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SPECIAL TOPIC — Heat conduction and its related interdisciplinary areas

Thermal conductivity of carbon nanotubes using nonequilibrium
molecular dynamics combined with a machine learning potential
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Large-scale and long-time-span nonequilibrium molecular dynamics simulations have been performed to determine
the thermal conductivity of single-walled and double-walled carbon nanotubes (CNTs) using a machine learning potential
trained on atomic energies and forces from density functional theory calculations for sp2-hybridized carbon. The size
dependence of graphene and CNTs up to 1 µm has been studied with 200000 atoms and simulation times up to 5 ns. The
simulations reveal that thermal transport, whether ballistic, quasi-ballistic, or diffusive, is determined by the relationship
between the sample length and the effective mean-free path (MFP). The system size has less effect on thermal conductivity
when the sample length significantly exceeds the MFP. Radial tensile strain in CNTs causes the C–C bond length to increase
in smaller-diameter CNTs, resulting in a phonon softening effect that subsequently reduces thermal conductivity. An
analytical function is proposed to describe the relationship between phonon relaxation time and nanotube diameter. The
thermal conductivity of the double-walled CNT is lower than that of an equivalent-size single-walled CNT. Phonon–phonon
scattering, interlayer van der Waals interactions, and degenerate coupling of transverse acoustic modes are considered to
contribute to the reduction in thermal transport.

Keywords: graphene, carbon nanotube, phonon scattering, lattice thermal conductivity
PACS: 63.20.K–, 82.20.Wt, 63.22.Rc, 51.20.+d
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1. Introduction
Over the past decade, low-dimensional materials[1,2] have

attracted substantial research interest, as they can enhance the
design and efficiency of various advanced systems.[3] Mea-
suring thermal conductivity (κ) in low-dimensional materi-
als presents significant experimental challenges. These dif-
ficulties arise from inherent technical complexities in char-
acterizing suspended nanostructures,[4,5] limited controllabil-
ity when systematically varying material dimensions, and the
lack of standardized protocols for sample quality assessment
and measurement techniques. Additionally, different experi-
mental conditions and assumptions used in various measure-
ment methods often lead to inaccurate estimates of thermal
conductivity.[6]

Machine learning interatomic potentials (MLIPs)[7] are
emerging as new tools to bridge the gap between density func-
tional theory (DFT) and empirical potentials. Recently, sig-
nificant efforts have been made to construct interatomic po-
tentials using ML models such as artificial neural networks,[8]

Behler–Parrinello neural-network potential,[9] spectral neigh-
bor analysis potentials,[10] moment tensor potentials,[11] deep
potential,[12] atomic cluster expansion,[13] reactive force

field with neural networks (ReaxFF-nn),[14] neuroevolution
potential,[15] and Gaussian approximation potential (GAP),[16]

offering enhanced predictive capability for complex sys-
tems. MLIPs have been demonstrated to predict structural,
physical, mechanical, chemical, and thermodynamic prop-
erties with DFT-level accuracy, while simultaneously reduc-
ing computational costs by several orders of magnitude and
thereby expanding the spatial and temporal scales of atomic
simulations.[17–19] In addition, machine learning can also be
employed to construct explicit predictive models for directly
estimating the thermal conductivity and other heat trans-
port properties of materials, bypassing explicit and com-
putationally expensive calculations of atomic energies and
forces.[20,21]

Graphene and carbon nanotubes (CNTs)[22,23] have be-
come the most popular materials for thermal applications ow-
ing to their ultra-high thermal conductivity[24,25] and unique
behavior of thermal transport. CNTs are one-dimensional
nanomaterials with a hollow tubular structure formed by
rolling graphene sheets. Although they exhibit metal-like
properties, their thermal transport is predominantly governed
by the collective vibration of atoms,[24] i.e., phonons. Su-
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per high thermal conductivity of CNTs has been reported
(6600 W ·m−1 ·K−1)[26] at room temperature. More recently,
Li et al.[27] reported 1109–1651 W ·m−1 ·K−1 for CNTs at
316 K with different diameters measured using Raman spec-
troscopy, and Zhao et al.[28] reported 1512.4 W ·m−1 ·K−1 for
CNT (16,34) measured using a customized electro-thermal mi-
crochip. Furthermore, the thermal conductivity of CNTs is re-
ported to be affected by several factors.[29,30] Hone reported
that κ of bundled CNTs is an order of magnitude smaller than
that of isolated ones, indicating that phonon–phonon coupling
reduces thermal conductivity. Cao et al.[31] reported that due
to the higher probability of the Umklapp process, CNTs with
smaller diameters have higher thermal conductivity. It is gen-
erally acknowledged that the thermal conductivity of CNTs
is length-dependent owing to their long intrinsic mean-free
path (MFP) of phonons.[32] As the length of CNTs increases,
phonon transport undergoes ballistic transport when the length
is much smaller than the MFP, ballistic-diffusive or quasi-
ballistic transport when the length approaches the MFP, and
diffusive transport when the length is much larger than the
MFP.[33] Whether the superdiffusive phonon transport mech-
anism exists or the value of κ saturates to an intrinsic value
remains controversial.[34]

Based on nonequilibrium molecular dynamics (NEMD)
simulations, Maruyama[35] and Zhang and Li[36,37] demon-
strated that the thermal conductivity of CNTs exhibits
graphene-like power-law scaling behavior with system size.
Similar length-dependent trends in the thermal conductivity of
single-walled carbon nanotubes (SWCNTs) were also reported
by Lukes and Zhong,[38] Lindsay et al.,[34] and Bruns et al.[39]

However, there were significant deviations in the obtained val-
ues depending on the empirical potential function or parameter
set used. Furthermore, Bruns et al.[39] discussed that the tube-
length dependence exceeds what MD simulations can reach,
as they simulated 10 µm and 106 atoms, yet the value of κ still
increases following a power-law divergence (κ ∼ Lα ).

