca-
demic cooperation networks to various economic and social
relationship networks. After more than two decades of efforts,
scholars have constructed a large number of network models
and introduced many methods for analyzing these models. The
theory of complex networks has gradually transitioned from
extensive research to rigorous research, and the related theo-
ries have also gradually matured.

Over the past two decades, complex network theory has
become a powerful tool for studying complex systems. How-
ever, traditional networks can only describe the binary re-
lationships between nodes. With the advancement of sci-
ence and technology, the complexity of real-world systems
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is constantly increasing. Traditional networks can no longer
fully depict real-world systems with multiple interactions. In
the brain network, the signal transmission of neurons does
not merely rely on the connections (edges) between individ-
ual neurons (nodes), but also involves “functional clusters”
formed by three or more neurons. The description of multi-
element synergy requires the topological structure of “simpli-
cial complex”. Simplicial complexes are formed by a set of
simplices. In this framework, simplices indicate the interac-
tions between two or more nodes. A node is a 0-simplex, a
link is a 1-dimensional simplex, a triangle is a 2-dimensional
simplex, a tetrahedron is a 3-dimensional simplex, and so on.

Higher-order structured networks refer to hypernetworks
based on hypergraphs and higher-order networks based on
simplices.®! Boccaletti e al. discussed the relationship be-
tween hypergraphs and simplicial complexes.[*! In recent
years, higher-order structured networks have gradually be-
come a research hotspot.>% Most of the research find-
ings have been published in important journals in the field

3-9,12-16,19.201 Empirical research on higher-order

of physics.!
structured networks mainly focuses on determining the net-
work characteristics of real systems. Hu et al. constructed a
hypernetwork with proteins as nodes and complexes as hyper-
edges, analyzed the structural characteristics of the network,
and identified the key proteins.['%) In Ref. [11], the authors

collected the patent cooperation data of new energy vehicles
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and verified that the distribution of higher-order degrees of
new energy vehicle patent cooperation weighted hypernetwork
follows a power law.

In the field of evolution hypernetworks, Wang et
al. first extended the BA model in complex networks to
hypernetworks.!!>! Subsequently, Hu et al.!'® proposed the
dual model of Ref. [15].

count the brand effect and competitiveness in hypernetworks,

Guo and Suo, taking into ac-

proposed an evolution model based on brand effect and
competitiveness. !

In the aspect of evolution models of higher-order
networks based on simplices, Bianconi made pioneering
work.[?) She innovatively proposed the NGF (network ge-
ometry with flavor) model.l'”! The NGF model is an impor-
tant model in higher-order networks. Courtney conducted in-
depth research on higher-order networks based on Bianconi’s
work. "8 Courtney and Bianconi proposed a weighted simpli-
cial complex evolution model.[”) Remarkable advancements
were achieved in expanding complex network models to sim-
plicial complexes, such as growing simplicial complex with
face dimension selection and preferential attachment, (211 rap-
dom simplicial complexes, ?>?3! configuration models, [®-2423]
and an activity-driven model.!*®! Simplicial complex evolu-
tion models are fundamental to studying information or dis-
ease spreading in higher-order networks. In recent years,
researchers have focused on spreading processes in higher-
order networks.>’->°! You et al. introduce an activity-driven
networks with attractiveness model and develop a coevolu-
tion framework for network structures.!?®?°! The attractive-
ness can be regarded as the competitiveness of the simplex.
References [28,29] mainly focus on the study of information-
disease coupled transmission on high-order networks. How-
ever, the higher-degree distribution of simplices was not stud-
ied in Refs. [28,29].

