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Spin-exchange (SE) and spin-destruction (SD) collisions play a central role in determining the coherence properties
of alkali-metal vapors and the performance of alkali-metal magnetometers in external magnetic fields. In this work, we
investigate how these collisions influence spin relaxation dynamics and magnetometric response using a generalized Bloch
equation that fully accounts for the coupled evolution of spin polarizations in different hyperfine manifolds. Our results
show that in the low-field regime, both SE and SD collisions contribute to the suppression of transverse spin relaxation
and the slowdown of spin precession, whereas longitudinal relaxation depends weakly on the SE rate and is predominantly
governed by SD interactions. Building on the established relationship between spin relaxation rates and magnetometric
response, we further analyze how SE and SD collisions affect the performance of two representative magnetometer ar-
chitectures: the spin-exchange relaxation-free (SERF) magnetometer and the magnetic-resonance Mx-type magnetometer.
The SERF magnetometer’s response is found to be primarily determined by the SD rate, with only minor dependence on the
nuclear spin quantum number. In contrast, the magnetic-resonance Mx-type magnetometer’s sensitivity is significantly af-
fected by both the magnetic field strength and the SE rate. While the resonance linewidth decreases with reduced magnetic
field, the associated measurement accuracy deteriorates markedly. Consequently, reliable magnetic field reconstruction is

only achievable in the high-field regime, where the Larmor frequency greatly exceeds the SE rate.
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1. Introduction

Atomic magnetometers based on alkali-metal vapors
have become indispensable tools for detecting weak mag-
netic fields, finding wide applications in biomagnetic
diagnostics,!!?! geophysical surveying, and fundamental
physics research.3#! Their exceptional sensitivity arises from
the ability to maintain long-lived spin coherence in hot
atomic ensembles. However, this coherence is strongly af-
fected by binary collisions between atoms, in particular, spin-
destruction (SD) and spin-exchange (SE) collisions.>®! These
collisional processes govern the relaxation and polarization
dynamics of the ensemble and hence play a central role in
determining both the sensitivity and accuracy of alkali-metal
magnetometers. (7.8]

Several theoretical approaches have been developed to
model spin relaxation and polarization under the influence of
SD and SE collisions.

vides the most complete quantum-mechanical description,

The density matrix formalism pro-
5]
and numerical simulations based on the density matrix have
shown excellent agreement with experimental observations,
particularly in high-density alkali-metal vapors.l”) However,
the full numerical treatment is computationally demanding

TThese authors contributed equally to this work.
fCorresponding author. E-mail: nzhao@csrc.ac.cn

CSTR: 32038.14.CPB.ae37f7

and often impractical for analytical exploration or broad pa-
rameter scans.

In the spin-exchange relaxation-free (SERF) regime,
where the spin-exchange rate is much larger than the Lar-
mor frequency, a more intuitive and widely adopted alterna-
tive is the Bloch equation model,!”-'"! particularly in the spin-
temperature approximation. This model assumes that rapid
spin-exchange collisions maintain a spin-temperature distribu-
tion among the hyperfine sublevels, which allows the system to
be described by a single collective spin vector. While effective
in describing low-field dynamics under strong spin-exchange
rates, it has limited validity in regimes with moderate to high
magnetic fields.

To overcome these limitations, a generalized theoretical
framework — referred to as the hyperfine Bloch equations
(HBE) — has been introduced.!"'=13! Derived from the den-
sity matrix under the assumption of low polarization, the HBE
formalism enables the analytic treatment of spin expectation
values while retaining the ability to explore arbitrary mag-
netic fields and a broad range of spin-exchange rates. It thus
bridges the gap between full quantum simulations and simpli-
fied Bloch models, offering a powerful tool for investigating

© 2026 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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relaxation and polarization phenomena in hot atomic vapors.

The HBE framework has
ployed in several contexts, including the study of inter-
species spin relaxation,!'?) magnetic-field-induced relaxation

been successfully em-

suppression,! ' and the characterization of spin noise spectra
in hot vapors.!!3] However, a comprehensive understanding of
how SD and SE collisions jointly influence both transverse and
longitudinal spin relaxation, and how these effects propagate
to measurable magnetometric responses, remains incomplete.
In this work, we use the HBE formalism to systematically
investigate the role of SD and SE collisions in shaping spin
relaxation dynamics under arbitrary field and collision condi-
tions. Particular attention is paid to the differential behaviors
of longitudinal and transverse relaxation rates, revealing dis-
tinct dependencies on the collisional parameters. We further
explore how these relaxation mechanisms impact the response
characteristics of two representative magnetometer configura-
tions: the SERF magnetometer and the magnetic-resonance
Mx-type magnetometer. By establishing quantitative relations
between collision rates and key performance metrics — such
as linewidth and measurement accuracy — we provide predic-
tive insights into the parameter regimes where high sensitivity
and accurate field reconstruction are achievable. Our results
serve as a unified theoretical foundation for optimizing atomic
magnetometry across diverse operational regimes.

