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Bifurcation and hyperchaos from a class B tri-laser system
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This paper presents a novel delayed double-ring anti-phase-coupling class B tri-laser system. Subsequently, this
work creates a hyperchaotic laser transmitter, after which it provides a comprehensive analysis of its theoretical model,
including six infinite-dimension rate equation sets and corresponding numeric results. We qualitatively investigate the
dynamic behaviors, including the existence and stability of steady states, as well as the occurrence and suppression of
bifurcation, chaos, and hyperchaos. We expound on how both delayed time and anti-phase-coupling effects influence the
tri-laser system’s behavior and lead to chaotic and hyperchaotic phenomena. We also analyze instability and multi-stability
according to the nonlinear function in theory and find that multi-stability exists in an unstable region. The investigation
of the tri-laser configuration provides insights into the tri-laser structure that plays a special role in the chaotic system.
Simultaneously, our numeric simulation demonstrates the existence of instability via a typical nonlinear curve diagram
and the existence of multi-stability via a set of quasiperiodic attractors. The system exhibits a rich variety of nonlinear
dynamic behaviors, including hyperchaos, chaos, period 1, period 3, and coexistent scenarios, and following a route to
chaos via bifurcation. The corresponding dynamics are identified and characterized using Lyapunov exponents. Chaos
control is successfully achieved, yielding quasiperiods such as periods 3, 6, and 12, thereby steering the system away from
chaos. The results provide valuable references for the study of chaotic transmitters, laser technology, hyperchaos, and their

applications.
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1. Introduction

To describe laser chaos, Haken discovered well-known
Maxwell-Bloch equation sets. This great finding consid-
erably encouraged laser, optical, and chaos communities to
explore fascinating nonlinear dynamic behaviors, including
laser chaos in class A, class B, and class C laser systems,
along with their applications.!' ! Recently, in optics and laser
physics, the class B laser system followed rotating wave the-
ory and considered only the variety of electric field and pop-
ulation inversions.inside the laser. It exhibits typical nonlin-
ear dynamic phenomena, such as unsteady states, bifurcations,
stochastic oscillations, and chaos, using additional dimension
technology.®=!% Due to a chaotic signal characterized by a
flat broadband spectrum and randomness, its attractor is char-

[11-14] Hence, laser chaos exhibits un-

acterized by ergodicity.
forecasted dynamic behavior.['3-17! As class B laser chaos de-
vices, such as the semiconductor laser and fiber laser, a chaotic
semiconductor laser has the characteristics of a tiny size, a
model block, a short oscillation time, and easy production. A
chaotic fiber laser is characterized by fibers that fuse readily
with communication systems. Thus, chaotic lasers have been
created to be widely adopted for high-speed chaotic optical
communications, analog optical computing, fine measuring in-
struments, and optical random number generators.*~7! There-
fore, the class B laser is an ideal candidate for the study of
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optical chaotic systems and their applications.

The existence of chaos in a dynamic system is associ-
ated with its one positive Lyapunov exponent (LE). A hy-
perchaotic existence is linked with at least two positive LEs.
However, many chaotic lasers contain only one positive LE.
A hyperchaotic laser system is difficult to produce to a cer-
tain extent. Nonetheless, with the development of chaotic
laser technology, hyperchaos has continuously been reported
in free-running lasers, Zeeman lasers, double-ring Er-doped
fiber lasers, and three-ring Er-doped fiber lasers.>*! Research
on hyperchaotic laser systems has become a hot topic in chaos
and laser physics. Correspondingly, we were motivated to
study hyperchaotic lasers.

Many types of coupled lasers have recently been reported
in both experiments and theory, including the double-ring cou-
pled Er-doped fiber laser and the two coupled semiconduc-
tor lasers. Such coupled lasers readily produce two chaotic
signals.[18-201

Coupled laser systems have found broad application
in the optics and photoelectron fields, such as in high-
frequency generators, secure communications, radars, sen-
sors, and random signal generators that use chaotic signals.
Previous studies have investigated the dynamics of two cou-
pled lasers.[>=23] After our analysis of those coupled-laser

§,[24-26

system I we found that two active sources (or lasers) re-
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sult in recurrent action among two field intensities and phases
inside the two subsystems, mainly leading to a quasiperiodic
breakdown to chaos. To create a novel type of laser hyper-
chaos transmitter,?”! this work developed two-coupled laser
technology as a new delayed double-ring anti-phase coupling
technology. With it, we presented a hyperchaotic tri-laser sys-
tem comprising three single class B lasers, where the delayed
double-ring anti-phase coupling operation causes both the ef-
fects of the time delay and anti-phase coupling on the dynam-
ics of three subsystem lasers. Three active sources resulted
in recurrent action among the electric fields inside the three
subsystems, leading to a nonlinear dynamic process, with a
quasiperiodic breakdown into chaos and hyperchaos occurring
in the system.

Because the tri-laser system has more complex nonlinear
interactions than the double-coupled laser system, the tri-laser
system is theoretically expected to exhibit more diverse dy-
namic behaviors than the double-coupled laser system. The
dynamics caused by the delayed time and anti-phase-coupling
operation are highly complex, even if the independent (uncou-
pled) unit maintains a stable equilibrium. Therefore, research
on coupling multi-laser structures has great value for the de-
velopment of coupled oscillators, laser systems, complex sys-
tems, and optical chaos. Nonetheless, a comprehensive.inves-
tigation is still necessary and significant to analyze the dynam-
ics of various coupling multi-laser configurations.

Furthermore, multi-stability, which denotes the coexis-
tence of multiple stable states or quasiperiodic attractors in-
side a parameter region, is an intriguing phenomenon. 232!
Accordingly, we also discuss the multi-stability of the tri-laser
system.

Chaos in lasers has been found to demonstrate only a
single-scroll chaotic attractor or a double-scroll chaotic at-
tractor in dynamic phase space. Consequently, creating a
new type of chaotic attractor or a multi-scroll chaotic at-
tractor displayed in a dynamic phase space is a topic of
considerable interest. After examining many multi-scroll
chaotic attractors, it was found that some often possess hyper-

chaotic characteristics. 330

| Hyperchaotic systems and their
multi-scroll hyperchaotic attractors have aroused great inter-
est because hyperchaotic systems can enhance the security of
chaotic coding by utilizing hyperchaotic signals.

