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In the normal state of a superfluid condensate, like the Bardeen—Cooper—Schrieffer (BCS) superconducting state, we
do not expect a gapped feature in the single-particle spectral function. Here we calculate the spectral function and single-
particle density of states (DOS) of ultracold Fermi gases at different temperatures in the normal state. The calculation is
conducted based on the non-self-consistent 7-matrix approximation (n'TMA) with particle-hole fluctuation. It is found that
a dip structure emerges in the DOS above the superfluid phase-transition temperature 7. We attribute this dip structure
to the pseudogap, and its temperature is determined. From the temperature dependence of the spectral function, we also
find another characteristic temperature where a two-peak structure disappears. The results provide deep insight into the

superfluid condensate formed by ultracold fermions.
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1. Introduction

In recent years, the degenerate atomic gases

have attracted broad interest both experimentally and

[1-4] The ultracold Fermi gases provide an ideal

theoretically.
platform for the study of strongly interacting systems such
as high-T;. superconductors and neutron stars because of the
clean and well-controlled environment.! The crossover from
Bardeen—Cooper—Schrieffer (BCS) superfluidity to Bose—
Einstein condensation (BEC) can be achieved in ultracold
Fermi gases by the accurate control of interaction via Fesh-
bach resonance. The interaction strength can be described by
the parameter (kras) !, where k is the Fermi wave vector and
as is the s-wave scattering length. At the resonance, the sys-
tem is the so-called unitary limit. The BCS side corresponds to
(kpas)~! < 0, and the BEC side corresponds to (kgas) ™! > 0.

Pseudogap is an important phenomenon in high-T;
superconductors.[®7! Recently, a pseudogap phenomenon was
observed in the Fe-based superconductor KCajFesAssF,
through the measurement of optical properties.!® The origin of
the pseudogap is widely debated. Different views such as pre-

9-141 antiferromagnetic spin fluctuations, [!3-16]

formed pairs,[
and a hidden order!!”! have been proposed. High-temperature
superconductivity systems are complex, and it is hoped that
the study of the simpler systems of ultracold Fermi gases will

contribute to the understanding of the pseudogap phenomenon
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CSTR: 32038.14.CPB.ae41a0

in high-T; superconductors. Reference [18] reported the obser-
vation of a pair-fluctuation-driven pseudogap in homogeneous
unitary Fermi gases by precisely measuring the fermion spec-
tral function via momentum-resolved microwave spectroscopy
with a negligible final-state effect. In this paper, we investigate
the pseudogap temperature in ultracold Fermi gases. There are
two criteria for the pseudogap. The first is that a pseudogap
refers to a depression in the DOS around the Fermi level for
temperatures above 7. In this paper, we employ this definition
to calculate the pseudogap temperature 7* below which a dip
structure appears in the DOS in the normal state. The second
is the existence of a pseudogap associated with the appearance
of double-peak structure in the spectral function A(k,®) as
a function of @ at k = kp. We calculate another pseudogap
temperature 7** where a two-peak structure disappears in the
spectral weight A(k, @) in the normal state.

Pairing fluctuation plays a key role in the calculation of
DOS. There are two kinds of fluctuation. One is the fluctua-
tion from the particle—particle channel discussed by Nozieres
and Schmitt-Rink (NSR)!"?!, and the other is the particle~hole
fluctuation pointed out by Gorkov and Melik—Barkhudarov
(GMB)?% at first. Reference [21] pointed out that when the
system moved from the BCS side toward the BEC side, the
GMB fluctuation became weaker and the NSR fluctuation be-
came stronger. Taking into account the effect of particle—hole
fluctuation, we calculate the spectral function and hence DOS