2. The hyperfine Bloch equation

The density matrix equation

dp _ Anf 8sUB

G = LSpl+ =B S.pl+1sp(@—p)
+Ie[@(1+4(S)-S) —p]
+Rop [(1+25-8) —p] (1)

provides the most precise model to describe experimental re-
sults quantitatively, when high-pressure approximation is well
satisfied.[®! The evolution of the density matrix p arises from
several distinct physical processes. The first term accounts for
the contribution of hyperfine interactions between the nuclear
spin I and electronic spin S, with hyperfine coupling con-
stant Ap¢. The second term represents the Zeeman interaction
between the external magnetic field B and the electron spin,
where the much weaker nuclear Zeeman interaction with B is
ignored. The third term describes spin-destruction relaxation,
typically caused by collisions with buffer gas or quenching
gas atoms. The SD processes completely destroy the elec-
tronic spin polarization while the nuclear spin remains unaf-
fected, as SD collisions drive the alkali-metal ensemble to a
steady state ¢ = (Trsp) ® (Is/2) at a rate Igp. The fourth
term originates from spin-exchange collisions between alkali-
metal atoms, which redistribute spin populations among differ-
ent hyperfine states. Finally, the last term captures the effect of

optical pumping on the D1 line, which drives spin polarization
through resonant absorption and spontaneous emission pro-
cesses. In the high-pressure limit, the optical pumping effects
on p are described by a spin-exchange process between photon
spin s and electronic spin S occurring at a rate Rp.[%1¢!

Under typical magnetometer operating conditions, the hy-
perfine coherence terms in the density matrix can be safely
neglected.!”) This is because no microwave fields are ap-
plied to drive transitions between hyperfine levels, and all
relevant collisional rates (including spin-exchange and spin-
destruction processes) are much smaller than the hyperfine
splitting of the alkali-metal ground state. In these cases, the
evolution of the density matrix

P ="PapPa+PppPy = pa+ps (2

will give an effective description of the alkali-metal atoms,
where P, ;, represents the projection operator onto the hyper-
fine subspaces F =1+ 1/2=agand F =1—1/2=b.

In magnetometers, special focus is paid to the evolution
of spin expectations, since the measured signals are directly
proportional to their values along the probe beam. Instead of

using a Bloch equation for the total polarization,[®%1 we focus
on the evolution of angular components
(Fa) =Te(Fpa), (Fp)=Te(Fpp), 3)

since all SD and SE collisions cause couplings of a and b
subspaces, as well as the optical pumping process. Here,
F = I+ S denotes the total angular momentum of ground-
state alkali-metal atoms. In the following, we omit the expec-
tation value brackets (-) for brevity, and quantities such as F}
and F}, are to be understood as their corresponding expectation
values unless otherwise stated.

The evolution of Fj;, can be readily derived in the low
polarization regime,!''=1317! where only linear SE interactions

are retained,

d
aFa:FaXYaB+MaaFa+MahFh+RopGasa 4

d
an:Fb X Y% B + My, F, + My, F}, +R0prS. 5)

The gyromagnetic ratio 7, of the a-hyperfine manifold is given
by

8sUB

Ya = m» (6)

where g; is the electron g-factor and up is the Bohr magne-
ton. The corresponding gyromagnetic ratio of the b-hyperfine
manifold is ¥, = —7,, since the coupling between the nuclear
spin I and the external magnetic field B has been neglected in
Eq. (1).
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The coupling coefficients appearing in Eqs. (4) and (5)
form the elements of the relaxation matrix M, which de-
scribes the damping of spin polarization due to both spin-
destruction and spin-exchange collisions. It is given by

My, My,
M =Iipr Msp+Isg Msg = |, |, 7
st Msp + Isg Msg (Mba My, (7
where Ispr = Isp + ISE + Rqp is the total damping rate in-
cluding optical pumping. The SD contribution arises from the
so-called S-damping process:

1 2 +1+1 —(1+1)(3+21) ®
SOT T oz \ 1(1=21) 2P 43142 )

while the SE relaxation matrix is given by

1 ((1+1)(3+21) —(1+1)(3+21)> 9

MSEZW —I(2I—1) 121—-1)

The optical pumping process introduces a source term
that generates spin polarization along the pump direction s,
with polarization transfer coefficients

B (1+0)(3+2)

Ca = 6(1+21) (19)
_I(1-21)

G = Sran (D

Compared to the simplified Bloch equation with slowing-
down factors,!®19 the HBE provides a more complete and
physically grounded framework by explicitly accounting for
the couplings between the a and b hyperfine subspaces in-
duced by SD and SE collisions. In the conventional Bloch
model, it is commonly assumed that the F, and F}, mani-
folds precess together at a common Larmor frequency, which
is modified by the slowing-down factor to account for hyper-
fine mixing in the high-Isg limit. In contrast, the HBE for-
malism does not rely on this approximation and instead treats
the distinct evolution of the two subspaces directly. Further-
more, the HBE remains valid beyond the SERF regime, where
the Larmor frequency |y, ,B| becomes comparable to or larger
than SE rate I'sg, enabling accurate modeling of spin dynamics
across a broad parameter space.