The NGF model starts from a d-dimensional simplex and
adds one node at each time step to form a new d-dimensional
simplex together with a (d — 1)-dimensional simplex selected
from the network. Since the NGF model generates only one
new d-dimensional simplex at each time step, strictly speak-
ing, the NGF model does not extend the BA model in com-
plex networks to higher-order networks. For this purpose,
Kovalenko et al. proposed an NGF model with m new tri-
angles added at each time step in a 2-dimensional simplicial
complex, ! extending the BA model to 2-dimensional simpli-
cial complex. However, neither the NGF model nor the model
by Kovalenko et al. took into account the competitiveness of
simplices. The purpose of the paper is to propose a higher-
order network evolution model with competitiveness and, at
the same time, extend the well-known BA model to higher-

order networks.

2. Higher-order networks

Let V = {v|,va,...,v,} be a finite set. A network is a
graph G = (V,E) formed by a set of nodes V and a set of links
E that represent the elements of a complex system and their
interactions, respectively. Networks are pivotal to capturing
the architecture of complex systems; however, they have the
important limitation that they cannot be used to capture the
higher-order interactions. In order to encode for the many-
body interactions between the elements of a complex system,
higher-order networks need to be used. A powerful mathemat-
ical framework to describe higher-order networks is provided
by simplicial complexes. Simplicial complexes are formed by
a set of simplices.!!”] The simplices indicate the interactions
existing between two or more nodes and are defined as fol-
lows:

A d-dimensional simplex o (also indicated as a d-simplex
o) is formed by a set of (d + 1) interacting nodes

o= [Va,o,va,1,~~7Va.,d—1,va,d]~

It describes a many-body interaction between the nodes.

A face of a d-dimensional simplex « is a simplex o
formed by a proper subset of nodes of the simplex, i.e., o' C .

A simplicial complex K is formed by a set of simplices
that is closed under the inclusion of the faces of each simplex.

The simplicial complex K that evolves over time is called
a higher-order network based on the simplex, abbreviated as
a higher-order network. The dimension dimK of a simplicial
complex is the largest dimension of its simplices. K is abbre-
viated as the dimK-order network. The d-order degree hg,m
of an m-dimensional simplex (face) ¢ indicates the number of
d-dimensional simplices incident to the simplex .

3. Model description

In traditional network analysis, it is assumed that nodes
arrive at the system at equal time intervals. Such an assump-
tion not only does not conform to the continuous arrival of

30310 but also leads to logical

nodes in the actual network,!
contradictions when analyzing the network.*!l Introducing
stochastic processes in network modeling can depict the con-
tinuous arrival of actual network nodes, providing a basis for
analyzing the distribution of the arrival time of nodes in the
network. In this section, we propose a competitive Poisson
growing higher-order network evolution model. If a higher-
order network meets the following two conditions, it is called
a competition-driven higher-order network.

(1) Poisson growth: Starting with a small number mg of
d-dimensional simplexes of the d-order network. The arrival
process of nodes follows a Poisson process with rate A. At
time ¢, when one new node arrives, m new d-dimensional sim-

plices formed by the new node and previously existing (d — 1)-
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dimensional faces are added to the network; and no repeat-
ing simplex is allowed. Meanwhile, the competitiveness & is
drawn according to the probability distribution F'(x). Here, the
average competitiveness a = [xdF (x) is finite.

(ii) Preferential attachment: The probability @ that the
new d-dimensional simplex is glued to a (d — 1)-dimensional
face o depends on the d-order degree of face ¢ and the com-
petitiveness & on the o, is given by

a hga—1+8a
O (hfy 1) = ——""3 , (1)
Y (hga +8p)

BESa—1(1)

where S, (¢) represents all (d — 1)-dimensional simplexes in
the network at time .

As shown in Fig. 1, at each time step, one tetrahedron
(3-dimensional simplex), three triangles (2-dimensional sim-
plex), three line segments (1-dimensional simplex), and one
node (0-dimensional simplex) are added.

If &, =
driven higher-order network evolution model is the BA model

0 is taken in the model, then the competition-

in the higher-order network.

x A W

=0 (b)t=1

Fig. 1. Schematic diagram of the first three evolution steps of the model.