By studying the tri-laser system, it was found that this
system has two positive LEs and reveals multi-scroll hyper-
chaotic attractors. From an application perspective, if this hy-
perchaotic system were employed for secure communication,
it would be exceedingly difficult for intruders to predict the
dynamic behavior of the system. Therefore, the system’s hy-
perchaotic signal can augment the security of chaotic coding.

From the standpoint of spatial dynamics, this architec-
ture is accomplished by realistically modeling spatially ex-

tended systems because the dominant features of the under-
lying laser constituents are retained. Such a built-up device
creates a novel laser system whose dynamic behavior is richer
than a single laser or two coupled lasers, yet remains analyt-
ically tractable. From a control standpoint, delayed coupling
technology readily allows adjustment of delay times and cou-
pling levels to guide a system’s dynamic behavior and control
chaos.[?*31-321 maintaining controllability.

Chaos control is another important issue.*!=33 Chaos
control indicates that a chaotic movement can be suppressed
to reduce it to a quasi-periodic state or.a stable state. Since
the Ott, Grebogi and Yorke (OGY) method of chaos control
was proposed, numerous chaos control methods have been
presented, such as-weak periodic perturbation, continuous
feedback, nonlinear feedback, multiple-parameter, and adap-
tive control. 31331 We will research the chaotic control of the
three-laser system to reveal hidden behavior. The control of
a chaotic multi-laser system is also meaningful work because
many previous. studies have focused on the chaotic control of
single-laser systems.

In optics and laser physics, class B lasers encompass var-
ious types, including semiconductor and fiber lasers. There-
fore, the proposed system holds broad representativeness
within the optics and laser fields. The research advantages of
this system also indicate that our simplified model can over-
look the structure and coefficients of specific class B lasers,
thereby avoiding the examination of many parameters. We in-
spected only the influence of the coupling level and the de-
lay time on system dynamics through a set of six infinite-
dimension normalized rate equations. Our analysis offers a
deeper understanding of the stochastic behavior of the tri-laser
system.

We present our research question and concept as follows:
Does nonlinear dynamics such as instability, stability, and
multi-stability exist? How does the system produce chaos and
hyperchaos? What is the impact of motivation on instability,
stability, and multi-stability when anti-phase coupling is oper-
ated? How do time delays influence instability and stability?
What are the dynamics when anti-phase coupling and time de-
lays are simultaneously operated? Will dynamic behaviors,
such as period 1, chaos, hyperchaos, etc., be displayed due
to these effects? How do we analyze the infinite-dimension
tri-laser system, and how does its distinct feature display in
the tri-body problem (compared with the infinite-dimension
single-laser system or two-laser system)? How do we reveal
the hidden behavior of the system? Accordingly, we were mo-
tivated to discern how anti-phase coupling and delayed time
feedback jointly affected stability, chaos, and the existence of
other dynamics that could not be displayed in the traditional
single laser-delayed system and the two coupled laser system.

Interestingly, the tri-laser system behaves as if it has no
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ends, no rules, or randomness, which has great value in re-
vealing the hidden behavior of a multi-body case in physics.
Our work has significant reference value for studying how to
create a hyperchaotic transmitter, class B laser, laser technol-
ogy, nonlinear optics, and their applications.[?>-26:35-381

The stability theory of mathematics is typically used to
analyze the stability of dynamic systems described by differ-
ential equations of degree four or lower. Because there is no
root formula for polynomials of the fifth order or above, we re-
strict our study to qualitative dynamic behaviors using the sta-
bility theory. However, we adopted nonlinear function theory
to reveal the instability of the system. Our research revealed
the stability of the three-laser system described by differential
equations of degree six and the occurrence of bifurcation phe-
nomena. Thereby, our research is contributing to the study of
dynamic systems described by differential equations of degree
five or more.

This paper is organized as follows. In Section 2, we
present the system’s model. In Section 3, we conduct a qual-
itative analysis of the stability, bifurcation, instability, and
multi-stability of the two theories of perturbation and function
and investigate the existence of strange attractors and quasi-
periodic attractors. In Section 4, we numerically illustrate in-
stability, provide a route to hyperchaos, operate chaos control,
and analyze system dynamics via the LE spectrum. Finally,
Section 5 presents our conclusion.

2. Configuration and theory

In both optics and laser physics, the well-known three-
dimensional Maxwell-Bloch equations can be simplified to
two-dimensional forms to'describe the dynamics of single-
mode uniformly broadened traveling-wave lasers. To create
a novel tri-laser system scheme (cf. Fig. 1), we present a de-
layed anti-phase-coupling class B three-laser system, forming
a double-ring-coupling configuration. Optical paths are intro-
duced: One optic ring path consists of lasers 2, 3, 1, and anti-
phase coupler (APC). Another optic ring path comprises lasers
2, 1, and an APC. Two sets of lasing from

Fig. 1. Schematic of delayed double-ring anti-phase-coupling B-class
three-laser system. S represents the field. APC is an anti-phase coupler.

Lasers 2 and 3, respectively, were injected into lasers
1 and 3. The lasing from laser 3 was injected into laser 1,
which results in the enhancement of the oscillation of double-

injection laser 1. The lasing from laser 1 was anti-phase in-
jected into laser 2 to compress its oscillation. Due to the ex-
istence of a delayed time, this performance resulted in the al-
ternative compression and enhancement of the oscillations of
neighboring lasers and led to dynamic changes to each laser.
Last, such an operation may cause the system’s multi-stability
or instability. The laser physics model of the system is intro-
duced via three sets of two-dimensional Maxwell-Bloch equa-
tions to describe the electric fields and the population inver-
sions inside the three lasers. Considering the delayed time, the
model is described using a set of infinite-dimensional normal-
ized rate equations, as follows: [22720]

dS]/dl‘ = —(11[51 —M|SQ(Z‘—T) —m]S3(t—T)] +a; 81Dy, (1)

dD;/dt = 6\(R{ —D1) — SID; , 2)
dS,/dt = —a[Sy +mp S (t — 7)) + @282 D3, 3)
dD,/dt = 65(Ry — D3) = $3D;, 4)
dS3/dr ==a3[S3 — m38:(t — 7)) + a3S3 D3, (5)
dD;/dt = 63(Rs — D3) — S3D;. (6)

The footnotes “1, 2, and 3” indicate each laser. S is the electric
field. D is the population inversion in the laser. The coeffi-
cient a = k/J is the ratio of the cavity loss k to the longitudi-
nal relaxation constant 8. The coefficient ¢ = r/§ is the ratio
of the longitudinal relaxation constant to the transverse relax-
ation constant r. R represents the pump rate of each laser, and
the pump level dominates the laser’s output. In addition, 7 is
the delayed time, and parameter m is the coupling coefficient,
indicating the injection level of light from one laser to another
or representing the coupling level of the system. In practice,
the value m can be adjusted with optic amplifiers and optic
attenuators. The value k can be adjusted with an additional
absorber.