In the following sections, alkali-metal atoms with nuclear
spin I = 3/2, such as 8’Rb and *K, are used as examples. By
substituting the relevant coefficients into Egs. (4) and (5), we
obtain the corresponding HBE:

d 7 5
—F, = F, B ——1 —Isg | F,
dr a a X Ya +< 16 SDT+16 SE) a

15 5 5
—Ispr— —Isg | F)p + =R, 12
+ (16 SDT ~ 7¢ SE) b+8 opSs (12)

d 3 1
—F, = F B —Ispr— —I3g | F,
a b b XM +(16 SDT ~ ¢ SE) a

11 1 1
——1I3 —Isg | F), — =Ry S. 13
+( 6 SDT+16 SE> b~ gRops (13)

3. Relaxation in the dark

Extensive studies have investigated the relaxation dynam-
ics of alkali-metal ensembles, particularly under the influence
of spin-exchange collisions. The seminal work by Happer!!”!
provided a comprehensive theoretical explanation for the nar-
rowing of magnetic resonance linewidths at high SE rates and
low magnetic fields, laying the foundation for the concept
of relaxation suppression in the SERF regime. The nonlin-
ear component of the SE interaction was later shown by Katz
et al.!"8 to eliminate the relaxation of higher-order spin mo-
ments. In a subsequent study, they also demonstrated cross-
relaxation effects arising from inter-species SE collisions, par-
ticularly between a dominant species (rubidium) and a minor
species (potassium). More recently, Xiaol!3l employed the
HBE to reproduce Happer’s results and further explored AC-
field-induced relaxation mechanisms. In this section, we in-
vestigate both of the transverse and longitudinal relaxations of
spin polarization when SD and SE collisions are present si-
multaneously.

3.1. Transverse relaxation

The evolution of the transverse spin polarizations

For = Fax+iFa)'v (14)
Fpp = Fpe+ iFpy, (15)

in a static magnetic field B = BZ is given by

d Fa+ G Fu+
—_— = 1
dr (Fb+> * (Fb+) ’ (16)

where the transverse evolution matrix G is

15 5
1eIsp + 3IsE

: 7 1
—imy — = Isp — =13
G, = @ — 7g1sp — gLSE . ¥ ! (7
iwg — gIsp — 3Ise

3 1
15ISp + 5ISE

Here, wy = yB is the Larmor frequency, with the gyromagnetic
ratio defined as y = 7, = —7, for the two hyperfine manifolds.
The real part of the eigenvalues of G gives the relaxation
rates and the imaginary part gives the effective Larmor fre-
quency of the transverse spin. The two eigenvalues of G, are

1
Ay = — [f OIYp — 6I3E + \/361“52E — 128i@pI3E — 25602 + 4913, — 64il3p o + T6I3pI3E | (18)

16

Compared to Happer’s original treatment,!!”! Eq. (18) includes both SE and SD interactions, while neglecting wall relax-

ation, which is usually treated as a complete depolarization process.!'#! Figure 1 presents a detailed analysis of the slow-decay
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relaxation mode under various collisional regimes. As discussed in earlier theoretical works, [

12,16.17] the slowest-decaying eigen-

mode of the transverse evolution matrix dominantly determines the system’s relaxation behavior in magnetometry experiments.

600
7FSD/16+FSE/8 500 7FSD/16+FSE/8 ____________
20" TTTT T T T2 ]
107k ) 400 500 L(©) TTsp/f64Ise/8
300
N 3 < 400
£ g £
o < 200 +
~ 300
100
200
_________________________________ Isp/8
- - - 100 " “ - 100 ~ )
10-1 10' 103 105106 10-1 10' 103 105106 10! 105 106
wo (Hz) wo (Hz)
1.0 1.0 1.0
0.8
0.9
0.8
- 0.6 2/3
3 5 R S
> 0.8 3 5
0.4 3
0.7 ]
_________ 2/3 0.4
2/7
0.6 2
101 10! 103 105106 010*1 100 103 105106 0301 108 10° 106
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Fig. 1. Relaxation rates and effective Larmor frequency of the slow-decay mode under different collisional regimes. (a)-(b) Spin-exchange-
collisions dominant regime: Isg = 27 x 1000 Hz and Isp = 27 x 1 Hz. (¢)—(d) Spin-destruction-collisions dominant regime: Isg = 27 x | Hz
and I'sp = 27 x 1000 Hz. (e)—(f) Comparable SE and SD rates: I'sg = Isp = 27 x 1000 Hz. The parameter values shown here are chosen
as theoretical examples to illustrate the characteristic behaviors in different collisional regimes and are not intended to correspond to specific

experimental parameter sets.

