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SPECIAL TOPIC — Biophysical circuits: Modeling & applications in neuroscience
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Brain-inspired computing relies on neuronal spiking frequency as a foundational element for information encod-
ing. Bi-directional spiking enables the processing and encoding of multimodal information. The Chua corsage memristor
(CCM), endowed with the edge of chaos, can generate spiking dynamics and can be synthesized using only off-the-shelf
electronic components, making it suitable for both theoretical analysis and hardware demonstration of frequency-tunable
spiking dynamics. This paper employs second- and third-order neuron circuits constructed with a CCM sibling, namely the
odd-symmetric CCM, to explore the frequency-tunable characteristics of bi-directional spiking. A quantitative method for
calculating the output spiking frequency of neurons is proposed. Simulation results verify the validity of this method. The
neuron hardware circuits are implemented using a homemade odd-symmetric CCM circuit board. The experimental results
confirm the frequency-tunable spiking of the odd-symmetric CCM-based neurons and reveal the effect of the excitation
voltage on the system dynamics.

Keywords: Chua corsage memristor, edge of chaos, neuron circuit, frequency-tunable dynamic
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1. Introduction
With the rapid development of artificial intelligence tech-

nologies such as intelligent healthcare, autonomous driving
and robotics,[1–3] the demand for processing massive data
and executing complex computing tasks has grown dramat-
ically. However, the traditional von Neumann architecture
faces increasing bottlenecks in energy efficiency and data
transfer.[4] Memristors, which are capable of emulating bio-
logical synapses and neurons, possess inherent advantages in-
cluding low power consumption, high processing speed, and
in-memory computing.[5] These attributes make them well
suited for neuromorphic computing, artificial neural network
implementation, and brain-inspired edge AI applications.[6–9]

Consequently, they have attracted significant attention as a
promising class of devices for future computing systems.

Locally active memristors serve as key devices for re-
alizing bio-inspired neuronal functions.[10] In contrast to lo-
cally passive memristors, locally active devices exhibit a neg-
ative differential resistance (NDR) region within a specific
voltage range, enabling spontaneous oscillations and spiking
discharges.[11] Chua pioneered the use of locally active mem-
ristors to construct the first neuron model based on the classi-
cal Hodgkin–Huxley model.[12] After that, HRL Laboratories
reported neuron circuits based on VO2 locally active mem-
ristors that emulate a large number of biological neuronal
behaviors.[13] HP Laboratories fabricated an NbO2 Mott lo-

cally active memristor-based nanocircuit, capable of gener-
ating fifteen distinct neuromorphic functionalities.[14] Refer-
ence [15] reported a multimodal fused sensory spiking neuron
based on an NbO2 device, which produces spikes to encode
multimodal information, such as pressure and temperature via
frequency modulation. Chaotic circuits and neurons based on
TiO2 memristors have been presented in Refs. [16,17]. Unlike
conventional electronic circuit components, memristor devices
such as the NbO2 Mott memristor and the VO2 memristor are
fabricated using advanced nanofabrication machines. Their
fabrication is often time consuming and expensive, which is
unaffordable for most researchers and poses challenges for ex-
perimental validation of memristive neurons and neural net-
works.

Chua corsage memristor (CCM), a hypothetical locally
active memristor proposed by L. Chua, is endowed with the
edge of chaos (EOC), making it possible to generate neuro-
morphic dynamics.[18] Importantly, a functioning homemade
CCM circuit board has been built, facilitating the hardware
demonstration of neuromorphic behaviors in Refs. [19,20].
Adding an inductor and a capacitor to the CCM gives rise
to a neuron exhibiting many well-known neuromorphic be-
haviors, thereby verifying the neuromorphic dynamics of the
CCM.[18] In addition, three CCM siblings, dubbed the asym-
metric CCM, odd-symmetric CCM and the current-controlled
CCM, have been presented in Refs. [18,21,22]. The odd-
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symmetric CCM, featuring two symmetrical NDR regions, ex-
hibits biphasic action potentials that have not been observed so
far in memristive circuits.[21] Reference [22] reported the first
hardware observation of Turing instability phenomena on two
homemade current-controlled CCM circuit boards. In addi-
tion, a discrete corsage memristor and its neuromorphic dy-
namics were investigated in Refs. [23,24].

Second- and third-order neuronal circuits were con-
structed by combining VO2 locally active memristors with
inductors and capacitors.[25] Discontinuous neuronal models
were built by coupling locally active discrete memristors into
discrete neurons and synapses.[26] Sodium and potassium ion
channels in the Wilson neuron were modeled as locally ac-
tive and passive memristors, respectively.[27] In addition, a
two-dimensional parametric polynomial chaotic system of-
fers a compact nonlinear framework for describing tunable
chaos.[28] A multi-valued model enables the generation of
complex chaotic and fractal dynamics, providing an effec-
tive mechanism for modeling multistable and nonlinear firing
behavior.[29] The existing studies have focused on the types of
neuromorphic behaviors in memristive neurons, but their fre-
quency characteristics have been largely unexplored.

The spiking frequency of neurons plays a crucial role
in information encoding and transmission for brain-inspired
computing. A multimode-fused spiking neuron that inte-
grates pressure and temperature sensing into a single mem-
ristive neuron was proposed, where multisensory informa-
tion is fused into one spike train and encoded through spik-
ing frequency modulation.[15] A scalable memristor-based
neural circuit generates biologically inspired spiking trains
and achieves real-time obstacle avoidance in robotic sys-
tems through frequency-coded control with remarkably low
latency.[30] An ion–electron hybrid memristive neuron is ca-
pable of wide-range frequency tuning, which enables bio-
motor control via frequency-regulated muscle activation and
frequency-coded pattern recognition tasks.[31] These results
demonstrate the importance of spiking-frequency modulation
for efficient and low-latency edge intelligence in neuromor-
phic sensing and control systems.

The motivation of this paper is to apply Chua’s theories
of local activity and edge of chaos to investigate the frequency
characteristics of spiking generated by the CCM and to es-
tablish a quantitative method for calculating the spiking fre-
quency, thereby enabling the adjustment and control of spiking
frequency.

