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We develop a new method to study the ground state energy of the one-dimensional supersymmetric —J model with
open boundary conditions. The eigenvalues of the nested transfer matrix are characterized by the zero roots of corresponding
polynomials instead of the 7—Q relation and Bethe roots. The distribution of zero roots at the ground state is studied. We
find that the zero roots form two-string pairs, finite pure real and pure imaginary boundary strings. Based on the distribution
of zero roots, we obtain the ground state energy of the system in the thermodynamic limit.
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1. Introduction

The t—J model is of paramount importance in the in-
vestigation of strongly correlated electronic systems, par-
ticularly in elucidating the mechanisms underlying high-
T. superconductivity.[l?! At the point J = +2¢, the one-
dimensional —J model exhibits supersymmetry and becomes
exactly solvable. Through the application of the coordinate
Bethe ansatz, Lai®! and Sutherland successfully derived
the exact solution of the system under periodic boundary
conditions.! Subsequently, the graded nested algebraic Bethe
ansatz method was employed to analyze the one-dimensional
supersymmetric 7—J model.[*=1 Schlottmann investigated the
distribution of Bethe roots for the ground state in the pres-
ence of an external magnetic field.l'”! Bares ef al. precisely
determined the ground state and excitation spectrum of the
system.[!!] Moreover, a wide range of intriguing properties
of the system have been extensively explored.!'>~1] In recent
years, numerical methods have also played an important role
in the investigation of the —J model.[!%!7]

When the boundary fields are parallel, comprehensive in-
vestigations have been conducted regarding the exact physi-
cal properties of the system.!'3-2] When the boundary fields
are non-parallel, identifying suitable vacuum states becomes
highly non-trivial, and the traditional Bethe ansatz approach

fCorresponding author. E-mail: xtxu@nwu.edu.cn
fCorresponding author. E-mail: junpengcao@iphy.ac.cn

CSTR: 32038.14.CPB.ae37fa

fails. To address this challenge, the off-diagonal Bethe ansatz
method has been developed.[??”] The eigenvalues of the
transfer matrix are characterized by inhomogeneous 7-Q rela-
tions. Furthermore, the relevant physical properties have been
investigated in the thermodynamic limit. [23-%)

In this work, we develop a new approach to study the
ground state energy of the one-dimensional supersymmetric
t—J model with open boundary conditions. The exact solution
of the Hamiltonian can be expressed in terms of the eigenvalue
of the nested transfer matrix. We express the eigenvalue of the
nested transfer matrix in terms of zero roots. We demonstrate
that, in the ground state, the zero roots exhibit a distinct dis-
tribution consisting of two-strings, pure real roots, and pure
imaginary roots. Utilizing this distribution, we derive analyti-
cal expressions for the ground state energy at arbitrary filling
factors and the surface energy at half-filling.

The paper is organized as follows. In Section 2, we
present the Bethe ansatz solutions of the model. Section 3
provides a comparative analysis of the distributions of the zero
roots of the nested transfer matrix. In Section 4, we calculate
the ground state energy induced by the boundary fields in the
thermodynamic limit. Finally, in Section 5 we summarize our
findings and provide a discussion of the results.

© 2026 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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2. Exact solutions

The Hamiltonian of the system is given by

= —tZ Z [locﬁlcﬁ-cﬁlacjg}]l”

j=lo=t1,]
-1 1
+JZ [Sj-Sﬂ,l —4njnj+1:|
=1
+x1n1 +2hy - S1+ xng +2h - Sy, (D

where c; & and ¢; s are the creation and annihilation operators

of electrons with spin ¢ =1, at j-th site, respectively. L is
=Y Njoc = Yo C;7gcj75
S is the spin operator

the total number of lattice sites. n;
is the electron number operator.

o _ Fo_ %
of the electron on site j. §; =cj,c;y, §; =c; cjs and

8% = 3(nj+—nj ) are the generators of su(2) symmetry in
the spin sector. N = Z?:l n; is the total number of elec-
trons. P =TI5_,(1 —njmn ) is the projector which is in-

cluded to ensure the constraint of no double occupancy. h| =
(h,h,h;) = (—sin@cos@,—sinOsing,cosH)/(2£) and
hy = (h},hy b)) = (sin6’ cos @', sin 0 sin@’, —cos 0”) /[2(1 —
&’)] are the boundary magnetic fields. y; = —1+1/(2&) and
x.=—141/[2(1—¢&’)] are the boundary chemical potentials.
Here £,£/,0,6’,¢ and @’ are the boundary parameters, and
we focus attention on the sector of J =2¢ =2.