Double-walled CNTs (DWCNTs), composed of two
SWCNTs, exhibit richer emerging behavior than SWCNTs
owing to quantum coupling. Liu et al.[40] found that the radial-
breathing mode oscillations are collective modes characterized
by concerted inner- and outer-wall motions, and that vibration
frequencies can be determined quantitatively from the tube-
dependent van der Waals potential. DWCNTs, aligned as two
concentric SWCNTs with different twists along their axis, can
form Moiré patterns, and vibrational coupling has been ob-
served in the radial breathing mode.[41] In addition, DWCNTs
are more than the simple sum of two SWCNTs and can be
treated as novel materials. Therefore, more theoretical studies
are necessary to unravel these properties.

In this study, we employed NEMD simulations combined
with the ReaxFF-nn machine learning potential (MLP)[14,42]

to investigate the thermal conductivity of carbon-based nano-
materials. First, the size-dependent effects from the perspec-
tive of relaxons as the primary heat carriers were analyzed.
Second, the spontaneous strain induced by rolling graphene
into CNTs was identified, and the influence of this structural
transformation on thermal transport was explored. This study
examined the thermal conductivity of DWCNTs with van der
Waals interactions, focusing on the effects of bond length,
phonon density of states, and collective radial vibration on
heat conduction.

2. Methodology
2.1. Details of molecular dynamics simulations

This study employed NEMD simulations using the
ReaxFF-nn potential. All MD simulations were conducted us-
ing the Large-scale Atomic/Molecular Massively Parallel Sim-
ulator (LAMMPS).[43,44] A time step of 0.1 fs was adopted.
The system was first relaxed under NPT and NVT ensem-
bles for 0.5 ns each to fully eliminate internal stress, fol-
lowed by NVE ensemble simulations of up to 5 ns depend-
ing on the system length. The materials studied in this work
included single-layer graphene, armchair CNTs ranging from
(4,4) to (10,10), DWCNTs with normal interlayer spacing
such as (4,4)@(9,9), and DWCNTs with abnormal interlayer
spacing such as (6,6)@(9,9) and (5,5)@(9,9). The NEMD
simulation setup is illustrated in Fig. 1(a), where the simu-
lation length is denoted as L. Periodic boundary conditions
were applied perpendicular to the heat transfer direction, while
free boundary conditions were imposed along the heat trans-
fer axis. Fixed layers were positioned at both ends to con-
strain atomic motion. Previous studies have demonstrated that
the Langevin thermostat is more effective and reliable than
the Nosé–Hoover chain[45,46] method for local temperature
control in NEMD simulations. Consequently, Langevin ther-
mostats were applied to the cold and hot regions to establish
heat sinks, with the thermostat length and damping parameter
adjusted according to the simulation length.[47] All structural
visualizations were rendered using Ovito.[48]

2.2. Thermodynamic property calculations

This study investigated the thermal conductivity of
single-layer graphene and various CNTs as a function of
length using Fourier’s law

κ =− J
∇T

, (1)

where J represents the heat flux of the material, and the tem-
perature gradient ∇T was extracted by performing piecewise
linear regression on the temperature distribution along the
transport direction. The calculation of the total heat flux and
temperature gradient has been clearly explained in previous
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studies.[49–51] In the calculation of the thermal conductivity of
graphene, the cross-sectional area A of single-layer graphene
was expressed as A = W × h, where W is the width of the
graphene sample and h is the van der Waals interaction dis-
tance; in this study, h = 0.34 nm was adopted.

For SWCNTs, the cross-sectional area A was defined as
A = π · h ·D (i.e., the tube was treated as a cylindrical struc-
ture), where D is the nanotube’s diameter. The simulation
model is shown in Fig. 1(a). Figure 1(b) illustrates the cross-
sectional area of DWCNTs, which was divided into three dis-
tinct regions: green, yellow, and blue. The green region was
defined by extending the outer wall of the DWCNT outward
by 0.5h (where h = 0.34 nm). The yellow region represents
the area between the inner and outer walls of DWCNTs. The
blue region was defined by extending the inner wall inward by
0.5h.

(a) (b)

.h .hDR

y
x

z

Heat flux

L

Fig. 1. (a) A schematic illustration of the model used to simulate heat
transfer. (b) To calculate the heat flux J, the cross-sectional area A is di-
vided into three regions: green, yellow, and blue. The green region is
defined by extending the outer wall of a double-walled carbon nanotube
outward by 0.5h (where h = 0.34 nm), the yellow region represents the
area between the cross-sectional circles of the inner and outer walls, and
the blue region is defined by extending the inner wall inward by 0.5h.

The NEMD method requires collecting heat flux and
temperature data after the system has reached a steady state
for calculating thermal conductivity. Therefore, determining
when the system reaches a steady state is crucial. The crite-
ria for determining steady state are detailed in supplementary
Figs. S1 and S2, in line with previous reports.[52]

2.3. Phonon calculations

Phonon analysis is widely recognized as an effective ap-
proach to understanding thermal conductivity mechanisms.
We calculated and analyzed the phonon properties of the sim-
ulated materials to gain deeper insights into the fundamental
physical mechanisms governing thermal conduction.

First-principles calculations were performed using the
SIESTA software.[53] The Phonopy package[54] was used to
calculate the phonon dispersion relations, with force constants
obtained via the finite displacement method. Prior to these cal-
culations, the structures were optimized using the ReaxFF-nn
force field. For single-layer graphene, the unit cell was ex-
panded to an 8× 8× 1 supercell, and for all CNTs, the unit
cell was expanded to 1×1×8 along the Z direction.

To study anharmonic effects, the Alamode software[55]

was employed to calculate the anharmonic properties of
phonons in graphene. The lattice thermal conductivity κL(T )

was calculated as

κ
αβ

L (T ) =
1

NV ∑
q

Cq(T )vα
q (T )v

β
q (T )τq(T ), (2)

where α and β denote Cartesian components, q represents all
possible phonon states, T is the temperature, N is the number
of atoms, V is the unit cell volume, Cq(T ) is the mode-specific
heat, vα

q (T ) is the phonon group velocity along α , and τq(T )
is the phonon lifetime. The phonon density of states (DOS)
can be computed as

D(ω) =
∫

∞

0

(
∑i〈vi(t0)vi(t0 + τ)〉

∑i〈vi(t0)vi(t0)〉

)
e2π iωt dt, (3)

where vi denotes the velocity of atom i, ω is the phonon fre-
quency, angle brackets indicate ensemble averaging, and the
term in parentheses corresponds to the normalized velocity
autocorrelation function, whose Fourier transform yields the
phonon DOS. The equipartition theorem is commonly em-
ployed in MD simulations,[38] but it is valid only at temper-
atures exceeding the Debye temperature.[56] We estimated the
quantum correction factor[57] and found its contribution to be
minor; therefore, quantum corrections were not applied to the
final results. Detailed calculations are provided in supplemen-
tary Fig. S3.