© 2026 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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within the framework of the non-self-consistent 7-matrix ap-
proach. In addition to the nTMA approximation, there are an-
other two T-matrix approaches. They are the (GG)G approx-
imation investigated by Haussmann!?>*! and the (GGy)Gy
approximation used by Levin’s group!>! with an asymmet-
ric form for the pair propagator. From the behavior of the
spectral function and DOS, we obtain two pseudogap temper-
atures. We also compare our results with the theoretical re-
sults without the GMB approximation (%! and the experimen-
tal results.[!®]

This paper is organized as follows. In Section 2, we re-
call the GMB approximation, also called induced interaction,
the spectral function and DOS. In Section 3, we report our
numerical results of the spectral function, DOS and pseudo-
gap temperature. The comparisons of our obtained pseudogap
temperatures with the theoretical predictions without particle—
hole fluctuation and the experimental data are also given in this
section. Section 4 gives a summary. Throughout this paper, we
take i=kg = 1.

2. Induced interaction and DOS

In this paper, a homogeneous two-component Fermi gas
labelled by pseudospin ¢ =7, is considered. For a broad Fes-
hbach resonance, one can employ a single-channel model and
the system is described by the Hamiltonian

H—uN

_ i i t
=) GkChocra—UY, Chotq/21Cktq/21C— K +a/2.Ck +q/21- (1)
k,c qkk'

Here, cio is the annihilation operator for a Fermi atom with
momentum k and pseudospin 6. & = &, — U is the kinetic
energy, which is measured from the chemical potential . The
pairing interaction —U is a tunable parameter through Fesh-
bach resonance. We relate it to the s-wave scattering length a;
via

I m 1

I -y —. 2
-U drag ; 2€, @)

2.1. Induced interaction

Following the method used in Ref. [21], with the inclu-
sion of the particle-hole fluctuation, the effective interaction
is

U
1-U(x)

Here, () is the average of the polarization function J, which

— Ukt = 3)

is a function of the transferred momentum and the frequency.

The entanglement between pairing and screening was
taken into account in the calculation of the GMB contribu-
tion throughout the BCS-BEC crossover in Refs. [27-29]. For
simplicity, we ignore the entanglement. This simplification is

qualitatively valid, as pointed out in Ref. [30]. The effect of
induced interaction is treated by an averaging procedure over
the Fermi surface. In Ref. [21], ()) was obtained by setting
the frequencies and total momentum to zero, taking all the ini-
tial and final states of atoms from the Fermi surface and then
averaging over scattering angles. We borrow the average of
from Ref. [21] directly. i > 0, the average of ¥ is

= 2/ dcos@/ dkk/fkln

2(1+cos0), kg is the Fermi wave vector, and

“

K —2k
K +2k|
Here, k' = kg
S = f(&g) is the Fermi distribution function.
2.2. Spectral function and DOS

The single-particle dressed thermal Green’s function is

1

—&—Z

Here, @, is the fermion Matsubara frequency and X(k,i®,) is

Gr(ian) = o &)

(k,im,)

the self-energy correction.
The single-particle spectral function is determined by the
imaginary part of the retarded Green’s function via

A(k,a)):—%Im[g(k,iwn%w+i6)]. (6)

In terms of the real part and the imaginary part of the retarded

self-energy, A(k, @) can be expressed as

1 ImXIR(k, ®)

Al ) = = B T ReZR (e, )2 IR (k, @)

(7

The real part of the retarded self-energy ReXR(k,®) can be
obtained via the Kramers—Kronig relation. For calculating
the spectral function, the imaginary part of the retarded self-
energy is crucial. It can be obtained from the particle-particle
scattering matrix via

ImER(k,0) = Y [b(0+Eqk) + f(Eq—k)]

q
xIm[FR(q,a)-i-éqfk)], (¥

where f(x) = 1/(eP*+ 1) is the Fermi distribution function
and b(x) = 1/(eP* — 1) is the Bose distribution function. The
expression of the particle—particle scattering matrix is

— Ueff
1- UeffH(Qa ivn)

1
= )

47taS ZZsk 2)+11(g,ivi)

