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SPECIAL TOPIC — Advanced magnonics
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The hybridization between ferrimagnetic magnons of different chiralities holds potentials for applications in the design
of magnonic devices. Whereas the nutation mode observed in the ferromagnetic film also possesses opposite chirality to
precessional magnon mode, in the present work, we study the interplay of the nutation modes and chiral magnons in
ferrimagnets with both parallel and antiparallel magnetic configurations based on the inertial Landau–Lifshitz–Gilbert
equation. While the two configurations show some general features, such as the individual excitation of the nutation
modes and the repulsion between nutation modes and conventional modes, the antiparallel configuration also exhibits a
hybridization between two nutation modes and distinct dissipation behaviors, compared to the parallel configuration. A
theoretical mode analysis was performed based on a perturbation approach, which nicely reproduces the observations
in the simulation and clarifies the key role of the magnetic anisotropy in mode hybridization. Our findings offer a more
comprehensive understanding of inertial effects in ferrimagnets, and could be useful for understanding experimental studies
on ferrimagnets with non-negligible magnetic inertia.

Keywords: ferrimagnet, nutation, magnon, hybridization
PACS: 75.50.Gg, 75.78.–n, 76.50.+g, 75.30.Gw
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1. Introduction
Antiferromagnets (AFMs) and ferrimagnets (FiMs) have

recently attracted considerable research interest in the field
of magnonics,[1,2] as they intrinsically host both left- and
right-handed magnon modes, providing an additional chiral
degree of freedom that can be linked to a variety of in-
triguing properties in strong magnon–phonon coupling,[3,4]

magnon–photon interactions,[5] distinct magnon transmission
in heterostructure,[6,7] etc. Compared to AFMs, the chiral
magnon in FiMs can be more efficiently controlled and mod-
ulated through, for instance, an external magnetic field,[8,9]

temperature,[10–14] or an electric field,[15,16] and therefore is
believed to be a promising ingredient for designing novel
magnonic devices such as magnonic logic computing[17,18]

and unidirectional signal processing components.[19]

As quanta of spin waves, magnons in AFMs and FiMs
are commonly described by the classical Landau–Lifshitz–
Gilbert (LLG) equation of normalized sublattice magnetiza-
tion 𝑚i =𝑀i/Mi

[20,21]

d𝑚i

dt
=−γ𝑚i ×𝐵eff

i +α
′𝑚i ×

d𝑚i

dt
, (1)

where the first and second terms correspond to magnetization
precession around the effective field 𝐵eff

i and the magnetic
damping parameterized by Gilbert damping constant α ′, re-
spectively. Equation (1) is based on the conventional gyro-

magnetic relation 𝐿i = 𝑀i/γ , indicating the collinear align-
ment of the angular momentum and magnetization, which
however might deviate when the angular momentum relax-
ation of the magnetic system becomes comparable to or even
slower than the magnetization dynamics characterized by
magnon frequency.[22–25] Such a feature can be captured by an
extension of Eq. (1) to the so-called inertial Landau–Lifshitz–
Gilbert (ILLG) equation as[26,27]

d𝑚i

dt
=−γ𝑚i ×𝐵eff

i +α
′𝑚i ×

(
d𝑚i

dt
+ τ

d2𝑚i

dt2

)
, (2)

where the angular momentum relaxation time τ also refers
to the inertial coefficient. As a result, instead of the sim-
ple precession, the magnetization exhibits nutation as depicted
in Fig. 1. While theoretical studies have explored various
characteristics of nutation in magnetic resonance,[26,28–31] as
well as the volume[32–34] and surface spin waves,[35] the ex-
perimental observations of nutation dynamics via the time-
resolved magneto-optical Kerr effect have also been reported
in ferromagnetic (FM) films of CoFeB,[36] cobalt[37] and
permalloy,[36,38] although not yet in AFMs and FiMs. Ac-
cording to Fig. 1, the nutation dynamics can be regarded as
a superposition of the primary precession mode and a high-
frequency nutation mode with opposite chirality. This implies
that the nutation may considerably enrich the chiral magne-
tization dynamics particularly in FiMs, which naturally host
primary field-sensitive precession modes of both chiralities.
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Right-handed
precession mode

Left-handed
nutation mode

Fig. 1. The dynamics of a magnetic moment in a ferromagnet, when
including nutation, comprises a right-handed precession mode and a
left-handed nutation mode.