2.4. Interatomic interaction potential — ReaxFF-nn

ReaxFF, developed by van Duin et al., has been widely
applied in MD simulations.[58–60] Diao et al.[61] studied the
thermal conductivity of graphene and CNTs. However, the
original ReaxFF, while suitable for reactive MD simulations,
performs poorly in phonon band structure calculations.[61] The
ReaxFF force field[62] incorporates bond order (BO) terms to
describe dynamic bonding behavior, including bond breaking
and formation. BO is derived from empirical functions based
on interatomic distances, and a two-step procedure is used to
calculate it. In the first step, the uncorrected BO, labeled as
BO′, is determined as

BO′σ ,π,ππ = exp
[

pbo1,bo3,bo5 ·
( r

rσ ,π,ππ

)Pbo2,4,6

]
, (4)

where pbo1,bo3,bo5 , pbo2,bo4,bo6 , and rσ ,π,ππ are adjustable pa-
rameters. In the next step, the corrected BO is obtained using
Eq. (5), as in the original ReaxFF

BOi j = BO′i j · f1(∆
′
i ,∆
′
j) · f4(∆

′
i ,BO′i j) · f5(∆

′
j,BO′i j), (5)

where f1, f4, and f5 are empirical functions defined in
Ref. [62], and ∆ ′i and ∆ ′j are the sums of uncorrected BO over
all atoms neighboring atomi and atom j, respectively.

We reformulated the BO correction function using a fully
connected neural network,[14] represented by

BOi j = BO′i j · fnn(∆
′
i ,BO′i j,∆

′
j), (6)

where fnn is a small neural network taking ∆ ′i , ∆ ′j, and BO′i j as
input.
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The total energy expressions of ReaxFF and ReaxFF-nn
are given in

EReaxFF
bondi j

= Dσ
e ·BOσ

i j · exp[pbe1(1−BOσ
i j)

pbe2 ]

−Dπ
e ·BOπ

i j−Dππ
e ·BOππ

i j , (7)

EReaxFF-nn
bondi j

= Dσ
e · fnn(BOσ

i j,BOπ
i j,BOππ

i j ). (8)

ReaxFF-nn retains the fundamental formalism of ReaxFF
but demonstrates significantly enhanced computational perfor-
mance. The phonon band structures of graphene calculated
with ReaxFF-nn closely match DFT and other MLPs such as
GAP-20 and PACE (in supplementary Fig. S4).

Prior to MD simulations, the ReaxFF-nn potential was
trained against energies and forces derived from DFT-MD sim-
ulations. The corresponding force error metrics are shown in
supplementary Figs. S5 and S6. DFT calculations were per-
formed using SIESTA[53] with the Perdew–Burke–Ernzerhof
(PBE) exchange–correlation functional and a double-ζ polar-
ized basis set. Training data were generated through three dis-
tinct approaches: (i) DFT-MD simulations at varied tempera-
tures and pressures, (ii) atomic structure scaling (e.g., scaling
the graphene or CNT supercells), and (iii) configurations sam-
pled from classical MD simulations. In the final step, classical
MD simulations were conducted with parameters trained on
existing data. To avoid dataset redundancy, structural subsets
were systematically sampled from MD trajectories via random
selection or extraction of configurations exhibiting anomalous
energy or unphysical bond lengths. This process was repeated
until the interatomic potential met the target performance cri-
teria, using our I-ReaxFF[63] package.

2.5. Phonon spectra

Phonon spectra are highly sensitive to interatomic poten-
tial parameters, making them critical benchmarks for accu-
racy. Phonon dispersion relations offer a convenient means
of validation, as they can be directly compared with first-
principles calculations and experimental measurements. To
evaluate the accuracy of our potential in describing phonon
dispersion, we computed the phonon spectrum across the en-
tire first Brillouin zone of graphene. The phonon dispersion
relations obtained are shown in Fig. 2.

ZO

ZA

TO

TA

LO

LA

Fig. 2. Phonon dispersion curves for the six branches of graphene within
the hexagonal two-dimensional Brillouin zone.

The Brillouin zone of a CNT was constructed by folding
the graphene zone, as shown in supplementary Fig. S7. The
allowed wavevectors are detailed in the supplementary infor-
mation. Figures 3(a)–3(d) show the phonon dispersion rela-
tions of CNT (5,5) calculated using the Phonopy tool[54] with
the AIREBO, GAP-20, Opti-Tersoff, and ReaxFF-nn poten-
tials, respectively. Figure 3(e) presents the results obtained
from force constants extracted via first-principles calculations
using SIESTA.

AIREBO Opti-Tersoff GAP-20 DFTReaxff-nn
(a) (b) (c) (d) (e)
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Fig. 3. (a)–(d) Phonon dispersion curves of CNT (5,5) obtained from force constants calculated using the AIREBO, GAP-20, Opti-Tersoff, and
ReaxFF-nn interatomic potentials, respectively. (e) Phonon dispersion curves from DFT calculations using the SIESTA package with the PBE
functional and a double-ζ basis set.

Compared to empirical potentials such as AIREBO[64]

and Opti-Tersoff,[65] GAP-20,[66] and ReaxFF-nn exhibit bet-

ter agreement with the DFT-calculated phonon dispersion for

the lower-frequency modes, particularly providing more accu-

rate fitting near the upper limit of the optical branches. The

phonon density of states of a (5,5) carbon nanotube, computed

with the Opti-Tersoff potential, our ReaxFF-nn potential, and

DFT, is compared in supplementary Fig. S8.