The Hamiltonian (1) is obtained by taking the first order
derivative of the logarithm of the transfer matrix #(u), which is
the the generating functional of all the conserved quantities of

the system,
H— _ldlnt(u) 1 1-2¢&
2 du |, 26 201-¢&)
—2N+L—1. )
The transfer matrix #(u) is defined as
t(u) = stro{Ky (u)To(u)}, 3)

where u is the spectral parameter and stry is the super-

partial-trace in the auxiliary space with the definition stroG =

Ypi(—
B=1

matrix. K (u) is the 3 x 3 boundary reflection matrix defined

1)pﬁGg, p1 =0, p» =1, p3 =1 and G is an arbitrary

in the auxiliary space at one end of the chain

K= 0 kpu) k) |,

0 kyp(u) k3 (u)
+ / + ’ 1 1—2u ’
kll(”)zé u, kgg(“)Zé 573 cosO’,

2 _1 io' 2 —1 sl

ki (u) = 4 Sing'el? ki (u) = T Singe 17,

1 1-2u
k3+3(”):€/_§+ > cos®’. 4)

The To(u) =
matrix, where T (u) and T (u) are the monodromy matrix and

To(u)K,y (u)Ty(u) is the double-row monodromy

the reflecting one, respectively,

To(u) = Ror(u)Ror—1(u)---Ro1(u),
To(u) = Rio(u) -+~ Re—10(u)Reo(u),
Ro,j(u) = u+Tlp; (5)

where Il ; is the super permutation operator defined in the
tensor space of the auxiliary and physical spaces. The bound-
ary reflection of electrons at the other end is characterized by
the 3 x 3 reflection matrix

kij(w) 0 0

K@= 0 kn) knw |.
0 hay(u) kyz(u)

kiy(u) =& +u, ky(u)=E&+cosBu, ky(u)=sinbe'?u,

k3o (u) =sin@e ' Pu, kg3 (u) = & —cos Ou. (6)

According to Eq. (40), we know that the energy spectrum
of the system can be obtained by the eigenvalues of the trans-
fer matrix 7(u). The double-row monodromy matrix To(u) is
a 3 x 3 matrix in the auxiliary space

A(u) Bi(u) Ba(u)
( ) D“(u D]Q(M) 5 (7)
Co(u) Dai(u) Da(u)

where the off-diagonal elements are used to construct the

To(u) =

eigenstates of the system. Assume the eigenstates of the trans-

fer matrix 7(u) are!?’!

V1, ..., PN F) = Ba, (V1) - - Bay (Vn) [ ) F1 N ®)

where {V;} are the Bethe roots in the charge sector, |Q2) =
N (1,0,0)T is the vacuum state, T means the transposition,
and the coefficients {F% "} are the vectors related to the
nested eigenstate in the spin sector. In Eq. (8), the repeated
indices should be summed. Acting the transfer matrix (3) on
the Bethe state (8), we obtain

1)1,
:A(u)|171,...