With regard to the organization of this paper, the symmet-
ric local activity and EOC of a CCM sibling are analyzed in
Section 2. A second-order neuron is built, and its spiking fre-
quency characteristics are investigated in Section 3. Section 4
presents frequency-tunable spiking in a third-order neuron and
proposes a quantitative method to determine the spiking fre-
quency. Experimental verification of the frequency-tunable

spiking from a homemade CCM circuit board is presented in
Section 5. Section 6 concludes this paper.

2. Chua corsage memristor sibling
Odd-symmetric CCM (OS-CCM), a sibling of the CCM,

features the generation of bidirectional action potentials,
which is inherently consistent with the bipolar operating char-
acteristics of practical CMOS analog circuits. Given that
bidirectional action potentials are applicable to brain-inspired
multimodal recognition, this paper investigates their frequency
characteristics using the OS-CCM, thereby providing crucial
theoretical support for multimodal recognition and comput-
ing. Moreover, a functioning homemade circuit board of the
OS-CCM has been built using only off-the-shelf electronic
components,[21] facilitating the hardware verification of the
frequency characteristics of bidirectional action potentials.

The equations of the OS-CCM are defined as follows and
have been presented in our previous work[21]

iM = G(x)vM = G0x2vM, (1)

dx
dt

= g(x,vM) = K(30− x+ |x−14|− |x−46|+ v2
M), (2)

where iM, vM, and x represent the current, voltage, and state
variable of the OS-CCM, respectively; G0 = 10−2 and K = 104

are scaling constants chosen to ensure both theoretical stabil-
ity and practical circuit realizability; G(x) = G0x2 denotes the
memductance function of the OS-CCM. The squared voltage
term in Eq. (2) gives rise to the odd-symmetric DC V –I char-
acteristics and the generation of bidirectional action potentials
in the OS-CCM.

2.1. Odd-symmetric DC V–I curve

The DC V –I curve and its enlarged negative differen-
tial resistance (NDR) domains of the OS-CCM are plotted in
Fig. 1, derived by setting dx/dt = 0 and solving Eqs. (1) and
(2) with x = X , iM = IM, and vM =VM.

Figure 1(b) shows the three-branch DC V –I curve of the
OS-CCM over the range −2 < X < 14. It is odd-symmetric,
which is why this memristor is referred to as an odd-symmetric
CCM. The blue branch in the DC V –I curve of the OS-CCM
contains two NDR sub-domains marked by two dark-blue
dashed boxes, whose enlarged views are shown in Figs. 1(a)
and 1(c). Figure 1(a) shows an N-shaped sub-branch that in-
cludes the first NDR sub-domain (NDR1) over the voltage
range−1.413 V<VM <−0.629 V and−16 mA< IM < 0 mA.
Figure 1(c) shows the second NDR sub-domain (NDR2) over
the voltage range 0.629 V <VM < 1.413 V and 0 mA < IM <

16 mA. Importantly, the NDR domain is a fingerprint of lo-
cal activity, which enables the memristor to generate action
potentials.
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I M
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A
)

VM (V)

(0 , 0)
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(1.413 V , 0)VM (V)

I M
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A
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-1.413 V < VM < -0.629 V
-16 mA < IM < 0 mA

NDR2 domain
0.629 V < VM < 1.413 V

0 mA < IM < 16 mA

VM (V)

(a) (b) (c)

Fig. 1. (a) Enlarged view of the left blue N-shaped branch I, showing the first NDR sub-branch over the ranges −1.413 V < VM < −0.629 V
and −16 mA < IM < 0 mA. (b) Odd-symmetric DC V –I curve of the OS-CCM obtained over the range −2 < X < 63, which contains two
negative-slope domains in its blue branch. (c) Enlarged view of the right blue N-shaped branch II, showing the second NDR sub-branch over the
ranges 0.629 V <VM < 1.413 V and 0 mA < IM < 16 mA.

2.2. Local activity and edge of chaos (EOC)

EOC, a stable subset of the locally active domain (LAD),
is essential for the generation of action potentials. To locate
the voltage range where bidirectional action potentials occur,
Chua’s local activity theorem and EOC criterion are applied to
calculate the LAD and edge of chaos domain (EOCD) of the
OS-CCM.

Here, the method for identifying the EOCD of memristive
circuits is briefly reviewed. A voltage-controlled memristive
circuit is on the EOC if and only if its small-signal admittance
Y (s,Q) satisfies both of the following conditions:[32]

(i) the frequency response satisfies Re[Y (iω,Q)] < 0 for
some −∞ < ω < ∞;

(ii) all poles sp of Y (s,Q) are in the open left half plane
(LHP), where Re[sp]< 0.

Note that the NDR domains, which are capable of ampli-
fying small signals, of the OS-CCM are observed on the blue

branch with X < 14 of its DC V –I characteristic in Figs. 1(a)
and 1(c). For X < 14, the relationships among the voltage
VM, the current IM, and the state variable X , derived by setting
dx/dt = g(X ,VM) = 0 in Eq. (2), are given as follows:

X =V 2
M−2, (3)

IM = G0X2VM. (4)

The admittance function of the CCM at the equilibrium point
has been derived in our previous work.[18] Following the same
procedure, the admittance function Y (s,Q) of the OS-CCM at
the equilibrium point Q is obtained as

Y (s,Q) =
4KG0XV 2

M +KG0X2 + sG0X2

s+K
. (5)

It can be seen that Y (s,Q) exhibits a pole sp =−K =−104 < 0,
which implies the asymptotic stability of the OS-CCM over
the range X < 14 on the blue branch of its DC V –I curve.

Re[Y(iω)] < 0

Re[Y(iω)]

VM (V)

V
M

 (
V

)

ω (krad/s)

Locally Passive Domain 1: VM ≤ -1.413V

Locally Passive Domain 3: VM ≥ 1.413V

Locally Passive Domain 2

-0.629V ≤ VM ≤ 0.629V

Edge of chaos 

domain 2

Re[Y(iω)]<0

Re[Y(iω)]<0

VM = 0.629V

VM = 1.413V

VM = -1.413V

VM = -0.629V Edge of chaos 

domain 1 

(a) (b)

Fig. 2. (a) The landscape of Re[Y (iω,Q)] over the ranges −100 krad/s < ω < 100 krad/s and −1.5 V < VM < 1.5 V. The bottom dark-blue
curve, mapped onto the ω vs. VM plane, is the projection of Re[Y (iω,Q)] = 0. (b) Parameter map of the OS-CCM in the ω vs. VM plane, where the
red region corresponds to Re[Y (iω,Q)]< 0, representing the EOCD over the ranges−1.413 V <VM <−0.629 V and 0.629 V <VM < 1.413 V.

