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A spin supersolid is characterized by the simultaneous breaking of lattice translation and continuous spin rotation
symmetries. In this work, we study a spin-1 model with U(2) ∼= SU(2)×U(1)/Z2 symmetry on the triangular lattice,
and determine the phase diagram with a variational CP2 approach. We identify a novel supersolid phase which contains
a 3-sublattice solid order and a superfluid order with spontaneous SU(2)-symmetry breaking. Unlike usual supersolid
phases having only one Goldstone mode, the SU(2)-supersolid phase has two Goldstone modes. Another important feature
of this supersolid is that the spin excitation spectrum has symmetry protected double degeneracy in the whole Brillouin
zone. As by-products, several other ordered phases are obtained, including the ferromagnetic and the antiferromagnetic
states breaking the SU(2) symmetry, as well as genuine phases that completely break the U(2) symmetry. Furthermore,
the instabilities of SU(3)-flavor linear spin-wave theory are consistent with the phase boundaries between different ordered
phases.
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1. Introduction
The concept of supersolidity has attracted considerable

interest in condensed matter physics since its proposal in
1970.[1] A supersolid is an exotic phase of matter charac-
terized by the simultaneous coexistence of Bose–Einstein
condensation (BEC) and density wave order, spontaneously
breaking both the U(1) particle number conservation symme-
try and continuous translational symmetry. However, the exis-
tence of such a phase in continuum Bose gases remained con-
troversial for many years.[2–4]

Later, it was proposed that the lattice version of the super-
solid phase can indeed arise for hard-core bosons (bosons hav-
ing infinite on-site repulsion) in the extended Hubbard model
on frustrated lattices with nearest-neighbor interactions.[5]

Since the hard core Boson model can be exactly mapped into
a spin-1/2 XXZ system, the resultant supersolid phase is es-
sentially a spin supersolid, namely, a magnetic phase with the
emergence of spin-superfluid order (i.e., in-plane magnetic or-
der) that simultaneously breaks the original lattice translation
symmetry (characterized by enlarged unit cells). This scenario
for realizing supersolids in hard-core bosons or spin systems
was first illustrated via mean field theory[5] and later verified
by a series of numerical studies.[6–17] The spin-supersolid or-

der enriches the family of magnetic phases of matter and has
attracted the interest of the experimental studies. Recently,
progress has been made in the realization of the spin super-
solid phases in the material Na2BaCo(PO4)2.[18,19]

On the other hand, magnets carrying spin larger than
1/2 can also support exotic phases of matter. For instance,
many quantum phases exist in spin-1 systems, such as the Hal-
dane chain[20–22] and general symmetry protected topological
phases,[23–29] chiral spin liquids,[30–33] and so on. Like the
mapping between spin-1/2 systems and hard-core bosons, a
spin-1 magnet can also be considered as a bosonic system in
which the hard-core constraint is relaxed to 0≤ ⟨ni⟩ ≤ 2.[34–36]

Since the 3-dimensional bosonic Hilbert space supports eight
linearly independent Hermitian operators (other than the iden-
tity matrix), generally one should consider the three states of
spin-1 as the basis carrying the fundamental representation of
the SU(3) group. Consequently, many classical orders can ex-
ist for spin-1 systems, including the magnetic dipole order,
quadrupole order (also called spin nematic order),[37–41] and
even U(1) spin supersolid phases.[36,42,43]

In this work, we study a triangular lattice spin-1 model
with U(2) symmetry. Using a semiclassical approach, we
obtain a supersolid phase which spontaneously breaks the
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SU(2)⊂U(2) symmetry as well as the lattice translation sym-
metry. This supersolid phase contains collinear ‘antiferromag-
netic’ (AFM) order in the SU(2) sector and two Goldstone
modes. Besides, we find several other ordered phases, in-
cluding a solid phase, a SU(2)-‘ferromagnetic’ (FM) phase, a
SU(2)-120∘ ‘antiferromagnetic’ (AFM) phase, and other spin
nematic phases which completely break the U(2) symmetry.
Furthermore the SU(3) spin wave spectrum indicates that the
instability of the ‘magnons’ agrees with the phase boundary of
the semiclassical phase diagram.

The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the model and its symmetries as well as
semi-calssical variational wave functions. The phase diagram,
phase transitions and the properties of each phase are given
in Section 3. In Section 4, the spin wave spectrum is pro-
vided, especially the magnon bands of the SU(2) supersolid
phase are shown to have symmetry protected double degener-
acy. Section 5 is dedicated to summary and discussion.

2. Model and variational states
2.1. Spin-1 model with U(2) symmetry

We start from the following SU(3) Heisenberg model
which has the highest symmetry for spin-1 systems:

Hsu3 = J3 ∑
⟨i j⟩

8

∑
α=1

λ
α
i λ

α
j , (1)

where λ 1, . . . ,λ 8 are the eight Gell–Mann matrices which gen-
erate the SU(3) group. Here we slightly modify the form of
the Gell–Mann matrices λ 3 and λ 8 as

λ
3 =

 1 0 0
0 0 0
0 0 −1

 , λ
8 =

1√
3

 1 0 0
0 −2 0
0 0 1

 ,

and keep the rest ones unchanged:

λ
1 =

 0 1 0
1 0 0
0 0 0

 , λ
2 =

 0 −i 0
i 0 0
0 0 0

 ,

λ
4 =

 0 0 1
0 0 0
1 0 0

 , λ
5 =

 0 0 −i
0 0 0
i 0 0

 ,

λ
6 =

 0 0 0
0 0 1
0 1 0

 , λ
7 =

 0 0 0
0 0 −i
0 i 0

 .

Notice that the nonzero entries of the generators λ4, λ5,
λ3, are essentially three Pauli matrices σ x,σ y,σ z within the
subspace spanned by the first two bases |1⟩, |−1⟩ of the spin-
1 Hilbert space, and generate an SU(2) subgroup of SU(3).
Furthermore, since λ 8 commutes with the three generators

λ3,λ4,λ5, these four generators together generate the com-
plete symmetry group U(2) = SU(2)×U(1)/Z2 of the 2-
dimensional subspace spanned by |1⟩, | − 1⟩, where the sub-
group U(1) is generated by λ 8 and the spin parity group
Z2 = {E,Ps} is the common center of SU(2) and U(1) with
the spin parity defined by

Ps = e−iλ 3π = e−iλ 4π = e−iλ 5π = (−1)Sz .

