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This study investigates the dynamics of discrete memristive FitzHugh—Nagumo (FHN) neural networks. We introduce
a discrete memristor with hyperbolic tangent nonlinearity and incorporate it into neuron models ranging from single neurons
and coupled pairs to complex networks with ring and small-world topologies. Stability and bifurcation analyses reveal
transitions from periodic to chaotic dynamics. A key contribution is the identification of a constant fixed point that remains
invariant across periodic, weakly chaotic, and chaotic regimes. Linear stability analysis of this fixed point provides a
fundamental basis for understanding the system’s dynamical evolution. The fixed point theory explains how memristive
coupling induces diverse synchronization patterns, including stable phase-locking and synchronization—desynchronization
transitions, and further accounts for the emergence of chimera states in ring networks as well as their alteration in small-
world networks owing to long-range connections. Field-programmable gate array (FPGA) implementation successfully
validates the mathematical models, confirming the feasibility of hardware realization. Overall, this work establishes a
theoretical framework linking fixed point properties with firing mechanisms and synchronization dynamics in discrete

memristive FHN neural networks, providing insights into potential applications in neuromorphic computing.
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1. Introduction

Recently, memristors have attracted considerable interest
from the scientific community, primarily due to their ground-
breaking potential applications in neuromorphic computing
and next-generation memory apparatus.!’-?! Beyond these ap-
plications, their unique characteristics have also established
them as a fundamental building block for constructing and
studying complex nonlinear dynamic systems. 3! The theoret-
ical foundation of this circuit element was first established by
Chua in 1971, who postulated it as the fourth fundamental cir-
cuit element characterized by a dynamic relationship between
charge and flux. This seminal concept has since been ex-
panded through the rigorous mathematical modeling of mem-
ristive systems.* In contrast to conventional resistors, mem-
ristors exhibit a distinctive property: their resistance is contin-
gent upon the historical profile of the applied voltage and cur-
rent, a feature known as the “pinched hysteresis loop”. This
non-volatile memory effect is the key mechanism that enables
them to effectively emulate synaptic plasticity within artifi-
cial neural networks. > Specifically, the dynamic adjustment
of memristance can mimic the strengthening or weakening of
synapses, which has been successfully demonstrated in var-
ious models of artificial neural networks to achieve learning

and adaptive capabilities.[”-®!

TCorresponding author. E-mail: chenqilai277 @xtu.edu.cn
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A key model in neuroscience and nonlinear dynamics
is the FitzHugh—Nagumo (FHN) model, developed indepen-
dently by FitzHugh and Nagumo in the early 1960s as a
simplified alternative to the classical Hodgkin—Huxley (HH)
model.”! FitzHugh’s 1961 work!%! introduced a two-variable
system that captures the essential excitability properties of
nerve membranes — including action potential generation and
refractory periods — while drastically reducing the computa-
tional complexity of the original HH framework, which relied
on four variables to describe ion channel dynamics. This sim-
plification was further refined by Nagumo and colleagues,!'!!
who demonstrated the model’s capability to simulate pulse
transmission along nerve axons, thereby validating its abil-
ity to reproduce biological signal propagation with remarkable
accuracy.

The enduring significance of the FHN model lies in
its balance between biological realism and mathematical
tractability. Unlike the HH equations, which require solv-
ing complex sets of nonlinear differential equations, the FHN
model uses a pair of coupled equations to describe mem-
brane potential dynamics and recovery processes. This sim-
plicity has enabled its widespread application across diverse
fields: from studying neuronal excitability and synchroniza-
tion in neural networks to modeling cardiac rthythms and de-
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signing artificial excitable systems. Recent extensions have
incorporated more complex dynamics, particularly through
the integration of memristors, which introduce memory ef-
fects and rich nonlinearity. This has led to the exploration
of advanced systems such as fractional-order memristive hy-
perchaotic systems,[!?] while He et al.!'3 contributed to the
modeling of discrete fractional memristors, thereby expand-
ing the mathematical framework for such systems and further
broadening the relevance of FHN-based models to contempo-
rary nonlinear research.

The introduction of memristive synapses into the FHN
model has opened new avenues for studying complex neural
dynamics. The seminal work by Muthuswamy and Chual!'4l
on simple chaotic circuits paved the way for understanding
nonlinear dynamics in memristive systems. Subsequent re-
search by You et al.!">! further demonstrated the emergence
of chaotic dynamics in memristor-based FHN neuron models.

The integration of memristors into discrete dynami-
cal systems has concurrently emerged as a prominent re-
search direction, particularly in engineering applications. !¢
Discrete memristive neural networks exhibit rich nonlin-
ear behaviors, making them suitable for applications in se-
cure communication,!!”! intelligent signal processing,''® and
brain-inspired computing.'”) These systems demonstrate re-
markable properties such as multistability and hidden attrac-
tors, which have been extensively studied in various memris-
tive circuits and systems. [20]

Memristors introduce essential nonlinear dynamics into
neural networks, leading to complex behaviors such as multi-
stability, chaotic attractors, and bifurcation phenomena. [>!-?1
The stability and bifurcation analysis in memristor-based neu-
ral networks has been thoroughly investigated by Xiao et
al.,'>! providing important theoretical foundations for the
field. Additionally, research on synchronization aspects has
revealed how memristive neural networks with time-varying
delays can achieve adaptive synchronization.?*!

These properties have been leveraged to enhance memory
retention and synaptic learning in artificial neural networks.
Moreover, the hysteresis characteristic of memristors enables
energy-efficient neuromorphic computing, offering an alterna-
tive to conventional von Neumann architectures. The complex
dynamics of memristor-based neural networks and their po-
tential for advanced computing applications have been further
demonstrated in various studies.*!

While continuous-time FHN models have been exten-
sively studied, their discrete counterparts have received less
attention. However, discrete models provide significant com-
putational advantages for digital signal processing and hard-
ware implementation. Furthermore, the discrete FHN model
significantly extends classical neural models by incorporating

memristive synapses. This integration introduces novel non-

linearities and memory effects, leading to complex dynami-
cal behaviors — including multistability and chaos — that ne-
cessitate rigorous mathematical analysis,?%! particularly in the
context of their applications to neuromorphic computing.>”!

The collective behavior of neural networks, a canonical
example of complex systems, emerges from nonlinear inter-
actions between neurons. Of particular interest are the syn-
chronization phenomena and diverse oscillatory patterns that
arise from local synaptic coupling. The network topology,
such as ring or small-world structures, plays a crucial role in
shaping these global dynamics. For instance, Ma et al.[*8! re-
cently constructed a ring-star neural network with small-world
characteristics, demonstrating how the strengths of ring and
star coupling non-monotonically regulate network synchro-
nization behavior, thereby highlighting the critical role of net-
work topology in synchronization dynamics.

Recent studies have further expanded our understanding
of memristive neural networks. Ma et al.[*! reported synchro-
nization coexistence in Rulkov neural networks based on lo-
cally active discrete memristors, while Lu et al.3" systemati-
cally investigated dynamical behaviors in discrete memristor-
coupled small-world neuronal networks. Concurrently, Wu et
al.BY developed a novel non-autonomous hyperchaotic map
based on discrete memristor parallel connection. These recent
advances motivate the present investigation of the FHN model
with discrete memristive synapses, with particular emphasis
on establishing a unified fixed point theory.