By substituting s = iω into Eq. (5) to obtain its frequency
response and extracting the real part, Re[Y (iω,Q)] can be de-
rived as follows:

Re[Y (iω,Q)] =
4K2G0XV 2

M +K2G0X2 +G0X2ω2

K2 +ω2 . (6)

Thereafter, the 3D distribution of Re[Y (iω,Q)] as a func-

tion of ω and VM is plotted in Fig. 2(a). The contour

where Re[Y (iω,Q)] = 0 delineates the locally active param-

eter range, as shown in Fig. 2(b).

Figure 2(a) shows the landscape of Re[Y (iω,Q)], where
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the dark-blue contour at the bottom represents the projec-
tion of Re[Y (iω,Q)] = 0. Inside the dark-blue contour,
Re[Y (iω,Q)] < 0. Figure 2(b) shows the parameter map
of the OS-CCM, where the red color denotes the region of
Re[Y (iω,Q)] < 0. According to condition (i) of Chua’s EOC
criterion, the existence of Re[Y (iω,Q)] < 0 indicates the lo-
cal activity of the OS-CCM for some ω over the ranges
−1.413 V < VM < −0.629 V and 0.629 V < VM < 1.413 V.
The negative pole s = −K = −104 derived from Eq. (5) in-
dicates its asymptotic stability, satisfying condition (ii) of
Chua’s EOC criterion. Hence, the OS-CCM operates in the
EOCD over the ranges −1.413 V < VM < −0.629 V and
0.629 V <VM < 1.413 V with X < 14, which matches the in-
tersection of the red and gray regions shown in Fig. 2(b). The
blue region corresponds to the locally passive domain (LPD),
within which no periodic spiking occurs. Figures 2(a) and 2(b)
are symmetric with respect to the voltage axis V = 0.

This section presents the odd-symmetric characteristics
of the OS-CCM and demonstrates its LAD and EOCD by

applying Chua’s criterion, thereby providing the theoretical
foundation for exploring the frequency characteristics of OS-
CCM-based neuromorphic dynamics.

3. Second-order neuron and its frequency-
tunable spiking
The previous section has demonstrated the local activ-

ity and EOC of the OS-CCM, which can be destabilized to
generate periodic spiking. Since the original CCM exhibits
capacitive behavior in its EOCD, an external inductor is re-
quired to form a second-order neuron circuit.[18] The induc-
tance value can be determined by the impedance compensa-
tion method.[33] To analyze the reactance characteristics of the
OS-CCM, its frequency response curves Re[Y (iω,Q1)] and
Im[Y (iω,Q1)] are plotted at an equilibrium point Q1(X ,VM) =

(−1.320, 0.825 V) within its LAD and EOCD in Fig. 3(a).
The second-order neuron based on the OS-CCM and its small-
signal equivalent circuit are illustrated in Fig. 3(b).

iM
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vout 
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+
_

i

vin

vL+

vM 
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+
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i
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vM 
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Yin(s)

iM
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vL+
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Rx = -27.8 
Ry =  57.5 

VM = 0.825 V

vout 
+
_P

P

(a) (b)

Fig. 3. (a) Frequency response of Re[Y (iω)] and Im[Y (iω)] over the range −100 krad/s < ω < 100 krad/s at the equilibrium point Q1 with
VM = 0.825 V. (b) OS-CCM-based second-order neuron constructed with an OS-CCM and an inductor, whose small-signal equivalent circuit on
the right consists of Rx, Lx, and Ry in series and parallel connection at Q1.

Figure 3(a) shows the frequency response of
Re[Y (iω,Q1)] and Im[Y (iω,Q1)] over the range
−100 krad/s < ω < 100 krad/s. From Fig. 3(a), the
curve Re[Y (iω,Q1)] intersects the ω-axis at two points P1

(10.31 krad/s, 0) and P2 (–10.31 krad/s, 0), indicating that
at ω∗ = ±10.31 krad/s, one obtains Re[Y (iω∗,Q1)] = 0.
Also, at ω∗ = 10.31 krad/s, Im[Y (iω∗,Q1)] = 1.795× 10−2,
implying that the OS-CCM exhibits capacitive characteris-
tics. According to the compensation method in Ref. [33],
the external inductance value can be obtained from L =

1/(ω∗Im[Y (iω∗,Q1)]) = 1/(10.31×0.01795) = 5.4 mH.
Figure 3(b) shows the second-order neuron constructed

with an OS-CCM and an inductor. The inset on the right side
illustrates the small-signal equivalent circuit of the OS-CCM
at the equilibrium point Q1, which includes three components:
a negative inductor Lx = −2.78 mH < 0, a negative resistor
Rx = −27.8 Ω < 0, and a positive resistor Ry = 57.5 Ω > 0.
The small-signal equivalent circuit of the OS-CCM further re-
veals its negative inductance characteristic, i.e., capacitive be-

havior. Based on the principle of LC oscillation, the neuron in
Fig. 3(b) is capable of generating oscillations.