Bollobas and Riordan pointed out that the BA model
may exhibit the phenomenon where isolated nodes never ac-
quire connections. 32 However, in real-world networks, there
exists the possibility for new nodes to connect to isolated
ones. Indeed, Price introduced the concept of node attrac-
tiveness in his study of citation networks,*3! and Dorogovt-
sev et al. conducted in-depth research on networks with node
attractiveness. >*! The competitiveness parameter is a general-
ization of node attractiveness in complex network models to
higher-order networks, with the difference being that the at-
tractiveness in Dorogovtsev et al.’s model is a constant A, 341
which fails to reflect competition among nodes. In our model,
the competitiveness &, of a (d — 1)-dimensional simplex o
is related to «, highlighting competition among simplices.
Therefore, & is referred to as the competition factor. In prac-
tical systems, whether in traditional networks or higher-order
networks, both nodes and simplices possess their own com-
petitiveness. In real-world systems, both nodes in traditional
networks and simplices in higher-order networks possess their
own competitiveness. For example, a “simplex” could rep-
resent a research team (multiple authors collaborating on a

paper). The “competitiveness” of such a team could be its

funding strength or the prominence of its core scholars. Alter-
natively, a simplex might represent a coexisting species group
(such as a plant—pollinator interaction set). Its “competitive-
ness” could be interpreted as the community’s resource-use
efficiency or overall fitness.

4. Model analysis and simulation

Without loss of generality, let N(¢) be the number of
nodes in the network at time ¢. Since the arrival process
of network nodes is a Poisson process of intensity A, it is
known from the properties of the Poisson process*?! that
E[N(t)] = At.
ters the network, and g, | (N(t)) be the d-order degree of

Let 7, be the time when the simplex « en-

the (d — 1)-dimensional simplex o when the N (¢)-th node en-
ters the system at time t. From the conditions of the model, it
can be obtained that h7, | (N(t)) satisfies the following dif-
ference equation:

hga1 (N(6)) =hgq 1 (N (1) = 1)
hi g1 (N(t)=1)+Ea
E (4 (N (0= 1) +5p)

@

At each time step, the network generates m new d-dimensional
simplexes, each of which has d (d — 1)-dimensional faces. Ig-
noring the overlapping surfaces, thus

Y 1=cui(d—1)an(),
BeSs1(1)
where

1, ife=0

cm,1(e) = {m ife;éOj
Fort > 1, we have
Y A =md+1)NG).
BeSq_1(t)

Since ¢p,,1 (d —1)d (d — 1)-dimensional simplexes are gener-
ated each time, and

1 N(z)é
i =4a,
N (1) l;)
therefore,
1
W Z (Sﬁ acm,1 ( l)d

BeS,;_

For sufficiently large ¢, we have
y (h57d71 +Eg) = m(d+1)N (t) +acp, (d—1)dN(r). (3)

BeSq—1(t)

Substituting Eq. (3) into Eq. (2), we have

hg,d—l (N(t)) _hg,d—l (N(t)—1)
hgd L (N (1) = 1)+ &q

- ((Lcmi(d—1)+1)d+1)N(r) @

088901-3
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For e < d — 1, the probability of an increase in the d-order
degree of the e-dimensional simplex 0 is

0.(8)= ) Ohi,y)
(165}1,”(125
L (hgg (N(@0) = 1) +&a)
a€5d71|a25
- ; NG
Y (hy,  (N()—1)+3p)
BeSa-1(1)

For sufficiently large ¢

Y (WG (N() 1)+ &)

aeSd,lloQﬁ
= Y r, N@O-D4a Y 1 (©)
aESy_1|ladd OCGS‘],l‘CIQ(S
When e; > e, from Ref. [7], we know
1
)
hd,e = YRR Z hg‘}el. @)
( e > aeSel|a25
ey —e
From Eq. (7), we obtain
Y  hiea=d-ohj,. 8)