In memristive neural networks, fixed points provide fun-
damental insight into the stability and global organization of
their collective dynamics. Since memristive coupling intro-
duces state-dependent nonlinearity, characterizing fixed points
helps identify controllable dynamical regimes, enabling reli-
able oscillation suppression or synchronization regulation in
neuromorphic systems. Recent studies have emphasized the
role of equilibrium analysis in determining stability bound-
aries and transition routes in neuron networks. 3233

In this context, introducing memristive synapses adds an-
other layer of complexity due to their history-dependent prop-
erties, often leading to richer behaviors such as multistability
and chaos. These phenomena are the focus of this work.

Memristive neural networks introduce additional nonlin-
ear degrees of freedom due to their history-dependent resis-
tance characteristics, leading to substantially richer dynam-
ical behaviors compared to traditional neural models. This
enhanced complexity is evident in both analog implementa-
tions, where circuit realizations of discrete-time memristor

s, 134

models demonstrate unique switching dynamics,** and in

memristor-based spiking neuron models, which provide novel
insights into neural coding strategies and information process-

135

ing mechanisms, 3 offering more biologically plausible im-

plementations of neural computation.
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The interplay between chaotic dynamics and synchro-
nization in memristive FHN networks represents a particu-
larly active research frontier. Previous investigations have
revealed that memristive coupling can induce complex syn-
chronization patterns, including complete synchronization in
identical systems and phase synchronization in non-identical

[36] These systems also exhibit remarkable phe-

counterparts.
nomena such as multistability, where multiple stable states
coexist under identical parameter conditions, and intricate
bifurcation scenarios that govern transitions between dif-

ferent dynamical regimes.?]

The emerging patterns in-
clude phase synchronization, anti-synchronization, and even
chimera states!®¥! where synchronized and desynchronized
populations coexist in coupled neuron models.

These complex dynamical properties are crucial for un-
derstanding biological information processing mechanisms,
where controlled synchronization and desynchronization play
fundamental roles in cognitive functions such as perceptual
integration, attentional modulation, and memory formation

5.3%1 The nonlinear dynamics of memristive neural

processe
networks not only provide insights into neural computation
principles but also enable novel computing paradigms that
leverage their inherent memory and adaptive capabilities for
neuromorphic applications. 40]

To characterize the complex dynamical behavior of mem-
ristive FHN networks, we use a comprehensive analytical
framework that combines Lyapunov exponent (LE) analysis
and bifurcation theory. LEs provide crucial insights into sys-
tem stability and the rate of trajectory divergence or conver-
gence in phase space,!*!! while bifurcation diagrams reveal
intricate transitions between periodic oscillations and chaotic
states under parameter variations.*?] The investigation of syn-
chronization phenomena, particularly in discrete-time mem-
ristive neural networks with time delays, offers additional
insights into the temporal coordination of complex neural
dynamics. ]

The presence of multistability and coexisting attractors
in memristive systems further underscores their relevance in
modeling real-world neural dynamics. These complex dy-
namical features, including chaos and bifurcation patterns,
have been extensively observed in novel discrete memristor-

(441 highlighting the rich behavioral

based neuronal models,
repertoire that emerges from the interplay between memristive
properties and neural dynamics.

The present study focuses on the design and analytical ex-
amination of a discrete memristive FHN network, investigat-
ing its stability characteristics, bifurcation configurations, and
chaotic dynamical behaviors. The research establishes con-
nections between memristive electronics, nonlinear dynami-
cal systems, and neural network theories, providing a theoreti-

cal framework and hardware validation for future bio-inspired

computational systems. The primary contributions, detailed in
subsequent sections, include:

(i) Mathematical formulation of the discrete memristive
FHN network with memristor-based nonlinearities.

(ii) Stability and bifurcation analysis to identify condi-
tions for periodic and chaotic behaviors.

(iii) Proposal and proof of the fixed point concept for the
network’s motion trajectories.

(iv) Verification of chimera states in complex networks
with different topologies.

(v) Field-programmable gate array (FPGA) implementa-
tion validating the mathematical models.

The subsequent content is organized as follows: Section 2
presents the mathematical formulation of the discrete mem-
ristive FHN network. Section 3 designs networks ranging
from single neurons to complex topologies. Section 4 explores
stability conditions, bifurcation structures, LE analysis, fixed
point theory, and synchronization dynamics. Section 5 details
the FPGA implementation and hardware validation. Section 6
provides concluding remarks.

2. Models of the discrete memristor and neuron

This section introduces models of the discrete memristor
and the discrete FHN neuron. Numerical simulations are con-
ducted to elucidate the rich dynamical behaviors exhibited by
these models.

2.1. The model of discrete memristors

Based on the difference operator, the discrete
memristor!!?! can be defined by
V(ta) = M(@(ty)) - i(tn), o

A(p(tn) = K'i(tn)z
where @(t,) is the internal state variable of the discrete mem-
ristor, i(t,) is the input signal, v(¢,) is the output signal, K is a
rate parameter, AQ(f,) = @(t,4+1) — @(¢,) is the forward differ-
ence, and M(-) is the memristance function.
According to the definition of A@(t,), we have

o(11) — @(10) = k- i(to),
P(t) —o(n) =K-i(t1),

(©))
@(tn+1) — @(tn) = K- i(tn),
where n =0,1,2,....
Summing both sides yields the cumulative relation
P(tns1) = @(to) + K Y i(t;). 3)

Jj=0

The system can be further expressed as

P(tat1) = @(t0) + Ki)i(fj)
=
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n—1
= Qo) +x Y i(t;) +Ki(tn) = Q(ta) +Ki(ta).  (4)
Jj=0

Therefore, the discrete memristor can generally be de-
scribed as

{Ww—ﬁﬂwm»i%% )

Q(tns1) = @(ty) + K- i(ty).

The above definition of a discrete memristor is estab-
lished from a mathematical perspective based on the sampling
principle in circuits. We assume that the discrete memristor
characterizes the relationship between discrete-time input and
output signals.

Specifically, in this paper, a discrete memristor with hy-
perbolic tangent nonlinearity is introduced and defined as

{v(tn) = ¢ -tanh(Q(1,)) - i(ta),
O(tas1) = @(ta) + K- i(tn),

(6)

where ¢ denotes the amplitude of the nonlinearity.

This choice of hyperbolic tangent nonlinearity is mo-
tivated by its boundedness and smoothness, which ensure
numerical stability in discrete-time simulations and provide
a biologically plausible representation of synaptic saturation
effects. [4340]

Although the discrete memristor is constructed using the
discrete difference operator, it is also instructive to establish
its correspondence with a continuous memristor model. The
corresponding continuous memristor is defined as

v(1) = ¢ -tanh(o(7)) - i(r),

do(r) _ . 0
dr _n'l(t)7

where v(¢) and () denote the terminal voltage and current,
respectively.

The internal state variable @(z) is proportional to the
charge q(r) that has passed through the device, i.e., ¢(t) =
n [i(t)dr = ng(r). Here, ¢ scales the memristance and 1) is a
scaling factor. This continuous definition preserves the funda-
mental v—i relationship of a memristive system.

To integrate this memristor into discrete neurons, Eq. (7)
is discretized using the forward Euler method with time step
At

®)

{wm:¢me¢m»4wx
O (tay1) =@ (ta) +1-Ar-i(ty).