3. Theory of stability and Hopf bifurcation
3.1. Perturbation theory

Because there is no root formula for a triquadratic form,
we focus on qualitative analysis of dynamic behaviors, includ-
ing the existence of a steady state, its stability, the occurrence
and forbiddance of bifurcation, and delayed performance.

We found that delayed time cannot change equilibrium
points. However, it can alter the dynamic behavior of each
laser in real time. Our study of the linear stability of equilib-
rium points will investigate the root distribution of the follow-
ing transcendental equation, describing a characteristic equa-
tion. We adopt an approximation as follows:

Si(t) =Sio+0S;, Dj(t)=Dio+6D;,

where i = 1, 2, and 3, footnote “0” indicates the equilibrium
points of each laser and substitutes them into Eqgs. (1)—(6).
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After the linearization of the tri-laser system, a perturbation
equation describing the stability of the equilibrium points is
obtained with the following equation:

0S| A1 Ap Az 0 A5 O 0S|
oD, Ay A O O O O 6D,
i 0S5, | A1 0 A33A34 0 O 05, )
dt | 6D, | 0 0 AyzAy O O 6D, |’
0S; 0 0 As3 0 Ass Asg 053
oDy 0 0 0 0 Ag Ags oDs
with
Ay = —ay +a1Dyg, A2 =a1510,
A =ammie ™% Ajis=aymi e,
A1 = —2D1S10, Az = —01— Sty
As) = —agmye T, Asz = —ay + Do, Ay = arSx;
Agz = —2820D20, Aw = —02— S}y
Asy =azmze %, Ass = —az+asD3y, Asg = a3Si;

Ags = —2830D30, Ags = —03 — %)

where A is the characteristic value. The characteristic equation

is given by
An—A Ap Aj3 0 Ajs 0

Ay An—A O 0 0 0

A 0 Ap—A Ay 0 0 |,
0 0 Az A — A 0 0 i "
0 0 A53 0 ASS -1 A56
0 0 0 0 Aes - Age —A

(8a)

Equation (8a) is obviously a transcendental equation due to the
term exp(—A7). It is also written as follows:
(Ags —A)(Ass —A)(Asa=A)(A33 = A) (A —A)(A11 — A)
—(Ae6 —A)(Ass —A)(Aas =A)(A3s — 1)
x[(A11 — A)A21A12 + (A2 — A)A31413]

[

—(Ags — L) (Ass = 1) (A2 — 1) (A11 — A)A34A43

—(Ags —A)(A33=A) (A2 — ) (A1 — A)A34A43A56A65
+(Ags = A)(Ags —A) (A2 — A)A 5453431

+(Ags — A)(Ass — A)A34A43A21A12
—AseAes(Ags — A)[(A33 — A)A21A 12+ (A2x — A)A31A13]
+As6A65A34A43(A22 — A)(A11 — A)

—As6A65A34A43A12421 = 0. (8b)

It is well known that the stability and bifurcation of equilib-
rium points can be diagnosed with the root A of Eq. (8).

First, three cases are discussed as follows:

(i) In the case of a real A, when A < 0, the equilibrium
point is stable. When A > 0, the equilibrium points are unsta-
ble. We readily find the solution of A = 0. We obtained the
following critical coupling strengths:

AgeAsaAr (armiazmaazms)

—Ap6As55A44A33A0 (a1miazmy) + By =0, (9a)

where the parameter item By is readily obtained from Eq. (8b)
or from the following Eq. (11). To simplify, with settings
ay = ay = ap = a and my; = my = m3 = m, the critical cou-
pling strength mi, is obtained with the following equation:

AssAasAr (@’ m?) — AgsAssAaaAz3A (a*m?) + By = 0. (9b)

We readily obtain the root of the critical coupling strength
m. and obtain the following result: The equilibrium points
become stable when m < m., with the assumption that no
other instability perturbs the stable state and ultra-short de-
layed time. Moreover, Hopf bifurcation is suppressed. When
a coupling strength larger than m, is added, the system experi-
ences undamped oscillation, or chaos.

(ii) In the case of a complex A, when Re(A) < 0, the equi-
librium point is stable, while a damped oscillation operates in
the system. When Re(A) > 0, the equilibrium points are un-
stable while an undamped oscillation or a stochastic oscillation
operates in the system.

(iii) In the case of an imaginary A, bifurcation occurs.
If jo (0 # 0) is only the root of Eq. (8), the Hopf bifurca-
tion point can be obtained. Equation (8) is inspected to reveal
six pure imaginary solutions due to the existence of the com-
plex exponential items exp(—2m7j) and exp(-3@7j). Once
the value @ has been obtained, we suppose that Eq. (8) has six
roots of w;, where i =1, 2, 3, 4, 5, and 6. From Eq. (8(b)),
the critical delayed time 7(wj;) is attained with the following

equation:

(Ags — j@i)(Ass — joi)(As — jay)
X (Az3 —j@i) (A — joi) (A1 — joi)

—(Ag6 — jWid)(Ass — ji)(Ags — j@y) (Az3 — j@y)
X [(A11 — jo)AnAn + (Ap — jo))a®m? e =47
—(Ag6 —j01)(Ass — j@;)(Axa — joi) (A11 — j@;)A34A43
+(As6 — @) (Ass — j@;)AzaAs3A21A12
+(Aes — j0;) (Ass — j0;) (Apy — joy)a’m’ e
—AseAes(Aga — ji)(Azs — joi)

x (A2 — jay) (A1 — joi)A34A43
—AseAes(Aaa — jor)[(Az3 — jay)

X A21A12 + (A22 — j;)A31A 3]
+As6A65A34A43(A22 — jO;) (A1 — j )
—AsAesA34A43A12421 = 0.