Whereas the nutation due to magnetic inertia has been
proposed in FiMs,[26] in this work, we study the role of a mag-
netic field on the interplay between nutation and precession
modes, as well as the mode hybridization, based on numerical
solutions of the ILLG equation, where each precession mode
is found to be accompanied by one nutation mode with op-
posite chirality. The magnetic field dependence of nutation
frequencies is found to follow their primary precession modes
qualitatively in both weak and strong exchange limits between
the two sublattices, where an external magnetic field stabilizes
a parallel configuration and an antiparallel one, respectively.
Mode analysis reveals that, while nutation modes in the par-
allel configuration still comprise optical and acoustic modes,
similar to the precession modes, they do not inherit the out-
of-phase sublattice dynamics of the precession modes in the
antiparallel configuration but exhibit the in-phase motion of
magnetic moments. We also develop a perturbation approach
to describe the mode hybridization and quantitatively evaluate
the anticrossing gap.

The rest of this article is organized as follows. In Sec-
tion 2, we introduce the macromagnetic model of FiM and
our simulation method. The main results for the parallel and
antiparallel configurations are presented and analyzed in Sec-
tions 3 and 4, respectively. A short summary is given in Sec-
tion 5.

2. Model
We adopt a minimal model consisting of two antiferro-

magnetically coupled sublattices and introduce an easy-plane
anisotropy to capture the demagnetization effect in film geom-
etry. Focusing on the uniform modes in ferrimagnetic reso-
nance, we take macromagnetic moments 𝑀a and 𝑀b for dif-
ferent sublattices and write the Hamiltonian as

H =−J𝑀a ·𝑀b − ∑
i=a,b

[
Ki (Mz

i )
2 +µ0𝐻ext ·𝑀i

]
, (3)

where J < 0 corresponds to an antiferromagnetic coupling,
Ki < 0 the effective easy-plane anisotropy parameter, and
µ0𝐻ext the external magnetic field. The magnetic ground state
is then determined by the minimum of Eq. (3) and the mag-
netic dynamics in the presence of a driving field ℎ(t) is simu-
lated by numerically solving the ILLG equation [Eq. (2)] with

the instantaneous effective magnetic fields

𝐵eff
a(b) = J𝑀b(a)+2Ka(b)M

z
a(b)ẑ+µ0(𝐻ext +ℎ). (4)

For the sake of computational procedures at τ ̸= 0, we rewrite
Eq. (2) as

d𝑚i

dt
= 𝑔i/η , (5)

d𝑔i

dt
= γ𝑚i ×

(
𝐵eff

i ×𝑚i

)
−(α ′𝑔i +g2

i 𝑚i +𝑚i ×𝑔i)/η , (6)

with η = α ′τ . For comparison, the conventional precession
modes are also simulated at τ = 0 from an equivalent form of
Eq. (1) as

d𝑚i

dt
=− γ

1+α ′2𝑚i ×
(
𝐵eff

i +α
′𝑚i ×𝐵eff

i

)
. (7)

The fourth-order Runge–Kutta method is adopted in the
present numerical simulation. The external dc magnetic field
µ0𝐻ext is set along the y direction throughout this paper.

3. Parallel configuration
Inspired by the experimental confirmation of magnetic in-

ertia effect in FMs,[36–38] in this section, we consider a syn-
thetic FiM system experimentally feasible by stacking two FM
layers, where the two layers are antiferromagnetically cou-
pled via the Ruderman–Kittel–Kasuya–Yoshida (RKKY) in-
teraction across a nonmagnetic spacer layer, as illustrated in
Fig. 2(a). Specifically, we take parameters in a permalloy-
based FiM with Ka = Kb = −0.05T/µB, α ′ = 0.023[36] and
J = −0.02T/µB.[39] The magnitudes of macromagnetic mo-
ments are controllable by the relative thickness of the two
layers. Here we adopt effective values of Mb = 5µB and
Ma = 3Mb. Since the exchange field due to RKKY strength
is around 0.1 T, which is too weak to stabilize an antiparallel
alignment of the two macromagnetic moments under an exter-
nal magnetic field in the range of µ0Hext ≥ 1T applied in the
simulation, the system is thus driven into a parallel configura-
tion.

3.1. Nutation modes revealed by excitation via alternating
fields

Starting from the conventional ferromagnetic resonance
without the inertial term, i.e., τ = 0, we use a sinusoidal exci-
tation magnetic field ℎ(t)= h0 sin(2π fact) x̂ with µ0h0 = 1 mT
to excite the synthetic FiM. The amplitude of Mz

b in the steady
state is plotted as a function of µ0Hext in Fig. 2(b) at differ-
ent excitation frequencies. Two resonance peaks are observed
at each excitation frequency, reflecting the existence of two
magnon modes. Both resonance fields increase with fac, as
expected in the parallel configuration of FiM, where the two
magnon modes correspond to the in-phase and out-of-phase
precession of the two layers.[40]
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When the inertial term is included with τ = 12 ps,[36] the
occurrence of nutation makes the amplitude of Mz

b vary with
time even in a steady state. The maximal amplitudes are plot-
ted in Fig. 2(c), which differ significantly from Fig. 2(b) with-
out inertia. For an intuitive comparison, the resonance fields
of the pure precession modes are extracted in Fig. 2(b) and
plotted as dashed curves in Fig. 2(c). The two resonance fields
with and without inertia are close to each other in the low-
frequency range, reflecting the marginal role of inertia. When
the frequency increases, the resonance peaks from the ILLG
equation gradually deviate from the pure precession modes
and shift to a larger magnetic field. Further increasing fac gives
rise to two additional resonances, as denoted by blue triangles,
with their resonance fields also moving toward larger values
with higher excitation frequency. Since the conventional pre-
cession modes are not excited at these resonances, these ad-
ditional peaks imply the emergence of nutation modes, as we
will explicitly analyze below. Figure 2(c) thus indicates that
the nutation modes can be excited independently, regardless
of the appearance of primary precession.