Let ¥ = nAt. Then Eq. (8) reduces to the discrete mem-
ristor model defined by Eq. (6). Throughout this work, we
adopt k = 1.

The Simulink model of the proposed discrete memristor is
presented in Fig. 1. Let ¢ = 1 and i(z,) = Asin(wnt,). When

A =0.001 and w = 0.001, 0.01, and 0.1, the corresponding
hysteresis loops are shown in Fig. 2(a). It can be observed that
the loop area decreases as the frequency @ increases. Further-
more, when ¢ = 1 and w = 0.001, the hysteresis loops corre-
sponding to A =0.001, 0.005, and 0.01 are shown in Fig. 2(b).

Therefore, the proposed discrete memristor exhibits the
characteristic pinched hysteresis loops and is consistent with
the definition of a generalized memristor.

PR g

Sine wavel

A.2 Productl

Fig. 1. Simulink model of the discrete memristor.

L0 LOM,)
w=0.001— A=0.001

0.5 ) > s 7
7 1 A =0.005
=1 0 = 0 7
< w=01 = A=0.01
B =

—0.5 —0.5

—-1.0 —-1.0
—-1.0 —-0.5 0 0.5 1.0 —1.0 —0.5 0 0.5 1.0

i, (107%) i, (1073)
Fig. 2. Pinched hysteresis loops: (a) @ = 0.001, 0.01, 0.1; and (b) A =
0.001, 0.005, 0.01.

To illustrate the numerical simulation procedure of the
tanh-type discrete memristor, we present the implementation
pseudocode in Algorithm 1. The primary function of this algo-
rithm is to translate the mathematical model of the memristor
into computable discrete steps, thereby enabling simulation of
its dynamic response under input excitation. Using this pseu-
docode, the dynamic characteristics of the memristor can be
accurately reproduced and analyzed.

Algorithm 1 Pseudo code for realizing the memristor.
Input: 7, A, my.
Output: g(n), V(n).
. K «+ length(I);
. q < zeros(1,K);
: V « zeros(1,K);
. forn=1to K do
mg < mo+I(n);
q(n) < my;
V(n) < A*tanh(q(n))*I(n);
end for

NN S D

2.2. The discrete FHN neuron

The FHN model is a well-established mathematical
model in neuroscience and serves as a simplified version of
the HH model, capturing spiking behavior in neuronal elec-
trical currents. The continuous-time FHN model is expressed

060502-4
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as
dx 1
E T §X3 _y+Iext7 (9)
9—8 x—l—é—l
dr a @)

where x denotes the membrane potential (action potential), and
y is a recovery variable that modulates x. I.x represents exter-
nal excitation, while a and b are control parameters. Since the
parameter € multiplies all terms on the right-hand side of the
second equation, y evolves more slowly than x. Both variables
are dimensionless, with scaling relations x = (V — Vp)/V; and
y= (W —Wp)/Ws, where V and W are physical quantities, Vp
and W, are reference values, and Vi and W; are scaling factors.

Applying the forward Euler method, the system is dis-

(a) 0.15 (b) 5
=~ 0

0.1
-5

=~ 0.05
(©) 0.2

0
=50
-0.05 0.2

2 -1 0 1 2 3
y

cretized as

K1) = w(a0) + B (x(00) — 3x(0)* (0 + )
= (14 h)x(ty) +h< - éx(tnﬁ —y(t) +Iext>
= lx(tn) +ap| — %x<tn)3 _)’(tn) +Iext),
1 b (10)
¥(tns1) = (1) + he (x(12) = ~y(1)+ =)
- (1 — hae) Y(ty) + %’s (ax(tn) +b)
= aZIY(tn) + 002 (ax(tn) + b) y

The forward Euler
method ensures numerical stability and aligns with recent

where «; are adjustment coefficients.

studies on discretization of nonlinear neuronal dynamics.*”]

I I
0 100 200 300 400
n
0 100 200 300 400
n

Fig. 3. Phase portrait of the discrete FHN neuron for a = 0.4, b = 0.3, and Iox; = 2.0.

0.2 0.4 0.6
a

0

(b) 1 T T T T T
0 L
0
sl
2+
3 . \ . . .
0.2 0 02 04 06
a

Fig. 4. (a) Bifurcation diagram and (b) LEs of disFHN with the system parameter a varying and k = 0.01, b = 0.3, Ix, = 2.0.

When o1 =1, aip =1, op; = —0.1, and opy; = 0.1,
the system reduces to a generalized discrete FHN neuron
model 48]

1 3
gxn —Yn + lext,

Vo1 = 0.1 (ax,, +b) —0.1y,.

Xp4+1 = Xn —

1)

Here, parameter @ modulates the nonlinear interaction strength
within the neuron, influencing the amplitude and frequency of
action potential oscillations, while b serves as a bias term af-
fecting the baseline state and range of potential changes. Simi-
lar to the continuous model, the state variables and parameters
in the discrete model are dimensionless and obtained via scal-

ing.

3. Design of discrete memristive FHN network
3.1. FHN with one memristor

By introducing a memristor into the neuron, the mathe-
matical model of the FHN with one memristor is given by
1 3
Xp4+1 = Xp — gxn —Vn,
+ Iexe + k- tanh (@) (X, —x,—1)
Yut1 = 0.1(ax, +b) —0.1y,,
Oni1 = Qn+ K- (Xn — Xn—1),

12)
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where x,, — x,,_ represents the input to the discrete memristor,
and £ is the coupling strength. The diagrammatic figure of this

model is shown in Fig. 5.

Fig. 5. The neuron with one memristor.

Let w1 = x,,, then the system can be redefined as

1
Xn+l = Xp — gx;’, —Yn +Iext
+ ktanh (@) (xn —X4—1),
Ynt1 = 0.1 (ax, +b) —0.1yy,

Ont1 = Qp+ K- (xn _Wn)7
Wntl = Xp-

13)

To enable quantitative analysis of the dynamic character-
istics (the FHN with one memristor and the coupled FHN sys-
tems), we provide dedicated pseudocode in Algorithms 2 and
Algorithm 3. The core of this code transforms the coupled
dynamical equations of the neuron and memristor into an iter-
ative discrete-time computation process. By simultaneously
solving the evolution of state variables and LEs, it enables
quantitative characterization of the system’s stability, bifurca-
tion structure, and chaotic dynamics. With this pseudocode,
the transition rules of neuronal firing patterns under memris-
tive coupling can be accurately and quantitatively described,
providing a single-neuron-level numerical verification tool for
subsequent network-level dynamical analysis.

Algorithm 2 DiscreteOneMemFHN model.
Input: a, b, Ik, k, init, N.
Output: x,y,w,q,C,Ly.