ﬁN;f>
, V3 F) + unwanted terms. 9)

We see that the assumed Bethe state (8) is indeed the eigen-
state of the transfer matrix 7(u) if the unwanted terms in the
above equation are zero roots, which give that the Bethe roots
{¥;} should satisfy the Bethe ansatz equations (BAEs),

N U R G A TR s
ki (7)) 25+ 1 ki (7)) 5
I (= = D5+ 7) 1 (10)
i(v;)

where 7(u) is the nested transfer matrix in the spin sector

(1) = 5t (R (g (a4 7141

X ”(),N(LH'VN"' 1)K(-)7(u)rN1@(u—\7N) . -'rl_’()(u—ﬁl)],
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o (R K
K”(kéz() <u>>

(Qu1)kyy () —k7y (u) 2u+1
K™ (u) = K @ +12)L;< lju)(k) w |’
2u+1k32( ) éu H
roj(u) =u+Py ;[P jlg s =00 5,0 00 (1)

We should note that 7(u) is still an operator. Then the eigen-
value of the transfer matrix #(u) is

kg (u) + k3 ()

— 1 2L
P g )+ 1)

Aw) = |kfy(u) -

Xﬁ(u—w—l (u+v)
(u—v) u+v1+l)
N

s
" lr[l (u—v;) u—|—vl+1)

=1

F(u). (12)

We see that now the eigenvalue problem is changed to the di-
agonalization of #(u). Due to the U(1) symmetry breaking,
the number of electrons with fixed spin is not conserved and
the traditional Bethe ansatz does not work. We use the off-
diagonal Bethe ansatz.

From the construction (11), we know that 7(u) is an oper-
ator polynomial of u with degree 2N + 2, which can be com-
pletely determined by 2N + 3 constraints. By employing the
fusion method, we obtain N operator product identities for

the nested transfer matrix 7(u) at the inhomogeneous points
{Vjli=1,...,N}

F5))E;+1)
= A+ D) T — v — D)5+ )
x(j—vk+1)(] +7%+2), j=1,...,N, (13)
where
&(u)=Zli(u+€’)(u+€),
d(u) = (u—&")(u—§). (14)

From the definition (11), we also obtain that () satisfies the
crossing relation

(l 4 ;)f(/l) _ (x - Df(—l).

Besides, the values of #(u) at u = 0, ] can be obtained directly

5)

7(0)=0,
(1) =N [Tu-sowen+n.  as
) = 3 kz]u Vi )\U T Vi .
The asymptotic behavior of () reads
lim 7(u) = Cu® 2 4. |
U—ro0

C =2cos0cosf +2sin@sinf cos(¢' —¢). (17)

We express the eigenvalue A (u) of the nested transfer matrix

f(u) in terms of the zero roots {z;|j = 1,...,2N + 3} of the

corresponding polynomial as

(1+3)4w

Then we conclude that the constraints (13)—(17) can com-

2N+3

CH _Z]

(13)

pletely determine the values of A (u) and the zero roots {z;}
for a given set of inhomogeneity parameters {7;}.

Replacing the operator 7(u) by the eigenvalues A (u) in
Egs. (10) and (13), we obtain the constraints of zero roots {z j}
and Bethe roots {¥;}. By solving these coupled equations, we
obtain the values of {z;} and {7;}. Substituting these values
into Egs. (12) and (18), we obtain the eigenvalues of the trans-
fer matrices 7(u) and 7(u). Then, according to Eq. (40), the
energy spectrum of the Hamiltonian (1) can be obtained as

N

2N. 19
; Vi (Vs +1 (19
It should be noted that the eigenvalues of the transfer matrix
A(u) can also be parametrized in terms of the roots of the
Bethe ansatz equations (BAEs). For diagonal boundary con-
ditions, the Bethe ansatz solution can be constructed within
the standard algebraic Bethe ansatz framework, whereas for
generic non-diagonal boundaries the spectrum is characterized
by an inhomogeneous T—Q relation and the Bethe roots satisfy

inhomogeneous BAEs.[?”]

For the inhomogeneous BAEs, the
distribution of Bethe roots is comparatively complicated, mak-
ing traditional thermodynamic analysis extremely difficult. By
instead focusing on zero roots, one can avoid direct treatment

of the inhomogeneous BAEs.