RKKY

(a)

(d)

µ0Hext

2.0

1.5

1.0

10 20155

0.5

0 0

1

f
 (

T
H

z
)

A
m

p
 (

a
rb

. 
u
n
it
s)

|A
F
F
T
| 
(a

rb
. 
u
n
it
s)

f
a
c
 (
T

H
z
)

τ (ps)

y
x

z

10 200 10 200

µ0Hext (T) µ0Hext (T)

0

1800

0.1

1  
(c) τ/ ps(b) τ/

Fig. 2. (a) Schematic of magnetic moments dynamics containing nutation
and precession in a synthetic FiM with magnetic moments Ma = 3Mb. The
dashed and solid arrows represent equilibrium and instantaneous positions
of magnetic moments, respectively. (b) and (c) Amplitudes of oscillating
Mz

b as functions of external dc magnetic field with τ = 0 and 12 ps, re-
spectively, at the steady state in the presence of an alternating driving field
h(t) = h0 sin(2π fact) at different frequencies. Results are shifted vertically
for clarity. The dashed curves in (c) represent the frequency dependence of
the resonance fields in (b). Two blue triangles indicate the additional reso-
nances in the high-frequency range. (d) FFT spectrum as a function of inertial
coefficient τ in µ0Hext = 15 T. The inset is an enlarged view of the dashed-line
rectangle.

In order to explore the reasons behind the modification
of the two low-frequency modes and the behaviors of these
additional modes, we perform an alternative simulation with
a sinc-function driving field ℎ = h0sinc(2π fTt) x̂, where all
resonances with frequencies below fT can be equally excited
simultaneously. The excitation efficiency of different modes
is reflected in the fast Fourier transform (FFT) spectrum of the
dynamic mz

b component. In the simulation we take µ0h0 =

10 mT and fT = 6 THz to cover the frequency range of nuta-
tion modes.

Figure 2(d) shows the FFT spectrum at µ0Hext = 15 T by
varying the inertial coefficient τ , from which four branches of
eigenmodes are recognized. Clearly, the two lower-frequency
modes indeed can be traced back to the precessional magnon
modes in the limit of τ = 0. The frequencies of the other two
modes, however, exhibit a very quick increase with reducing
τ and become divergent at a vanishing τ , reflecting the nature
of nutation modes.[26] Notably, the blue shift of the modulated
precession modes can be regarded as the repulsion effect from
the nutation modes. The full FFT spectra calculated from sinc-
function excitation at τ = 0 and τ = 12 ps are displayed sepa-
rately in Figs. 3(a) and 3(b) as a function of external magnetic
field, which agree with the features observed in Fig. 2. The nu-
tation modes with the inclusion of the inertial term (τ = 12 ps)
are found to follow the magnetic field dependence of the pre-
cession modes.

f
 (

T
H

z
)

.

.

.

.



f
 (

T
H

z
)

.

.

.

.


10 2520155

µ0Hext (T)

(b) τ/ ps

(a) τ/ 

 
|AFFT| (arb. units)

Fig. 3. FFT spectra as functions of the external magnetic field calculated
from the sinc-function pulse excitation at (a) τ = 0 and (b) τ = 12 ps.

3.2. Mode analysis

To gain deeper insight into the magnetic moment dynam-
ics with nutation effect, we proceed to a theoretical analysis of
the resonance modes. In practice, we rewrite the ILLG equa-
tion in the frequency domain within the linear spin wave the-
ory as

ωU =𝒲totU. (8)

The details of the derivation are provided in Appendix A,
where the full expression of the dynamic matrix 𝒲tot is written
in the circular polarization basis.

Focusing on the parameters used in Fig. 3, the magnetic
anisotropy is rather small compared with the external magnetic
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field (µ0Hext ≥ 1 T), so it can be treated as a perturbation. We
thus decompose the full dynamic matrix into 𝒲tot =𝒲0+𝒲 ′

with

𝒲0 =

(
𝒲+ 0

0 𝒲−

)
, (9)

and the perturbation

𝒲 ′ =

(
𝒲an −𝒲an
−𝒲an 𝒲an

)
. (10)

The specific definitions of the blocks 𝒲± and 𝒲an are listed
in Eqs. (A6) and (A7).