2.6. Thermal conductivity calculations

Thermal conductivity of graphene was calculated using
two primary approaches: (i) solving the Boltzmann transport
equation (BTE) with higher-order force constants, and (ii) ap-
plying the NEMD method according to Fourier’s law. Fig-
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ure 4(a) compares the thermal conductivity of samples with
varying lengths, presenting NEMD simulation results along-
side BTE calculations using higher-order force constants com-
puted from different interatomic potentials. For clearer trend
comparison, all data were normalized to the thermal conduc-
tivity value of a reference sample with length L = 853 nm.

Additionally, lattice thermal conductivity was calculated
using the ALAMODE[55] code with a q-mesh of 64×64×1.
The comparison reveals that ReaxFF-nn and GAP-20 exhibit
good agreement with the thermal conductivity predicted by the
NEMD method in the range 0–200 nm. This consistency arises
because the relaxation time approximation (RTA) treats Nor-
mal (N) scattering as a purely resistive mechanism. At small
length scales, phonon transport is primarily ballistic, exhibits
only weak phonon–phonon coupling, and thus has minimal
impact on thermal conductivity.

Figure 4(b) illustrates the cumulative contributions of
phonons to the total thermal conductivity across different fre-
quencies, calculated using the AIREBO, Opti-Tersoff, GAP-
20, and ReaxFF-nn interatomic potentials. The AIREBO

potential shows the largest deviation compared to the other
three potentials, and previous studies have reported that ther-
mal conductivity predictions using AIREBO are generally
lower than those using the Opti-Tersoff potential. At around
10 THz, cumulative thermal conductivity contributes approxi-
mately 50% for the AIREBO potential, whereas for the other
potentials it is only about 25%–35%. This difference is at-
tributed to the underestimation of phonon contributions by the
AIREBO potential in the 10–20 THz frequency range, result-
ing in an overall lower thermal conductivity prediction. Con-
versely, the results of all potentials exhibit cumulative thermal
conductivity contributions of about 80% around 20 THz, high-
lighting that low-frequency phonons dominate heat transport.

Optical phonon modes with frequencies above 20 THz
contribute little to the total thermal conductivity, and modes
above 30 THz contribute almost no direct heat flux. However,
these high-frequency modes participate in Umklapp scattering
processes, indirectly affecting the magnitude of thermal con-
ductivity.
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Fig. 4. (a) Thermal conductivity (κL) as a function of graphene sample length L. Red squares represent NEMD results obtained using the
ReaxFF-nn potential, while green, blue, yellow, and black curves correspond to RTA calculations with ReaxFF-nn, AIREBO, Opti-Tersoff, and
GAP-20 interatomic potentials, respectively. All thermal conductivity values are normalized by κmax, corresponding to the value at Lz = 853 nm.
(b) Comparison of normalized cumulative phonon contributions computed with different interatomic potentials. The corresponding thermal
conductivity contribution per unit frequency is plotted as a function of frequency in the inset.

3. Results and discussion
3.1. Size effect

Unlike bulk materials, the thermal conductivity of low-
dimensional materials exhibits strong size dependence, a phe-
nomenon known as the size effect.[67] This dependence orig-
inates from enhanced phonon–boundary scattering in con-
fined geometries. Previous studies have demonstrated that
as the length of a graphene sample increases, phonon trans-
port transitions from ballistic to quasi-ballistic and ultimately
to diffusive.[68,69] Specifically, transport is ballistic when the
sample length is significantly shorter than the average phonon
MFP,[70] quasi-ballistic when the length is comparable to the
average MFP, and diffusive when the length substantially ex-

ceeds the average MFP. These distinct transport regimes give
rise to different trends in thermal conductivity.

Inspired by the novel heat transport theory of relax-
ons proposed by Cepellotti et al.,[71] we extended our anal-
ysis of thermal conductivity, which has traditionally been
based on phonon properties, to a relaxon-based perspective
using MD simulation results. Lattice heat transport under
out-of-equilibrium conditions cannot be fully described by
the properties of individual phonons, since scattering pro-
cesses strongly couple phonons with different wave vectors
and branches.[72] A relaxon is a collective excitation com-
posed of linear combinations of nonequilibrium phonon pop-
ulations. In contrast to phonons, different relaxons are mutu-
ally decoupled and do not scatter with each other. As a re-
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sult, relaxons exhibit longer relaxation times in heat transport.
Their propagation velocity approximately represents the speed
of heat propagation, and their MFPs are shorter than those of
phonons. Moreover, while phonons are quanta of vibrational
energy, relaxons act as the true carriers of heat.

Previous studies[24] have shown that when the length
of graphene is shorter than the average phonon MFP, heat
transport is dominated by ballistic conduction, and the ther-
mal conductivity scales linearly with the sample length (L).
In the quasi-ballistic regime, thermal conductivity follows
a power-law relationship with length, expressed as κ ∝ Ln

(0 < n < 1).[73]

Thermal conductivity of a finite-length sample can be ex-
pressed using the phonon–boundary scattering model as

κ(L)−1 = κ
−1
∞ (1+λ/L) , (9)

where κ(L) is the thermal conductivity of a sample of length

L, κ∞ is the intrinsic (diffusive limit) thermal conductivity of

an infinitely long sample, and λ represents the average phonon

MFP.[61]

As shown by the data points in Fig. 5(a), the thermal con-

ductivity of graphene increases linearly with sample lengths

from 21.4 nm to 85.3 nm. From the phonon transport perspec-

tive, this range corresponds to ballistic transport, where the

sample size is smaller than the average phonon MFP.[74] How-

ever, by fitting the quasi-ballistic transport region of graphene

(approximately between 245 nm and 853 nm) using Eq. (9),

we obtained an average phonon MFP of 415.3 nm and a ther-

mal conductivity of 2045.84 W ·m−1 ·K−1 in the diffusive

limit.
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Fig. 5. Thermal conductivity as a function of system size. (a) Computed thermal conductivity of graphene, fitted using Eq. (9) and the power-law
relation κ ∝ Ln (n = 0.39 for graphene, n = 0.24 for CNT (4,4), n = 0.23 for CNT (6,6), and n = 0.23 for CNT (9,9)), respectively. (b) Computed
thermal conductivity of CNT (4,4), CNT (6,6), and CNT (9,9), fitted using Eq. (9) and the power-law relation, respectively. The black line
connects the intersection points of the linear and power-law fits. (c) NEMD data for the thermal conductivity of isolated nanotubes at room
temperature for different sizes and potential models. Reference data are from Maruyama,[35] Zhang and Li,[36] Bruns et al.,[39] Diao et al.,[61]