3joyt

(10)

This implies that bifurcation occurs in the system and that bi-
furcation processes can be guided by different critical delayed
times because there are different numerical solutions in the
transcendental equation (10).
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transcendental equation

A4 esA% + e+ 343 + A + A +¢o =0,

where

¢s

C4

3

2

C1

co =

- ¥

= — (A1 + A2 + A3z +Ags +Ass

+Aes —A12A21 —A13431),

1<i<j<6
—A31A13 (Ap +A33 +Ass+Ass +Age)
—A34A43 — As6A65A34A43,

=— Y AildjjAu+ApAyn Y AiAj
J

1<i<j<k<6 1<
ijel 3,456
+A31A13 Z AjiAjj —A15A53A3)
1<i<j
i,je2,3,4,5.6

+A34A43 (A1 + A +Ass +Ags)
+As6A65A34A43 (A1 +A2 +A33 +Au),
AiiAjjA A — A12421

1<i<j<k<n<6

X Z AiiAjjAkk
i<j<k
i,j,k€1,3,4,5,6

—A31Ai3 )
i<j<k
i jk€33.4,56

X Z AiiAjj+A34A43A21A12

i7jell<.é.,576
+A15A53A31 (A22 + Asa+Ass) +AseAe5A34A43
X Z A,’,’Ajj

i<j

ijeln34

+As6Aes (—A21A12 — A31A13+ A34A43),

AjiA jjAg — A3aAgs

= —A11A2A33A44 (Ass5 + Aes)

—AnAnAssAcs (Ags +A33)
— A33A44A55466 (A2 +A11)
+ARA Y AiAjjAn+AnA

i<j<k
i,j,k€1,3,4,5,6

xJ L

i<j<k
i,j,k€2,3,4,5,6

Second, Eq. (8b) is rewritten as another expression of the

(1)

Y AiAj;—AnAsr (A1 +Asz 4 Ads +Ass + Ago)

AjiA jjAr — A34A43A21A 12 (Ass + Ags)

+A34A43 (AssA11 +AssA11 +AcsAssAn +AscAssAl)

+A34A43A56A65 (A11A22A33 +A11A20A
+A4A3342 +A44A33A11)

—A15A13A31 (AgsA22 +A4aAr + AgeAsg)
+As6Aes [A21A12 (A33 4+ Aus)

+A31A13 (A2 +Au) — AsaAgz (A1 +An) ],

—A31A13A20A33A44A55A66

+A11A20A33A44A55A66 — A21A12A11A33A44A55A66

—A11A20As5A66A43A34 — A11A22A33A44A43A34A56A65
+A22A44A66A15A53A31 +A12A21A34A43A55A66
—AseAes (A21A12A33A44 +A31A13A0A 4
—A34A13A11A0) — AseAssA34A3A 12471 .

Supposing A = @2, the solution of Eq. (11) still has several
possibilities:

(1) If ®> = —a (o > 0), we obtain: A = +j/a (the
imaginary solution). In this case, a Hopf bifurcation emerges
in the system (or the limit cycle appears). This case corre-
sponds to case (iii).

Q) If % = a (o > 0), we obtain:.A = /o (the real
number solution). Responding to the case, two possibilities of
dynamic behaviors‘are guided by stability and instability. The
system moves unstably, and its equilibrium points are unstable
when A = \/o. The system moves stably, and its equilibrium
points are asymptotically stable when A = —/a. The two
cases respond to case (ii).

) If @>=jB (B >0), we obtain: A = ++/B(v/2+jV2)
(the complex number solution). Responding to this case, two
possibilities of dynamic behaviors are guided by stability and
instability. The system moves unstably, and its equilibrium
points are unstable when A = \/B(v/2+jv2). The sys-
tem moves stably, and its equilibrium points are stable when
A=—VB(2+jV2).

@ If®>=a+jB («+#0and B #0), Eq. (13) still has
another complex number solution. We obtain the following:
A =+/o+]jB =p+jq where p=+[(a++/ a2+ p2)/2]'/?
and g = +[(—a + /a2 + B2)/2]'/2. Responding to the case,
the dynamic behavior is dominated by the value p. When
p > 0, the system moves unstably, and its equilibrium points
are unstable. When p < 0, the system moves stably, and its
equilibrium points are stable.

3.2. Function theory

Because there is no root formula for a tri-quadratic form,
using the linear stability of the equilibrium points, we investi-
gate the root distributions and conduct an alternative qualita-
tive analysis of the dynamics using a nonlinear function view.

In this section, we will prove the instability and multi-
stability of each laser using a set of nonlinear algebraic equa-
tions. Setting @123 =a, 0123 =0, Rip3 =R, and mj 3 =
m # 0 for simplicity, the field values of the equilibrium points
are obtained using the following equations:

m(S30+Szg) =Slo{l—GR/ (G—I—S%O)}, (12)
mSio=—Sx{1—0oR/(c+53)}. (13)
mSx =S3 {1 —oR/(c+5%)}, (14)

where footnote “0” indicates the field values of the equilibrium
points. Subsequently, we will prove the existence of instability
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and multi-stability when there are multi-solutions of systems
in mathematics that correspond to the multi-valued outputs of
the system in physics. On the one hand, the multi-valued out-
puts of the system are a key factor leading to instability. In
dynamics, the system has instability. On the other hand, we
note that the stable, multi-valued outputs of the system also
lead to multi-stability. In dynamics, the system behaves in a
quasi-periodic state and shows a quasi-periodic cycle (a quasi-
periodic attractor) in its dynamic phase space. Using Eq. (12),
we obtain the following equation:

30 —mo (S30+S20) x S3g— 6 (1 —R) x Sio

—0 (S30+ S20) = 0. (15)

Setting

P=-mo (S3+50), 0=-0(1-R),
E;: —G(S3()+Szo).

Equation (15) can be rewritten as follows:
)63—1—)6213—1—)66—1—6207 (16)
or
¥ +3yp+2¢ =0, (17)
where
~ 2 o . N Y
x=y—P/3, 3p=Q—P /3, 2qg=2P /21— PQ/3+G.

We discuss the three cases as follows:
(i) When ¢° + p® > 0, a real toot and two complex roots
are obtained by

1 .V3
Y1 =u+tv, YZ:__(“+V)+1£(”_V)a

2 2
1 V3
y3 :—E(u—l—v)—17(u—v).

where

u=\l=q+ V@ +p, v=y\-a-V@+p

(ii) When ¢° 4 p = 0, three real roots are obtained by

V1 =2v—q, y2=y3=—v—¢.