Note that 𝒲+ and 𝒲− identically describe the same un-
perturbed modes, which can be calculated by diagonalizing
one of them. Since α ′ ≪ 1, it is safe to further neglect α ′ in
the term (∓1− iα ′)/η in Eq. (A6) for the sake of simplifica-
tion. The resulting eigenvalues of 𝒲± are obtained as

ωp-AC =
1

2η

[√
1+4ηγµ0Hext −1

]
, (11)

ωp-OP =
1

2η

[√
1+4ηγ (JMtot +µ0Hext)−1

]
, (12)

ωn-AC =
−1
2η

[√
1+4ηγµ0Hext +1

]
, (13)

ωn-OP =
−1
2η

[√
1+4ηγ (JMtot +µ0Hext)+1

]
, (14)

with Mtot = Ma +Mb. The theoretical frequencies f = |ω|
2π

are
then plotted in Fig. 4(a) as orange curves, which show a rea-
sonable agreement with the FFT spectra, except for a slight
shift, due to the omission of 𝒲 ′. The labels “p” and “n” in
subscripts respectively indicate the positive and negative signs
of the eigenvalues, corresponding to right- and left-handed dy-
namics of conventional precession and nutation with respect to
the magnetic field direction in our notation. “AC” and “OP”
refer to the acoustic and optical modes, respectively.

To reveal this information, we calculate the ratio of two
instantaneous dynamic components from

r =
Mama,+

Mbmb,+
(15)

by substituting Eqs. (11)–(14) into Eq. (A8) and obtain rp-OP =

rn-OP = −1 and rp-AC = rn-AC = Ma/Mb. The negative value
of rp(n)-OP signifies that 𝑀a and 𝑀b rotate out of phase, sat-
isfying the definition of optical modes, and the unit value of
|rp(n)-OP| means that the dynamic components of 𝑀a and 𝑀b

are of equal amplitudes, as illustrated in Fig. 4(b). For the
acoustic modes, 𝑀a and 𝑀b are always in the same direction,
as depicted in Fig. 4(c). Since the exchange interaction favors
antiparallel alignment of magnetic moments, the AC modes
with parallel alignment exhibit slightly higher frequencies
than the OP modes, for both nutation and precession. Notably,
the frequencies of the left-handed nutation modes increase

with the magnetic field, in contrast to the typical decreasing
feature for left-handed precession modes with increasing mag-
netic field in FiMs and AFMs. The nutation and precession
modes satisfy the relation |ωn-OP(AC)| −

∣∣ωp-OP(AC)
∣∣ = 1/η ,

which explains their shared magnetic field dependence, sim-
ilar to the situation in single-sublattice FMs.[26]

n-OP (LH)

p-OP (RH)

n-AC (LH)

p-AC (RH)

(a)

(b) (c)Optical modes

NutationPrecession

n-OP (LH)p-OP (RH)

Acoustic modes

NutationPrecession

n-AC (LH)p-AC (RH)
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z
)
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.

.



 

10 2520155
µ0Hext (T)

|AFFT| (arb. units)

µ0Hext µ0Hext

Fig. 4. (a) FFT spectra with the variation of external magnetic field at
τ = 12 ps, with orange curves representing theoretical results in the absence
of anisotropy. Right panels show enlarged views of dashed-line rectangles in
the main figure on the left. (b) and (c) Schematics of different modes.

The frequency corrections due to the magnetic anisotropy
are further taken into account perturbatively, as explained in
Appendix B. Specifically, we obtain

ω
′
n = ωn −

γ (KaMaIn,n +KbMb)

(2ηωn +1)(1+ In,n)
, (16)

with definition of In,n presented in Appendix B. These cor-
rected frequencies are plotted as red curves in Fig. 5, which
are in excellent agreement with the FFT spectra from numeri-
cal simulation.

The dissipation characteristics of the eigenmodes are ana-
lyzed by directly diagonalizing the full matrix 𝒲tot, where the
mode frequencies and the dissipation rates can be read from
the real and imaginary parts of eigenvalues, respectively. The
results are plotted in Fig. 6, where all obtained frequencies
increase with magnetic field, consistent with those from sim-
ulation and perturbation discussed before. On the other hand,
as shown in Fig. 6(b), while the dissipation rates of the pre-
cession modes follow the magnetic field dependence of their
frequencies, those of the nutation modes decrease with in-
creasing magnetic field, in contrast to the behaviors of their
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frequencies. Compared with precession modes, the systemati-
cally larger dissipation of nutation modes can be attributed to
their higher frequency.
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f
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Fig. 5. Comparison of the simulated FFT spectra and the calculated
frequencies from Eq. (16) with corrections due to magnetic anisotropy
taken into account perturbatively. Right panels show enlarged views of
dashed-line rectangles in the main figure on the left. Here, τ = 12 ps.
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4. Antiparallel configuration
In the previous section regarding the parallel configura-

tion, the precession and nutation modes are consistent with
those in FMs. In order to explore the manifestation of differ-
ent chiral magnons in the presence of nutation, we turn to the
conventional antiparallel configuration of FiMs, as illustrated
in Fig. 7(a). To stabilize this configuration over a broad range
of magnetic fields requires a stronger exchange interaction.
Therefore, in this part, we adopt J = −3T/µB, available in
typical FiMs like GdIG.[41] All other parameters remain iden-
tical to those used in Section 3.