F(qaivn) =

where Vv, is the boson Matsubara frequency. The pair propa-
gator I1(q,iv,) is given by

H(q,ivy) =T Z gg+q/2(ivn + iwn)gngrq/z(_iwn)
k,a,

090307-2
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1~ f(Ekrq2) — f(Ek—q/2)

Ekrq/2+Ck—q/2—1Va

. (10)
k

The density of states p(®) can be obtained by integrating the

single-particle spectral function over momentum: 3!-33

dk

p(w) :/WA(k,w). (11)

3. Results

In the following, we present our results for the spectral
function, DOS, and the pseudogap temperature with the GMB
approximation.

3.1. Numerical results of the spectral function and DOS

Figure 1 presents plots of the spectral function A(k, ®)éep
as a function of ®/er at k = kg. The values of (kpas) ™! are (a)
0.2, (b) 0.01, (c) —0.2, (d) —0.4, and the corresponding tran-
sition temperatures T;/Tr are (a) 0.242, (b) 0.218, (c) 0.162,
(d) 0.122. The two-peak structure persists up to T = 1.027;
for (kpas)™' = 0.01, T = 1.03T; for (kras)~' = —0.2, and
T = 1.017; for the (kpas)™' = —0.4 case, and the defini-
tion of pseudogap is met when the temperature is slightly
above T.. We find the pseudogap persists up to 1.157; for the
(kpas)~! = 0.2 case. The two-peak structure disappears with

increasing temperature.

1.0 i ; 1.0 " .
— T/T.=1.10 (a) —T/T.=101 (b)
-~ T/T.=1.15 - T/T,=1.02
- T/T.=1.20 - T/T.=1.04
&
2 os
<
(kFas)*:O.Ol
92 -1 0 1 2
w/ep w/eR
2.0 — T/T.=1.00 (c) | 4t —T/Te=1.00 (d) |
- T/T,=1.03 »
150 ~—T/T.=1.04 |
3 an 3
2 S
3 3
\4_3: 1.0 <
< <
0.5
0
-2

UJ/EF

Fig. 1. Spectral function A(k, @) as a function of @ at k = kg with GMB approximation. (a) (kras) ™! = 0.2, (b) (kpas) ™! = 0.01, () (kgas) ™!

—0.2, (d) (kgas)~' = —0.4.
2.0 \ \
— T/T.=1.10 (a)
= -~ T/T.=1.40
T 15)
& T/T.=1.70
=
-5% 1 0,
£
=
3 057
S8
(kpag)~1=0.2
0E= L L
-2 -1 0 1 2
w/Ep
2.0 w
— T/T.=1.05 ()
Tt T/T.=1.15
S T/T.=1.35
=
£ 10t
T
> =
3057
QU
(kpag)~t=—0.2
0 . . .
—2 -1 0 1 2
w/sp

Fig. 2. Temperature dependence of density of states p(®) with GMB approximation.

—0.2, (d) (kgas)~' = —0.6.

w/EF

2.0 :
— T/T.=1.01 (b)

= -~ T/T,=1.05
T 15f /
S ST/T.=1.38
<
-5%‘ 10 4
B
=
305 :
SN

o . (kpas)~1=0.01

—2 -1 0 1 2

w/sp
2.0 w
— T/T,=1.05 (d)
~ - T/T.=1.15
kS =125
<
JL; 107 4
B
=
305 :
QU
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—2 -1 0 1 2
w/eF

(a) (kpas)~' = 0.2, (b) (kpas) ™! = 0.01, (c) (kpas) ™! =
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In Fig. 2, we show p(®)/(mkg/(27?)) as a function of
®/€r. The values of (kpas) ™! are (a) 0.2, (b) 0.01, (c) —0.2,
(d) —0.6. From Fig. 2, we find the pseudogap becomes more
obvious with the increase of the value of (kpas)~'. In each
case, we plot the DOS at three different temperatures. We find
a clear depletion at T /T, = 1.05 in the last three cases, but
the depletion becomes obscure with increasing temperature.
In the BEC side (kpas)~! = 0.2, the depletion persists up to
1.7T.. We determine the pseudogap temperature 7* where the
depletion disappears. When p < 0, the GMB approximation
is negligible with the disappearance of the Fermi surface. In
this paper, we confine the discussion to the case of u > 0.