Actually, the four operators of U(2) can be expressed in forms
of S = 1 spin operators as

λ
4 = S2

x −S2
y , λ

5 = Sxy = SxSy +SySx,

λ
3 = Sz, λ

8 =
1√
3
(3S2

z −2).

Similarly, the rest generators can also be written in forms of
spin operators as λ 1,6 = 1√

2
(Sx ±Sxz),λ

2,7 = 1√
2
(Sy ±Syz).

The above U(2) symmetry allows additional interactions,
including the J2 term in the SU(2) sector,

Hsu2 = J2 ∑
⟨i j⟩

5

∑
m=3

λ
m
i λ

m
j , (2)

and the λ8-term in the U(1) sector,

Hu1 = J1 ∑
⟨i j⟩

λ
8
i λ

8
j . (3)

The model we will study in the present work is the sum
of the three terms in Eqs. (1)–(3):

H = Hu1 +Hsu2 +Hsu3. (4)

We will only consider the ‘anti-ferromagnetic’ coupling with
J1 > 0, and will fix J3 = 1 in the following discussion.

Besides the U(2) ∼= SU(2) × U(1)/Z2 ⊂ SU(3)
symmetry,[41] the above model also preserves lattice trans-
lation symmetry, spatial inversion symmetry P, time reversal
symmetry

T = e−i λ5
2 π K = e−i Sxy

2 π K =

 −1
1

1

K, (5)

and D6 point group symmetry, with

P2 = 1, T 2 = Ps = diag(−1,1,−1), T 4 = 1

T λ
8T−1 = λ

8, T λ
3,4,5T−1 =−λ

3,4,5,

T λ
1,2T−1 = λ

6,7, T λ
6,7T−1 =−λ

1,2.

2.2. Semiclassical variational wave functions

Any state in the Hilbert space of a single spin-1 can be
written as

|𝑑⟩= d+|1⟩+d0|0⟩+d−|−1⟩, (6)

where |1⟩, |0⟩, |−1⟩ are the eigenstates of Ŝz with eigenvalues
1,0,−1, respectively. The coefficients d+,d0,d− are complex
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numbers subject to the normalization constraint |d+|2+ |d0|2+
|d−|2 = 1.

Since an overall phase shift does not yield a distinct
physical state, the complete manifold of a spin-1 state is
SU(3)/U(2) ∼= CP2. A feasible parameterization scheme of
this manifold is given by

d+ = θ
1/4
2 θ

1/2
1 e iφ1 , d0 = θ

1/4
2

√
1−θ1 e iφ2 ,

d− =

√
1−θ

1/2
2 ,

where 0 ≤ θ1, θ2 ≤ 1 and 0 ≤ φ1, φ2 ≤ 2π are CP2 parameters
chosen from a uniform distribution.[44] Within this classical
framework, we adopt a variational wave function for the spin-
1 many-body state in a direct product form

|Ψ⟩=
N⊗

i=1

|𝑑i(θ1i,θ2i,φ1i,φ2i)⟩. (7)

This is so-called CP2 framework, as employed in Ref. [45].
Within this variational wavefunction, the expectation values
of the order parameters on each site are ⟨λ4,i⟩= 2Re(d*

+id−i),
⟨λ5,i⟩= 2Im(d*

+id−i), ⟨λ3,i⟩= |d+i|2−|d−i|2, ⟨λ8,i⟩= 1√
3
(1−

3|d0i|2).

SU(2) FM

J1/J3

J2/J3

3.4

2.0

0

5.0

U↼↽ orders

(III)

(IV)

(VI)

V

(I) λ8 solid
(II) SU(2) supersolid

SU(2) 120O AFM

U(2) 120O AFM

-5 -3 -1 0 2.8 5

Fig. 1. The phase diagram of model (4) with J1 > 0. There are totally
six different phases: the λ 8-solid, the SU(2)-supersolid, the SU(2)-FM,
the SU(2)-120∘ AFM, the U(2)-120∘ AFM, and the U(2) orders. The
solid line signifies the first-order transition, and the dashed line labels
the second-order transition.

The energy of the trial state (7) is then given by

E = 2J3 ∑
⟨i j⟩

(
|d*

+id+ j +d*
0id0 j +d*

−id− j|2 −
2
3

)

+J2 ∑
⟨i j⟩

5

∑
m=3

⟨λ m
i ⟩⟨λ m

j ⟩+ J1 ∑
⟨i j⟩

⟨λ 8
i ⟩⟨λ 8

j ⟩. (8)

The trial state (7) generally contains long-range order.
Assuming that the unit cell contains nΛ sites,[46,47] then the
variational wave function can also be written as

|Ψ⟩=
nΛ

∏
j=1

∏
i∈Λ j

|𝑑 j⟩i, (9)

where i is a site index, Λ j denotes the set of sites belonging to
the j-th sublattice, and the on-site wave function is assumed

to be identical for all spins within the same sublattice (i.e.,
|𝑑 j⟩i1 = |𝑑 j⟩i2 = · · · ). Thus, the task of finding the ground
state reduces to optimizing the energy functional (8) with re-
spect to only 4nΛ variables. It turns out that the lowest energy
trial wave functions satisfy nΛ ≤ 3 according to our variational
calculations. The final results are shown in the phase diagram
Fig. 1, and the details will be discussed in the following sec-
tions.