1: Initialize x,y,w,q,C (length N)
2: x(1) = init(1),y(1) = init(2),w(1) = init(3),q(1) =
init(4)

3: Q =4 x 4 identity matrix, ly; ~lys =0

4: fori=2to N do

5: C(i) = ktanh(g(i—1))(x(i— 1) —w(i— 1))

6  x())=x(i—1)—=x(i—1)3/3=y(i— 1)+ Iex +C(i)
7: y(@i) =—-0.1y(i—1)+0.1(ax(i— 1)+ b)

8 wi)=x(i—1),q(()=q(i—1)+x(i—1)—w(i—1)
9: Compute Jacobian matrix J (4 x 4)
10: [0, R] = QR decomposition(J - Q)
11: ly) ~ lys+ =log(abs(R(1,1) ~ R(4,4)))
12: end for
13: Ly = [ly1,1y2,1y3,lys] /(N — 1)

3.2. The coupled FHNs

This paper constructs a pair of neurons that achieve spike
coupling through memristors. The first neuron follows the
standard FHN model dynamics, while the second neuron is
regulated by its membrane potential. The memristor connect-
ing the two serves as a functional simulation unit for mimick-
ing biological synapses. As a result, the coupled FHNs are

defined by

gx:in —Vint Text,

Viptt =0.1(axi n+b) — 0.1y,

X1+l =X1pn—

1
X2l =X — gxg,,, — Y20+ lext (14)
+ktanh (@) (X2, — X1.0),
Yo+l = 0.1 (axz,n —|—b) — O.Iyz_ﬁ,

Opt1 = @Ot K- (x2,n _xl,n)7

where k is the coupling strength. The system architecture is
shown in Fig. 6, and the pseudo-code for the relevant imple-
mentation process is presented in Algorithm 3.

Fig. 6. The coupled FHNs with one memristor.

Algorithm 3 Realization of the coupled FHNs model.

Input: a, b, Iy, k, init, N

Output: x1,y1,x2,y2.4,C, Ly.

1: Initialize x1,y1,x2,y2, g (length N), C (length N — 1)
2: xI(1) = init(1), yI(1) = init(2), x2(1) =

init(3), y2(1) =1init(4), g(1)=init(5)

O =5 x 5 identity matrix, ly; ~Iys =0

fori=2to N do
C(i—1)=ktanh(g(i—1))(x2(i—1) —x1(i—1))
x1(i) =x1(i—1) =x1(i—1)3/3 =y1(i — 1) + Iexc
y1(i) = —0.1y1(i—1)+0.1(ax1(i— 1) + D)
x2(0) = x2(i— 1) = x2(i — 1)3/3 = y2(i = 1) + Iexe +

Cc@i-1)

9: ¥2(i) = —=0.1y2(i— 1) +0.1(ax2(i— 1) + b)

10: gy =q(i—1)+x2(i—1)—x1(i—1))

11: Compute Jacobian matrix J (5 x 5)

12: [0,R] = QR decomposition(J - Q)

13: Iyy ~ lys+ =log(abs(R(1,1) ~ R(5,5)))

14: end for

15: Ly = [Iy1,ly2,1y3,lys, Iys] /(N — 1)

S A

3.3. FHN network with ring coupling

To systematically investigate the impact of topology on
the dynamics of memristive neural networks, this subsection
constructs a ring coupling structure with regular connections
using memristors, and then derives a small-world network
through a random rewiring mechanism in the next subsection.
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Here, as shown in Fig. 7, we set the number of neurons to
20, and each neuron is connected to two neurons on its left
and right sides to construct a ring coupling. The mathematical
model of the network is given by

1
_ 3
Xin+1 = Xin gxiﬂ Yin Text,

k M
+ ﬁ tanh (QDm) (ZMxi,n - mzz,lxiim,n> s (15)

Yin+1 = 0.1 (axi,n +b) - O'lyi.m

M
Oin+1 = Pin +2Mxi,n - Z Xitm,n-

m=1

Therefore, the mathematical expression of the ring-
coupled network exhibits the symmetry of local coupling. In
this network, each neuron interacts only with the M nearest
neighbors on its left and right sides, respectively. This fea-
ture allows the basic memristive coupling effect to be clearly
demonstrated without interference from a more complex topo-
logical structure.

Fig. 7. FHN network with ring coupling.

Algorithm 4 is used to generate the adjacency matrix of
the ring coupling: it creates an adjacency matrix A charac-
terizing the ring topology (each node is only connected to its
adjacent k nodes) and writes it to a file.

Algorithm 4 Ring network generation.
Input: Number of nodes N, Number of neighbors K.
Output: Adjacency matrix A.
1: A = RingNetwork(N, K) %Generate ring network
2: Writematrix(A) % Write adjacency matrix to file

3.4. FHN network of small-world structure

While the ring coupling reveals the core mechanisms of
memristive coupling, real neural systems typically feature a
combination of local clustering and global connectivity. 44!

To better approximate biological realism, we introduce
a small-world network structure, which is shown in Fig. 8.

This topology retains local information processing capabili-

ties while significantly shortening global communication dis-
tances through a small number of long-range connections, em-
bodying the “low-cost, high-efficiency” optimization principle
observed in biological neural networks.

Here, the small-world network is mathematically defined
by

1
_ 3
Xin+1 = Xin — 53X, = Yin + Text

3

k
— tanh . d:-x;, — .
+ d; an ((pl,n> ( i"Xin jez:’/%ijl) , (16)

Yint1 = 0.1 (axin+b) = 0.1yin,

Qinel = Qipn+di-Xin— ¥ Xjnu,
JEN;

where d; is the degree of the i-th node, representing the num-
ber of connections to its neighboring nodes, and .4; denotes
the set of neighbors of node i.

To construct and simulate discrete memristive FHN neu-
ral networks with a small-world network structure, this study
provides corresponding pseudocodes. Algorithm 5 is used for
small-world network generation, producing an adjacency ma-
trix A that preserves local clustering characteristics while in-
troducing long-range connections with probability p.

Algorithm 6 corresponds to the DiscreteNMemFHN
model. After inputting the relevant parameters, it initializes
node states and memristive variables, and realizes the dynamic
evolution of the multi-neuron network through iterative com-
putations. Finally, it outputs the node states and memristive
coupling weights.

Algorithm 5 Small-world network generation.
1: function SMALLWORLDNET(N, K, p)
2: Initialize N x N sparse matrix A (all zeros). %Build
initial ring topology
3 fori=1toK/2do
4: A += diagonal matrices with offseti and N —
i (elements = 1)

5: end for
: A = A+ AT, %Ensure undirected property
7: This_A = A. % Select nodes to rewire with probability

8: StartVs = {nodes where random(0, 1) < p}
9: for each v, € StartVs do

10: Find old neighbor v; o4 of v (valid connection, no
self-loop, max N tries)

11: Find new node v; pew for v; (no connection, no
self-loop, max N tries)

12: if v5_o1q and v ey are valid then

13: Remove (v,v201d), add (V1,2 new) (maintain
symmetry)

14: end if

15: end for

16: A = This_A return A
17: end function
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Chin. Phys. B 35, 060502 (2026)

Algorithm 6 DiscreteNMemFHN model.

Input: M, a, b, I.x, k, N.

Output: X Y, W.

[mm, ~] < size(M), W < M

. Initialize X,Y, Phi € R™™*N (node states)

- X(5,1),Y(:,1),Phi(:,1) « random(mim, 1)

fori=2to N do

for j =1 to mm do

index < find(M(j,:) # 0), Nod < length(index)
X(ji) ¢ X(joi— 1) = X(joi = 1)/3 = Y (j,i -

1) + Iexe -+ (k/Nod) tanh(Phi(j,i — 1)) (Nod - X (j,i — 1) —

Y X(index,i—1))

AN O o A

8: Y(j,i) < —0.1¥ (j,i—1)+0.1(aX (j,i— 1) +b)

9. Phi(j,i)  Phi(j,i — 1) + (X (index,i — 1) —
Nod - X(j,i—1))

10: W (j,index),W (index, j) —

abs((k/Nod) tanh(Phi(j,i—1))(X(j,i—1) — X (index,i—
1))

11: end for

12: end for

These pseudocodes together form a complete toolchain
for “topology generation—network simulation”, providing sup-
port for studying the complex dynamics of discrete memristive
neural networks.