(iii) When ¢ + p* < 0, three differential real roots are

obtained by
y1 = 2y/—pcos (2) , Y2 =2y/—pcos (2 + 2;) ,
y3 = 2+/—pcos (2 + 4;) ;
where
cosd):(pi\/qu), O<o¢<m.

The obtained solutions describe the field of laser 1, varying
with the sum of the fields of lasers 2 and 3. This indicates
that there are at least two solutions to laser 1 when the selec-
tion of the parameters meets conditions (ii) and (iii). Namely,
the parameter region is unstable when (¢ + p®) < 0. There
are three or at least two possible outputs (cf. Figs. 2-4). The
multi-valued solutions exist in the instability region (special
unstable parameter sets). Alternatively, the multi-valued out-
puts emerge in the physically unstable region. The instability
really results in the multi-valued solutions in' mathematics and
the multi-valued outputs of laser 1 in physics:-Equations (12)
and (15) reveal the connection between multi-valued solutions
and physical instability, proving instability exists for laser 1
in the unstable parameter region. Thus, we have proven that
instability exists in laser 1 in the unstable parameter region.

For the same principle, using Eqgs. (13) and (14), respec-
tively, we obtain

S35 macSio x S3y— (1 —R) x Sy — 6810 =0, (18)
§30— m6Sy x S3) — 6 (1 —R) X S30 — 6820 = 0. (19)

In a similar analysis to Eq. (16), we can attain the following
results: Sy has three solutions or at least two in Eq. (18), when
S0 has a stable value. For laser 2, the multi-valued solutions
readily exist in mathematics, and the multi-valued outputs of
laser 2 can emerge in physics (cf. Fig. 3). Equation (18) re-
veals the multi-valued connection between laser 2 and laser 1
due to their coupling.

In a similar analysis to Eq. (16), S3¢ has three solutions or
at least two in Eq. (19), when Sy has a stable value. For laser
3, the multi-valued solutions readily exist in mathematics, and
the multi-valued outputs of laser 3 can emerge in physics (cf.
Fig. 4). Equation (19) reveals the multi-valued connection be-
tween laser 3 and laser 1 due to their coupling.

Due to the existence of three-laser coupling, multi-valued
solutions readily exist in the region of instability, and the
multi-valued outputs can emerge in the corresponding phys-
ically unstable region. The instability really results in the
multi-valued outputs (or the physical instability).

Equations (12)-(14) readily dominate all equilibrium
points of the system, including three sets of nonlinear alge-
braic equations. Therefore, there is instability on each laser in
the unstable parameter region when the appearance of a pertur-
bation from the neighboring laser or the variety of the delayed
time. There are always perturbations and delayed times on
each subsystem of the tri-laser system, so we have proven that
there is deep instability in the tri-laser system when the param-
eters are set in the unstable parameter region (cf. Figs. 2—4, in
which the numeric result corresponds well with our theoretical
analysis).

Simultaneously, we cannot point to one solution (or one
equilibrium point) that is better than another solution (or an-
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other equilibrium point). We deduce that dynamic behavior
displays an unstable oscillation around the equilibrium points
when the second oscillation of the field of one laser is con-
tinuously stimulated by another field from another laser, and
the oscillation cannot lock in an equilibrium point in the un-
stable parameter region. In addition, instability always causes
an unstable state to occur in the system when perturbation or
delayed time varies. Thus, such a performance easily leads to
chaos.

3.3. Strange attractor and quasiperiodic attractor

The multi-value distribution of equilibrium points in a
nonlinear system may result in the appearance of a strange
attractor and quasi-periodic attractor in the dynamic phase
space. After inspecting the equilibrium points besides the zero
solution, another set of equations describing the distribution of
the field values of the equilibrium points is obtained with

Si0+ =+4/0 (R/Dyy— 1), (20)
Sp0+ = +1/0 (R/Dqyy — 1), (1)
S30i=:t1/O'(R/D3O—1). (22)

From Eqgs. (20)—(22), we found at least two sets of obvious so-
lutions for the root of the field value of the equilibrium point
of each laser, indicating the existence of at least two sets of
equilibrium points for each laser. Accordingly, the switch-
ing behavior may be stimulated on each laser when the anti-
phase coupling and the delayed time operate. In dynamics,
each laser switches stochastically between its two equilibrium
points because one equilibrium point cannot be supposed to
have stronger dominance than another. Simultaneously, the
system oscillates stochastically among its equilibrium points
when the second oscillation of the field of one laser is con-
tinuously stimulated by another field from another laser. This
results inthe appearance of the twin-scroll strange attractor in
the dynamic phase space of each laser. The tri-laser system
has at least six sets of equilibrium points besides the zero so-
lution. In dynamics, the system behaves stochastically around
its equilibrium points to show instability. Consequently, the
attractor in the system is characterized by full ergodicity, high
complexity, and high randomness in the dynamic phase space
when the parameters are set in the unstable parameter region,
because the second oscillation of each laser’s field is contin-
uously stimulated by the field from the other laser. Hence,
we can deduce that the six-scroll strange attractor could be il-
lustrated in the phase space comprising S;, S2, and S3 of the
assembled tri-laser system under some conditions.

To verify the appearance of a strange attractor in this sys-
tem, we numerically plot the moving trajectories in the dy-
namic phase spaces of each laser and the system (cf. Fig. 8),

displaying the appearance of the twin-scroll strange attractor
of each laser and the six-scroll strange attractor (a new type of
hyper-scroll strange attractor) of the assembled tri-laser sys-
tem. The numerical results substantiate our theory well.
Multi-stability is fascinating. Correspondingly, we lastly
discuss the multi-stability of a system when a tri-laser system
produces a stable multi-value output. After investigating the
conclusion in Subsection 3.2 and Egs. (20)—(22), we find the
possibility for a stable multi-value output operated on the as-
sembled tri-laser system under a parameterregion. This leads
to the system’s moving in a stable orbit to form-a set of quasi-
periodic attractors visualized in-the dynamic phase space (cf.
Figs. 14 and 15, in which these attractors have disparate peri-
odicities, such as the five period, six period, and seven period).

4. Numeric results and analysis

In this section, we first numerically illustrate the insta-
bility of the system using a typical nonlinear curve diagram.
Second, we provide a route to chaos after bifurcation to illus-
trate the dynamic behavior of the system. Subsequently, chaos
control is introduced. Finally, we discuss the system’s output
and its dynamic movement via LEs.