4.1. Nutation modes revealed by macromagnetic simula-
tion

By applying the same sinusoidal alternating magnetic
field as in Subsection 3.1, we simulate the magnetic reso-
nances. Figures 7(b) and 7(c) show the variations of steady-
state oscillating amplitudes during the scan of driving fre-
quency without and with inertia at different strengths of dc
external fields. In the case without inertia, i.e., τ = 0, two res-
onance peaks are observed around 0.5 THz. When the mag-
netic field increases from 10 T to 20 T, the two peaks gradually

merge into a single peak around 15 T, as marked by the gray
triangle in Fig. 7(b), and then separate again. When the iner-
tial term is included (τ = 12 ps), two groups of resonances are
observed, each containing two peaks. The two peaks in each
group exhibit similar behaviors to those in Fig. 7(b), except for
their weaker dependence on the field strength. The impact of
the inertial term is then explicitly tracked through a systematic
simulation under a pulse excitation with a sinc function with
continuously varying inertial parameter τ at a fixed external
magnetic field. The FFT spectrum at µ0Hext = 10 T is plotted
in Fig. 7(d), which shows very similar behaviors to those in
Fig. 2(d). Namely, the two low-frequency modes at τ = 12 ps
evolve from the conventional FiM resonance modes at τ = 0,
while the two high-frequency modes are the nutation modes
introduced by the inertia.
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Fig. 7. (a) Schematic of magnetic dynamics affected by nutation in
antiparallel configuration. (b) and (c) Amplitudes of steady-state os-
cillating Mz

b separately for τ = 0 and 12 ps under the alternating driv-
ing field at different frequencies. Results are shifted vertically for clar-
ity. (d) FFT spectrum of Mz

b as a function of inertial coefficient τ at
µ0Hext = 10 T.

The magnetic field dependencies of the resonance modes
are recognized from the full FFT spectra depicted in Figs. 8(a)
and 8(b), which are calculated based on sinc-function pulse
excitation in the present antiparallel configuration. Without
the inertial term, corresponding to τ = 0 in Fig. 8(a), the fre-
quency of αp (βp) increases (decreases) with magnetic field,
implying its right(left)-handed characteristic. Note also that
these two modes exhibit an anticrossing feature around their
intersection point, which reflects the hybridization between
the circular modes precessing around the magnetic field in the
y direction, where the easy-plane anisotropy in the x-y plane
breaks the rotational symmetry, as shown later. The relatively
weaker FFT intensity of βp reflects the inefficiency of the ex-
citation because of the vanishing net dynamic magnetization
of this mode, corresponding to r =−1 defined in Eq. (15).[42]

In the presence of the inertial term at τ = 12 ps, as shown
in Fig. 8(b), the two low-frequency modes, evolved from αP

and βP according to Fig. 7(d), still inherit the level repul-
sion, although their frequencies are significantly suppressed
below 0.5 THz and both modes are strongly excited. Their
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weak FFT strength just before the anticrossing gap is related
to the strongly suppressed amplitude of mz

b, as discussed in
Appendix C. For the nutation modes αn and βn, it remains
difficult to determine from Fig. 8(b) whether or not an anti-
crossing gap appears. A further discussion on this issue will
be given in Subsection 4.3. Since the slope of the f –H rela-
tion reflects the gyromagnetic ratio, the comparison of the two
plots in Fig. 8 [as also seen in Figs. 7(b) and 7(c)] thus sug-
gests the suppression of the effective gyromagnetic ratio by
the inertial term.
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Fig. 8. FFT spectra as functions of the external magnetic field in the
antiparallel configuration, calculated from the sinc-function pulse exci-
tation at (a) τ = 0 and (b) τ = 12 ps.

4.2. Mode analysis without anisotropy

For theoretical analysis, we follow the perturbation pro-
cedures employed in the previous section. As a first step, we
analytically calculate the eigenfrequencies of 𝒲+. With the
detailed expression given in Appendix B, the resulting mode
frequencies are plotted as black and yellow curves in Fig. 9(a),
which already qualitatively describe the FFT spectrum. The
vanishing of the anticrossing gap at the intersection points
confirms that the hybridization in Fig. 8 remains due to the
anisotropy, while the interaction between nutation and preces-
sion modes plays a marginal role.