3. Superfluids, solids and supersolids
3.1. Static structure factors and phase diagram

We use the static structure factor to characterize the long-
range correlations of the trial wave functions. Among the eight
generators, λ 8 and λ 3, λ 4, λ 5 are of importance since they
generate the U(2) symmetry group of Hamiltonian (4). Defin-
ing the vector 𝜆su2 = λ 4𝑒x+λ 5𝑒y+λ 3𝑒z (where 𝑒x,𝑒y,𝑒z are
unit vectors), the static structure factors (SSFs) are given by

Ssu2(𝑞) =
1
N ∑

i,𝛿
⟨𝜆su2

i ·𝜆su2
i+𝛿⟩e−i𝑞·𝛿,

S8(𝑞) =
1
N ∑

i,𝛿
⟨λ 8

i λ
8
i+𝛿⟩e−i𝑞·𝛿. (10)

We performed variational computation for the parameter
region −5 ≤ J2 ≤ 5,0 ≤ J1 ≤ 5 using Eq. (9) as the variational
ansatz, where the unit cell contains up to nΛ = 6× 6 lattice
sites. Actually, the unit cell of all obtained ground states con-
tains only nΛ ≤ 3 sites, hence we can use the SSF at 𝑞 =Γ ,K,
as shown in Figs. 2(a)–2(d), to distinguish different phases.
As shown in the phase diagram in Fig. 1, six phases are ob-
tained and labeled by I–VI. The patterns of various orders in
these phases are illustrated in Fig. 3 by the expectation value
of ⟨𝜆su2⟩ and ⟨λ 8⟩ on each sublattice, where ⟨𝜆su2⟩ is plotted
as a three-dimensional vector, and ⟨λ 8⟩ is exhibited as a solid
dot on each site with the radius representing the amplitude and
the red/blue color denoting the positive/negative sign.

Ssu2(Γ) Ssu2(Κ)

S8(Γ) S8(Κ)

5

4

3

2

1

0

J
1

5

4

3

2

1

0

J
1

5

4

3

2

1

0

J
1

5

4

3

2

1

0

J
1

0.3

0.2

0.1

1.0

0.8

0.6

0.4

0.2

-5 50
J2 J2

J2J2

-5 50

-5 50-5 50

(d)

(b)(a)

(c) 0.3

0.2

0.1

0

0.4

0.5

0.3

0.2

0.1

0

Fig. 2. Distributions of the static structure factor (SSF) at the Γ and
K points for different parameters. (a) Ssu2(Γ ). (b) Ssu2(K). (c) S8(Γ ).
(d) S8(K).
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(I) λ solid (II) SU↼2) supersolid (III) FM

(VI) SU(3) phases in
J1=0, J2=-2

(V) SU(2) 120O FM(IV) SU(2) 120O AFM

Fig. 3. Distribution of ⟨𝜆su2⟩ and λ 8 on the sublattices for the five or-
der phases (I)–(VI) identified in Fig. 2. The ⟨λ 3⟩ components of ⟨𝜆su2⟩
are ommitted for clarity. The value of ⟨λ 8⟩ is indicated by a solid dot
on each site, with the radius representing the amplitude and red/blue
color denoting the positive/negative sign. For the phase (VI), only the
configuration at J1 = 0,J2 =−2 has been exhibited.

3.2. Configuration of each phase

Phase-I is characterized by the solid order of ⟨λ 8⟩ and
exhibits a three-sublattice structure (A,B,C) = (2λ ,−λ ,−λ ).
This phase is analogous to the solid phase on the triangu-
lar lattice in hard-core boson systems[9] and spin systems.[48]

Hence the SSF S8(𝑞) exhibits a peak at the K point. On the
other hand, the magnitude of ⟨𝜆su2⟩ is suppressed on the A-
sublattice where λ 8 has a larger value. On the other two sublat-
tices B and C, the value of ⟨𝜆su2⟩ is ‘ferromagnetic’ and forms
a hexagonal superlattice. The non-zero net value of ⟨𝜆su2⟩ in
the unit cell induces an additional signal of the static struc-
ture factor at the Γ point. Although the ‘ferromagnetic’ order
⟨𝜆su2⟩ breaks the SU(2) symmetry, the SU(3) linear spin-wave
dispersion is quadratic (see Fig. 6(a)) and cannot be considered
as a ‘superfluid’. Hence we term phase-I as a λ 8-solid phase.

It should be noticed that the SU(2) group is generated
by λ 3,4,5, where λ 3 is a magnetic dipole operator while λ 4,5

are quadrupole operators. Since the ‘ferromagnetic’ order
⟨𝜆su2⟩ spontaneously breaks the SU(2) symmetry, the result-
ing state generally contains coexisting magnetic dipole-order
and quadrupole-order. The same situation also holds for all the
other phases.

Phase-II is a very robust phase which contains a large vol-
ume in the phase diagram. It is also a solid phase of ⟨λ 8⟩ with
a three-sublattice structure (A,B,C) = (2λ ,−λ ,−λ ). Fur-
thermore, the value of ⟨𝜆su2⟩ in the SU(2) sector also van-
ishes on the A-sublattice. The difference is that the config-
uration of ⟨𝜆su2⟩ forms a Neel-type AFM order on the B-
and C-sublattices . Hence the SSF Ssu2 exhibits a peak at
the K point. This structure is analogous to the ‘Y-phase’ in

the spin-1/2 systems.[14,18] The collinear ⟨𝜆su2⟩-magnetic or-
der breaks the SU(2) symmetry, and keep the lattice periodic-
ity of the ⟨λ 8⟩ order. Furthermore, the linear spin wave dis-
persion of the AFM phase is linear, indicating that it is in-
deed a ‘spin superfluid phase’ which spontaneously breaks the
SU(2) symmetry to U(1) (such that the total symmetry group
reduces to U(1)×U(1)/Z2 with the first U(1) generated by
λ 8). Considering the coexistence of the solid order of ⟨λ 8⟩
and the superfluid order of ⟨𝜆su2⟩, phase-II can be termed a
SU(2)-supersolid phase which has two Goldstone modes (see
Fig. 7(b)). It is different from the supersolid phase in literature,
which only breaks U(1) spin rotation symmetry and contains
only one Goldstone mode.

Furthermore, the SU(2) symmetry breaking only occurs
at zero temperature. The finite temperature KT transition,
which appears in U(1)-supersolid phase, is likely to be ab-
sent just as in the 2-dimensional classical Heisenberg model
with SO(3) symmetry.[49] Nevertheless, a weak anisotropy in
the SU(2) sector can give rise to a KT phase at finite tempera-
tures.

Phase-III is a uniform phase that does not break transla-
tion symmetry. In this phase, the distributions of ⟨λ 8⟩ and
⟨𝜆su2⟩ are both ‘ferromagnetic’ (FM), and only the SU(2)
symmetry is broken. The SSFs only exhibit peaks at the Γ

point. Hence phase-III is called an SU(2)-FM phase.
Phase-IV is characterized by the 120∘-AFM order of

⟨𝜆su2⟩ which exhibits a 3-sublattice structure. However, no
solid order of ⟨λ 8⟩ is observed. It is analogous to the umbrella
state found in spin-1/2 systems.[14] Therefore, this phase is not
considered a supersolid, but rather an SU(2)-120∘AFM phase.
Since the SU(2) symmetry is completely broken in the 120∘

AFM order, the spin wave dispersion contains three Goldstone
modes (see Fig. 7(a)).