Wang et al.,[68] Cao and Qu,[73] Xu et al.,[74] Thomas et al.,[75] and Pan et al.[76]

These several-fold differences observed between the two

calculation approaches prompted us to reflect on the definition

and theoretical framework of relaxons. From the perspective

of relaxons as heat carriers, we examined the time required for

graphene to reach thermal steady state[77] (i.e., when the tem-

perature gradient no longer increases with simulation time) at

various sample lengths. As shown in supplementary Fig. S2,

this time exhibits an approximately linear relationship within
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the specified size range. Therefore, we considered the inter-
section point between the linear fit and power-law fit as the
average MFP of relaxons, while the MFP obtained from fit-
ting Eq. (9) corresponds to phonons with a larger theoretical
average MFP (the fitting results are shown in Table 1).

Diao et al.[61] calculated the size effect on the ther-
mal conductivity of graphene using three different ReaxFF
potentials and found that the thermal conductivity in
the diffusive limit ranged from 759.6 W ·m−1 ·K−1 to
1393.1 W ·m−1 ·K−1. Using the ReaxFF-nn potential, we pre-
dicted a thermal conductivity of 2045.84 W ·m−1 ·K−1. Ta-
ble 2 lists previously reported experimental data for graphene
and CNTs, which are compared with our computational re-
sults. Our predicted value is in good agreement with the exper-
imental data of Xu et al.[74] (1689–1813 W ·m−1 ·K−1) and
Cai et al.[78] (2500 W ·m−1 ·K−1). The fitted phonon relax-
ation MFP of 415.3 nm is consistent with the results of previ-
ous studies (300–600 nm).[69]

Maruyama[35] and Zhang and Li[36] demonstrated that
the thermal conductivity of CNTs also exhibits graphene-like
power-law scaling behavior with system size. The κ of CNT
(5,5) and (10,10) has been fitted by a power-law relation
κ ∝ Ln (0 < n < 1), with an exponent of n = 0.32 obtained
for CNT (5,5) and an almost length-independent behavior for
CNT (10,10).[35] Zhang and Li[36] performed a similar anal-
ysis for CNT (5,5) and CNT (10,10), yielding exponents of
n = 0.40 and n = 0.36, respectively. Savin et al.[79] also cal-
culated the thermal conductivity of CNTs with three different
diameters and analyzed the size dependence using a power-
law fitting approach. In addition, Cao and Xu[73] investigated
the size dependence of thermal conductivity in graphene and
CNTs with different diameters and found that the data for all
systems could be described by the same scaling relation, yield-
ing a common exponent of n = 0.21.

Different from the aforementioned results, as shown in
Fig. 5(b), when fitting our data using the same scaling relation,
a distinct trend is observed. For graphene, the fitted exponent
is n = 0.39, whereas for CNTs with various diameters, n is
approximately 0.23, showing a slight decrease as the diameter
increases.

Notably, the power-law exponent obtained for CNTs in
this work is smaller than those reported by Maruyama[35] and
Zhang and Li[36] We attribute this discrepancy primarily to
the different fitting procedure and fitting range. Linear fitting
is applied for CNTs at smaller lengths, while longer CNTs are
fitted with the power-law formula, following a methodology
similar to that adopted by Cao and Xu[73] Additionally, the
use of different interatomic potential models may contribute
to this difference, as discussed in the previous section regard-
ing variations in phonon spectra.

The thermal conductivity from simulations[35,36] with

Tersoff 1989[80] and Brenner[81] potential for CNT (5,5) ex-
ceeds that of CNT (10,10), whereas the Opti-Tersoff potential
gives a different conclusion,[39,73] showing that the thermal
conductivity of CNT (5,5) remains lower than that of CNT
(10,10) up to a length of approximately 2400 nm. Consider-
ing that the Opti-Tersoff and ReaxFF-nn potentials give bet-
ter performance on phonon structures and force calculations,
the corresponding thermal conductivity calculations are more
reliable.[82] Interestingly, Bruns’s[39] study revealed that at
much larger lengths (exceeding 5 µm), the thermal conduc-
tivity of CNT (4,4) increases more rapidly than that of CNT
(10,10). Experimental findings by Zhao et al.[28] demonstrate
that the thermal conductivity of CNTs increases monotonically
with diameter, a trend consistently captured in our and Cao’s
NEMD simulations[73] within the accessible length range.

As shown in Fig. 5(c), thermal conductivity values ob-
tained using the ReaxFF-nn potential are generally higher
than those obtained with the Brenner potential,[81] the
REBO potential (Brenner II),[75,76] and the traditional ReaxFF
potential,[61,83] but lower than those predicted by the Opti-
Tersoff potential[68,74] and Tersoff 1989 potential.[80] To fa-
cilitate a direct comparison with other reported values, results
from Zhang and Li,[36] which originally employed a cross-
sectional thickness of 1.44 Å, were re-calibrated using a stan-
dard thickness of 3.4 Å. Regarding the size effect, thermal con-
ductivity calculated using the REBO potential converges when
the size is below 1 µm, while the traditional ReaxFF potential
shows a relatively uniform growth rate on a logarithmic scale,
without exhibiting any convergence trend within the calculated
range.

Strikingly, thermal conductivity predicted by REBO po-
tentials decreases with increasing diameter, and the predicted
thermal conductivity of graphene is lower than that of CNTs,
which is distinct from most theoretical results. Drawing on the
study by Si et al.,[82] this discrepancy can be attributed to the
underestimation of the frequency range and high-frequency
peak of the ZA and ZO modes inherent in the REBO and
AIREBO potentials. This localized vibrational deficiency
leads to a substantial underestimation of thermal conductiv-
ity in larger-diameter CNTs and graphene, where these out-of-
plane modes play a dominant role in heat transport.