Figures 1(a), 1(c), and 1(e) show the relaxation rates
Iy = —Re[A4] of the slow mode as a function of the Larmor
frequency @y, under three representative cases: SE-dominant,
SD-dominant, and comparable SD and SE rates. In the low-
field limit, where wy < Isg,Isp, both SD and SE collisions
suppress relaxation. Specifically, in the SE-dominant regime
[Fig. 1(a)], the relaxation rate approaches a minimum value
of I3p/6, consistent with the SERF theory. Conversely, in the
SD-dominant case [Fig. 1(c)], the low-field limit yields Isp /8.
In the high-field regime (@wy > Isg,Isp), the relaxation rate
saturates at

7

1
r-_'r In
+= 16 SD+8 SE,

in agreement with our previous result reported in Ref. [16].

In the intermediate case where Isg ~ Isp [Fig. 1(e)], the
relaxation suppression in the low-field regime reflects the com-
bined effect of both mechanisms, while the high-field satura-
tion remains unchanged.

Figures 1(b), 1(d), and 1(f) display the corresponding ef-
fective Larmor frequencies @, = Im[A,], illustrating that in
the low-field limit, both SD and SE collisions contribute to the
suppression of spin precession. The reduction of the effec-

19)

tive Larmor frequency reflects a combined effect of these two

interactions. At higher fields, w, gradually approaches the un-
perturbed Larmor frequency wy, indicating that the transverse
spin dynamics become increasingly governed by the intrinsic
precession of the a and b components, with reduced coupling
induced by collisions.

3.2. Longitudinal relaxation

The time evolution of the longitudinal spin polarization
F,; and Fy, is governed by the following differential equation:

d Faz F,
sl =G <), 20
dr <Flyz : sz ( )
where the longitudinal evolution matrix G is given by
7 1 15 5
G. = —7¢lsp—gIse  1glsp+3IsE @n

3 1 11 5
iglsp+gIse  — 1glsp — 3IsE

The longitudinal evolution matrix G, differs from the trans-
verse evolution matrix G by a diagonal matrix
Gp = diag(—imy,imy), (22)

which induces Larmor precession of F, and F} around the
magnetic field B with opposite directions. The longitudinal

043401-4
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decay of the spin polarization can be determined by just set-
ting @y = 0 in Eq. (18):

Li:i(_g_éni\/m), (23)

Isp 16
where we have defined the relative spin-exchange strength
n = Isg/Isp.

Figure 2 illustrates the dependence of the longitudi-
nal relaxation rates on the relative spin-exchange strength.
The slow-mode relaxation rate I+ = —Re[A,], shown as the
lower branch, increases gradually with increasing 1, ranging
from Isp/8 in the SD-dominated limit to I3p/6 in the SE-
dominated limit.

10:5
Iy
—————— I
102¢
a
S o1 -
ﬂ 3t I /Tsp~3n/4
10l e/ p=1___ -7~
I/ Tsn =1/6
101 :
100
n

Fig. 2. Variation of the longitudinal relaxation rates It = —Re[A4] with
respect to the relative SE strength 7 = I3g /I$p. The magenta solid line
denotes the asymptotic behavior of the fast-decay-mode relaxation rate
asm > 1.

Notably, these two limiting values correspond exactly to
the low-field limits of the transverse relaxation rates obtained
in Fig. 1. Specifically, I3p /8 matches the transverse relaxation
rate in the regime @y < Isp, while Ip/6 corresponds to the
result in the regime @y < I'sg. This agreement is physically in-
tuitive: as the magnetic field tends to zero, the system becomes
spatially isotropic, and there is no distinction between longi-
tudinal and transverse directions. As a result, the relaxation
dynamics of all spin components converge, and the longitudi-
nal and transverse relaxation rates coincide.

4. Effects of SE and SD collisions on the magne-
tometer signal response

While the longitudinal and transverse relaxation rates of
alkali-metal spin polarization are widely used as theoretical in-
dicators of magnetometric sensitivity,[”-%1%! they do not fully
capture the experimentally observed signal behavior. These
rates are useful for understanding how spin coherence decays
under various relaxation mechanisms, but they do not directly
represent the signal measured in a working magnetometer.

In practical atomic magnetometry, the measured signal is
typically derived from the optical rotation of a probe beam
(Faraday rotation), which reflects the steady-state spin polar-
ization — either a specific spin component or the transverse

polarization amplitude. To provide a more complete and ex-
perimentally relevant characterization, we analyze how the
magnetometer signal — its amplitude, linewidth, and peak po-
sition — depends on the spin-destruction and spin-exchange
collision rates.