Table 1. Magnitudes of λ 3,4,5,8 and λ 1,2,6,7 for phase (IV) SU(2)-AFM,
and (V) U(2)-AFM. The parameters are J2 = 5, J1 = 0 for SU(2)-AFM and
J2 = −0.5, J1 = 0 for U(2)-AFM. Since the values are identical across all
three sublattices for each phase, only the value for a single sublattice is listed.

∑
m=3,4,5,8

⟨λ m⟩2
∑

m=1,2,6,7
⟨λ m⟩2

SU(2)-AFM 1.33 0
U(2)-AFM 0.4026 0.9307

Phase-V also contains the 120∘ AFM order for ⟨𝜆su2⟩.
But in this phase the value of ⟨λ 8⟩ is suppressed to nearly
zero on all sublattices. We further compare the quantities

∑m=3,4,5,8⟨λ m⟩2 and ∑m=1,2,6,7⟨λ m⟩2 in phase-IV (J2 = 5,J1 =

0) and phase-V (J2 = −0.5,J1 = 0). We find that for each
phase, these two values are equal on all three sublattices. How-
ever, as summarized in Table 1, the value of ⟨λ 1,2,6,7⟩ is zero
in phases I–IV (namely, all the orders only break the SU(2)
symmetry while preserving the U(1) symmetry). In contrast,
in phase-V (and in region-VI discussed below), the value of
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∑m=1,2,6,7⟨λ m⟩2 is significantly large, indicating that the order
involves all eight generators of the SU(3) group with complete
breaking of the U(2) symmetry. We therefore refer to phase-V
as the U(2)-AFM phase.

The region-VI is sandwiched between the FM and the λ 8-
solid and the value of ∑m=1,2,6,7⟨λ m⟩2 is also finite in this re-
gion. Actually, the region-VI contains more than one phase.
For instance, a λ 8-solid-like phase emerges in the parameter
region close to λ 8-solid phase (for instance, J2 = −5,J1 =

3.3). The difference between the two phases is that ⟨𝜆su2⟩ is
zero in the A-sublattice in the λ 8-solid phase but nonzero (but
small) in the λ 8-solid-like phase. On the other hand, in the
parameter region between the FM (phase-III) and the U(2)-
AFM (phase-V) (for instance, J2 = −2.5,J1 = 0), a U(2)-
FM-like phase emerges. The difference with the SU(2)-FM
phase is that in the U(2)-FM-like phase, the weight of ⟨λ 8⟩ is
suppressed and shifted to the remaining components ⟨λ 1,2,6,7⟩
(see Fig. 3(VI) for illustration). Generally, in region-VI the
U(2) generators are not sufficient to describe the orders any
more. We will not go into many details in this region.

Finally, the stability of the U(2) ordered phases is deter-
mined by |J3|, the amplitude of the SU(3)-symmetric interac-
tion Hsu3. With the decrease of |J3|, the extent of phase-V and
region-VI reduces. Especially, when J3 = 0, the phase bound-
ary between the λ 8-solid and SU(3) phases becomes a straight
line given by |J1|= |J2|, and both phase-V and region-VI com-
pletely disappear (see Fig. 4).

J1/J3

J2/J3

4.0

0

5.0

-5 -0.5 0 1.4 5-3
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(a) J3=0.5 

0

5

-5 0 5

J1

J2

(b) J3=0 

(III)
VI V

(I)
(II)

(IV)

(III) SU(2) FM

(I) λ8 solid
(II)

SU(2) supersolid

(IV)
SU(2) AFM

Fig. 4. Variational phase diagram for the U(2) model with different
SU(3) background coupling strengths. (a) J3 =−0.5. (b) J3 = 0.

3.3. Phase transitions

To illustrate the phase transitions, we consider a one-
parameter curve J2 = r cosθ ,J1 = r sinθ with r = 5 and 0 ≤
θ ≤ π . This curve covers five different phases, along which
two first-order phase transitions and two continuous phase
transitions are observed (see Fig. 5).
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Fig. 5. Variational computation results for different parameter θ =

arctanJ1/J2 with r =
√

J2
1 + J2

2 = 5. (a) Energy of the variational ground
state. The blue solid line represents the calculation results. The red scat-
ter points are the first-order difference of energy. (b) Four SSF curves of
the variational ground state. The solid line represents the value at the Γ

point while the dashed line represents the value at the K point. The blue
curves represent the results of Ssu2(𝑞), while the red curves represent the
results of S8(𝑞).

The SSFs and the first order derivative of the energy curve
∂E/∂θ exhibit discontinuous jumps at θ/π = 0.035,0.58,
corresponding to the first-order phase transitions between
phase-IV and phase-II, and between phase-II and phase-I, re-
spectively. In contrast, the continuous change of SSFs and
∂E/∂θ at θ/π = 0.825,0.93, suggests a second-order tran-
sition between phase-I and region-VI, and between region-VI
and phase-III, respectively.

Within the interval 0.825 < θ/π < 0.93, all four SSF
curves are non-zero and continuous, implying that the SU(3)-
region-(VI) plays the role of a ‘transitional phase’. When set-
ting J3 = 0, with the disappearance of the SU(3)-region-(VI),
the direct transition between λ 8-Solid and FM becomes first-
order.

The transitions from phase-V to its neighboring phases
(i.e., phase-II and region-VI), which are not covered by the
above curve with r = 5 and 0 ≤ θ ≤ π , are both first order.
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4. SU(3) spin-wave
To verify the stability of the classically ordered phases,

we calculate the SU(3) linear spin-wave[50,51] in various re-
gions of the phase diagram. Our results indicate that the edges
for the spin-wave instabilities are in good consistency with the
phase boundaries from the variational calculation, which indi-
cates the validity of the semi-classical phase diagram.