Using the fitting in Eq. (9), the phonon average MFP for
the three CNTs was obtained as 76.48 nm, 78.93 nm, and
90.06 nm, which are in close agreement with the 100 nm value
calculated by Hone et al.[84] The fitted diffusive thermal con-
ductivity of CNT (9,9) is 980.15 W ·m−1 ·K−1. From Ta-
ble 2 and Figs. 5(b) and 5(c), it is observed that this value
is closer to the thermal conductivity measured by Kazuki
Yoshino for CNT (9,8) (1166± 243 W ·m−1 ·K−1)[85] and
by Feng et al.[86] for CNTs with a diameter of 1.88 nm
(1439 W ·m−1 ·K−1) compared to other potentials. Although
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experimental measurements for CNT (4,4) and CNT (6,6) are
limited, our results are in good agreement with previous com-
putational results obtained using the NEMD method, as shown
in Fig. 5(c). Based on the intersection point of the power-law
and linear fits, the average MFP of relaxons for CNT (4,4),
CNT (6,6), and CNT (9,9) is 187 nm, 171 nm, and 152 nm, re-
spectively, whereas the relaxon MFP for graphene is 84.61 nm.

As shown in Table 1, the size effects of graphene and
CNTs with different diameters from both the relaxon and
phonon perspectives are studied using two fitting methods.
This analysis reveals a distinct trend: the average MFP
of relaxons (λrelaxon) monotonically decreases from smaller-
diameter CNTs to graphene. In contrast, the average phonon
MFP (λphonon), obtained from fitting Eq. (9), exhibits an op-
posite trend.

Table 1. The extrapolated average phonon MFP, relaxon MFP, and diffu-
sive thermal conductivity of graphene and CNTs.

Sample κ∞ (W ·m−1 ·K−1) λphonon (nm) λrelaxon (nm)

CNT (4,4) 678.52 76.48 187.68
CNT (6,6) 803.63 78.83 171.95
CNT (9,9) 980.15 90.86 152.25
Graphene 2045.84 415.30 84.61

Table 2. Previously reported values on thermal conductivity of graphene
and CNTs near room temperature. Here, ‘∼’ indicates an unknown size.

Diameter (nm) Size (µm) κ (W ·m−1 ·K−1) Refs.

1.15 10–12 1166 [85]
1.36 25 1651 [91]
1.7 2.6 3300 [92]
1.8 41 2400 [93]

1.88 10 1439 [86]
2.4 2 3600 [94]

2.59 ∼ 1981.2 [28]
3 2.76 2000 [95]

Graphene ∼ 2500 [78]
Graphene 9 1689–1813 [74]

This result is consistent with the findings of Zhou et
al.,[87] where CNTs exhibit longer carrier lifetimes compared

to graphene due to reduced scattering. Consequently, relaxons
are recognized as the primary heat carriers, and their lifetimes
increase progressively from graphene to smaller-diameter
CNTs, assuming the sound velocity remains unchanged. This
observation aligns with the conclusions of Jensen et al.[88]

and Liang et al.[89] that rolling two-dimensional materials into
nanotubes extends carrier lifetimes.

Radial vibrations increase with nanotube diameter. In
smaller-diameter CNTs, out-of-plane vibrational modes are
strongly suppressed by high curvature and spatial confine-
ment. As the structure approaches the planar geometry of
graphene, these out-of-plane radial vibrations are enhanced.
With increasing tube diameter, these modes partially evolve
into flexural ZA branches, which are the dominant contributors
to the thermal conductivity of graphene.[73,90] This evolution
effectively compensates for the reduction in carrier lifetime,
resulting in higher thermal conductivity in larger-diameter
CNTs. Hence, while longer carrier lifetimes in small-diameter
CNTs are beneficial, the restricted vibrational spectrum lim-
its overall heat transport. Conversely, the enhanced radial vi-
brational contributions in larger-diameter CNTs substantially
improve thermal conductivity, achieving superior heat conduc-
tion performance.

3.2. Diameter-dependent thermal conductivity in CNTs

By comparing armchair SWCNTs of different diameters
at a fixed length, we found that their thermal conductivity is
lower than that of monolayer graphene at the same length.
However, as the diameter increases, the thermal conductiv-
ity gradually approaches that of graphene. Notably, recent
experiments[28] indicate that the rate of increase slows for
larger-diameter nanotubes.

This trend can be attributed to two main factors. First,
phonon DOS analysis shows that increasing the diameter
induces a blue shift in high-frequency modes and a red
shift in low-frequency modes, reflecting a phonon harden-
ing effect as reported by Kodama et al.,[96] Parrish et al.,[97]
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Fig. 6. (a) Thermal conductivity of SWCNTs as a function of tube diameter. Blue points represent NEMD simulation results, green points
correspond to fitted values using Eqs. (10) and (11), and the red horizontal line denotes the thermal conductivity of graphene. (b) Variation of bond
length and radial distribution function (RDF) full width at half maximum (FWHM) with SWCNT diameter. Blue points indicate average bond
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and Xiao and Yuan[98] These frequency shifts reduce Umk-
lapp scattering probability, thereby enhancing thermal conduc-
tivity in larger-diameter CNTs. Second, changes in phonon
relaxation time play a role. Increased curvature reduces the
phonon relaxation time,[99] which can be qualitatively cap-
tured by τ = (1− 0.5h/D), where τ denotes the phonon re-
laxation time, h is the effective graphene thickness (0.34 nm),
and D is the nanotube diameter.

The thermal conductivity of CNTs is fitted using

κfit = κg
G(cum)cnt

G(cum)g

(
1− 0.5h

D

)
, (10)

where κg is the thermal conductivity of graphene obtained
from NEMD simulations, G(cum)cnt and G(cum)g are the cu-
mulative phonon DOS of CNTs and graphene up to cum THz,
D is the CNT diameter, and h= 0.34 nm. The cumulative DOS
up to a cutoff frequency cum is defined as

G(cum) =

∫ cum THz
0 dos(ω) dω∫

∞

0 dos(ω) dω
, (11)

where dos(ω) denotes the phonon density of states at fre-
quency ω .