3.2. Pseudogap temperature

The numerical results of the pseudogap temperature as a
function of (kgas)~! are plotted in Fig. 3. The black solid line
is our result of the pseudogap temperature 7* from the DOS,
and the red dashdot line corresponds to the pseudogap temper-
ature T** from the spectral function A(k, ®). The pseudogap
temperature monotonically increases with the increase of the
strength of the pairing interaction. Although 7* and T** are
pseudogap temperatures, their values are different because one
is associated with the spectral function, while the other is re-
lated to the momentum summation of the spectral function.
One finds 7* > T**.

0.6 T T T T T
_____ TC
—
0.5F ot
T without GMB
0.4} - - T'without GMB ]

0 ! ! !
-0.8 —-0.6 —04 —-0.2 0 0.2
(kras)~!

Fig. 3. Pseudogap temperature 7* and T** as a function of (kgas)~!.
The black solid line is the pseudogap temperature 7* from DOS with
GMB approximation. The red dashdot line corresponds to the pseu-
dogap temperature 7** from the spectral function with particle-hole
fluctuation. The blue short dashed line is the transition temperature T
with GMB approximation. The theoretical calculations of pseudogap
temperature 7* (the violet dashed line) and 7** (the orange dash-dot-
dot line) without particle-hole fluctuation by Tsuchiya and co-workers
from Ref. [26] are also plotted.

For comparison, theoretical calculations of the pseudo-
gap temperature 7" (the violet dashed line) and T** (the or-
ange dash-dot-dot line) without particle-hole fluctuation by
Tsuchiya and co-workers!?! are also plotted in Fig. 3. The
pseudogap temperature 7** obtained by us is lower than the

pseudogap temperature 7** by Tsuchiya and co-workers. [%6]

However, the situation is different for 7*. In the region
(kpas)~" < 0.1, our values are smaller than theirs; however,
our results are larger when (kgas)~! > 0.1. The transition tem-
perature T; (the blue short dashed line) calculated by us is also
plotted in Fig. 3. From the figure, 7 is higher than 7¢, and
the difference between them becomes bigger with increasing
pairing interaction. The pseudogap temperature 7** is only
slightly above T; in the BCS side; however, the difference is
growing in the BEC side.

At unitarity, according to our calculations, the pseudogap
temperature 7™ is 0.37p and another pseudogap temperature
T**is 0.227Tx. We compare them with the experimental result
reported in Ref. [18]. Pan and co-workers reported the pseudo-
gap persisted up to the highest temperature 1.517; ~ 0.2577k.
They also pointed out they estimated an onset pairing temper-
ature T 2 1.7T; ~ 0.29Tg. Our characteristic temperature 7**
is lower than the experimental data; however, the pseudogap
temperature 7* agrees well with the value they estimated.

4. Conclusion

In summary, we have investigated the pseudogap behav-
ior of ultracold Fermi gases. We have computed the spec-
tral function and DOS within the nTMA framework with the
GMB approximation. From the DOS, we obtain the pseudo-
gap temperature 7*. From the spectral function, we obtain
another pseudogap temperature 7**. We compare the pseudo-
gap temperatures 7% and 7** with the corresponding results
without particle-hole fluctuation calculated by Tsuchiya and
co-workers.[?®) We find our pseudogap temperature 7** is al-
ways lower; however, the situation is different for 7*. We also
compare our values with the experimental results in the unitary
limit. We find pseudogap temperature 7" agrees well with the
value they estimated in Ref. [18].
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