4.1. λ 8-solid (phase-I)

We consider a typical λ 8-solid state with the configura-
tion |𝜓A⟩ = |𝜓B⟩ = |1⟩, |𝜓C⟩ = |0⟩. The results of the SU(3)

spin-wave calculation for this state at several parameter points
are shown in Fig. 6. The spectra E1,E5 are always gapless
at the Γ point and exhibit a quadratic dispersion relation,
which is characteristic of ferromagnetism. With the decrease
of J2, the bandwidths of E1 and E5 become narrow, eventually
turning completely flat and degenerate at zero energy when
J2 =−1.0. If the magnitude of the antiferromagnetic J2 is fur-
ther reduced (i.e., J2 > −1), these two bands develop a nega-
tive quadratic form, indicating an instability and a phase tran-
sition from the ferromagnetic-like state to an antiferromag-
netic state, as discussed previously.
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Fig. 6. Spin wave spectrum for a typical λ 8-solid state. The magnon branch index Ei is marked on the curves. (a) Spectra for J1 = 5.0 and
several values of J2. (b) Spectra for J2 =−4.0 and several values of J1. The inset of (a-III) shows the path taken in the first magnetic Brillouin
zone for these calculations.

On the other hand, if the strength of J2 is fixed while pa-
rameter J1 is reduced, the overall structure of the spectra re-
mains largely unchanged. However, the band E2 shifts down-
ward and eventually closes its gap at the Γ point near the tran-
sition. If the antiferromagnetic coupling J1 is weakened fur-
ther, E2 develops negative excitation energies, signaling the
instability of the FM order.

4.2. SU(2)-supersolid (phase-II)

Next, we calculate the spin-wave spectrum for the SU(2)-
supersolid state (phase-II). Since the SU(2) symmetry is spon-
taneously broken, the resulting SU(2) order can be oriented
along arbitrary direction. Without loss of generality, we as-
sume that the SU(2) order is carried by λ 3. Notice that all of
λ 3,4,5 reverse their sign under the action of T , the three genera-
tors are equivalent from the symmetry point of view. Then the
classical ground state reads |𝜓A⟩ = |1⟩, |𝜓B⟩ = |−1⟩, |𝜓C⟩ =
|0⟩ respectively on the three sublattices.

Interestingly, the spin wave spectrum is doubly degener-
ate everywhere in the Brillouin zone (BZ). Hence only three

distinct magnon dispersions are observed. Among the six
magnon bands, the modes E1, E2 are gapless at the Γ point
and exhibit linear dispersion. This is a signature of the exis-
tence of spin superfluid order.

Actually, the double degeneracy of the magnon spectrum
is not accidental. In the ground state of the SU(2) supersolid
phase, the inversion symmetry P and time reversal symme-
try T in Eq. (5) are broken, but the combined symmetry PT
with (PT )4 = 1 is preserved (where the inversion center of
PT is located on the site of the C sub-lattice). Furthermore,
the SU(2) symmetry generated by λ 3,4,5 is broken down to
U(1) = {e−iλ 3θ ;0 ≤ θ < 2π} generated by λ 3 = Sz. Here
we ignore the U(1) symmetry generated by λ 8 since it does
not contribute to the degeneracy. Since PT anti-commutes
with λ3, the group formed by the remaining symmetries reads
G = U(1)× ZPT

4 /Z2 with ZPT
4 = {E,PT,Ps,PsPT},(PT )2 =

Ps, Z2 = {E,Ps}, where Ps = e−iλ 3π = e−iλ 4π = e−iλ 5π is the
spin parity. Noticing that both the unitary elements e−iλ 3θ and
the anti-unitary element PT do not change the lattice momen-
tum, the spin-wave Hamiltonian at each 𝑘 point has the full
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symmetry G =U(1)×ZPT
4 /Z2. Furthermore, the magnon cre-

ation operators carry the 2-dimensional irreducible represen-
tations (irreps) in Table 2 (see Appendix B for details), which
yields the double degeneracy of the magnon bands through-
out the BZ. This degeneracy can be lifted by perturbations that
break the G symmetry. For example, by applying a magnetic
field coupling to λ 3, two of the three degenerate bands includ-
ing the one containing two Goldstone modes, undergo energy
splitting (see Fig. 7(c)). The splittings of the energy bands of
the spin excitations are observable in experiments, and can be
used to distinguish from the U(1)-supersolid phase.

It is worth mentioning that the two Goldstone modes cre-
ated by λ 4 ± iλ 5 are not usual ‘magnons’, because they carry
quantum numbers ±2 of Sz, similar to the case in spin-1 XXZ
model.[43] For this reason, the gapless Goldstone modes can-
not be detected by neutron scattering experiment. However, if
the 𝜆su2 is oriented along different directions, then the Gold-
stone mode can contain both Sz =±2 and Sz = 0 components,
then can couple to neutron spin. On the other hand, by adopt-
ing the original λ 3,8 and redefining the SU(2) symmetry of
the model as generated by λ 1,2,3 (see Appendix C), then the
Goldstone modes of the SU(2)-supersolid will generally be
detectable in neutron scattering experiments.

With J1 fixed at 4.0 (a strong antiferromagnetic coupling),
we gradually decrease J2 towards the ferromagnetic value
J2 =−1.0 (see Fig. 7(a)). The maximum excitation energy of

magnons E1 and E2 decreases, eventually reaching zero across
the entire first magnetic BZ. A further increase in the ferro-
magnetic strength of J2 (i.e., more negative value) results in
globally negative excitation energies for E1,E2, indicating an
instability and a phase transition. This behavior of the spec-
trum upon varying J2 is similar to that observed in the λ 8-solid
case, where bands E1,E5 become flat at J2 = −1 and exhibit
trends analogous to bands E1 and E2 here.

Next, we fix J2 at a small ferromagnetic value J2 =−0.5
and gradually reduce J1 (see Fig. 7(b)). The shape of the
dispersion curves for E1,E2 remains unchanged, but the en-
ergies of E3,E4,E5,E6 are shifted downward. At J1 = 0.18,
which corresponds to the transition point between the SU(2)-
supersolid and SU(3)-120∘ AFM phases, the gap of bands E3

and E4 closes. For values of J1 below this critical point, parts
of the spectrum develop imaginary excitation energies, indi-
cating that the classically-ordered SU(2)-supersolid state be-
comes unstable.