Fig. 8. A small world network with given number of nodes.

4. Performance analysis
4.1. Fixed points controlled dynamics

We define the function z = x — x> /3 + Ly, Where y is ne-
glected due to its small magnitude relative to Ix¢. Let z=x; the

plots are shown in Fig. 9. It shows that the intersection point
is the fixed point x, (x, = x,+1). The following observations
are made:

@) if x, < x,, then x,11 > x,,

(i) if x, > x,, then x,4+1 < Xx,,.

Regarding the intersection point x,, take x, = x,,+1 = X,
and y, = y,+1 = Yo, then we have

1 5 ax,+b

17
3T a7

—Iext = 0.

Here, x, is related to the values of parameters a and b.

As shown in Fig. 10, when a takes 0.1 (periodic), 0.3
(chaotic), and 0.4 (chaotic), we present the time-series dia-
grams of x, and x,. It is easy to verify that the graphs of

Xpil = Xn — =X — Yo+ lexe and x,41 = x, have exactly one
intersection point, indicating that the fixed point x, is unique.
However, as I increases from 0 to 2, the system exhibits
a phenomenon of transitioning from a single stable point to a
double period, then to a quadruple period, and finally to chaos,
as shown in Fig. 11.

Next, we determine the stability of the fixed point x,,.

Let a = 0.4 and b = 0.3 be the illustrative parameters.
Thus, Eq. 17 transforms to

I 5, 045403

gxo T —Iext = 0. (18)
Meanwhile, the Jacobian matrix of disFHN is
C[1=x2 -1
J= {0.04 —0.1] ’ (19

where I takes values in [—2,2].

Here, two specific scenarios with given values of Iy are
presented:

(1) When Iy = 0, x, = —0.3516. Substituting into ma-
trix J, the eigenvalues are calculated as A; = 0.8446 and
A2 = —0.0682. Since the magnitudes of all eigenvalues sat-
isfy |A;] < 1, this fixed point is stable.

(i) When Iy = 1.2, x, = 1.4970, and the corresponding
eigenvalues are A} = —1.2141 and A, = —0.1269. Because
there exists an eigenvalue with |4;| > 1, this fixed point is un-
stable.

3 3
(a) ?\\{(714- (b)
2 Q'n) 2
1 < S T
x +
0 \ X\ \:‘ 0
-1 -1
m(n+2)\
-2 -2
-2 -1 0 1 2 3 -2 -1 0

T

1 2 3 -2 -1 0 1 2 3

Fig. 9. Iteration map diagram of disFHN with £k = 0.01, b = 0.3, Ixy = 2.0, and z =x. (a) a = 0.1, (b) a = 0.3, (c) a = 0.4.
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Based on the bifurcation diagram of the discrete FHN sys-
tem with respect to the parameter Iy, we define the stability
criterion: for a given Iey, if the magnitudes of all eigenvalues
of the Jacobian matrix are less than 1, the stability indicator
(ST) outputs 1 (stable state); if there is at least one eigenvalue

o S i i,
<R =R =k It
R A R R AR G
UL AU I R

-2
9950 9960 9970 9980 9990 10000 9950 9960 9970 9980 9990 10000 9950 9960 9970 9980 9990 10000
n

Fig. 10. The phase diagram of disFHN with b = 0.3, k = 0.01, and lex; = 2.0. (a) a = 0.1, (b) a = 0.3, (c) a = 0.4.

(a) , > (RO © E2ry
{»/,» 4 A i P 4
<ol B < I s
0+ % S = k) i
B 1%, \é x x- 0 ;:*% %
2 g 2 et
i e i | '
-2 -1 0 1 2 2 -1 0 1 2
0 ‘f “'1?‘ : . . ]\,1] “
| H‘ \ \l | "‘ N
& fropd g
i i
- -d
-4

Fig. 11. The bifurcation and LEs of disFHN with I varying, » = 0.3, and k = 0.01. (a) a = 0.1, (b) a = 0.3, (c) a = 0.4.

whose magnitude is greater than 1, the indicator (SI) outputs 0

The stability diagram of disFHN with respect to Iy is

(unstable state). That is 2 3 Stsziliéy indic;{tq_r )
1, if Al <1 1 b i | 4
if max; |4 <1, :

S1=3 " il (20) < B / @

0, otherwise, x- 0 Eage imans -
where A; is the eigenvalue of the Jacobian matrix as given in 1 A" N ; q

2 -1 0 1 2

N o .51_1Zt:t;le),SI_O(unste;ble). T
AR 2 AR 2ttt b e
2R = Y = P
AN A0 O

- -2 -2
9950 9960 9970 9980 9990 10000 9950 9960 9970 9980 9990 10000 9950 9960 9970 9980 9990 10000
n n n

Fig. 13. The time series of DisOneMemFHN with b = 0.3, k = 0.01, and Iexy =2.0. (a) a = 0.1, (b) a=0.3, (c) a = 0.4.
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self-coupling term ktanh(@,)[x, —x,—1] equals zero. Con-
sequently, the DiscreteOneMemFHN model reduces to the
disFHN model. Therefore, the determination of the fixed point
in the DiscreteOneMemFHN model is completely consistent
with that in the disFHN model and will not be repeated here.
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The time series of DiscreteOneMemFHN are shown in
Fig. 13.

To further validate the fixed point theory and comprehen-
sively characterize the dynamical transitions in the discrete
memristive FHN system, we systematically studied the phase
diagram with respect to the key parameter a, as well as the
bifurcation behavior of k and the LE.

As depicted in Fig. 14(a) for a = 0.1, the system evolves
on a stable periodic orbit. At a = 0.3 (Fig. 14(b)), the tra-
jectory forms a complex, multi-loop structure that remains
bounded but does not repeat, indicating a transition to aperi-
odic dynamics. For a = 0.4 (Fig. 14(c)), the trajectory further
evolves into an irregular, bounded attractor characterized by a
complex visitation pattern in phase space. Critically, the fixed
point x, remains invariant and serves as a reference across all
dynamical regimes — periodic, transitional, and chaotic — vi-
sually affirming its central role as proposed in the fixed point
theory.

Figure 15 presents the phase-specific bifurcation dia-
grams and corresponding LE spectra for parameter a varying
from —0.3 to 0.6 with fixed coupling strength k = 0.01. The
bifurcation diagrams for x(3i+ 1), x(3i +2), and x(3i + 3) re-

veal a clear period-3 structure in certain parameter regions,
indicating the emergence of complex oscillatory patterns. No-
tably, the transition from periodic to chaotic behavior occurs
around a ~ 0.2-0.3, which aligns with our previous stability
analysis of the fixed point. The corresponding LE spectrum
provides quantitative evidence for these dynamical transitions,
with positive LEs in the region a > 0.3 confirming chaotic dy-
namics, and non-positive values for a < 0.2 indicating periodic
or quasi-periodic behavior, thus demonstrating the robustness
of the fixed point theory across different dynamical regimes.
Importantly, the dependence on memristive coupling
strength k (Fig. 16) reveals a counterintuitive regulatory
mechanism: with increasing k, the system transitions from
chaotic to periodic states, specifically entering a stable period-
This ordered
state emergence underscores the suppressive role of mem-

3 regime as evidenced by the negative LEs.

ristive coupling in chaotic dynamics, effectively modulating
neuronal synchronization patterns toward more regular oscil-
latory behavior. Such memristive control provides a mecha-
nism for stabilizing neural activity through appropriate cou-
pling strength tuning, further validating the theoretical frame-
work established in our fixed point analysis.