The dynamic characteristics of the four modes are illus-
trated in Fig. 9(b), according to the eigenfunction of 𝒲+. As
can be seen, the dynamic magnetic components of 𝑀a and
𝑀b in αp and βp precession modes have opposite signs, which
is consistent with the conventional chiral magnons in inertia-
free FiMs. In contrast, those dynamic components in the two
nutation modes αn and βn are of the same sign, which is re-

vealed by the positive sign of the ratio calculated from Eq. (15)
and plotted in Fig. 9(c). It is noteworthy that this ratio is highly
tunable by the magnetic field and deviates from −1 in general
for all modes, explaining their efficient excitation.
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Fig. 9. (a) Comparison of the simulated FFT spectrum and the analytical
solution of the frequencies calculated analytically with anisotropy ex-
cluded. (b) Schematics of different modes when µ0Hext = 1 T. (c) The
ratios of the two dynamic magnetic components defined as Eq. (15) as
functions of external magnetic field. In this calculation, τ = 12 ps.

4.3. Anisotropy-induced mode hybridization

In order to reproduce the hybridization between αP and
βP and clarify the behavior near the intersection points be-
tween αn and βn, we derive the perturbation Hamiltonian of
the two-level systems according to Appendix B as

Ωξ =


∣∣∣ωαξ

+δωαξ

∣∣∣ V †
αξ
𝒲anUβξ

V †
βξ

𝒲anUαξ

∣∣∣ωβξ
+δωβξ

∣∣∣
 , (17)

with ξ = p (n) denoting precession (nutation) modes. The fre-
quency corrections in the diagonal terms are expressed as

δωn =−
γ (KaMaIn,n +KbMb)

2ηωn (1+ In,n)−1+ In,n
, (18)

with the quantities also provided in Appendix B.
The frequencies calculated from the diagonal terms of

Eq. (17) are plotted as red curves in Figs. 10(a) and 10(b) for
low- and high-frequency groups, respectively, which describe
each mode quite well already, except for the level repulsion.
By solving the full secular equation of Eq. (17), the eigenfre-
quencies are calculated and plotted in Figs. 10(c) and 10(d).
While the analytical curves for αP and βP perfectly reproduce
the FFT spectra, the curves of αn and βn also exhibit an anti-
crossing behavior. The explicit calculation gives the coupling
strength

∆
2
ξ
=

γ2
(

KaMaIαξ ,βξ
+KbMb

)2

−
αξ ,βξ

∏
ε

[2ηωε (1+ Iε,ε)−1+ Iε,ε ]

, (19)
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with specific definitions listed in Appendix B. By substitut-
ing the parameters, the coupling strengths are found to be
∆p ≃ 12 GHz and ∆n ≃ 2.5 GHz. The dependences of ∆p and
∆n on τ are further discussed in Appendix D.
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curves in (a) and (b) are the plots of the diagonal terms. Pink curves in
(c) and (d) are obtained from the full Eq. (17).

Figures 11(a) and 11(b) show the real and imaginary parts
of the eigenvalues numerically calculated from the full 𝒲tot.
As expected, the magnetic field dependence of the real part is
consistent with that in Fig. 8(b). For the imaginary part, one
can see that the dissipation of the higher precession mode be-
comes comparable to that of the nutation modes even though
they have a big difference in frequency. This is another con-
sequence of the strong interaction between precession modes
and nutation ones. As a general feature for the dissipation of
all modes in the antiparallel configuration, a higher frequency
gives a larger dissipation, which is different from that in the
parallel configuration. From Fig. 11(b), the dissipation rates
of the nutation modes are about 8 GHz, much larger than ∆n,
explaining the absence of anticrossing behavior between αn

and βn in Fig. 8 with the parameters adopted in the present
simulation.
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Fig. 11. (a) Real and (b) imaginary parts of eigenvalues calculated di-
rectly from the full dynamic matrix 𝒲tot as functions of external mag-
netic field in antiparallel configuration.

According to Eq. (19), the coupling between nutation
modes is proportional to the anisotropy strength. In order to
clearly display their anticrossing feature, a larger anisotropy
Ka = Kb = −0.5T/µB is adopted with other parameters un-
changed. The results are plotted in Fig. 12(a), which indeed

exhibits a visible gap. In this case, the coupling strength of nu-
tation modes estimated from Eq. (19) is around 24 GHz, larger
than the corresponding linewidth of around 8 GHz shown in
Fig. 12(b).
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Fig. 12. (a) The FFT spectrum as a function of external magnetic field
with Ka = Kb =−0.5T/µB and τ = 12 ps. The dashed curves in (a) are
real part of eigenvalues calculated directly from the full dynamic matrix
with imaginary part plotted in (b).