In the following, we examine how these two types of
collisions influence both the sensitivity and accuracy of field
detection, using two representative magnetometer configu-
rations: the conventional SERF setup and the magnetic-
resonance Mx-type magnetometer. This analysis extends the
previous discussion of relaxation rates and bridges the gap be-
tween microscopic spin dynamics and macroscopic signal re-
sponse.

4.1. The zero-resonance magnetometer

In the classic SERF magnetometer configuration,!’-!!

two laser beams are employed to polarize and probe the atomic
vapor. A circularly polarized pump beam propagating along
the z-axis is used to optically polarize the alkali-metal atoms,
aligning their spin orientation along the pump direction. A
linearly polarized probe beam, directed along the y-axis, then
monitors the spin dynamics via Faraday rotation. The probe’s
polarization rotation angle provides a direct measure of the
transverse spin component (Sy), which serves as the magneto-
metric signal.

In this geometry, the system is most sensitive to magnetic
fields B, along the x-axis, as such fields induce spin preces-
sion with the largest projection onto the y-axis — precisely
the direction probed by the Faraday rotation signal.

The steady electronic spin polarization S () can be readily
obtained by deriving the steady solution of Egs. (4) and (5):

s — o, (24)
(s) _ (1+21)B, 2
S = T+ (1+21)2p2 @5
(5) _ 1
S = S°1+(1+21)2[3x2’ (26)
where
R,
So=—2—— (27)
2(1—éD +Rop)

is the steady polarization under the action of pumping and re-
laxation, and

VBx

ﬁx - Rop +FSD

(28)

It is evident from

Egs. (25) and (26) that the steady-state spin components S)(,S)

is the normalized Larmor frequency.

and S§S> are determined by the optical pumping rate R, the
spin-destruction rate I'sp, and the nuclear spin /. Although
spin-exchange collisions play an important role in driving the
spin system toward equilibrium, they do not affect the final
steady-state polarization values.

043401-5
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1=3/2 I1=5/2 1=7/2
0.8 1.0
(a) (b) 0.02 (c)
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—0.01
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(s

Fig. 3. Steady-state polarization as a function of the normalized Larmor frequency ;. (a)—(b) Dependence of s@ and S; ) on B for different

nuclear spins /. (c) Dependence of S@ on B, for different spin-destruction rates I'sp = 9Rp (red) and Isp = 39R,p (blue), with nuclear spin
fixed at / = 3/2. These correspond to total relaxation rates Iy = 10R,p and Iy = 40R,p, respectively.

The linewidth, defined as the full width at half maximum
(FWHM) of the resonant signal SES) or the dispersive signal
Sﬁs), is determined by the spin-destruction rate I'sp, the optical
pumping rate Rop, and the nuclear spin . Figures 3(a) and 3(b)
illustrate the dependence of the steady-state spin components
Sﬁs) and Sgs) on the normalized Larmor frequency S, (or equiv-
alently the magnetic field B,), for different nuclear spin values
I1=3/2,5/2,7/2. The curves clearly show that, for identical
spin-destruction and optical pumping rates, atoms with larger
nuclear spin exhibit narrower linewidths.

The dispersive signal S;S) as a function of f3, for two rep-
resentative values of Iy = Rop +Isp is shown in Fig. 3(c), as-
suming I = 3/2. It is evident that a larger I leads to broader
linewidths and reduced signal response at a given magnetic
field By, indicating a degradation of the magnetometer sensi-
tivity.

To enhance the sensitivity of SERF magnetometers, it is
therefore essential to minimize the spin-destruction rate Igp.

In anti-relaxation-coated or high-pressure buffer-gas cells, the
total spin-destruction rate I3p = IS + IgY arises from both
alkali-alkali atomic collisions I3 = na 65D and alkali—
buffer (or quenching) gas collisions I3X = nx o vax. Here
na and ny denote the number densities of alkali-metal atoms
and buffer (or quenching) gas, respectively; o5n: and oy are
the intrinsic and alkali-buffer SD cross sections, and V¢, and
vax are the mean relative velocities of the colliding particles,
typically on the order of 10> m /s.

Table 1 summarizes the spin-destruction cross sections
for several alkali-metal atoms interacting with different buffer
gases. The data indicate that, for a given alkali-metal atomic
density na and buffer-gas density ny, the total spin-destruction
rate Isp is minimized for potassium atoms in helium among
the listed combinations. This property makes the K—He sys-
tem particularly favorable for achieving narrow linewidths and

high sensitivity in SERF magnetometry.

Table 1. Spin-destruction cross sections of alkali-metal atoms (in cm?). Values marked with a superscript * are theoretical estimates from Ref. [22].