(a) 0.06 (b) 0.1 (c) 0.15
\Q_:
Ko Fixed ]mi‘!? 01 —~—
T ] : N
0.05 Fixed point
~.0.04 Tixed poiiit s / =
g & \/ £ 0.05
= = = /
0 yd
0.02 X/ 0 Q
-0.05 -0.05
-1 0 1 2 - -1 0 1 2 -2 -1 0 1 2
z(n) z(n) z(n)

Fig. 14. The phase diagram of DisOneMemFHN with b = 0.3, k = 0.01, and lex¢ = 2.0. (a) a = 0.1, (b) a = 0.3, (c) a = 0.4.

x(3i+1)

(c)3

x(3i+3)

-0.2 0

-0.2 0 0.2 0.4 0.6

0.2 0.4 0.6
a

Fig. 15. The bifurcation and LEs of DisOneMemFHN with a varying, b = 0.3, k = 0.01, and Iex; = 2.0. (a) x(3i + 1), (b) x(3i +2), (¢) x(3i + 3),

(d) x(n), (e) LEs.
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(a) 3 (b) 3 (c) 3
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Fig. 16. The bifurcation and LEs of DisOneMemFHN with k varying, b = 0.3, and Iyt = 2.0. (a) a = 0.1, (b) a = 0.3, (c) a = 0.4.

Furthermore, within the coupled FHN neurons, the seg-
ment comprising x| and y; (Neuron 1) constitutes the standard
FHN neuron model, whereas x; (Neuron 2) is driven by Neu-
ron 1 via a memristor. The fixed point for Neuron 2 must

satisfy
1 axy,+b
390 T 2171 + Ioxs + ktanh(@,) (x2.0 — x1.0) = 0. (21)

The key insight is recognizing that the coupling term
C = ktanh(g,) (XQ_D —X] 70)

introduces a bounded perturbation to the fixed point equation.
Since tanh(¢,) € (—1, 1), the coupling term is constrained to

Ce [—k|xlg —x170\7 k|x2_’g —)CLOH. (22)

This bounded perturbation translates to a corresponding
range for x; ,, which can be determined by solving the fixed
point equation at the extremal values of C. The monotonic
relationship between C and x,, ensures a well-defined range
[X2.min,X2,max |- In this context, equation (21) becomes

1 ax +b

,xg i 2,max It + Copiy = 0.

34 11

1 +b 3
axy mi

gx%,min nlui] ~+ Iext + Crmax = 0.

Here, the coupling term C exhibits a monotonically decreasing
relationship with respect to x .

4.2. Synchronization in the coupled FHNs

Simulations with parameters a = 0.1, b = 0.3, Ix; = 2,
and k£ = 0.01 (where Neuron 1 is periodic) reveal two distinct
scenarios for the coupled FHN neurons.

Case 1: As depicted in Figs. 17(a) and 17(b), the cou-
pling term is in a three-periodic state. There is a stable phase
difference between x and xi, satisfying x;; =~ x5 ;1. From

Fig. 17(a), we observe that the trajectories of x; and x, have a
consistent oscillating pattern but with a noticeable phase shift.
Fig. 17(b) shows that the coupling term varies periodically
with two distinct frequency components, consistent with the
double-periodic state description, reflecting the dynamic in-
teraction that leads to the phase lag between the membrane
potentials of the two neurons.

Case 2: When ¢, = @11, Cpin = Cnax = 0, and x1, =
X2, as shown in Figs. 17(c) and 17(d), the two neurons
achieve complete synchronization. In Fig. 17(c), the trajec-
tories of x; and x, almost overlap, indicating that their electri-
cal activities are perfectly aligned. Fig. 17(d) illustrates that
the coupling term rapidly diminishes to zero and stabilizes,
indicating the absence of an effective coupling interaction be-
tween the neurons. In this case, the system behaves as two
separate discrete FHN neuron models that maintain complete
synchronization, highlighting a distinctive attribute of the sys-
tem within the specified parameter regime.

For parameters a = 0.3, b = 0.3, Ix; = 2, and k = 0.01,
x1 exhibits a state of chaos. For the coupled FHN neurons
in this study, let the discrete-time series of action potentials
of the two neurons be x1, and x,, (n = 1,2,...,N, where N
denotes the number of iteration steps). The derivation of the
Phase Locking Value (PLV) is as follows.

(i) Extraction of instantaneous phase: Construct the
analytic signal Xynayyex = hilbert(xg ,) (for k = 1,2) via the
Hilbert transform, and obtain the instantaneous phase by cal-
culating the argument of the analytic signal, i.e.

¢k,n = 4Xanalyt,k7

where /Z represents the argument operation of complex sig-
nals. This step is adapted to the discrete-time sequence
characteristics of the system derived from Euler’s algorithm

(Eq. (11)).
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Fig. 17. The time series of coupled FHNs with a = 0.1, b = 0.3, k = 0.01, and Ix; = 2.0.
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Fig. 18. The time series of coupled FHNs witha = 0.3, 5=0.3, k= 0.01, and I.x; = 2.0. (a) and (b) Case 1, (c) and (d) Case 2, (e) synchronization
to desynchronization in phase, (f) desynchronization to synchronization in phase.
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(ii) Definition of phase difference: Define the phase dif-
ference between the two neurons as

A¢n = ¢1,n - ¢2,n~

(iii) PLV calculation: Quantify phase synchronization
based on the average of complex exponentials, with the for-

mula
1Y
PLV = |— ) el |,
N n=1
where j is the imaginary unit and |- | denotes the complex

modulus. The value of PLV ranges from 0 to 1: when PLV ap-
proaches 1, it indicates strong phase locking (synchronization)
between neurons; when it approaches 0, it indicates phase de-
coupling (asynchronization), which matches the experimental
observation of synchronization—desynchronization transitions
in Fig. 18.

'
Iext = Iext+ Cmax

ext

(b)

Two representative cases are as follows:

Case 1: There is a stable phase difference between neu-
rons, and the PLV oscillates between 0 and 1, as shown in
Figs. 18(a) and 18(b).

Case 2: The phase is initially desynchronized, then en-
ters synchronization, and subsequently reverts to desynchro-
nization, as shown in Figs. 18(c) and 18(d).

We examine the scenario depicted in Fig. 18(c), wherein
the phase transitions from synchronized to desynchronized
states and subsequently returns to synchronization, as illus-
trated in Figs. 18(e) and 18(f). When a = 0.3, b = 0.3,
k=0.01, and Ix; = 2.0, although x; is in a weak chaotic state,
it exhibits a three-period cycle (rise-rise—fall), but the phase
of x, does not follow the peak pattern of x;. According to
Egs. (17) and (23), we have x1, = 1.7887, Cpax = 0.0104,
Ciin = —0.0426, X2 in = 1.7812, x2 max = 1.8088.

w

L2 3i+2

Fig. 19. (a) Bifurcation of disFHN with .y varying, and (b) phase diagram of disFHN with a = 0.3, 5 = 0.3, k = 0.01, and I.x; = 2.0.