5. Conclusion
In summary, we studied the effects of nutation on mag-

netic resonance in FiMs based on the ILLG equation of two an-
tiferromagnetically coupled macromagnetic moments, where
the inertial term generates two nutation modes, which show
general features in both parallel and antiparallel configurations
of the two macromagnetic moments. We found that the nu-
tation modes can be excited independently, resulting in reso-
nance peaks during the field sweeping at a fixed frequency or
the frequency sweeping at a fixed magnetic field. Therefore,
nutation modes can be detected by THz magnon spectroscopy,
in addition to the time-resolved magneto-optical Kerr effect
technique used in Refs. [36–38]. While the frequencies of
such nutation modes decrease with increasing inertial coeffi-
cient, they also considerably reduce the frequency of the pre-
cession modes, showing a level repulsion between the nutation
and the precession modes. Such an effect is also reflected in
the modulation of the effective gyromagnetic ratio in the mag-
netic field dependence of resonance frequencies. On the other
hand, the nutation modes in the two configurations exhibit dis-
tinct behaviors in dissipation and mode hybridization. In ad-
dition, we developed a perturbation method to reproduce the
numerical results, which not only helps to clarify the opposite
chirality of the nutation in comparison to the corresponding
conventional precession modes in each configuration, but also
allows a quantitative description of the anticrossing gap re-
sulting from the mode hybridization between chiral magnons
in the antiparallel configuration.

Appendix A: Derivation of dynamic matrix
In this appendix, we derive the dynamic matrix from the

revised ILLG equation in Eqs. (5) and (6). Assuming the equi-
librium magnetization in the y direction, we apply linear ex-
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pansion to the normalized magnetic moment

𝑚a = ŷ+(ma,xx̂+ma,zẑ) e−iωt ,

𝑚b = cŷ+
(
mb,xx̂+mb,zẑ

)
e−iωt , (A1)

with |ma(b),x(z)| ≪ 1, where c = +1 (−1) for the parallel (an-
tiparallel) configuration. Similarly, the auxiliary vectors are
expressed as

𝑔i = (gi,xx̂+gi,zẑ) e−iωt , (A2)

with subscript i = a,b. In the representation of circular polar-
ization,

mi,± = mi,z ± imi,x,

gi,± = gi,z ± igi,x. (A3)

The full basis space is defined as U =
(
UT
+,U

T
−
)T, with U± =(

ga,±,ma,±,gb,±,mb,±
)T. Equations (5) and (6) then can be

rewritten as

ωU =𝒲totU, (A4)

where

𝒲tot =

(
𝒲++𝒲an −𝒲an
−𝒲an 𝒲−+𝒲an

)
, (A5)

with

𝒲± =


∓ 1

η
− iα ′

η
𝒜 0 iγJMb

i 1
η

0 0 0

0 iγJMa ∓c 1
η
− iα ′

η
ℬ

0 0 i 1
η

0

 , (A6)

𝒲an =


0 iγKaMa 0 0
0 0 0 0
0 0 0 iγKbMb
0 0 0 0

 . (A7)

In Eq. (A6), we define 𝒜 = −iγ (cJMb +µ0Hext) and ℬ =

−iγc(JMa +µ0Hext). By neglecting the small α ′ in Eq. (A6),
we can calculate the ratio between the two dynamic compo-
nents of 𝑀a and 𝑀b as

r =
Mama,±
Mbmb,±

=
γJMa

γ (cJMb +µ0Hext)−ω −ηω2 . (A8)

Appendix B: Details of perturbation calculation
Since the anisotropy is weak in this study, 𝒲an is treated

perturbatively. The main part of dynamic matrix (𝒲0) is a di-
agonalizable non-Hermitian matrix. By employing techniques
from the linear algebra, we calculate the eigenvectors Un and
Vn from 𝒲0 and 𝒲†

0 , respectively, which share the same eigen-
values ωn. These eigenvectors satisfy the orthonormality con-
dition

V †
mUn = δm,n. (B1)

The matrix element of the perturbation Hamiltonian 𝒲an is
then given by

δωmn =V †
+,m𝒲anU+,n. (B2)

Following some straightforward calculations, we obtain the
correction to the diagonal element

δωn =
−γ (KaMaIn,n +KbMb)

2ηωn (1+ In,n)+ c+ In,n
, (B3)

which depends on the choice of c, reflecting the difference be-
tween parallel and antiparallel configurations. In Eqs. (B3)
and (19), we define Im,n = MaMblmln with

lm(n) =
−γJ

−γ (cJMb +µ0Hext)+ωm(n)+ηω2
m(n)

. (B4)

Specified to the antiparallel configuration with c = −1,
we have

ωαp = (a4 −
√

−a2
4 −a2a4 −a1

√
a4/2)/

√
2a4, (B5)

ωβp =−(a4 −
√

−a2
4 −a2a4 +a1

√
a4/2)/

√
2a4, (B6)