4.1. Instability

By numerically calculating Eq. (14), the stable output
field of laser 1 varies with the sum of the stable values of lasers
2 and 3 in Figs. 2(a) and 2(b), illustrated with a typical non-
linear function curve diagram. Figure 2(a) demonstrates the
existence of an instability (IS) region; there is a special pa-
rameter set (or the instability parameter region), in which there
are three values of or at least two values of the field of laser
1, where the fitting normalization factors are a = 30, 0 = 0.1,
m = 0.3, Ry = R, = R3 = 4 (three subsystem lasers were set
to have identical parameters).*”! Corresponding to any value
m(S30+Sz0) in an IS region, in physics, the dynamic behavior
of laser 1 stochastically moves around its three or at least two
equilibrium points. It cannot be locked onto one equilibrium
point to maintain stabilization because we cannot suppose that
one equilibrium point is superior to another. Hence, the insta-
bility existence of the equilibrium points of laser 1 is proven in
the IS region. When the parameter value R is set at 3, 5, and 7,
respectively, Fig. 2(b) shows the output field of laser 1, vary-
ing with the sum of the values of lasers 2 and 3, in which three
typical nonlinear function curves illustrate instability in the IS
region. Subsequently, laser 1 may switch on three or two equi-
librium points and depict instability when the parameters are
set in the IS region. Meanwhile, the IS region is enlarged by
adding pump levels.

By numerically calculating Eq. (15), the stable output
field of laser 2 varying with the stable values of laser 1 is re-
vealed in Figs. 3(a) and 3(b) with a typical nonlinear function
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curve diagram, where Ry = R, = R3 = 5 in Fig. 3(a) and the
value R is set to 2, 3, and 4, respectively, in Fig. 3(b). Typi-
cal nonlinear curves illustrate the existence of instability, and
the IS region is enlarged by adding pump levels. Thus, laser 2
may randomly switch at three or two equilibrium points and
behave unstably in the unstable parameter region.
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0 IS region 4 (a) =2 1.0
e . + .
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Fig. 2. Instability (IS) (a) in the system and (b) at different pump levels.
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Fig. 3. Instability for (a) lasers 1 and 2 and (b) at different pump levels.

By numerically calculating Eq. (16), the stable output
field of laser 3 varies with the stable values of laser 2 in
Figs. 4(a) and 4(b), illustrated with a typical unstable curve
diagram. There, Ry = R, = R3 =5 in Fig. 3(a), and value R is
set to 2, 3, and 4, respectively,.in-Fig: 3(b). Typical nonlinear
function curves illustrate instability in the instability param-
eter region, where the IS region is enlarged by adding pump
levels. Thus, laser 3 may randomly switch at three or two equi-
librium points and show instability in the instability parame-
ter region. Hence, the instability existence of the equilibrium
points of three subsystem lasers is proven in the IS region.
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Fig. 4. Instability for (a) lasers 2 and 3 and (b) at different pump levels.

Using Figs. 3(a) and 4(a) again, we found that one laser
has a stable value and another laser has three or at least two
values in the instability parameter region, which implies that
the system may randomly switch on equilibrium points and
show instability. Hence, the existence of instability of the
equilibrium points of the system is proven in the IS region.

4.2. Route to hyperchaos

In chaos research, bifurcation diagrams are often adopted
to reveal the bifurcation process of dynamic systems, roughly
describing their dynamic behaviors. By numerically calculat-
ing Egs. (1)—(6), a route to chaos passing through bifurcation
is depicted in Fig. 5. It visualizes the system’s dynamics us-
ing the diagram of the normalized intensity P = S? versus the
variation of the coupling parameter m, where the normalized
parameters are a = 30, 6 =0.1, Ry =R, =Rz =4, and 7 = 10.
The value m shifts from O to 0.1 in 180 equal parts. There
is a stable region from approximately 0-0:010556, a bifurca-
tion point at 0.011111, an undamped oscillation region or a
difficult-to-distinguish unstable region before 0.015, and then
a chaotic region after 0.015556.
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Fig. 5. Bifurcation diagram: (a) laser 1, (b) laser 2, and (c) laser 3.
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Fig. 6. The LE spectrum versus the parameter m.

A route to chaos through bifurcation was also numerically
inspected and visualized by the LE spectrum. The correspond-
ing dynamics were rigorously diagnosed using the LES. The
hyperchaotic distribution in the chaotic region was divided by
coupling levels. Figure 6 reveals the LE spectrum versus the
parameter m. A wide chaotic region is revealed between 0.012
and 0.135, while many hyperchaotic regions are mainly dis-
tributed between 0.012 and 0.15, 0.026 and 0.032, 0.036 and
0.039, 0.07 and 0.08, 0.084 and 0.0995, 0.111 and 0.115, and
0.119 and 0.127. In these regions, the corresponding dynam-
ics are diagnosed by the two positive LEs, and hyperchaos
occurs in the laser system. Bifurcation/quasi-period occurs
near 0.0114, where the maximum LE is approximately zero.
This implies that the alternative appearance of those rich hy-
perchaotic regions results from the operation of the alternative
compression and enhancement of the oscillations of neighbor-
ing lasers with different coupling levels. Thus, the structure
of the tri-laser system and its anti-phase-coupling operation
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readily caused the system’s hyperchaos and chaos. The results
demonstrate that the proposed three-laser system has the ad-
vantage of being prone to generating chaos and hyperchaos.

The dynamic behaviors of the three subsystem lasers are
illustrated in Figs. 7—14, and their corresponding dynamics are
rigorously diagnosed by the LEs as follows.

= 0.99 (a) | = 1.06 m] Z 1o (c)
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Fig. 7. Cycle one: (a) laser 1, (2) laser 2, and (c) laser 3.