Table 2. A 2-dimensional irreducible representation of the group
G =U(1)×ZPT

4 /Z2 carried by magnon creation operators.

e− iλ 3θ PT Bases

irrep-(1)

(
e− iθ

e iθ

) (
−1

1

)
K

[(λ 1 + iλ 2),(λ 6 − iλ 7)],

[(λ 6 + iλ 7),−(λ 1 − iλ 2)].

irrep-(2)

(
e−2iθ

e2iθ

) (
1

1

)
K [(λ 4 + iλ 5),−(λ 4 − iλ 5)].
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Fig. 7. Spin-wave spectra for the SU(2)-supersolid state. The magnon branch index Ei is marked on the curves. The calculation path is the same
as Fig. 6. Different series show results for different parameter settings. (a) Spectra for J1 = 0.4 and several values of J2 with SU(2)-supersolid
as reference state. (b) Spectra for J2 =−0.5 and several values of J1 with SU(2)-supersolid as reference state. (c) Spectra for adding magnetic
field coupling with λ 3 = Sz. Here we denote g as coupling strength, i.e., the model Hamiltonian has been modified as H ′ = H +g∑i λ 3

i .
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Finally, when J2 = J3, the bands E3,4 will be degenerate
with the bands E5,6. If one further tunes J2 = J3 = 0 such that
the model is fully SU(3) symmetric, then all six bands become
completely degenerate in the whole Brillouin zone. This result
is consistent with a previous study of SU(3) Heisenberg model
in Ref. [52], where six-fold degeneracy of the excitation spec-
trum is observed in the reduced Brillouin zone.

4.3. SU(2)-FM (phase-III)

Then we calculate the spin-wave spectrum in the FM
phase (phase-III). The FM order contains only one sublattice,
hence two branches of magnons are expected from SU(3) lin-
ear spin wave theory. Starting from the classical ground state
|𝜓i⟩= |1⟩, one obtains the following two magnon bands with
dispersion

E1(𝑘) =−2(J3 + J2)(6− γ𝑘),

E2(𝑘) =−2[3(J1 + J2)+ J3(6− γ𝑘)].

Here γ𝑘 = ∑𝛿∈nn e−i𝑘·𝛿 is the structural form factor. Param-
eterizing momentum as 𝑘 = k1𝑏1 + k2𝑏2 (where 𝑏1,𝑏2 are the
reciprocal lattice vectors), then one obtains

γ𝑘 = 2(cos2πk1 + cos2πk2 + cos2π(k1 − k2)). (11)

Notice that the factor (6− γk) ≥ 0 is always valid. (6− γk)

equals 0 at the Γ point and has a quadratic dispersion at small
moments. Furthermore, the magnon excitations must take
non-negative energy, which requires that E1(𝑘)≥ 0, namely,

J3 + J2 < 0. (12)

Violating of the above condition means the instability of the
FM order. When Eq. (12) is satisfied, then E1(𝑘) is gapless at
the Γ point and has quadratic magnon dispersion, which is the
signature feature of the FM order.

On the other hand, the other band E2(𝑘) is generally
gapped, hence E2(𝑘) > 0 should be valid in the whole Bril-
louin zone. It requires that 3(J1+J2)+J3(6−γ𝑘)< 0, namely,
J1 + J2 < J3

3 (γk − 6) for any 𝑘. Since (γk − 6) takes its mini-
mum value −3 at the K point, one should have

J1 + J2 <−3J3. (13)

At the parameter line J1+J2 =−3J3, the E2(𝑘) band becomes
gapless at the K point, namely, E2(K) = 0. This indicates that
the magnons will undergo BEC. The condensation of magnons
with momentum K indicates a phase transition to another or-
dered phase with three sublattices.

Especially, if J3 = 0, the phase transition line becomes
J1 = −J2. These results are consistent with our earlier varia-
tional calculations.

4.4. SU(2)-120∘ AFM (phase-IV)

We performed a variational calculation for the parameters
J2 = 5.0,J1 = 0.0 to obtain the components of |𝜓A⟩, |𝜓B⟩, |𝜓C⟩
in the Sz basis. This state served as the reference state for the
spin-wave calculation.

The six magnon spectra can be classified into two sets.
The first set consists of three gapless modes (E1,E2,E3) whose
gaps close at the Γ point. They exhibit a linear dispersion
near the Γ point, which is a typical signature of antiferro-
magnetism. Those three branches of linearly dispersive gap-
less magnons correspond to the three Goldstone modes arising
from the complete breaking of the SU(2) symmetry.

The other three magnons are gapped across most of the
SU(2)-120∘ AFM phase region. Their excitation energies shift
overall with changes in J1 and J2. As shown in Fig. 8(a), the
energies of these modes decrease as the antiferromagnetic cou-
pling J1 strengthens, eventually becoming gapless at the phase
boundary, indicating a phase transition.

4.5. U(2)-AFM (phase-V)

Finally, we calculate the spin-wave spectrum for the
U(2)-AFM state (phase-V) at J2 = −0.5, J1 = 0.1 (see
Fig. 8(b)), with the reference configuration chosen from the
results of variational calculation. Since the nonzero values of
⟨λ 1,2,6,7⟩ completely break the U(2) symmetry, the spin-wave
dispersion contains four branches of gapless Goldstone modes
and the rest two are gapped.

If we change the parameters to another point within the
SU(3)-AFM region but keep the reference configuration un-
changed, imaginary spectra will appear near the Γ point,
which implies quantum fluctuations are strong in this phase.
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SU↼2) 120Ο AFM
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U↼2) 120Ο AFM
↼J2/↩.↪ J1/.↽
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Fig. 8. Spin-wave spectra for the SU(2)-120∘ AFM state, U(2)-120∘ AFM state. The magnon branch index Ei is marked on the curves. The
calculation path is the same as Fig. 6. Different series show results for different settings. (a) Spectra for J2 = 5.0 and two values of J1 with
SU(2)-120∘ AFM as reference state. (b) Spectra for J2 =−0.5,J1 = 0.1 with U(2)-120∘ AFM as reference state.
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5. Discussion and conclusion
In summary, we studied a U(2) = SU(2)×U(1)/Z2 sym-

metric spin-1 model on the triangular lattice. By employing a
variational calculation within a classical CP2 ansatz, we deter-
mined a rich phase diagram that contains various long-range
ordered phases. The most significant finding of this work is
the identification of a robust SU(2)-supersolid phase. In this
phase, the system spontaneously breaks both the spin SU(2)
symmetry — via a non-collinear magnetic order of 𝜆su2 —
and the lattice translation symmetry — via a solid order pa-
rameter λ 8 with a 3-sublattice (2,−1,−1) pattern. This rep-
resents a direct generalization of the supersolid phenomenon
to a higher spin context with a more complex broken symme-
try group. The stability of this classically ordered state and
its characteristic excitation spectrum, including intriguing de-
generacies, were further validated by SU(3) linear spin-wave
theory.