ωαn =−(a4 +

√
−a2

4 −a2a4 +a1
√

a4/2)/
√

2a4, (B7)

ωβn = (a4 +

√
−a2

4 −a2a4 −a1
√

a4/2)/
√

2a4, (B8)

where

a4 =

[
−a3 +

√
a2

3 +
(
−a2

2/36−a0/3
)3
] 1

3

+

[
−a3 −

√
a2

3 +
(
−a2

2/36−a0/3
)3
] 1

3
−a2/3,

a3 =−a3
2/216+a0a2/6−a2

1/16,

a2 = [γηJ (Ma +Mb)−1]/η
2,

a1 = γ [J (Ma −Mb)+2µ0Hext]/η
2,

a0 =−γ
2
µ0Hext [J (Ma −Mb)+µ0Hext]/η

2.

The signs of ωαp and ωβn are positive representing right-
handed polarization, while the negative signs of ωβp and ωαn

indicate left-handed rotation of magnetic moments about the
magnetic field.

Appendix C: Hybridization feature between chi-
ral modes

In the FFT spectra of Figs. 8–11, some “white gaps” ap-
pear near the anticrossing gap, labeled as “B” and “E” points
in Fig. C1(a), which is related to the strongly suppressed am-
plitude of mz

b as shown in Fig. C1(b). The suppression ap-
pears approximately at the transition of left- and right-handed
modes, reflecting the hybridization between chiral modes.
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Appendix D: The influence of inertial coefficient
on the hybridization

The magnetic field at the anticrossing gap (or the intersec-
tion point in the absence of mode hybridization), i.e., µ0Hg

ext,
is defined according to

∣∣∣ωαξ
+δωαξ

∣∣∣ = ∣∣∣ωβξ
+δωβξ

∣∣∣. Fig-

ure D1(a) shows that µ0Hg
ext is insensitive to τ for both pre-

cession and nutation modes. According to Eq. (19), the cou-
pling strength is calculated with different inertial coefficient
and shown in Fig. D1(b). As τ increases, the coupling strength
of nutation modes first increases and then decreases, while that
of precession modes monotonically declines.
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Fig. D1. (a) The magnetic field and (b) the coupling strength corre-
sponding to the gap of precession and nutation modes as functions of
inertial coefficient τ .

The influence of τ in Eq. (19) could be introduced by
Iαξ ,βξ

in the numerator, as well as ηωαξ
(ηωβξ

) and Iαξ ,αξ

(Iβξ ,βξ
) terms in the denominator. As shown in Fig. D2(a),

Iαξ ,βξ
only slightly differs from 1 during the variation of τ and

therefore can be regarded as a constant, i.e., Iαξ ,βξ
= 1. The

τ dependence of ∆ξ is thus dominated by ηωαξ
(ηωβξ

) and
Iαξ ,αξ

(Iβξ ,βξ
), which are plotted in Figs. D2(b) and D2(c), re-

spectively. For the precession modes, Iαp,αp and Iβp,βp have
relatively weak dependency on τ , and can be respectively as-
sumed as constants I0

αp,αp and I0
βp,βp

. Considering the condi-
tions of ηωαp > 0, Iαp,αp > 1, ηωβp < 0, and 0 < Iβp,βp < 1,
Eq. (19) leads to

∆
2
p ≈ γ2 (KaMa +KbMb)

2[
2
∣∣ηωαp

∣∣(1+ I0
αp,αp

)
+
(

I0
αp,αp −1

)][
2
∣∣∣ηωβp

∣∣∣(1+ I0
βp,βp

)
+
(

1− I0
βp,βp

)] , (D1)

which decreases monotonically as the magnitudes of ηωαp

and ηωβp both increase with τ , consistent with the numerical
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Fig. D2. (a) Iαξ ,βξ
, (b) 2ηωαξ

(2ηωβξ
) and (c) Iαξ ,αξ

(Iβξ ,βξ
) as func-

tions of τ . The dashed lines in (b) and (c) respectively mark the posi-
tions of −1 and 1. The inset in (c) is an enlarged view.

results plotted in Fig. D1(b). For the nutation modes, Iβn,βn is
very small and can be neglected. With the further considera-
tion of −2ηωαn > 1 and 2ηωβn > 1, Eq. (19) specified to the
nutation case can be expressed as

∆
2
n ≈ γ2 (KaMa +KbMb)

2

[Iαn,αn (−2ηωαn −1)−2ηωαn +1]
(
2ηωβn −1

) . (D2)

In the small τ region, Iαn,αn has a large value and decreases
drastically with increasing τ , which dominates the τ depen-
dence and leads to the increase of ∆n shown in Fig. D1(b).
In the large τ region, the variation of Iαn,αn becomes relatively
slow. As a result, the increasing magnitudes of ηωαn and ηωβn

dominate the variation of ∆n, which exhibits a decreasing fea-
ture with increasing τ .
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