Previous studies[24] have reported that phonons respon-
sible for heat transport predominantly reside in the low-
frequency region (100 GHz to 10 THz). Based on the com-
putational results shown in Fig. 4(b), we therefore selected
20 THz as the cutoff frequency for cumulative contributions.
Using Eqs. (10) and (11), the thermal conductivity of CNTs
with different diameters was fitted and compared with our

NEMD simulation results. The fitting outcomes and their
comparison with NEMD data are presented in Fig. 6(a). Fur-
thermore, compared to graphene, the curvature of CNTs mod-
ifies C–C bond lengths, which can be quantitatively analyzed
via the radial distribution function (RDF).[100] This aspect is
further discussed in the following sections.

3.3. Phonon density of states

Figure 7 shows the low-frequency phonon density
of states (DOS) for CNTs ranging from SWCNT(7,7) to
SWCNT(10,10). As the CNT diameter increases, the peak
in the radial phonon DOS associated with the radial breath-
ing mode shifts to lower frequencies. Specifically, the first
low-frequency peak moves from 2.45 THz in SWCNT(4,4) to
0.64 THz in SWCNT(10,10). Since monolayer graphene lacks
a pronounced peak in this low-frequency range, no direct com-
parison is provided. The nonzero intensity near 0 THz arises
from the fixed boundary conditions applied at both ends.[38]
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Fig. 7. Radial phonon DOS shifts of SWCNTs with chiralities (4, 4), (6,
6), (8, 8), and (10, 10).
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In contrast, high-frequency peaks in the total phonon
DOS shift toward higher frequencies with increasing diame-
ter, as illustrated in Fig. 8. Here, the red line indicates the
progression of peaks from below 40 THz to above 40 THz. A
decomposition of the vibrational modes (Fig. 8) shows that the
radial vibrations of carbon atoms in CNTs correspond to out-
of-plane (Z-direction) vibrations in graphene, whereas tangen-
tial and axial vibrations map to in-plane (X and Y directions)
vibrations. Details of velocity component calculations are pro-
vided in supplementary Fig. S9.

Radial, or out-of-plane, vibrations dominate the low-
frequency phonon DOS, and the first PDOS peak near 1 THz
shifts to lower frequencies as the tube diameter increases. Pre-
vious studies have shown that this component is highly sen-
sitive to the nanotube diameter.[73] Conversely, the difference
between tangential and axial phonon DOS decreases with in-
creasing diameter, approaching the graphene limit, which is a
consequence of reduced curvature leading to near equivalence
of tangential and axial vibrations.

The observed red shift of low-frequency phonon DOS
peaks is primarily attributed to phonon hardening. As the
CNT diameter increases, the acoustic branches shift to lower
frequencies, which reduces phonon scattering rates.[101] Si-
multaneously, high-frequency optical branches exhibit a blue
shift, suppressing Umklapp scattering. The combined effect
of prolonged acoustic phonon lifetimes and diminished Umk-
lapp scattering with increasing diameter contributes to the en-
hanced thermal conductivity of larger-diameter CNTs.

3.4. Bond length analysis

Bond length was characterized by RDF. RDF can be ex-
pressed as

g(r) =
1
ρ0
· ∆N(r)

4πr2∆r
, (12)

where ρ0 is the average number density of atoms, ∆N(r) is the
number of atoms located within a spherical shell of thickness
∆r at a distance r from a reference atom, and 4πr2∆r is the
volume of the shell.

Analysis of RDFs for CNTs with different diameters us-
ing Eq. (12) reveals that, as the CNT diameter increases,
the position of the first peak, which represents the nearest-
neighbor bond length, gradually shifts to a lower value, as
shown in supplementary Fig. S10. This indicates that bond
lengths vary with diameter. A study by Zhang and Zuo[102]

has shown that when graphene is rolled into a nanotube, the
original uniform bond length of 1.421 Å in graphene splits into
two distinct values, d1 and d2, in armchair nanotubes. How-
ever, only one peak corresponding to the bond length could be
identified in the RDF analysis owing to thermal fluctuations.

The full width at half maximum (FWHM) of the RDF
peak reflects crystal stiffness. Figure 6(b) demonstrates that

increasing the nanotube diameter leads to a gradual reduction
in both the C–C bond length and the corresponding FWHM,
suggesting enhanced structural stability. A narrower peak sig-
nifies higher stiffness, which promotes harmonic vibrations
and reduces phonon scattering. Consequently, this leads to
enhanced thermal conductivity.[61] These findings align with
thermal conductivity measurements under high pressure re-
ported by Zhou et al.[103] In contrast, as the tube diam-
eter decreases, the RDF peak broadens relative to that of
graphene, indicating a reduction in stiffness. This increased
anharmonicity enhances phonon scattering, thereby lowering
thermal conductivity in smaller-diameter nanotubes. Analy-
sis of phonon DOS revealed a trend analogous to that ob-
served in studies of strained graphene by Kumar et al.,[104]

where tensile strain shifts phonon modes toward intermedi-
ate frequencies.[105] This suggests that the process of rolling
graphene into a nanotube introduces tensile strains, particu-
larly pronounced in smaller-diameter tubes. As evidenced by
the shift in phonon DOS toward intermediate frequencies, this
strain contributes to a reduction in thermal conductivity. Bond
length shows the most notable change between CNT (4,4) and
CNT (5,5), after which the rate of change decreases. With an
increase in nanotube diameter, both metrics steadily align with
graphene values.

Changes in bond length typically have a strong impact on
the atomic vibrational amplitude relative to their equilibrium
positions. This effect is observed in the significant suppression
of out-of-plane vibrations in graphene under tensile strain.[104]

In CNTs, radial vibrations generally contribute more to ther-
mal conductivity than vibrations in other directions. There-
fore, in this work, we analyzed the material’s deviation from
equilibrium positions by calculating vibrational intensity, es-
pecially radial vibration intensity. The summation method is
similar to that used in spectral energy density analysis,[106] and
the calculation can be expressed as

RBA =

〈(∥∥∥∥∥ 1
N ·B

B

∑
b=1

N

∑
n=1

[r(n,b, t)− r0(b)]
2

∥∥∥∥∥
) 1

2
〉

t

, (13)

where N denotes the total number of unit cells, B is the number
of atoms per unit cell, and b represents the atom index within
each unit cell. The term r(n,b, t) indicates the instantaneous
radial distance of atom b in unit cell n from the tube center at
time t, while r0(b) denotes the time-averaged radial distance
of atom b from the center over the entire simulation. The angle
brackets 〈·〉t indicate averaging over the simulation time. We
refer to this quantity as the radial breathing amplitude (RBA).
The magnitude of RBA corresponds to the intensity of radial
vibrations. As shown in Fig. 9, RBA increases as the CNT
bond length decreases, indicating that heat is transferred more
efficiently through vibrational modes. This is manifested by
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the increase in thermal conductivity with increasing nanotube
diameter.