3. Distribution of roots and numerical results

Now we determine the distribution of Bethe roots {7;}
and zero roots {z;} in the thermodynamic limit. Substituting
Eq. (18) into Egs. (10) and (13), we obtain

W Li 2L o
(#;Jr;i) [“‘i+l<é2>]

x [Mj—i<§—; L]]jl(#jiuﬂri)

2N+3 i
_ oMl (Wit int ) 20)
M1
e 2’ﬁ3 (b + izt 5) () + 2 — )
k=1 pj(uj—1)

. 1\ -/. 1
= d(lﬂj—2>d<lﬂj+2>
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where ;= —

1

!

Vj

(W +1) ()£ —1),

~ i
v —z,]zl,...7

2n

N and C is given by Eq. (17).

Throughout this paper, the notation F (+) means that these two

DMRG method!! and the results are shown in Table 1, where
some other filling cases are also given. We see that they are
highly consistent with each other.

From the expression of the non-parallel boundary mag-
netic fields, we know that the singular points of the boundary

functions shoul multiplied, i.e., F(+) = F(+)F(—). . .
unctions should be multiplied, i.e., F(+) (HF(-) parameters are £ = 0 and &’ = 1. According to them, we di-
1.0 ) 20 ) vide the boundary parameters into four regimes: (I) & > 0,
05 10 E<1,(I)E>0,&>1,ADE<0,E <1and (V) E <O,
é" W &’ > 1. In these regimes, the physical properties of the system
S : é 0 are different. Thus, we should consider them separately.
~ R
—0:5 —10 Table 1. The ground state energies Epmrg obtained by using the
. ) DMRG method and Eg obtained by the roots. Here & = 1.9, &' =
s 10 1520 % T 0 1 2 and@=¢=6'=¢"=0
A (Real Real
1 ( ea ) z ( © ) L N EDMRG ER n
o S 48 48 267.1002 ~67.0940 1
0.5 20 48 40 ~61.5918 ~61.5971 5/6
éf’ g’ 10 48 32 -53.9162 -53.9118 2/3
(1] P —— " 0
= =2 48 24 —43.5365 —43.5332 1/2
~< N —10
—0.5 48 16 -30.6370 -30.6349 1/3
—20
48 8 —-15.8286 —-15.8278 1/6
-1.0 -30
0 5 10 15 20 25 -2 -1 0 1 2
A (Real) 2 (Real) From the exact numerical calculation with finite L and the

Fig. 1. (a) The distribution of roots {;} on the complex plane for
N = L =48 in the ground state. (b) The patterns of zero roots {z;} with
N =L =48. (c) The distribution of roots {t;} with N =2/3L =32.
(d) The patterns of zero roots {z;} with N =2/3L = 32. Here, £ = 1.9,
E=03and0=¢=0=¢ =0
The distribution of roots {y;} and zero roots {z;} can be
obtained by solving the Egs. (20) and (21) for the finite sys-
tem size.3%! The numerical results of roots and zero roots at
the ground state with L = 48 at filling n = 1 and n = 2/3 are
shown in Fig. 1. Next, we check the correctness of these re-
sults. The ground state energy can also be computed by the

singularity analysis with infinite L, we obtain the patterns of
roots and zero roots at the ground state for different boundary
parameters regimes. We should note that boundary strings can
lower the energy when the system size L becomes infinite. Af-
ter some calculations, we summarize the results in Table 2. It
should be noted that the values of the pure real zero roots (zg;
and z(2) and pure imaginary zero roots (izo3) are not required
for our analysis. In the following section, we prove that the
values of the paired roots do not appear in the final expression
of the ground state energy.

Table 2. The patterns of Bethe roots and zero roots in the ground state for different regimes. It should be note that the zero roots form the pairs
and the imaginary parts are denoted as {%iZ;}, which means that if there is a zero root iZ;, there must exist another zero root —iZ;.