Alkali metal os>: oy oxD oy
K 1 x 107180191 8 x 10~2120.21] 1 x 10723[21] 7.9 x 1023110]
Rb 9 x 10181201 9 x 10724201 1.8 x 10723"(22] 1 x 10722123
Cs 2 x 107161241 3 x 107231251 2 x 10723%122] 6 x 10722125]

4.2. The Mx magnetometer configuration

In this section, we consider an Mx-type atomic magne-
tometer, in which alkali-metal atoms are simultaneously sub-
jected to a rotating magnetic field in the x—y plane and a static
magnetic field along the Z direction:

B(t) = (B cos @t, Bysinwt, By), (29)

accompanied by longitudinal optical pumping characterized
by s =(0,0,1).

To simplify the treatment of the spin dynamics under this
time-dependent field, we transform to a rotating frame co-
rotating with the transverse drive at frequency . The trans-
verse spin components in the rotating frame are defined as

far = e ''Fy, (30)

for = e 'U'Fyy, 31

where f, = fux +1fsy and fp = fpx +1ifpy denote the com-
plex transverse spin polarizations for the a and b manifolds,
respectively.

In this rotating frame, the spin dynamics are governed by
a linear system

d
a.f = (GO+Gdrv)f+’Uop» (32)

where f = (fux: fay, fox> foys faz, f»z)T collects the rotating-
frame spin components.

The matrix Gy encapsulates the effects of spin precession
and relaxation and can be expressed as a direct sum of a 4 x 4
transverse block and a 2 x 2 longitudinal block:
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Gy = ) —%—% 0
3y | e 111y _ SIgp
Tty 0 T s
0 e+ —o+u
The drive matrix
0O 0 0 0 00
0O 0 0 0 1 o0
O 0 0 0 0 o0
Gdrv*wl O O O O 0 1 (34)
0O -1 0 0 0 0
0O 0 0 -1 0 O

describes the coupling induced by the rotating transverse field,
with @; = yB) representing the driving strength.
The source term from optical pumping is given by
T
Vop=Rop (0000 3 —1) . (35)

The steady-state spin polarization is then obtained by

solving
f(g) = —(G0+Gdrv)7lv0p' (36)

Since the probe beam measures transverse spin com-
ponents in the laboratory frame, we transform back using
Egs. (30) and (31):

EY = cos(t) [ﬁg) +f,§i)} — sin(ot) [fﬁi) +f;£;)} , (37)
Y = sin(on) [£8)+ £3))] +cos(on) [£5)+ 1] - 39)

The detected electronic spin signal (e.g., via Faraday ro-
tation of a linearly polarized, far-off-resonant probe beam) is

0
15y | SIsp _Th _Ise 1Ly 4 Slse
16 3 o 16 8 16 3 (33)
3y | Bg 1 _ K |-
@ — o 16 3 16 8
Iy _ SIsg
16 3

When demodulated using a lock-in amplifier with quadra-
ture reference signals, %! the signal amplitude corresponds to

1

=5 (A1) + () -58). @

Al
which serves as the primary output of the Mx-type magne-
tometer.

Figure 4 shows the frequency response of the amplitude
function A | under different values of the static magnetic field
Bp. As the magnetic field increases from panel (a) to (c),
the resonance structure transforms from a single peak to two
well-separated peaks. At very low magnetic field (By = 1 nT),
shown in Fig. 4(a), the resonance linewidth — set by the com-
bined spin-exchange, spin-destruction, and optical pumping
rates — is significantly larger than the Larmor frequency. As
a result, the resonances associated with the a- and b-manifolds
overlap, producing a single broadened peak. When the static
field is increased to By = 1000 nT [Fig. 4(b)], the Larmor fre-
quency becomes comparable to the linewidth, and the indi-
vidual contributions begin to resolve. This results in a vis-
ible shoulder in the spectrum, attributed to the emerging b-
manifold resonance. At even higher field (Byp = 10000 nT)
[Fig. 4(c)], where the Larmor frequency |yBy| is much larger
than the resonance linewidth, the two resonances become fully

proportional to the transverse electron spin polarization: %7101 separated, clearly distinguishing the a- and b-manifold re-
! sponses.
S;(cs) = — (fa(;) -5 (S))COS((DI ) While Fig. 4 illustrates the overall resonance profile of
21+1 bx
the Mx-type magnetometer signal, a more quantitative char-
() = )sinon)|, (39) e mas B & ROt AuE
Y acterization of its performance requires analyzing two key
Sﬁs) _ 1 [( f(g) _ fb(S)) sin(wr) spectral features: the resonance linewidth and the peak fre-
2a+1 * quency position. The linewidth, defined as the full width at
+ (fa(;> —f ;5;)) cos(mt )} . (40)  half maximum of the amplitude response function A | , serves
0.020 1.5 1.5
(a) (b) (c)
0.015
~ 10 1.0
| |
Q: 0.010 a \SL
= -
< 0.5 < 0.5
0.005 L
. . J LA
—-200 0 200 -5 0 5 -2 0 2

w (Hz)

w (10* Hz)

w (10° Hz)