3.1. Edge of chaos

To analyze the impact of the external inductor on the
EOCD of the OS-CCM, one needs to calculate the EOCD
of the second-order neuron circuit. The admittance function
Yin(s,Q′) at the equilibrium point Q′=(X , IL = IM =G0X2VM)

of the second-order neuron in Fig. 3(b) is as follows:

Yin(s,Q′) =
YLY

YL +Y

=
G0X2s+4KG0XV 2 +KG0X2

G0X2Ls2 +(4KG0XV 2L+KG0X2L+1)s+K
. (7)

The admittance function of the external inductance is YL =

1/(sL). At the DC limit (s = 0), YL → ∞, and the inductor
in the neuron circuit can be considered a short circuit. Hence,
the DC operating point of the input voltage Vin coincides with
that of the OS-CCM, i.e., Vin =VM =V .
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By substituting s = iω into Eq. (7) to yield the frequency
response of the admittance function of the second-order neu-

ron and extracting its real part, one obtains Re[Yin(iω,Q′)] as
follows:

Re[Yin(iω,Q′)] =
G0X2ω2 +K2G0X2 +4K2G0XV 2

(K−G0X2Lω2)2 +(1+KG0X2L+4KG0XV 2L)2ω2 . (8)

The two poles can be obtained by solving the denominator of Eq. (7), as given by

sp1 =
−(4KG0XV 2L+KG0X2L+1)−

√
(4KG0XV 2L+KG0X2L+1)2−4KG0X2L

2G0X2L
, (9)

sp2 =
−(4KG0XV 2L+KG0X2L+1)+

√
(4KG0XV 2L+KG0X2L+1)2−4KG0X2L

2G0X2L
. (10)

To determine the EOCD of the second-order neuron, the 3D
distributions of Re[Yin(iω)], Re[sp1] and Re[sp2] as a function
of ω and V are plotted in Figs. 4(a)–4(c). The projected curves
defined by Re[Yin(iω)] = 0, Re[sp1] = 0, and Re[sp2] = 0 col-
lectively delineate the parameter map of the neuron circuit, as

shown in Fig. 4(d).
Figure 4(a) shows the 3D surface plot depicting

Re[Yin(iω)] in the ω vs. V plane, where the sky-blue contour at
the bottom is the projection of Re[Yin(iω)] = 0, corresponding
to the red region, marked Re[Yin(iω)]< 0, in Fig. 4(d).

i

i

p1 p2

p2p1

(a) (b) (c)

RHP Pole Domain 1

RHP Pole Domain 2

V = 1.413 V

V = -1.413 V

V = -0.825 V

V = -1.311 V

V = 1.311 V

V = 0.825 V

V
 (

V
)

ω (krad/s)

L
o

ca
ll

y
 a

ct
iv

e 
d

o
m

a
in

 1

-1
.4

1
3

 V
 <

 V
 <

 -
0

.6
2

9
 V

E
d

g
e 

o
f 

ch
a

o
s 

d
o

m
a

in
 1

-0
.8

2
5

 V
 <

 V
 <

 -
0

.6
2

9
 V

E
d

g
e 

o
f 

ch
a

o
s 

d
o

m
a

in
 2

-1
.4

1
3

 V
 <

 V
<

 -
1

.3
1
1

 V

Re[Yin(iω)] < 0

Re[Yin(iω)] < 0

Locally Passive Domain 1: V ≤ -1.413 V

Locally Passive Domain 3: V ≥ 1.413 V

Locally Passive Domain 2: -0.629 V ≤ V ≤ 0.629 V

L
o

ca
ll

y
 a

ct
iv

e 
d

o
m

a
in

 2

0
.6

2
9

 V
 <

 V
 <

 1
.4

1
3

 V

E
d

g
e 

o
f 

ch
a

o
s 

d
o

m
a

in
 3

0
.6

2
9

 V
 <

 V
 <

 0
.8

2
5

 V

E
d

g
e 

o
f 

ch
a

o
s 

d
o

m
a

in
 4

1
.3

1
1

 V
 <

 V
 <

 1
.4

1
3

 V

V = -0.629 V

V = 0.629 V

(d)

Fig. 4. (a) 3D surface plot of Re[Yin(iω)] over the ranges −100 krad/s < ω < 100 krad/s and −1.5 V < V < 1.5 V. The bottom sky-blue
curve on the ω vs. V plane is the projection of Re[Yin(iω)] = 0. Also shown are 3D surface plots of Re[sp1] in (b) and Re[sp2] in (c) over the
same frequency and voltage ranges. The projected lines at the bottom denote Re[sp1] = 0 and Re[sp2] = 0, which separate the stable region
(Re[sp1,2] < 0) and the unstable region (Re[sp1] > 0 or Re[sp2] > 0). (d) Parameter map of the second-order neuron in the ω vs. V plane. The
projected curves from panels (a) to (c) clearly separate the LAD, LPD, and EOCD. The intersection of the red and gray regions corresponds to the
EOCD over the voltage ranges −1.413 V <V <−1.311 V, −0.825 V <V <−0.629 V, 0.629 V <V < 0.825 V, and 1.311 V <V < 1.413 V.
The intersection of the light-blue and dark-red regions indicates the RHP pole domain over the voltage ranges −1.311 V < V < −0.825 V and
0.825 V <V < 1.311 V.
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Fig. 5. Migration trajectories of the poles of the second-order neuron with L = 5.4 mH in the LAD1 over the voltage range −1.413 V < V <
−0.629 V in panel (a) and in the LAD2 over the voltage range 0.629 V <V < 1.413 V in panel (b).

Figures 4(b) and 4(c) show the 3D surface plots depict-
ing Re[sp1] and Re[sp2]. Similarly, the bottom red and blue
lines on the ω vs. V plane mark the projections of Re[sp1] = 0
and Re[sp2] = 0, respectively. Figure 4(a) indicates the neuron
is locally active over the ranges −1.413 V < V < −0.629 V
and 0.629 V < V < 1.413 V with Re[Yin(iω)] < 0 for some
ω (condition (i) of Chua’s EOC criterion). Figures 4(b) and
4(c) demonstrate that the neuron is stable over the voltage
ranges V < −1.311 V, −0.825 V < V < 0.825 V and V >

1.311 V with Re[sp1] < 0 and Re[sp2] < 0. Figure 4(d) shows
a parameter map of the second-order neuron in the ω vs. V
plane, where the intersection of the red and gray regions is
the EOCD (locally active and stable) over the voltage ranges
−1.413 V < V < −1.311 V, −0.825 V < V < −0.629 V,
0.629 V < V < 0.825 V and 1.311 V < V < 1.413 V. The
intersection of the dark-red and light-blue regions represents
the RHP pole domain (locally active and unstable), in which
action potentials can be observed, over the voltage ranges
−1.311 V <V <−0.825 V and 0.825 V <V < 1.311 V.