Beyond the supersolid, our study unveils a few other
phases. These include conventional FM or 120∘-AFM phases
within the SU(2) sector, where translational symmetry re-
mains intact or is broken by the magnetic order itself. No-
tably, in regions where J1,J2 are weak, the non-zero value
of ∑m=1,2,6,7⟨λ m⟩2 implies a more exotic ordered state which
completely breaks the U(2) symmetry. The nature of these
phases warrants further investigation.

Our work establishes the designed U(2) model as a fertile
ground for exploring complex magnetic orders and multiple
symmetry breaking in spin-1 systems. The natural next step
involves comparing these classical and spin-wave results with
fully quantum-mechanical numerical simulations to assess the
impact of quantum fluctuations. Furthermore, it would be in-
triguing to explore the potential realization of these phases in
realistic magnetic compounds or quantum simulators featuring
spin-1 moments on triangular lattices.

Appendix A: Details of spin wave calculations
A1. Spin wave of FM state

Let |1⟩, |0⟩, | − 1⟩ denote the eigenstates in the Ŝz basis,
in which Gell-Mann matrices take their standard form. With-
out loss of generality, the FM state |FM⟩ can be chosen as
|FM⟩ = ∏i |1⟩i. Introducing Schwinger Boson via the map-
ping b̂1|vac⟩ ∼= |1⟩, b̂0|vac⟩ ∼= |0⟩, b̂−1|vac⟩ ∼= | − 1⟩,[53] the
spin-wave theory treatment assumes the condensation of the
b̂1 boson, while b̂0, b̂−1 become the Holstein–Primakoff (HP)
bosons. The Gell–Mann matrices can then be rewritten in
terms of Schwinger bosons. The operator b̂1 is approximated
as

b̂†
1 ≈ b̂1 ≈

√
1− b̂†

0b̂0 − b̂†
−1b̂−1 (A1)

reflecting the constraint on the total boson number per site.
Within the linear spin-wave approximation, the single opera-

tors b̂1, b̂
†
1 are replaced by 1, while their product is substituded

using the number constraint

b†
1b̂1 = 1− b̂†

0b̂0 − b̂†
−1b̂−1. (A2)

Expanding the Hamiltonian and retaining terms up to
quadratic order in the HP boson operators yields the general
form

Ĥ = ∑
⟨i j⟩

(Tαβ b̂†
iα b̂ jβ +∆αβ b̂†

iα b̂†
jβ +h.c.)

+12∑
i

Vαβ b̂†
iα b̂iβ +E0, (A3)

where the indices α , β run over the two flavors of HP bosons
(0 and −1), and the matrices are defined by

Vαβ = ∑
8
m=1 Jmλ m

00(λ
m
αβ

−λ m
00δαβ ),

Tαβ = ∑
8
m=1 Jmλ m

α0λ m
0β
,

∆αβ = ∑
8
m=1 Jmλ m

α0λ m
β0.

(A4)

For our model Hamiltonian, the coupling strengths Jm are as-
signed as

Jm =


J2 + J3, m = 3,4,5,
J3, m = 1,2,6,7,
J1 + J3, m = 8.

(A5)

Performing a Fourier transformation b̂𝑘α =
1√
N

∑i b̂iα e−i𝑘·𝑅i

and diagonalizing the Hamiltonian matrix at each momentum
point yields the magnon spectrum.

A2. Spin wave for 3-sublattice state

We now introduce spin-wave theory for generic 3-
sublattice states. In this case, the spin state on the three sub-
lattices (A,B,C) may differ and are generally not the standard
|1⟩ state. Therefore, a separate local basis rotation must be
performed on each sublattice such that its respective ground
state spin configuration aligns with the first basis vector of
the local Hilbert space. In these rotated basis, the Gell–Mann
matrices assume representations different from the standard
one. We denote these new representations for sublattice S as
λ mS (m = 1, . . . ,8;S = A,B,C). We then introduce three fla-
vors of Schwinger bosons, b̂iAα , b̂iBα , b̂iCα corresponding to
each sublattice. The model Hamiltonian of model can be de-
composed into three parts based on the three types of nearest-
neighbor bonds:

Ĥ = ĤAB + ĤBC + ĤCA. (A6)

Each part has an identical strcture. Using ĤAB as an example,
we have

ĤAB = ∑
⟨i j⟩AB

(T AB
αβ

b̂†
iAα

b̂ jBβ +h.c.)

+ ∑
⟨i j⟩AB

(∆ AB
αβ

b̂†
iAα

b̂†
jBβ

+h.c.)
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+ zAB ∑
i∈A

V AB
αβ

b̂†
iAα

b̂iAβ

+ zAB ∑
i∈B

V BA
αβ

b̂†
iBα

b̂iBβ +E0. (A7)

Here, zAB = 3 is the coordination number for an AB-bond, and
matrices 𝑉 AB,𝛥AB,𝑇 AB are defined as

V AB
αβ

= ∑
8
m=1 Jm(λ mA

αβ
−λ mA

00 δαβ )λ
mB
00 ,

T AB
αβ

= ∑
8
m=1 Jmλ mA

α0 λ mB
0β

,

∆ AB
αβ

= ∑
8
m=1 Jmλ mA

α0 λ mB
β0 .