Fig. 4. Typical behavior of the steady-state transverse spin signal amplitude A as a function of the RF driving frequency w, shown for different
values of the static magnetic field By: (a) Bp = 1 nT, (b) By = 1000 nT, (c) Bp = 10000 nT. The spin-exchange rate is fixed at Isg = 27 x 2000 Hz,
the spin-destruction rate at I'sp = 27t x 50 Hz, and the optical pumping rate is set to Rop = 0.1Ip for all panels. The gyromagnetic ratio is taken to be
y=2n x 7 Hz/nT. The sign of the the driving frequency ® corresponds to the handedness of the rotating magnetic field.
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Fig. 5. (a) Resonance linewidth I'} as a function of the static magnetic field By, with fixed parameters: Isg = 27 x 2000 Hz, I'sp = 27 x 50 Hz,
Rop =0.1I3p, By = 1 nT, and y =27 x 7 Hz/nT. (b), (c) Dependence of the resonance linewidth I'; and the peak response frequency Wpeak ON
the spin-exchange rate I'sg, with the static field fixed at By = 100 nT. All other parameters are identical to those in panel (a). (d) Relative error
Ore1 and absolute field error dg as functions of the normalized spin-exchange rate I3g/(7YBo). Parameters are the same as in panel (c). In panels
(a)—(c), the dashed blue lines correspond to the theoretical decay rate and precession frequency of the slow-decay mode, as given by Eq. (18).

as a direct indicator of the magnetometer’s sensitivit — nar-
rower linewidths generally enable more precise detection of
small magnetic field variations. On the other hand, the devi-
ation of the peak response frequency from the actual Larmor
frequency reflects the measurement accuracy, especially under
strong spin-exchange collisions.

Figure 5 presents a quantitative characterization of the
amplitude response function A; under varying static field
strengths By and spin-exchange rates Igg. Figures S(a) and
5(b) demonstrate that the linewidth I'| exhibits a clear SERF-
like suppression behavior as By decreases or relatively Isg
increases, qualitatively consistent with the analytic expres-
sion for the slow-decay transverse relaxation rate I} given by
Eq. (18). However, the simulation results clearly show that the
actual linewidths extracted from A are significantly broader
than those predicted by I, alone.

This discrepancy highlights an important physical insight:
the linewidth of the measured signal is governed not solely
by the intrinsic spin relaxation rate, but also depends on how
the observable is constructed. In this case, the measured sig-
nal corresponds to the steady-state amplitude of the transverse
spin polarization, which is determined by the steady-state so-
lution of the spin dynamics under simultaneous pumping and
transverse RF excitation. Consequently, power broadening ef-
fects and the nonlinear response of A | to the driving field con-
tribute to an effective broadening beyond that captured by I .

Moreover, Fig. 5(c) shows that the peak frequency @peax
increasingly deviates from the nominal Larmor frequency ay

as the spin-exchange rate Isg rises. This deviation reflects the
measurement inaccuracy introduced by spin-exchange interac-
tions and serves as a quantitative proxy for evaluating magne-
tometer performance.

To more clearly demonstrate how Isg influences field
measurement accuracy, Fig. 5(d) presents both the relative er-
ror, defined as &) = (YBo — @Wpeak)/(¥Bo), and the absolute
field error, given by 8g = (YBo — Wpeak )/ 7 as functions of the
dimensionless parameter Ig /(YBo).

These results reveal a clear trend: in the strong SERF
regime (Isg/YBo > 1), the peak frequency significantly de-
parts from the true Larmor value, leading to poor reconstruc-
tion accuracy. Conversely, in the opposite limit I3g/yBo < 1
— corresponding to either reduced spin-exchange or enhanced
magnetic fields — the deviations are markedly suppressed. In
this regime, the relative error drops to 8 ~ 10~* and the ab-
solute field error dg is reduced below 1 nT, indicating excellent
field measurement fidelity.

5. Conclusion

We have investigated the role of spin-destruction and
spin-exchange collisions in determining spin relaxation and
magnetometric response in alkali-metal vapors, based on a
hyperfine-resolved Bloch equation. Our analysis shows that
both SD and SE collisions contribute to the suppression of
transverse relaxation and spin precession in the low-field
regime, while longitudinal relaxation is largely governed by
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SD interactions and exhibits weak dependence on the SE rate.

Applying this framework, we explored how these colli-
sional processes influence the performance of SERF and Mx-
type magnetometers. The SERF magnetometer’s response is
primarily determined by the SD rate and shows limited sensi-
tivity to the nuclear spin quantum number. In contrast, the Mx-
type magnetometer’s sensitivity and accuracy are strongly af-
fected by both magnetic field strength and the SE rate. In par-
ticular, accurate magnetic field reconstruction with Mx-type
magnetometers requires operating in the high-field regime,
where the Larmor frequency significantly exceeds the spin-
exchange rate — even though this comes at the cost of re-
duced sensitivity. These findings provide practical insights for
optimizing magnetometer design and operation under varying
experimental conditions.