In Neuron 2, we can combine the coupling term
ktanh(¢,)(x2 , — X1 ,) and the stimulus current /oy into a time-
varying stimulus current I,,. At this point, the model of Neu-
ron 2 is a discrete FHN (disFHN) model with the time-varying
stimulus current .. Figure 19(a) shows the bifurcation dia-
gram of the disFHN model in the vicinity of Ix¢ = 2. When
Iexe <2, X231, X2.3i+1, and xp 342 (i =0, 1,...) strictly concen-
trate in their respective three regions (red, blue, and green), as
depicted in Fig. 19(b). When I reaches a certain threshold
(e.g., Iext = 2.0 + max(coupling)), x2,, will appear in all re-
gions (including red, blue, and green). Thus, there exists a case
where xo; < x2, and x1; < X1, such that x ;11 > X2, > X2
(membrane potential rises) and xq , > xj ;11 > X1, (membrane
potential rises). Eventually, x5 ;12 < X2 ;41 (membrane poten-
tial falls), and x; ;12 > xy ;1 (membrane potential continues
to rise). This causes x; ,, which was originally in-phase (or
out-of-phase) with x ,, to become out-of-phase (or in-phase).

Therefore, we can analyze that in the coupled FHNs
model, when a = 0.3, b = 0.3, k = 0.01, and I, = 2.0, there
is no stable synchronization or stable phase difference in the
phases of x1 , and x; ,. As the iteration increases, the situation

shown in Figs. 18(e) and 18(f) will repeatedly occur.

When a = 0.4, both x; ,, and x, ,, exhibit chaotic behavior,
as shown in Fig. 20. It is noteworthy that even in this chaotic
state, the theoretical framework remains valid. Although the
state variables of the system are in chaotic oscillation, the core
principles and analyses related to fixed points still hold. This
indicates that in the coupled FHNs system under this param-
eter setting, the fixed point theory demonstrates good robust-
ness — it is not only applicable to stable or periodic states but
also to the analysis of chaotic states.

0 20 40 60 80 100
n

Fig. 20. Time series of the coupled FHNs witha = 0.4, b =0.3, k= 0.01,
and Iy = 2.0.

The synchronization dynamics between the two coupled
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neurons are further elucidated in Fig. 21, which depicts both
the internal state of Neuron 2 (x,—y» plane, top row) and its re-
lationship with Neuron 1 (x;—x; plane, bottom row) for param-
eters @ = 0.1, 0.3, and 0.4. The internal dynamics of Neuron 2,
shown in the top row of Fig. 21, transition from a periodic or-
bit at a = 0.1 to a chaotic attractor at a = 0.4. At a = 0.3,
the phase portrait exhibits a complex structure indicative of
chaotic dynamics, albeit with a less extensive coverage of the
phase space compared to a = 0.4.

The x1—x, plots (bottom row) quantitatively reveal the
synchronization regimes. For a = 0.1, the trajectory collapses
onto the diagonal line (x; = x7), confirming the state of com-
plete synchronization between the two neurons, corresponding
to Case 2 described in the text. At a = 0.3, the pattern diffuses
into a complex, bounded cloud, signifying the breakdown of
stable phase locking and the onset of intermittent synchroniza-
tion, which aligns with the synchronization-desynchronization
transitions observed in the time series and PLV analysis. Fi-
nally, for a = 0.4, the points spread widely, filling a broad
region, which is characteristic of desynchronized chaotic dy-
namics.

To comprehensively characterize the coupled memristive
FHN system, we focus on the second neuron (x;) driven by
memristive coupling, as the first neuron (x;) follows stan-
dard discrete FHN dynamics previously established. Figure 22
shows the bifurcation diagram and LEs of x, versus parame-
ter a with kK = 0.01. The choice of kK = 0.01 is representative:
lower k values produce behaviors similar to isolated neurons,
while £ = 0.02 yields qualitatively comparable patterns, and
k > 0.03 often leads to numerical divergence. Thus, k = 0.01
effectively captures memristive effects while ensuring stabil-
ity. The bifurcation reveals periodic regimes (a < 0.2), transi-
tional regions (0.2 < a < 0.3), and chaotic dynamics (a > 0.3),
aligning with the above text.

Figure 23 examines k-dependence across a values. At
a = 0.1 (periodic), coupling modifies oscillations but main-
tains periodicity; at a = 0.3 (exhibiting complex dynamics),
it induces state transitions; and at @ = 0.4 (chaotic), it al-
ters attractor structure without suppressing chaos. These re-
sults demonstrate how memristive coupling regulates dynam-

ics across parameters.

(a) 0.06 (b) 04 = (c) 0.15
5 ‘ ;; e e ——
NUBEE Fixed paints Fixed point ."3 —
BN i I 3 0.1 \(\\
o . 0.05 ¢ e _t\
<0.04 < o < ixed poin
« N & : S
> N o N 0.05 /
S 0 7
AN ( o /
0.02 S . (
N
-0.05 -0.05
4 0 1 2 g 2 ” 0 5
X 2,n X 2.n
3 3 , -
(BRI
i XL i
< . <1 B, S
N N °o & S
> ! < ol e 3 g% K|
e o
° T b
-1 2 H
-1 0 1 2 -2 -1 0 1 2
X1n in .

@) of I'—7"ﬁ
Lo n

m 0.5¢
83
13

o

-1.5 * - ’ *
-0.2 0 0.2 04

a

-0.2 0

Fig. 22. Bifuraction and LEs of the coupled FHNs with a varying, b = 0.3, k = 0.01, and Iz, = 2.0.
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(b) 3
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k

Fig. 23. Bifuraction and LEs of the coupled FHNs with k varying, b = 0.3 and Iox; =

4.3. Chimera states in the FHN network with ring struc-
ture

For a = 0.1, the network with ring structure does not man-
ifest complete synchronization; instead, phase synchroniza-
tion emerges in clusters, and as the iteration count n increases,
the system approaches a periodic state (refer to LEs < 0 for
most neurons), as depicted in Fig. 24. In the computation of
the fixed point x; , for this system, the chosen coupling term is

max [tanh(q),-,n) (4)6,"" — 231:1 xitm,n)] )
C= 24)

min [tanh((pi,n) (4xip — Y2, xi:tmﬁ)] )

where i = 1,2,...,20.
(a) 3
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Fig. 24. (a) Trajectories and (b) coupling strength of ring coupling with
a=0.1,b=0.3,k=0.01, and Ix; = 2.0.
For the convenience of observation, we select nodes 1 to
5 for analysis. In the calculation of the fixed point x;, here, i
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=
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2.0.(@a=0.1,(b)a= 0.3, (c) a = 0.4.

in the selected coupling term takes values from 1 to 5. When
a = 0.3, the phases of node 1 (blue) and node 3 (red) change
from desynchronization to synchronization. This behavior is
similar to that observed when a = 0.3 in the coupled FHNs
and will not be repeated here. When a = 0.4, the system en-
ters a chaotic state, but the theory regarding the fixed point still
holds, as shown in Fig. 25.
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Fig. 25. Times series of ring coupling with b = 0.3, k = 0.01, and
Iext = 2.0. (a) a = 0.3, (b) desync-to-sync transition in phase, (c) a = 0.4.