(XES‘I,I ‘(XQS

Since hg .() is the d-order degree of the e-dimensional sim-
plex &, from Ref. [18], we have

{er(dl)hS,e, ife=0

1:
14+ (d—e—1)h],, if e>0

acS,_|a2s
= cim(e)+(d—e—1)h],, ©
where
m, if e=0,
cim(e) = 1, ife>0.
Substituting Eqgs. (8) and (9) into Eq. (6), we obtain
Y (G, (N@)—1)+&)

(XGSd,l |(X25

~ (d—e)hg (N (1)~ 1)

m+(d—1)h§,(N(1)—1), ife=0
+a I+ (d—e—1)hS,(N(1) 1), if e >0

= acim(e)+((a+1)(d—e)—a)hj (N (t)—1). (10)

Since the rate of change of hg ,(t) is proportional to the prob-
ability ©,(8), we have

hae (N (1)) =hg (N (1) 1)

aesd§|a26 (hg’dfl WH-1 +§a>

=m . D
Epes, 1) (Mo (VD) = 1)+ )

Substituting Eqgs. (3) and (10) into Eq. (11), we obtain

hS . (N (£) =R, (N (t)—1)

_wan(@tlat hid o) —dhi NO-1)
B ((Lcma(d—1)+1)d+1)N(1) .

From Eq. (12), we have
acim(e)+[(a+1)(d—e)—alhS, (N (1))

_ (a+1)(d—e)—a
- <1+ ((Lem (d— 1)+1)d+1)N(;)>

X {acl,m () +[(a+1)(d—e)—alhd, (N(r) — 1)}. (13)

(Lepy(d—1)+1)d+1

Lety= “imu—e-a

, then

N acim(e)+[(a+1)(d—e)—a hj,e (N (1))
acim(e)+[(a+1)(d—e) —alhg, (N (15))

N(r) 1
= )Y In(i+=—]). (14)
)+1 vi

J=N(ts

We ignore the overlapping simplex adjacency surfaces. There-
fore,

m, if e =0,
W) =—ane={ S0 a9

aci g, (e)+[(a+1)(d—e)—ad] hg_’e (N (1))
acrn @1 @t Do) —dern®

1 N(r) 1 N(ts) 1
= (X--Y ). (16)
Y =14 =1

where C is an Euler constant, and lim g, = 0, therefore, for
n—soo
sufficiently large ¢, we have

1

aclvm(e)Jr[(a+1)(dfe)—a}hg’e(N(t)) B ( ¢ )y

acim(e)+[(a+1)(d—e)—a]cim(e) ts
Therefore,
5 _ (acim(e) +[(a+ 1) (d—e)—d]erm(e)) (1)
e V(1)) = (at D{d—e)—a <r5)

B acym(e)
(et 1) (d—e)—d (18

From Eq. (18), we have

{5 (N () =k}

- P{t‘s : <[(a+($?dlz(g:2)]zlfc§2_m (e))yt}' 1
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10° ‘ . . 10° . : 10° :
(a) +  m=1simulation (b) +  m=1simulation + m=1 simulation
— m=1 prediction,=1.375 | { — prediction,=2.2 — prediction,=5.5
X m=3 simulation X m=3 simulation 101 X m=3 simulation
101! —— m=3 prediction,1=1.375| | prediction,=2.2 prediction,=5.5
1072
= 1072 1= =
< 13 e
o o a7 1p-3
10—3 ]
i 1074
x ++
4 | _
10 mexo# R HEE 4 10°°
L g i X9 X XXX L X X L
10° 10! 10° 10° 10° 10! 10? 10° 10° 10! 10? 10°
The 3-order degree k of a 0-dim dimplex The 3-order degree k of a 1-dim dimplex The 3-order degree k of a 2-dim dimplex