(A8)

After performing the Fourier transformation b̂𝑘Sα =√
3
N

∑i b̂iSα e−i𝑘·𝑅i (where S = A,B,C), the Hamiltonian

can be expressed as a 12 × 12 matrix ℋ(𝑘) in the basis
of these bosonic operators. To diagonlize this matrix, one
must solve the Bogoliubov–de Gennes eigenvalue problem
Σℋ(𝑘)𝑣i = Ei(𝑘)𝑣i, where the metric Σ is given by

Σ =

(
𝐼6

−𝐼6

)
. (A9)

The six eigenvalues Ei(𝑘) found at each momentum point cor-
respond to the spin-wave excitation energies. Their associated
eigenvectors 𝑣i must satisfy the positive normalization condi-
tion 𝑣†

i Σ𝑣i = 1. These six modes correspond to two magnon
branches originating from each of the three sublattices.

Appendix B: Irreps of the group G = U(1)×
ZPT

4 /Z2

The group G =U(1)×ZPT
4 /Z2 has one 1-dimensional ir-

rep and infinite 2-dimensional irreps, as shown in Table B1.
Each irrep is labeled by an integer m ∈ Z, namely, the (ab-
stract) value of the U(1) ‘charge’.

Table B1. Irreducible representation of the group G =U(1)×ZPT
4 /Z2

carried by magnon creation operators. Notice that (PT )2 = (−1)m is the
spin parity (quantum number of Ps = e− iλ 3π ) with m the eigenvalue of
Sz = λ 3.

e− iλ 3θ PT Dimensionality
irrep-(0) 1 1K 1

irrep-(1)

(
e− iθ

e iθ

) (
−1

1

)
K 2

...
...

...
...

irrep-(m)

(
e− imθ

e imθ

) (
(−1)m

1

)
K 2

...
...

...
...

In the following, we illustrate that the spin-wave opera-
tors in the SU(2) supersolid phase carry a 2-dimensional irrep
labeled by m = 1.

The SU(2) supersolid phase is a three-sub-lattice order
having the ground state |𝜓A⟩= |1⟩, |𝜓B⟩= |−1⟩, |𝜓C⟩= |0⟩.

According to SU(3) spin wave theory, each sublattice con-
tributes two magnon bands. On sublattice-A (|1⟩), the magnon
creation operators are given by

1
2
(λ 1 − iλ 2) =

 0 0 0
1 0 0
0 0 0

 ,
1
2
(λ 4 − iλ 5) =

 0 0 0
0 0 0
1 0 0

 .

Similarly, on sublattice-B (|−1⟩), the magnon creation opera-
tors are

1
2
(λ 6 + iλ 7) =

 0 0 0
0 0 1
0 0 0

 ,
1
2
(λ 4 + iλ 5) =

 0 0 1
0 0 0
0 0 0

 ;

and on sublattice-C (|0⟩),

1
2
(λ 1 + iλ 2) =

 0 1 0
0 0 0
0 0 0

 ,
1
2
(λ 6 − iλ 7) =

 0 0 0
0 0 0
0 1 0

 .

These magnon operators carry nontrivial quantum num-
bers of the U(1) = {e−iλ 3θ} group. For instance,

[λ 3,(λ 1 ± iλ 2)] = λ
3(λ 1 ± iλ 2)− (λ 1 ± iλ 2)λ 3

=±(λ 1 ± iλ 2), (B1)

so 1
2 (λ

1 + iλ 2) and 1
2 (λ

1 − iλ 2) carry U(1) ‘charge’ +1 and
−1 respectively, namely,

e−iλ 3θ (λ 1 ± iλ 2)e iλ 3θ = e∓iθ (λ 1 ± iλ 2).

Similarly, (λ 6 ± iλ 7) carry U(1) ‘charge’ ±1. However,
because [λ3,(λ

4± iλ 5)] =±2(λ 4± iλ 5), so (λ 4± iλ 5) carry
‘charge’ ±2, respectively.

On the other hand, under the action of PT , the magnon
creation operators form pairs, namely,

(PT )(λ 1 ± iλ 2)(PT )−1 =+(λ 6 ∓ iλ 7),

(PT )(λ 6 ± iλ 7)(PT )−1 =−(λ 1 ∓ iλ 2),

(PT )(λ 4 + iλ 5)(PT )−1 =−(λ 4 − iλ 5),

(PT )(λ 4 − iλ 5)(PT )−1 =−(λ 4 + iλ 5).

Therefore, the pair of magnon operators [(λ 1 +

iλ 2),(λ 6 − iλ 7)] carries the 2-dimensional irrep (m = 1) of
the group G = U(1)× ZPT

4 /Z2. Similarly, the bases [(λ 6 +

iλ 7),−(λ 1 − iλ 2)] also carry the same irrep of G. But
[(λ 4 + iλ 5),−(λ 4 − iλ 5)] carried the irrep (m = 2).

Appendix C: Alternative definition of the U(2)
symmetry group

In this work, we have modified the definition of λ 3,λ 8,
to make sure that λ 3 fully represents the magnetic moment
in the general convention. Under this convention, |±1⟩, two
bases of the sub-Hilbert space for single spin-1 site which can
be connected with time-reversal operation, can take the role
of SU(2) generators, acting on the subspace span{|1⟩, |−1⟩}.
This modification of Gell–Mann matrices may be more real-
istic to real magnetic systems, and become a key factor in the
emergence of spin-2 excitations.

047506-10
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On the other hand, one can adopt the origin convention
of λ 3,8, with λ 3 = 1

2 Sz +
3
2 S2

z − I, λ 8 = ( 3
2 Sz − 3

2 S2
z + I)/

√
3,

namely,

λ
3 =

 1 0 0
0 −1 0
0 0 0

 , λ
8 =

1√
3

 1 0 0
0 1 0
0 0 −2

 ,

and redefine the SU(2) symmetry group to be generated by
λ 1,2,3 which act on the subspace span{|1⟩, |0⟩}. Then the
model Hamiltonian is modified as

H = J3 ∑
⟨i j⟩

8

∑
α=1

λ
α
i λ

α
j + J2 ∑

⟨i j⟩

3

∑
m=1

λ
m
i λ

m
j + J1 ∑

⟨i j⟩
λ

8
i λ

8
j ,

and the excitations including the Goldstone modes can carry
Sz quantum numbers ±1, and then can be detected in neutron
scattering experiments.
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Rev. Res. 4 033106
[46] Claudine L, Philippe M and Mila F 2011 Introduction to Frustrated

Magnetism pp. 2197–4179 (Berlin, Heidelberg: Springer )
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