Figure 7 demonstrates the limit cycle of the period 1 dy-
namic behavior of each laser or the three lasers pulsing at three
single-periodic states when m = 0.012, where the leading LE
is about zero. When the coupling levels are increased, the os-
cillations of the system are stimulated, and the second oscil-
lation emerges. The system’s behavior is developed into an
undamped oscillation, and a chaotic dynamic state emerges.
When m = 0.02 is added, Fig. 8 presents the three laser out-
puts and strange attractors. Figures 8(a)-8(c) reveal the un-
damped stochastic oscillation behaviors of the three lasers;
namely, each laser displays the undamped stochastic oscilla-
tion around the equilibrium points and switches stochastically
to the two equilibrium points after many undamped stochas-
tic oscillations on one equilibrium point. Corresponding dy-
namic behaviors were diagnosed as chaos by their maximum
LE value of 0.074. Figures 8(a)-8(c) also indicate that the
wave signals from three subsystem lasers have high compli-
cacy. We note that the waveforms in Figs. 8(a)-8(c) look like
periodic digital pulses because chaos has self-similarity (or the
chaotic self-similarity results in the fluctuation of the like peri-
odic digital pulses). In fact, each pulse has a different duration
and a different amplitude or waveform in their zoom. How-
ever, the system’s moving phase trajectory formed a typical

chaotic attractor, as displayed in Figs. 8(d)-8(f). Figure 8(d)
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shows the four-scroll attractor in the phase space, consisting
of S1 and S;. Due to many undamped stochastic oscillations
on one equilibrium point (cf. Figs. 8(a)-8(c)), a single scroll
formed around this equilibrium point in the phase space. In
the phase space of S; and S5, around each equilibrium point,
there is a single scroll. Due to the existence of switching
(cf. Figs. 8(a)-8(c)), the four-scroll attractor formed around
the four equilibrium points. Figure 8(d) also shows that the
switching variation alters from above to downward or from the
left to the right, stochastically rounding their four equilibrium
points, namely: Dual switching occurs in twolasers, 1 and 2.
Figure 8(e) shows the four-scroll attractor in the phase space
of S> and S3. Figure 8(f) reveals the four-scroll attractor in the
phase space of S| and S3." Hence, in the phase space consist-
ing of Sy, S», and S3, we can deduce that the six-scroll attractor
will form around the six equilibrium points of the system. Fig-
ure 8(g) obviously depicts the chaotic six-scroll attractor in the
phase space consisting of S1, S», and S3, where three scrolls are
distributed in a triangle in the top part and three scrolls are dis-
tributed in a triangle in the lower part, where the moved trajec-
tory of the system results from the system’s moving stochas-
tically and endlessly around the six equilibrium points. The
system exhibits a new type of six-scroll attractor, a new type
of hyperstrange attractor. For most laser systems, it is difficult
to find the chaotic six-scroll attractor that originally existed in
such a tri-laser system. This indicates that this tri-laser system
has the advantage of forming chaotic six-scroll attractors or a
new type of hyperstrange attractor.

When the coupling levels are increased, the second oscil-
lations of each subsystem laser are generally enhanced, and
switching is basically produced, leading to fully developed
chaos and hyperchaos. When m = 0.039, Fig. 9 shows the hy-
perchaotic six-scroll attractor, and the corresponding dynamic
behavior is diagnosed as hyperchaos by its two positive LEs
of 0.048 and 0.015. Clearly, the hyperchaotic six-scroll attrac-
tor in dynamics has higher complexity and randomness than a
single-scroll attractor or double-scroll attractor.
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Fig. 8. Each laser output and its strange attractor. (a) Laser 1, (b) laser 2, (c) laser 3, (d) four-scroll attractor in a phase space consisting of S| and S,
(e) four-scroll attractor in a phase space of S, and S3, (f) four-scroll attractor in a phase space of S| and S3, and (g) six-scroll attractor in a phase space

consisting of Sy, S and S3.
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Fig. 10. Another hyperchaotic attractor.

When the coupling levels are further increased, the
stochastic oscillation of the system is stimulated, and the sec-
ond oscillation is enlarged again. The system is developed into
an enhanced undamped oscillation, which results in another
fully developed hyperchaotic dynamic state emerging in the
system. When m = 0.099, Figs. 10-12 show the multi-scroll
hyperchaotic attractors in the system, and the corresponding
dynamic behaviors are diagnosed as hyperchaos by the two
positive LEs of 0.07 and 0.04. Figure 10 reveals roughly the
six-scroll hyperchaotic attractor in a phase space consisting
of S1, 82, and S3, in which the moved trajectory of the sys-
tem results from the system’s moving endlessly around the six
equilibrium points. The hyperchaotic six-scroll chaotic attrac-
tor is characterized by full ergodicity, high complexity, and
high randomness. For most laser systems, such a six-scroll
attractoris difficult to create; it is only found in this laser sys-
tem. Figures 11(a) and 11(b) show obviously different four-
scroll-attractors, where Fig. 11(a) shows a four-scroll attractor
in a phase space consisting of S; and S,. Figure 11(b) illus-
trates another four-scroll attractor in the S, and S3 phase space,
and Fig. 11(c) demonstrates roughly a four-scroll attractor in
the phase space of S; and S3. Figures 12(a)-12(c) display
the waveform of each laser, and Figs. 12(d)-12(f) depict the
double-scroll attractor of each laser. From the listed results, it
was found that each laser maintained its nature. However, the
built-up system shows a new type of hyperchaotic four-scroll
attractor and hyperchaotic six-scroll attractor. These figures
reveal that the movement around the equilibrium points gives
the attractor full densification and high complexity. Hence,
these hyperchaotic attractors in dynamics are deeply charac-
terized by full ergodicity, high complexity, and high random-

ness. If this system is used in chaotic cryptography, it will
enhance encoding security.
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Fig. 12. Hyperchaotic waveform and attractor in each laser.

Under distinct delayed times (7 = 2), Fig. 13 shows the
LE spectrum versus the parameter value m. The two chaotic
regions are mainly distributed from 0.015 to 0.06 and from
0.074 to 0.16. The hyperchaotic region is mainly distributed
between 0.02 and 0.038, the quasi-periodic regions are mainly
distributed between 0.06 and 0.09, and the stable region is dis-
tributed between 0 and 0.01. The result proves that the distinct
delayed times change the behavior of the system; chaos and
hyperchaos still appear.

a=30,0=0.1, R=4,17=2

Fig. 13. The LE spectrum versus the parameter m.