0.10

0.09

0.08

0.07

R
B

A
 (
A

)

1.428 1.430 1.432 1.434 1.436

Bond length (A)

SWCNT

Fig. 9. Relationship between the radial breathing amplitude of SWCNTs
and its diameter.

3.5. DWCNTs

Kodama et al.[96] obtained the thermal conductivity of the
outer wall of DWCNTs by expanding the inner diameter of
DWCNTs with an equilibrium interlayer spacing, thereby re-
ducing the interlayer distance and inducing deformation in the
outer wall. The minimum interlayer spacing achieved in their
study was less than 2.6 Å. Meanwhile, Zhang et al.[107] con-
structed DWCNTs with interlayer distances smaller than the
equilibrium spacing — down to the minimum configuration of
(7,7)@(10,10) — and calculated their mechanical properties.

In this work, we calculated the overall thermal conductiv-
ity of DWCNTs with different interlayer spacings, including
contributions from both the inner and outer walls. Figure 10
reveals significant deviations in bond lengths between DWC-
NTs and their corresponding isolated SWCNTs. Among the
configurations studied, the DWCNT (5,5)@(9,9) showed the
smallest change, approximately 20 femtometers (fm) for both
inner and outer walls, and achieved the highest thermal con-
ductivity. In contrast, the DWCNT (4,4)@(9,9) exhibited a
contraction of 120 fm in the inner wall and an expansion of
50 fm in the outer wall. The most pronounced bond length al-
terations occurred in the DWCNT (6,6)@(9,9), with an inner
wall contraction of 2100 fm and an outer wall expansion of
2250 fm, resulting in the lowest thermal conductivity. These
variations can be attributed to excessive inter-wall strain. This
strain significantly reduces phonon transport efficiency, caus-
ing the thermal conductivities of all multi-walled nanotubes
to fall below that of the outer tube of the corresponding CNT
(9,9).[108]

As shown in supplementary Figs. S11 and S12, the strong
radial strain in DWCNT (6,6)@(9,9) resulted in the most pro-
nounced difference in phonon DOS between its inner and outer
walls and their corresponding isolated SWCNTs. A notable
phonon softening was observed in the outer wall, while a
corresponding phonon hardening appeared in the inner wall.
However, the low-frequency radial phonon DOS of both walls

decreased compared to that of the corresponding SWCNTs.
Combined with previous studies on thermal conductivity of
DWCNTs,[108] this suggests that inter-wall interactions effec-
tively suppress radial vibrations in both the inner and outer
walls, analogous to the mutual interactions observed in single-
walled carbon nanotube networks.[109] To further understand
this effect, we compared the RBA of the inner and outer walls
in three types of DWCNTs.
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Fig. 10. Comparison of bond lengths between the inner and outer walls
of three different DWCNT configurations and their corresponding iso-
lated SWCNTs. The inset shows the thermal conductivity of the three
DWCNT configurations.

As shown in supplementary Fig. S13, both the inner and
outer walls of DWCNT (6,6)@(9,9) exhibit stronger suppres-
sion of vibrational amplitudes. We attribute this observation
to enhanced van der Waals inter-wall interactions in DWC-
NTs, which increase phonon–phonon scattering and suppress
radial vibrations. These effects reduce the thermal conductiv-
ity of DWCNTs. Moreover, a recent study by Sun et al.[110]

discussed strongly hybridized phonon modes in DWCNTs,
which arise from the degenerate coupling of transverse acous-
tic modes between the inner and outer tubes. Additionally,
supplementary Figs. S11 and S12 show that the inner and outer
walls of DWCNTs exhibit more phonon peaks compared to
their single-walled counterparts, due to interlayer interactions
that cause resonant coupling of atomic vibrations and lead
to mode hybridization. These hybridized modes are distinct
from the vibrational modes of isolated nanotubes, as they arise
from correlated vibrations between the inner and outer walls,
leading to additional peaks in the phonon density of states.
It should be emphasized that the total number of vibrational
modes remains unchanged. Instead, modes that originally ex-
isted separately in the individual tubes become coupled and
can simultaneously appear on both the inner and outer walls.
Therefore, a comprehensive investigation of DWCNTs’ ther-
mal conductivity must consider these modes and their cou-
pling effects on heat transport.
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4. Conclusion
In this study, we employed the ReaxFF-nn MLP com-

bined with NEMD simulations to calculate the thermal con-
ductivity of various carbon materials. For graphene and SWC-
NTs, we revisited the length dependence of their thermal con-
ductivity. The simulation results showed that the average
phonon MFP of graphene is 415.3 nm with a diffusive ther-
mal conductivity of 2045.8 W ·m−1 ·K−1. Although CNTs
have a lower average phonon MFP and diffusive-limit ther-
mal conductivity than graphene, their average relaxon MFP
effectively indicates that heat carriers can propagate longer
distances. We focused on the relationship between the ther-
mal conductivity of SWCNTs and their diameters. Our anal-
ysis revealed that the thermal conductivity of SWCNTs is
lower than that of graphene but gradually approaches it as
the tube diameter increases. Analyses of bond length and
phonon DOS revealed that rolling graphene into CNTs in-
troduces tensile strain, which decreases with increasing tube
diameter; correspondingly, RBA decreases with increasing
bond length. DWCNT (6,6)@(9,9), with the smallest inter-
wall spacing, showed the lowest thermal conductivity due to
enhanced van der Waals interactions that cause pronounced
strain and a marked reduction in RBA. This study offers in-
sights into CNTs and van der Waals materials formed by their
assemblies.
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