Fig. 2. The simulation of the model with competitiveness randomly selected in [0,1]. (a) is the distribution diagram of the 3-order degree of the
0-dimensional simplex; the red plus sign + is the simulated value of the model with only one tetrahedron added at each time step, and the red line
— is the theoretical predicted value. The blue cross x is the simulated value of the model with 3 tetrahedra added at each time step, and the blue
line — is the theoretical predicted value. (b) is the distribution diagram of the 3-order degree of the 1-dimensional simplex. (c) is the distribution
diagram of the 3-order degree of the 2-dimensional simplex. In figures (b) and (c), the red plus sign + is the simulated value of the model with
only one tetrahedron added at each time step, the blue cross x is the simulated value of the model with three tetrahedra added at each time step,
and the red line — and the blue line — are the theoretical prediction values of the model with one and three tetrahedra added at each time step,
respectively. From figures (a)—(c), it can be seen that the newly generated number of 3-dimensional simplex m only affects the position of the
distribution of the 3-order degree of 0-dimensional simplex, and has no effect on the power-law exponent . The theoretical curves in (b) and (c)
coincide.

10° : ‘ 10° :
@) +  m=1 simulation (b) +  m=1simulation +  m=1simulation
— m=1prediction,=1.35 prediction,1=2.09 — prediction,y=4.6
X m=3 simulation 1 X m=3 simulation X m=3 simulation
10! ——m=3 prediction,1=1.35 10 prediction,1=2.09 prediction,1=4.6
1072
= 1072 = =
= ~ =2
a7 [\ 3 _/
107
1073
n
1074
+
+
4 .
10 wx X+
L (O X, L
10° 10! 10? 10° 10° 10! 10? 10° 10° 10! 10? 10°
The 3-order degree k of a 0-dim dimplex The 3-order degree k of a 1-dim dimplex The 3-order degree k of a 2-dim dimplex

Fig. 3. The simulation of the model with competitiveness extracted from Poisson distribution with parameter A = 0.2. The symbols and their
descriptions are the same as those in Fig. 2.

100 ; 10 v : 10°
(a) + =01 sinulation (b) + p=0.1 simulation (c) + =01 simulation
11=0.1 prediction,=1.344 =01 prediction,1=2.05 | | 4=0.1 prediction 1=4.3
X p=2.1 simulation 10! X =21 simulation 4 10-! x u=Z1swmu\at‘\en
—— =21 prediction, =143 — p=21 prediction 1=2.61] —— =21 prediction,1=10.3
1071 ]
1072 102
= = 1=
= 1072 = =
o5 o3 o3
&~ & 1073 I T
X
1073 1074 1074 b
x
+
107° ] 107 i+
104 . . N X i LXX L
10° 10° 10! 10? 10° 10° 10! 10? 10°
The 3-order degree k of a 0-dim dimplex The 3-order degree k of a 1-dim dimplex The 3-order degree k of a 2-dim dimplex

Fig. 4. The simulation of the model with competitiveness extracted from the normal distribution N(,0.1) and with 3 tetrahedrons added each
time step. The red plus sign + is the simulation value of the model with p = 0.1, and the red line — is its theoretical predicted value. The blue
cross X is the simulation value of the model with = 2.1, and the blue line — is its theoretical predicted value.
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Without loss of generality, 6 =n (n=0,1,2,...,) repre-
sents the e-dimensional simplex of the n-th batch entering the
network, then

P{hj, (N (1)) = k}

- P{t" : (Kaf{")@l)(ed)_?ﬁ‘féﬁf’m <e>>y’}' ¢

According to the theory of Poisson process,!*?! it is known
that 1o =0, t; — 9, tp — t1,...,t, — t,—1 are independent iden-
tically distributed exponential random variables having mean
1/A. The arrival time of the e-dimensional simplex 7 arrival
timeist, =t,—t, 1+t 1 —tho+...+1—1t +1 —ty, then

P(ty <x)=F,(x),
where F,(x) is an n-fold convolution of an exponential distri-
bution with the parameter A.