Furthermore, the migration trajectories of the poles sp1

and sp2, defined by Eqs. (9) and (10), in the two LADs of
the neuron over the ranges −1.413 V < V < −0.629 V and
0.629 V < V < 1.413 V are plotted in Fig. 5 to explore the
oscillation mechanism of the action potentials.

Figure 5 depicts the migration trajectories of the poles of
the second-order neuron in its two symmetric LADs: LAD1
over the ranges −1.413 V < V < −0.629 V (Fig. 5(a)) and
LAD2 over 0.629 V < V < 1.413 V (Fig. 5(b)), where the
black arrows indicate the directions of the poles sp1,2 as the
voltage V increases. The trajectories of the poles sp1,2 in
Figs. 5(a) and 5(b) share identical curves but exhibit oppo-
site directions of motion. From Fig. 5(a), the poles originate
from sp1 = −∞ and sp2 = −10026 at V = −1.413 V, merge
at V = −1.345 V and then separate along the real axis to
form a pair of complex conjugate poles as the voltage V in-
creases. Afterwards, the two poles sp1,2 approach the imag-
inary axis, subsequently reaching the first Hopf bifurcation
point at V =−1.311 V. As the voltage V continues to increase,

the poles enter the right half plane, where the neuron becomes
unstable and is capable of generating oscillations, revealing
the mechanism of the action potentials. Eventually, the poles
return to the left half plane from the second Hopf bifurcation
point at V =−0.825 V and terminate at V =−0.629 V.

Compared with Fig. 5(a), Fig. 5(b) shows the migration
of the poles sp1,2 moving in the opposite direction in LAD2
over the range 0.629 V < V < 1.413 V. Overall, Fig. 5 illus-
trates the destabilization of the neuron within its two symmet-
ric LADs as a function of the input voltage vin = V , demon-
strating its capability to generate bidirectional spiking in both
positive and negative input voltages.

3.2. Frequency-tunable spiking

The state equations of the second-order neuron in
Fig. 3(b) are given as follows:

dx
dt

= K
(

30− x+ |x−14|− |x−46|+
(

iL
G0x2

)2)
,

diL
dt

=
1
L

(
vin−

iL
G0x2

)
, (11)

where x, iL and vin denote the state variable of the OS-CCM,
the current through the inductor, and the input voltage of the
neuron, respectively. The output voltage vout is defined by
vout = vM = iL/(G0x2).

According to Eq. (11), the output voltage vout(t) of the
neuron can be derived, whose time-domain waveforms under
different input voltages are shown in Fig. 6.

Figure 6 shows the output voltage waveforms vout(t) of
the second-order neuron in Fig. 3(b) under different input
voltages vin. The upper subplots depict the applied positive
(yellow) and negative (green) input voltages vin, while the
lower subplots present the corresponding output responses. As
vin = 0.837 V, the neuron generates a periodic spiking in the
upward direction with the frequency ω = 9.63 krad/s, indi-
cated by the two red dotted lines, as shown in Fig. 6(a). For
the negative input voltage vin = −0.837 V, the neuron pro-
duces an inverted periodic spiking at the same frequency. As
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the input voltage vin increases, the neuron produces sustained
periodic spiking, while its frequency monotonically increases,
exhibiting a positive dependence of the frequency on the volt-
age amplitude, as shown in Figs. 6(b)–6(f).

Figure 6 demonstrates that an increase in the strength of
the input voltage vin leads to a higher frequency ω of the output
periodic spiking, indicating that the OS-CCM-based second-

order neuron has frequency-tunable spiking dynamics. Note

that as x approaches zero, vout increases excessively, leading

to numerical overflow. To prevent that, a small perturbation

25× 10−6 was added in x2 to obtain the simulation results in

Fig. 6 via MATLAB. For clarity, the input voltages shown in

Fig. 6 are rounded to three decimal places.

(a) (b)

(c) (d)

(e) (f)

Fig. 6. Time-domain waveforms of the output voltage vout(t) of the second-order neuron under different input voltages and corresponding spiking
frequencies: vin =±0.837 V in panel (a), vin =±0.956 V in panel (b), vin =±1.004 V in panel (c), vin =±1.058 V in panel (d), vin =±1.139 V
in panel (e), and vin =±1.176 V in panel (f). The yellow periodic spiking in the upward direction corresponds to a positive input voltage, while
the green periodic spiking in the downward direction corresponds to a negative input voltage.

3.3. Quantitative analysis of frequency characteristics

To quantitatively analyze the frequency characteristics of
the output spiking, the trajectories of the measured spiking fre-
quency ω and the imaginary parts of the poles Im[sp1,2] under
different input voltages vin =V are plotted in Fig. 7.

Figure 7 shows the measured spiking frequency ω in
black, and the imaginary part of the poles Im[sp1,2] in green
for negative input voltages over the range −1.100 V < V <

−0.825 V and in red for positive input voltages over 0.825 V<

V < 1.100 V (note that Im[sp2] = −Im[sp1] over the voltage

ω
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Fig. 7. Trajectories of the measured output spiking frequency ω of the second-order neuron in Fig. 3(b) and the imaginary parts of its poles
Im[sp1,2] over the voltage ranges −1.100 V <V <−0.825 V in panel (a) and 0.825 V <V < 1.100 V in panel (b).
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range). The results indicate that the measured frequency ω

closely matches |Im[sp1,2]| with a mean error of less than
6%, establishing the approximate relation ω ≈ |Im[sp1,2]| over
0.825 V < V < 1.100 V. This demonstrates that the neuronal
output frequency is precisely controllable and highly pre-
dictable, providing a theoretical foundation for brain-inspired
computing.

This section thus reveals the output-frequency tuning ca-
pability of the OS-CCM-based second-order neuron and es-
tablishes that the pole locations can reliably predict the output
spiking frequency.

4. Third-order neuron and its frequency-
tunable spiking

To observe richer neural waveforms, a capacitor is added
to the second-order neuron to form the resulting third-order
neuron, as illustrated in Fig. 8.

Figure 8 shows the third-order neuron circuit imple-
mented using an OS-CCM, an inductor (L = 5.4 mH), and a
capacitor (C = 10 nF). The additional capacitor increases the
order of the circuit, endowing it with the potential for richer
dynamic behavior.