Regime {elk=1,...,N} {zjli=1,...,2N+3}
I MEreRr j=1,...% 142, —1—i%j;, +201,0, j=1,...,N
II v_/i%,VjeR,j:L...,%—l,;w,lER,‘uN:i(.ﬁ’—%) 1+z, —1—1i%;, £z01, £200, iz203, 0, j=1,...,N -2
I vitivieR j=1,.., YLy e Ruv=i(l-¢) 1+2j, —1—iZ;, +201, +200, +i203,0, j=1,...,N =2
IV AL AeR =18 Ly =i - Douv=—i(E 1) 14z, 1% £z01, £z, .0, j=1,...,N-2

4. Ground state energy

Based on the obtained distribution of roots, we are ready
to calculate the ground state energy in the thermodynamic
limit by combining Egs. (10), (13) and (18).

4.1. Regime (I): £ >0and &' < 1

In regime (I), according to the patterns of zero roots, we
express the eigenvalue A (u) as

(u+ %)A(u) = C(u— 200 ) (u+ 201 )u

x [ (u—iz; = 1) (u+iz;4+1). (22)

T

Substituting (22) into BAEs (10) and (13), we obtain

L\ 2L
K=t (e L (e d
(Wi) (w+i(e-3)) (w-i(s-3)
><H — 1) ()4 +1)

+1 i,
lyZ} 2 (u,+ +1201> (.uj'f';—lZOl)
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Xlﬁ(“j_zk‘f‘;i)(ﬂj‘f‘fk_;i), (23)
wi T (=1(379)) (e(5-¢))
IJu,iuer (TEITESY

A G ER) ICE CR)
) oel1)) oo

Because Bethe roots {1} form the two-strings at the ground

state, we parameterize these complex conjugate pairs as

(.ukl 7“k2) (Ak-f— 2 —|—O( 78L)’Ak _ % +O(CEL)>7

k=1,....M, M=N/2, (25)

where A; is the position of the two-string on the real axis,

~€L) means the finite size correction which can be ne-

and o(e

glected if L — co. Because we focus on the thermodynamic

limit, N is set to be even without loss of generality.
Substituting fy, = A; + 4 and fy, = A; — 4 into Eq. (23)

respectively, and multiplying the two obtained equations, we

have
A Ai+3iA+3 . L
(Aj+> z+1 A (418 (4,+ (€ - 1)
Nj2
x(A—i8) (A =i (& =) TR =4 +1)* (A + A1)
=1

(A + A +2i) =C*(A;+i(1+z01))(Aj £izo1)

><H(A,-i(zk—i))(aj—zk+21)(/1j+zk). (26)
k=1

Substituting u, = A; + % and fy, = A; — % into Eq. (24) re-
spectively, and multiplying the obtained equations, we have

&N +i(1-¢)
=& —i(1-¢)

Aj+3iA—iA—iA+i(l
7Lj—f1l +1i4; +21)~ i(1
Aj+i& A48 A;—i(1—z01) Aj—i(1+z01)
Aj—i& A —16/1 +i(1—z01) Aj+i(1+z01)
lj—|-§k— iy 7Lj—|—/1[—|—2i

X - - =1. 27
lcl;[l)‘j_zk"‘z‘ = A+ A= @n

Dividing Eq. (26) by its complex conjugate and considering
(27), we obtain

<xji>2L_ Aj— 5 Aj+i(1—&") A;+i€
Ai+i) A i —i(1=8) A -8

XN/Z/'Lj—l[—ilj—Fl[—l
=1 A,j—l]-i-iﬁ,j—‘rll—i-i’
j=1,...,N/2. (28)

Taking the logarithm of Eq. (28), we have
ZLGQ(AJ') = 271?]/'-‘1-91(1) 62<1 5)(1)
N/2
+ Z 92(1] —A)+ ez(lj +4),

=1
ji=1,...,

6¢ (4))

N/2, (29

where {/;} are the quantum numbers characterizing the
ground state and take the values

(I} ={L—N+1,....L—N/2}, (30)
the function 6,,(1) is given by
On(A) = 2arctan(2A /m). @31

At half-filling, from the distribution of the Bethe roots in
Fig. 1, we know that A; € (0,00). If the filling factor n =
N/L < 1, we will have A; € (Qp,), and the lowest energy
can be achieved by choosing Qy as large as possible. Qy is the
Bethe root closest to the origin, i.e.,