Plos (e direns <e>)yt}

—h (([(w(ffdli(g:?] or ()m <e>)yt> - en

Since

;F" (e e ) yt>

- 5o (e o) ) @

therefore, we know that the cumulative distribution of the d-

order of the e(< d)-dimensional simplex is
e (K)
= lim ————
= E N (1)]
XiF (a+1)(d—e)cim(e) 7[
"\\[(a+1)(d—e) —alk+acyn(e)

cl, y<x 1 2
a+1)(d—e)—a]k+acl7,n(e)> kv 23)

where

C (Sepa(d—1)+1)d+1
 (a+)(d—e)—a

(24)

From Eq. (24), it can be obtained that the d-order distribution
of the e(< d)-dimensional simplex is

_ (a+D)(d=ecimle) '
Pd,e(k) = ([ a+1)(d—e)—a]k+acl,m(e))

_ (aJrl)(d*e)Cl.,m(e) >y
[(a+1)(d—e)—a](k+1)+acim(e)

The higher-order network model we simulate is a 3-order
network, that is, a higher-order network formed by tetrahe-
drons. The number of nodes is N = 20000, and the newly
added simplex numbers are m = 1 and m = 3 respectively.
In Fig. 2, competitiveness values are randomly selected in
[0,1]. In Fig. 3, competitiveness values are sampled from a
Poisson distribution with mean A = 0.2. Figure 4 compares
the higher-order distributions of the competitiveness models,
which were sampled from the normal distributions N(0.1,0.1)
and N(2.1,0.1), on a double-logarithmic plot. The simulation
results show that the simulation values of the competition-
driven higher-order network evolution model are in good
agreement with the theoretical analysis results. It can be seen
from Figs. 2 to 3 that the number m of newly generated d-
dimensional simplices only affects the position of the d-order
distribution of the 0-dimensional simplex (i.e., the node) in
the figures, and has no effect on the power-law exponent . As
can be seen from Fig. 4, the d-order distribution of the (d — 1)-
dimensional simplex is curved in the double logarithmic coor-
dinate system, while the d-order distribution of the e(< d —2)-
dimensional simplex is relatively straight. The lower the di-
mension of the simplex, the straighter the d-order distribution.
Computer simulation verified the above theoretical analysis. It
can be seen from this that in higher-order networks, the scale-
free phenomenon occurs in lower-dimensional simplices. The
greater the competitiveness, the more curved the d-order dis-
tribution of the (d — 1)-dimensional simplex in the double log-
arithmic coordinate system.

5. Conclusion

In traditional network analysis, a common assumption is
that nodes arrive discretely while their degrees are treated as
continuous real-valued variables. Such an assumption not only
fails to conform to the often continuous nature of node ar-
rival in real-world networks, but also lacks rigor in analyti-
cal treatment. To address this, we introduce stochastic pro-
cesses into the model and propose the Poisson continuous
growth higher-order network evolution model driven by com-
petitiveness. This model not only conforms to the continu-
ous arrival of nodes in the actual network, but also provides
a basis for analyzing the distribution of node arrival times
in the network. We introduced the difference equation anal-
ysis method in network analysis, avoiding the unreasonable
assumption of node degree continuity in traditional network
analysis. We conduct a rigorous theoretical analysis of the
competition-driven higher-order network evolution model by
using the difference equation method and Poisson process the-
ory, and obtain the expression of the higher-order degree distri-
bution of the model. From the perspective of network dynam-
ics, the higher-order degree distribution of lower-dimensional
simplices exhibits scale-free characteristics over time, while
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the scale-free property of sub-higher-order simplices is influ-

enced by competitiveness. Competition-driven evolution mod-

els will play an important role in the research of higher-order

networks. Although there is some literature on the evolution

models of higher-order networks, the research on the topolog-

ical structure of higher-order networks has only just begun.

There is still a lot of work to be done regarding the evolution

models of higher-order networks.
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