The state equations of the third-order neuron in Fig. 8 are
given as follows:

dx
dt

= K(30− x+ |x−14|− |x−46|+ v2
C),

diL
dt

=
1
L
(vin− vC),

dvC

dt
=

1
C
(iL−G0x2vC), (12)

where x, iL, vC, and vin represent the state variable of the OS-
CCM, the current through the inductor, the voltage of the ca-
pacitor, and the input voltage of the neuron, respectively. The
output voltage vout is defined as vout = vM = vC.

iM

L = 5.4 mH

vC 

SCCM

+
_

i

vin

vL+
_

vM

+

iM

L = 5.4 mH

vC 
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_
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+

_
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_
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+
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vL
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SCCM

+

i

+ -

-

-

++

iC

Yin(s)

C=10 nF 

vout  

+

-

-

Fig. 8. OS-CCM-based third-order neuron circuit constructed with an
OS-CCM, an inductor, and a capacitor.

4.1. Edge of chaos

To examine how the external capacitor affects the EOCD
of the second-order neuron in Fig. 3(b), it is necessary to cal-
culate the EOCD of the third-order neuron in Fig. 8. The
admittance function Yin(s,Q∗) at the equilibrium point Q∗ =
(X , IL,VC = VM) of the third-order neuron in Fig. 8 is formu-
lated as

Yin(s,Q∗) =
Cs2 +(G0X2 +KC)s+4KG0XV 2 +KG0X2

LCs3 +(KLC+G0X2L)s2 +(4KG0XV 2L+KG0X2L+1)s+K
. (13)

The frequency response of the admittance function of the third-order neuron is obtained by setting s = iω in Eq. (13), and its real
part Re[Yin(iω,Q∗)] can be expressed as

Re[Yin(iω,Q∗)] =
G0X2ω2 +4K2G0XV 2 +K2G0X2

[K−Lω2(KC+G0X2)]2 +ω2[1+KG0XL(4V 2 +X)−LCω2]2
. (14)

The three poles of Yin(s,Q∗) are computed from Eq. (13), and their algebraic expressions are shown as

spi =−
1
3

(
K +

G0X2

C

)
+ γi

3

√
q+
√

q2−4p3

2
+

3√2p

γi
3
√

q+
√

q2−4p3
, i = 1,2,3, (15)

where the coefficients are defined as

{γ1,γ2,γ3}=

{
−1

2
+

√
3

2
j, −1

2
−
√

3
2

j, 1

}
, (16)

p =

(
K +

G0X2

C

)2

− 12KG0XV 2 +3KG0X2

C
− 3

LC
, (17)

q = 2
(

K +
G0X2

C

)3

−
(

9K +
G0X2

C

)(
4KG0XV 2 +KG0X2

C
+

1
LC

)
+

27K
LC

. (18)
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To determine the EOCD of the third-order neuron, its 3D dis-
tributions of the real part of the admittance function and the
three poles Re[Yin(iω)], Re[sp1,2], and Re[sp3] as a function of
ω and V are plotted in Figs. 9(a)–9(c). The projected curves
defined by Re[Yin(iω)] = 0, Re[sp1,2] = 0, and Re[sp3] = 0, col-
lectively delineate the parameter map of the neuron circuit, as
shown in Fig. 9(d).

Figure 9(a) presents the 3D surface of Re[Yin(iω)] on the
ω vs. V plane. The bottom sky-blue contour shows the lo-
cus Re[Yin(iω)] = 0, corresponding to the two symmetrical
red regions marked Re[Yin(iω)] < 0 in Fig. 9(d). The result
reveals that the neuron exhibits local activity over the ranges
−1.413 V <V <−0.629 V and 0.629 V <V < 1.413 V with
Re[Yin(iω)]< 0 for some ω , satisfying condition (i) of Chua’s
EOC criterion. Figures 9(b) and 9(c) present the 3D surfaces
of Re[sp1,2] and Re[sp3] on the ω vs. V plane. Figure 9(b) in-
dicates that the poles Re[sp1] and Re[sp2] share identical 3D
surface plots and bottom projections, while Fig. 9(c) demon-
strates that the pole Re[sp3] remains negative across the entire
parameter range −1.413 V < V < 1.413 V. The results indi-

cate that the neuron is asymptotically stable over the voltage
ranges −1.395 V <V <−1.332 V, −0.824 V <V < 0.824 V,
and 1.332 V < V < 1.395 V, where the real parts of all poles
remain negative, i.e., Re[sp1,2,3]< 0.

Figure 9(d) presents the parameter map of the third-order
neuron in the ω vs. V plane. The overlap between the red and
gray regions corresponds to the EOCD, where the neuron is
locally active and stable, over the voltage ranges −1.395 V <

V < −1.332 V, −0.824 V < V < −0.629 V, 0.629 V < V <

0.824 V, and 1.332 V < V < 1.395 V. The overlap between
the dark-red and light-blue regions defines the RHP pole do-
main, where the neuron is locally active and unstable, and
action potentials can be observed over the voltage ranges
−1.413 V < V < −1.395 V, −1.332 V < V < −0.824 V,
0.824 V <V < 1.332 V, and 1.395 V <V < 1.413 V. The blue
region corresponds to the locally passive domain (LPD), over
the voltage ranges V < −1.413 V, −0.629 V < V < 0.629 V,
and V > 1.413 V, within which no periodic spiking occurs. All
figures are symmetric with respect to the voltage axis V = 0
and frequency axis ω = 0.
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Fig. 9. (a) 3D surface plot of Re[Yin(iω)] over the ranges −100 krad/s < ω < 100 krad/s and −1.5 V < V < 1.5 V. The bottom ω vs. V plane
shows the sky-blue projection curve corresponding to Re[Yin(iω)] = 0. (b) and (c) 3D surface plots of Re[sp1,2] and Re[sp3] over the ranges
−100 krad/s < ω < 100 krad/s and −1.5 V <V < 1.5 V. The projected lines at the bottom denote Re[sp1] = 0 and Re[sp2] = 0, which separate
the unstable region (Re[sp1,2]> 0) from the stable region (Re[sp1,2]< 0). (d) Parameter map of the third-order neuron in the ω vs. V plane. The
projected curves from (a) to (c) clearly distinguish the LAD, LPD, and EOCD regions. The EOCD corresponds to the overlap between the red
and gray areas over the voltage ranges −1.395 V < V < −1.332 V, −0.824 V < V < −0.629 V, 0.629 V < V < 0.824 V, and 1.332 V < V <
1.395 V. The RHP pole domain is given by the intersection of the light-blue and dark-red areas over the ranges −1.413 V < V < −1.395 V,
−1.332 V <V <−0.824 V, 0.824 V <V < 1.332 V, and 1.395 V <V < 1.413 V.
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Fig. 10. Migration trajectories of the poles of the third-order neuron with inductor L = 5.4 mH and capacitor C = 10 nF in LAD1 over the voltage
range −1.413 V <V <−0.629 V in panel (a) and in LAD2 over the voltage range 0.629 V <V < 1.413 V in panel (b).