= minj |/’L/‘

Thus in the thermodynamic limit, the distribution of
Bethe roots becomes continuous and we can define the den-
sity p1(A) of Bethe roots, which can be calculated by taking
the derivative of Eq. (29) as

pi(A) = ax(2) - % [a1(A) —az1-g1)(A) —arg (A))]

—[/ Q0+/} (A —w)p1(p)dy, (32)

where the function a,, (1) is

1 m

23 A m 4 49

am(A) =

and Qy is determined by the constraint

—Qo o0 N n
[/_m +/Qo}p1(l)d/l—2L—2. (34)

Then, we obtain the ground state energy as

E1:—2L[/ +/}dlp] { 12} (35)

At the half-filling, Q¢ = 0 and the ground state energy is

El :E +Ebla (36)
e 2wl
_ *2N+L/wﬁ =-2LIn2, (37)
e~ vl
/ 2( 1+e ‘W‘
« [C_ ‘” §|w| —(1-&")w| + 1:| dw, (38)

where E;, is the ground state energy of the corresponding pe-
riodic spin chain,!'!! which is consistent with fact that the
boundary fields are only applied in the spin sector, and Ep;

is the surface energy of the system (1).

057501-5
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4.2. Other regimes

By using the similar process, we can study the ground
state energy in the regimes (I—(IV). We should note that dis-
tributions of Bethe roots and zero roots in these regimes are
different from those in the regime (I), care should be taken
with some calculating details. Here, we only list the final re-
sults.

According to the results shown in Table 1, the eigenvalue

~

A(u) can be expressed as

(u+ %)A(u) = Clu—z00) (= 200) (1t — i 209)
(M+Zo] Y(u+z02) (u+ izo3)u

H u—iz;—)(u+iz;+1), (39)

in regimes (II) and (II), and

(e )A () = Cluzo0) (u— z00) (u— &)

X (u+201) (1 +202) (u+ & u
N-2
Jj=1
in regime (IV). Combining Egs. (1), (40) and BAEs (10), (13),
we obtain the density of Bethe roots at the ground state in the
thermodynamic limit

— ol (A) +b()

- [/_mQOJr Qjaz(l—u)p(u)du, 41)

p1(A) = a2(1)

where the integration limit Qy is determined by the constraint

Qo e N-2 n 1
{[m +QJp“”*—u,—z—Lv (42)

and the function b(A) in different regimes is different

—ane (A)+ aner (1), Q1))
b(A) = *azu ey (A) tayi-g)(A), D
—&)(A) +age(A). (Iv)

Substituting the density (41) into the energy expression,
we obtain the ground state energy as

-0 o
Ei=2Ln [/ 4+ }ag(l)p(l)dl—2N+eb,
—oo Qo

where e, = (§' — &)~ in regime ), ep = (£ — &2~ in
regime (IIT) and ey, = (&' — &)1 4 (€ — £2) ! inregime (IV).

5. Conclusion

In this paper, we study the ground state energy of the inte-
grable 1D t—J model with boundary magnetic fields. Different

from the previous studies, where the inhomogeneous 7-Q re-
lation and inhomogeneous Bethe ansatz equations should be
considered, we develop a new method, that is the thermody-
namic limit results can be obtained by using the zeros prop-
erties of the corresponding algebraic polynomial, where the
related equations are homogeneous.

By analyzing the distribution of the zero roots of the
transfer matrix, the boundary energy has been obtained for the
Heisenberg and XXZ spin3? chains with generic boundary
conditions, as well as for the antiperiodic XX Z spin chain. 33!
They present a universal procedure to calculate the surface en-
ergy of the 1D spin chain with generic non-diagonal boundary
fields. In addition, the finite-temperature free energy of the pe-
riodic Heisenberg spin chain has been obtained from the dis-
tribution of the zero roots, since the free energy per site can be
determined by the largest eigenvalue of the quantum transfer
matrix. And this method is free from any approximations. It
would be interesting to extend the present analysis to the fi-
nite temperature and study the free energy, specific heat and
magnetic susceptibility of the system.
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