Appendix A: Derivation of the hyperfine Bloch
equation

The density matrix p can be expanded in different oper-
ator bases, such as the coupled basis |F,mp)(F',mg:| or the
spherical tensor operator basis.!%!”] In this work, we adopt the
latter, defined as

TLM(FF/) _ Z(*l)m_M_F,

m

X Cpmipr agm | Fo) (Flm—M|, (A1)
where C denotes the Clebsch—Gordan coefficients. This ba-

sis is particularly convenient for deriving the evolution equa-
tions of the total angular momentum components Fy, 5, since
the vector operators F; and F}, correspond to rank-1 spherical

tensors: [27)

ala+1)(2a+1)

Fam= 3 Tim(aa), (A2)
b(b+1)2b+1
Fypt = % Tint (bb), (A3)

where F, ) and Fj, 3y denote the spherical components of F,
and F}, respectively. Therefore, to obtain the time evolution of
the spin expectation values (Fy) and (F}), it suffices to derive
the dynamical equations for the corresponding tensor compo-
nents (7Tip(aa)) and (Tip(bb)).

To derive the evolution equation for (Tpm(FF)), we
rewrite the master equation (1) as

dp A X
L1501+ 22 (B p] + (0 p)
————
S-Damping
hf Zeeman
+4I3E9(S) - 5+ 2Rp@s- S, (Ad)

SE OP

and evaluate the contribution of each term to the dynamics of
(Tim(FF)).

The hyperfine interaction does not contribute to the evo-
lution of (Tym(FF)),

S tEF)] e [(rE) S T 5,p1] 05 (a5)

and the Zeeman interaction leads to Larmor precession of the
angular momentum

d
3 Fa) = Ya(Fa) x B, (A6)
d
—(Fp) = %(F)) x B. (A7)

dr

The S-damping term causes the evolution of (7jy(aa))
and (T;m(bb)) as follows:

L[S )|

Lipr | dr
= —(Tum(FF)) + [Xi(aa)(Tim(aa))

S—Damping

+X1(bb)(Tim (b)) XL(FF), (A8)
where the coupling coefficients are given by!!”]
i 1/2
X, (FF') = <[F€ [f ]> W(F',S,L,I;1,F), (A9)
12
nrr) = () warss e w0

with [J] = 2/ + 1. In this treatment, we neglect contributions
from hyperfine coherences such as (Tj v (F1 F>)) with F| £ F>.

The contribution of the nonlinear SE term in Eq. (A4) to
the evolution of (TJM(F F)) is given by

A GLIn

= Tr|(49(S) - )T}y (FF)]

= [6[L]]2 [F] ) Xa(FiR2)(T,, (FiF2))Y: (F3Fs)
iy
F3Fy
I SF
X (T (BED))VAICK L y /I\ fF , (ALl
L

where the last factor denotes the Wigner 9 symbol.[?”] Ne-
glecting the hyperfine coherence terms (i.e., retaining only
contributions with F; = F> and F3 = Fy), Eq. (A11) simplifies
to

= | )

SE
= 8L\ (FF) Y Yi(BF)(T} \y (F3F3))
B3
21 A
NP Y L L VAR (RR)T,(RR)
A=1pu=—AFF;
ISF
(T} (FsF3)Cy AHIM J|1SF|. (A12)
AlL
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If we further neglect all nonlinear terms, we obtain the lin-
earized form

1 [d
— | —(T" (FF
EE[d,<LM< >LE

= 8LV (FF) Y Yi(BE) (T (FF3)).
F;

(A13)

This linear approximation is consistent with the treatments in
Refs. [12,13,17], and is equivalent to setting ¢ = (41 +2)7'Z,
where 7 denotes the identity matrix in the tensor product space
of the electron spin and nuclear spin. Finally, the evolution
equation for (7Tj M (FF)) can be obtained using the Hermitian
conjugation property of the spherical tensor operators: (28]

T () = (=) (£ 1)

The contribution of the optical pumping term to the evo-
lution of the tensor component (7ip(FF)) can be written as

(A14)

SM
=8iL—=—=N(FF),
oP 2[1]
under the same linearization approximation used in deriving
Eq. (A13). Here, sy denotes the M-th component of the pho-
ton spin vector s in the spherical basis.

L[ S| (A15)

Rop | dr

By combining all the contributions — including Zeeman
interaction, spin-damping, spin-exchange, and optical pump-
ing — to the dynamics of (Tiy(FF)), and making use of
Egs. (A2) and (A3), we arrive at the hyperfine Bloch equations
as given in Eqgs. (4) and (5).
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