4.3. Chaos control: Control of a route away from chaos

Chaos control is another important issue in chaos.1-33]
Chaos control indicates that a chaotic movement can be sup-
pressed to reduce it to a quasi-periodic state or a stable state.
For the chaos control of lasers, various control methods were
presented, such as current modulation, optic feedback, dual
feedback, photoelectric feedback, wedge feedback, and exter-
nal optic injection. >34 Here, the parameter method of chaos
control is used. For this three-laser system, coupling domi-
nates the dynamic behavior of the system. Its parameter value
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m represents the injection level from one laser to another, sym-
bolizing the coupling level of the three lasers. Therefore, we
chose parameter m as the control parameter. In practice, we
can adopt optic amplifiers to shift the injection level into each
laser or adopt optic attenuators to shift light’s quantity through
optic attenuators to adjust the injection level into each laser.
Adjusting the parameter value m, we achieve chaos control of
the chaotic system and give our chaos control result: the con-
trol of a route away from chaos passing through a quasi-period,
such as period-three, period-five, period-six, and period-12,
as exhibited in Fig. 14, when 7 = 1 and the other parameters

correspond to the case of Fig. 12. Figures 14(a)-14(f) visu-
alize the controlling of a route away from chaos: chaos (the
maximum LE1 = 0.258) when the control parameter keeps
on m = 0.03, six cycles (LE1 = 0) when the control param-
eter shifts on m = 0.04, five cycles (LE1 = 0) when adjusting
m = 0.05, three cycles (LE1 = 0) when adjusting m = 0.07,
another five cycles (LE1 = 0) when adding m = 0.09, and 12
cycles (LE1 = 0) when m = 0.12, respectively. Hence, we re-
vealed the hidden behavior of the system,-and chaos control
has been successfully achieved. The produced quasi-periodic
attractors play up our interests quite well.
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Fig. 14. The control of a route away from chaos passing through a quasi-period. (a) Chaos for m = 0.03, (b) six cycles for m = 0.04, (c) five
cycles for m = 0.05, (d) three cycles for m = 0.07, (e) another five cycles for m = 0.09, and (f) 12 cycles for m = 0.12.

4.4. Chaos control: Delayed time leads to a route to hyper-
chaos

Subsequently, we numerically examine the bifurcation
processes occurring in the laserssystem and analyze the sta-
bility of the limit cycles embedded in the phase space along
the route to chaos and hyperchaos using the bifurcation dia-
gram and the LE spectrum, which can be guided by the de-
layed times in Figs. 15 and 16. Of course, we are partic-
ularly interested in understanding how a typical bifurcation
diagram develops in terms of delayed times. We watch the
main features in terms of the delayed times in Fig.15: stabil-
ity, the bifurcation point, the period, and the sudden transition
to chaos. Figure 16 is used to numerically inspect the bifurca-
tion processes according to the LE spectrum. (The maximum
LE is LE;, and the second LE is LE;.) The main features of
the delayed times show stability (LE; < 0), period bifurcation
(LE; = 0), the sudden transition to chaos (LE; > 0), and hy-
perchaos (LE; > 0 and LE; > 0). The clear repetitive structure
of this LE spectrum is a numeric indication of the property of
the period-bifurcation dynamics in the system. The LE val-
ues were altered at different delayed times. Both results prove
that bifurcation processes are very much guided by various de-
layed times. These results corroborate the conclusion (iii) of
Eq. (20). In physics, the results also revealed that the alter-
native appearance of chaos and hyperchaos results from the

operation of the alternative compression and the enhancement
of the oscillations of neighboring lasers with various delayed
times. Therefore, the structure of the tri-laser system, the delay
time, and the anti-phase coupling effect jointly determine the
dynamic characteristics of the system, leading to state changes
in the system and the appearance of chaos and hyperchaos.

a=30,0=0.1, R=4, m=0.012
2 . : :
;: 4 by

i‘

S1 (arb. units)
=

|
)

Fig. 15. The bifurcation diagram.
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5. Conclusion

This paper studied routes to chaos and hyperchaos af-
ter the quasi-periodic bifurcation of the class B tri-laser sys-
tem. We introduced its technical scheme and theoretical model
within laser physics and nonlinear dynamics. We qualitatively
analyzed the dynamic behavior of the system. We numeri-
cally offered bifurcation processes guided by delayed times
and provided zones of hyperchaotic distribution in the chaotic
region based on feedback levels. We expounded on how both
delayed time and anti-phase-coupling effects impact the tri-
laser system’s behavior and lead to chaotic and hyperchaotic
phenomena. Our analysis helps reveal the system’s sensitiv-
ity to the structural factors of the tri-laser system and offers a
deeper understanding of stochastic behavior. Our research not
only reveals the behavior of the system under different con-
ditions but also the stability of the three-laser system and the
occurrence of bifurcation phenomena. The investigation of the
tri-laser configuration (or high-order nonlinear systems) is of
great significance, providing insights into the tri-laser structure
that plays a special role in the chaotic system.

Instability was forecast in theory, while our numerical
simulation demonstrated the existence of instability via a typ-
ical unstable curve diagram, in which the instability region
was found to be enlarged by adding pump levels. The sys-
tem showed some typical nonlinear dynamic behaviors, such
as hyperchaos, chaos, and period 1, as well as coexistent sce-
narios, and exhibited a route to hyperchaos after passing bi-
furcation. Interestingly, the dynamic movement of the tri-laser
system shows almost no end, no rules, and randomness. The
chaotic and hyperchaotic behaviors and.their distribution re-
gions are obviously indicated by their LE spectra. Their four-
scroll strange attractor and six-scroll strange attractor dynam-
ics are characterized by full ergodicity, high complexity, and
high randomness. The numerical results are consistent with
our theory. Multi-stability was studied to show multi-periodic
attractors. The rich dynamic behaviors of the system and many
paths to chaos and hyperchaos were revealed. Chaos control
is operated-and successfully achieved, which plays up our in-
terest quite deeply.  We found that the structure of the tri-
laser system, the delay time, and the anti-phase coupling effect
jointly determine the dynamic characteristics of the system,
leading to state changes in the system and the appearance of
chaos and hyperchaos. The system shows the strong ability to
formanew type of multi-scroll attractor and has the advantage
of forming a new type of hyperstrange attractor. The proposed
three-laser system obviously has the advantage of being prone
to generating chaos and hyperchaos. If used for secure com-
munications, its security would be enhanced. The tri-laser sys-
tem and its dynamics are valued for the study of laser hyper-
chaos and multi-body optic problems. We adopted nonlinear
function theory to reveal the instability of the system. It also
provides a significant reference for studying dynamic systems
described by differential equations of high degree. The result
has a reference value for a chaotic transmitter, laser technol-
ogy, hyperchaos, and their applications.
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