Additionally, the migration trajectories of the poles sp1,
sp2, and sp3, defined by Eq. (15), over the ranges −1.413 V <

V < −0.629 V and 0.629 V < V < 1.413 V are plotted in
Fig. 10 to further examine the oscillation mechanism of the
action potentials of the third-order neuron.

Figure 10 illustrates the migration trajectories of the poles
sp1, sp2, and sp3 of the third-order neuron over the ranges
−1.413 V <V <−0.629 V and 0.629 V <V < 1.413 V, with
black arrows indicating the migration directions of the poles
as the voltage V rises. Note that the arrows in Figs. 10(a) and
10(b) point in opposite directions, while the pole sp3 remains
negative real. As shown in Fig. 10(a), the complex conjugate
poles sp1 and sp2 in LAD1 originate near the negative real axis
at V =−1.413 V and move toward each other as V increases.
They bend toward the imaginary axis and successively pass
four Hopf bifurcation points at V =−1.413 V, V =−1.395 V,
V =−1.332 V, and V =−0.824 V. When the poles move into

the right-half plane, i.e., Re[sp1,2] > 0, the neuron becomes
unstable and action potentials emerge, revealing the onset of
chaos in the third-order neuron. Ultimately, the poles sp1 and
sp2 terminate at V =−0.629 V.

Compared with the pole migration for negative voltages
in LAD1 displayed in Fig. 10(a), Fig. 10(b) presents the re-
versed motion over the range 0.629 V < V < 1.413 V in
LAD2. Collectively, the third-order neuron exhibits the same
destabilization as the second-order neuron within its two sym-
metric LADs as a function of the input voltage vin = V , en-
abling bidirectional spiking under both positive and negative
inputs.

4.2. Frequency-tunable spiking

Based on Eq. (12), the output voltage vout(t) of the neuron
is obtained, and its time-domain waveforms under different in-
put voltages are presented in Fig. 11.
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Fig. 11. Time-domain waveforms of the output voltage vout(t) at different frequencies of the third-order neuron for input voltages: vin =±0.825 V
in panel (a), vin = ±0.935 V in panel (b), vin = ±0.970 V in panel (c), vin = ±1.030 V in panel (d), vin = ±1.100 V in panel (e), and vin =
±1.170 V in panel (f), where the light-red spiking in the upward direction corresponds to a positive input voltage, while the steel-blue spiking in
the opposite direction corresponds to a negative input voltage.
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Figure 11 shows the output voltage waveforms vout(t) of
the third-order neuron in Fig. 8 under different input volt-
ages vin. In each figure, the upper panels illustrate the pos-
itive (light-red) and negative (steel-blue) input voltages vin,
while the lower panels show the associated output waveforms.
As vin = ±0.825 V, the neuron generates periodic spiking at
ω = 9.53 krad/s, marked by the two red dotted lines, up-
ward for positive input and inverted for negative input, as
shown in Fig. 11(a). With progressively larger input voltages
vin, the neuron generates sustained periodic spiking, and the
corresponding oscillation frequency increases monotonically,
demonstrating a positive relationship between frequency and
voltage, as shown in Figs. 11(b)–11(f).

Figure 11 reveals a monotonic increase in spiking fre-
quency ω with increasing input voltage vin, thereby demon-
strating the frequency-tunable spiking dynamics in the OS-
CCM-based third-order neuron.

4.3. Quantitative analysis of frequency characteristics

To quantitatively analyze the frequency characteristics of
the output spiking, the loci of the measured frequency ω of
the output spiking and the imaginary part values of the poles
Im[sp1,2] of the third-order neuron in Fig. 8 under different in-
put voltages vin =V are plotted in Fig. 12.

Figure 12 shows the loci of the measured frequency ω

of the output spiking at vin = V and the imaginary parts of

the pair of complex-conjugate poles Im[sp1,2] of the neuron
at the corresponding operating point Q∗ with VC = VM =

V . Figure 12(a) indicates that the measured frequency ω

(black) closely matches the imaginary part of the pole Im[sp1]

and the absolute value of Im[sp2] (green), where Im[sp2] =

−Im[sp1], with a mean error less than 4% for input volt-
ages over the range −1.100 V < V < −0.820 V. Note that
the third-order neuron has only three poles, including one
real negative pole and one complex-conjugate pair. Likewise,
Fig. 12(b) illustrates the same conclusion for input voltages
over the range 0.820 V < V < 1.100 V. Consistent with the
second-order case, the third-order neuron maintains frequency
controllability and predictability. The approximate relation
ω = |Im[sp1,2]| can be established. Moreover, the magnitude
of the voltage-dependent frequency modulation is noticeably
stronger, demonstrating enhanced tunability inherent in the
higher-order neuron.

This section demonstrates that the third-order neuron pos-
sesses frequency-tuning capability and that its spiking fre-
quency is directly determined by the imaginary part of the
poles, confirming that pole locations reliably predict the os-
cillation frequency. In contrast to the second-order case,
the third-order neuron exhibits a more distinct and enhanced
voltage-frequency relationship, providing further evidence of
the universality of this tuning mechanism across OS-CCM-
based neuronal circuits.
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Fig. 12. Loci of the measured frequency ω of the output spiking of the neuron in Fig. 8, and the imaginary part of its poles Im[sp1,2] over the
ranges −1.100 V <V <−0.820 V in panel (a) and 0.820 V <V < 1.100 V in panel (b) within the RHP pole domain.

5. Hardware verification of the frequency-
tunable spiking
A functional physical OS-CCM circuit made of off-the-

shelf electronic components has been built in our work,[21]

whose circuit schematic is reproduced in Fig. 13(b) for the
reader’s convenience. The second- and third-order neuron
hardware circuits can be implemented using this physical OS-
CCM circuit board together with an external inductor and a ca-
pacitor, whose circuit schematics are displayed in Figs. 13(a)
and 13(c).

Figures 13(a) and 13(c) show the second- and third-order
neuron circuits, in which the memristor is built from off-the-
shelf discrete components, including four op-amps (TL082CP
and TL084CN), three multipliers (AD633JNZ), several resis-
tors, and a capacitor, as shown in Fig. 13(b). The voltages

VCC = 15 V, VEE = −15 V, VSS = −7.81 V, and VDD =

7.81 V provide power for the op-amps and multipliers embed-
ded in the memristor hardware circuit boards.

Integrating an OS-CCM hardware circuit with an induc-
tor of 5.4 mH yields the second-order neuron hardware circuit
board. As the input voltages of the neuron lie over the ranges
−1.139 V < V < −0.956 V and 0.956 V < V < 1.139 V in
its RHP pole sub-domains, the measured spiking frequency of
the second-order neuron can be observed in Fig. 14.

Figure 14 shows the measured output voltage waveforms
vout(t) of the second-order neuron hardware circuit board in
Fig. 13(a) under different input voltages vin. As vin = 0.956 V
(resp. vin = −0.956 V), the neuron generates periodic spik-
ing at a frequency of ω = 10.00 krad/s, marked by the two
white dotted lines, upward for positive input (resp. downward
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for negative input), as shown in Fig. 14(a). The correspond-
ing theoretical frequency is 11.2 krad/s, resulting in a percent-
age error of approximately 11%. Increasing the magnitude
of the input voltage vin leads to a higher spike frequency, as
observed in Figs. 14(b)–14(d), which verifies the theoretical
prediction that the OS-CCM-based second-order neuron ex-
hibits frequency-tunable action potentials. The slight phase
mismatch between forward and reverse periodic spiking arises
from measurement instrument errors and non-idealities of the
hardware circuit boards.

By adding a 10 nF capacitor to the second-order neu-
ron physical circuit, the third-order neuron hardware circuit
board is obtained. For input voltages within the RHP pole
sub-domain ranges−1.170 V<V <−0.970 V and 0.970 V<

V < 1.170 V, the measured action potentials of the third-order
neuron are shown in Fig. 15.

Figure 15 presents the experimentally measured out-
put voltage waveforms vout(t) of the third-order neuron in
Fig. 13(c) under different input voltages vin. Yellow upward
spiking corresponds to positive input, whereas cyan down-
ward spiking corresponds to negative input. As shown in
Fig. 15(a), the neuron exhibits periodic spiking at a frequency
of ω = 9.69 krad/s for vin =±0.970 V. The corresponding the-
oretical frequency in Section 4 is 11.5 krad/s, giving a percent-
age error of approximately 16%. Figures 15(b)–15(d) show
that the spiking frequency increases monotonically with input
voltage, confirming the frequency-tunable behavior of the OS-
CCM-based third-order neuron.
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To further compare the spiking frequency of the neuron
circuits in Figs. 3(b) and 8 with the experimentally measured
frequencies in Fig. 13, the frequency trajectories of simulation
and experimental results under different input voltages vin =V
are plotted in Fig. 16.

Figure 16 shows the trajectories of the measured fre-
quency ω for simulation results (yellow) obtained in the
second- and third-order neuron circuits in Figs. 3(b) and 8, and
for experimental results (black) measured in the corresponding
hardware circuits in Fig. 13. The close agreement between ex-
perimental and theoretical results indicates strong consistency
between theory and practice for the OS-CCM-based neurons.

A programmable laboratory power supply delivers tun-

able dual-polarity voltage inputs, while the DC–DC conver-
sion board provides stable operating voltages for all analog el-
ements on the neuron boards. The experimental setup is shown
in Fig. 17.

Figure 17 shows the experimental setup, including two
printed circuit boards of OS-CCM-based neurons to produce
upward and opposite spiking, along with measurement instru-
ments such as an oscilloscope, power supply, and digital mul-
timeter. Two identical neuron circuit boards, with positive and
negative input voltages applied simultaneously, generate sym-
metric output voltages, which are monitored on the oscillo-
scope on the right. A DC–DC circuit board with a voltage res-
olution of 0.001 V supplies power to the analog components.
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DC-DC circuit board

Neuron circuit boards

Neuromorphic  

waveforms

Power supply

Fig. 17. Experimental setup showing two printed circuit boards of OS-
CCM-based neurons under positive and negative input voltages, along
with the associated measurement instruments.

This section provides hardware verification of the
frequency-tunable action potentials of the second- and third-
order neuron circuits based on the OS-CCM physical circuit
board, confirming that the theoretically predicted frequencies
closely match the experimentally measured spiking frequen-
cies. These results substantiate the reliability of the proposed
memristive neuron.

6. Conclusion
This paper employed a CCM variant, the OS-CCM, to

demonstrate frequency-tunable spiking in second- and third-
order memristive neurons. The spiking frequency of the neu-
rons increased with the amplitude of the external stimulating
voltage. Theoretical analysis indicated that the measured spik-
ing frequency of the neurons closely approximates the imagi-
nary part of the poles of the small-signal admittance function
at the operating point. Thus, the imaginary part of the poles
can be used to predict the output spiking frequency.

Second- and third-order neuron hardware circuits were
constructed using a homemade OS-CCM physical circuit
board. Both simulation and experimental results verified the
theoretical analysis. The frequency-tunable spiking dynam-
ics investigated in this study could be applied to information
encoding and transmission in brain-inspired computing. Over-
all, this work establishes a general and physically interpretable
framework for analyzing and predicting spiking-frequency dy-
namics in memristive neurons, providing theoretical support
for frequency-programmable neuromorphic systems.
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