Given the above nodal behavior (the coexistence of syn-
chronous and asynchronous dynamics), we identify this as
a chimera state. We present the coupling strength between
nodes, the iteration values of each node, as well as LEs and
bifurcation diagrams varying with a, as shown in Figs. 26 and
27.

The figures in Fig. 27 are organized in descending order,
These
figures illustrate the interplay between the network coupling

corresponding to a = 0.1, 0.3, and 0.4, respectively.

matrix and the spatiotemporal dynamics of chimera states. As
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observed in Figs. 26 and 27, when a = 0.1 or a = 0.3, the
entire network exhibits a chimera state. In this regime, dif-
ferent neuronal nodes simultaneously display both phase syn-

chronization and asynchrony. Conversely, when a = 0.4, the
chimera state breaks down, and the system transitions into a

chaotic regime.
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Fig. 26. Bifuraction and LEs of ring coupling with b = 0.3, k = 0.01, and Ixc = 2.0. (a) LEs with a = 0.1, (b) LEs with a = 0.3, (c) LEs with

a = 0.4, (d) bifuraction of node 1, (¢) LEs of ring coupling.
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Fig. 27. Coupling strength matrix and chimera state in ring coupling with
b=0.3,k=0.01, and Iox = 2.0. (a) and (b) @ = 0.1, (c) and (d) a = 0.3,
(e) and (f) a = 0.4.

4.4. Local high-coupling clusters in small-world network

Starting from the ring-coupled network, we rewire con-
nections between nodes with a probability of p = 0.8. This re-
connection procedure modifies the initial regular topology of

the ring structure, introducing a degree of randomness while
preserving elements of the original connectivity. The elevated
reconnection probability of p = 0.8 implies that most nodes
will form new connections extending beyond the conventional
ring structure, potentially yielding a topology resembling a
small-world or random network. Such alterations to the net-
work’s structure are anticipated to exert a substantial influence
on the network’s dynamical behavior, including the genesis
and evolution of chimera states.

The small-world network retains local high-coupling
clusters (for example, node 5) and exhibits random long-range
shortcuts (such as node 3 and node 13), combining the clus-
tering property of the ring structure with the short-path char-
acteristic of the small-world network. When a = 0.1 and
a = 0.3, the network shows a chimera state with coexisting
synchronous clusters and asynchronous regions, with an in-
crease in a reducing the synchronous region. When a = 0.4,
the chimera state disappears, and the system fully enters a
chaotic state, as shown in Fig. 28. The observed chimera
states can be attributed to memristive heterogeneity-induced
symmetry breaking. Although all neurons share identical pa-
rameters, the history-dependent memristive states ¢;, create
effective heterogeneity through the state-dependent coupling
ktanh(¢; ,). This dynamic heterogeneity enables the coexis-
tence of coherent and incoherent clusters: neurons with sim-
ilar memristive states tend to synchronize, forming coherent
domains, while those with divergent memristive states remain
incoherent. This mechanism aligns with established chimera
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theory,P%31 where symmetry breaking — whether through
parameter heterogeneity or, in our case, dynamic state hetero-
geneity — underpins the formation of coexisting coherent and
incoherent domains. The modulation of chimera patterns in
small-world networks further demonstrates how topological
constraints interact with this memristive symmetry-breaking
mechanism.
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Fig. 28. Coupling strength matrix and the chimera state in small-world
network with b = 0.3, k = 0.01, and I.x; = 2.0. (a) and (b) a = 0.1, (c)
and (d) a = 0.3, (e) and (f) a = 0.4.

To address the potential influence of small-world rewiring
probability on network dynamics, we systematically varied the
parameter p from 0.01 to 0.8. Interestingly, the fundamen-
tal dynamical regimes remained qualitatively similar across

| Reg x > Compute unit_x —> X,

this parameter range: for a = 0.1 and a = 0.3, the network
consistently exhibited clustered synchronization and chimera
states, while for a = 0.4, chimera states dissolved into chaotic
dynamics regardless of the specific p value. This robustness
suggests that the emergence of chimera states in our discrete
memristive FHN network is primarily governed by the intrin-
sic neuronal dynamics and memristive coupling, with network
topology playing a secondary role in modulating the spatial or-
ganization rather than determining the fundamental dynamical
classes.

5. FPGA implementation
5.1. Implementation methodology

The primary objective of the FPGA implementation is
to provide functional validation of the proposed mathemati-
cal models, confirming their realizability on digital hardware.
The implementation was carried out on a Xilinx Artix-7 FPGA
(XCTA200T-1FBG676C) platform, utilizing the Xilinx Vi-
vado Design Suite for design entry, synthesis, and implemen-
tation.

A high-level architectural diagram of the implemented
discrete FHN is shown in Fig. 29. The design directly reflects
the mathematical formulation of the discrete FHN model. The
core of the system consists of dedicated compute units for
the neuron state variables (x,, y,). These compute units are
implemented as combinational logic blocks that perform the
iterative calculations defined by the discrete equations. The
arithmetic operations within these units are realized using the
FPGA'’s logic resources and built-in DSP slices. Double-
precision floating-point arithmetic is employed throughout to
ensure numerical accuracy consistent with software simula-
tions, prioritizing model verification over hardware optimiza-
tion.

—>| Oscilloscope

| S L,
DAC 8552
| !
} Reg_y > Compute unit_y —> ),
! ———
\ a_ b

Fig. 29. Architecture and experimental platform of the FPGA implementation for the discrete FHN.

The iterative nature of the discrete-time system is man-
aged by a synchronous state machine that controls data flow
between compute units and registers at each time step n. The
output values x, 41 and y,+; are converted to analog signals
via a DACS8552 digital-to-analog converter for real-time visu-
alization on an oscilloscope, enabling direct comparison with

numerical simulation results.

5.2. Numerical validation on hardware

The FPGA implementation successfully reproduces the
rich dynamics observed in software simulations. Fig. 30 con-
firms the chaotic attractor of the discrete FHN system at a =
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0.4, with its phase portrait and aperiodic time series closely
matching the numerical results presented in Fig. 30.

(a) (b)

\h\ ‘ “ H\‘ i i

‘\\
\ HM
o A M GaNLA h‘

Fig. 30. FPGA implementation of disFHN at a = 0.4, b = 0.3, and
Iexe = 2.0. (a) phase portrait in x-y plane, (b) time series of x;,.

(2)

Fig. 31. FPGA implementation of DisOneMemFHN: Phase portraits for
(@) a=0.1, (b) a=0.3, (¢c) a =0.4. Parameters: b = 0.3, Ixy = 2.0,
k=0.01.

(a) ] (b)

Fig. 32. FPGA implementation of the coupled FHNs: x,—y, phase por-
traits with b = 0.3, Iox = 2.0, k= 0.01 (a) a = 0.3, (b) a = 0.4, x;—x7 syn-
chronization plots for (c) a = 0.3, (d) a = 0.4, time series for (e) a = 0.3,
f)a=04.

For the DisOneMemFHN system, the FPGA results
(Fig. 31) qualitatively reproduce the full dynamical transi-
tion governed by the parameter a, ranging from periodicity

(a = 0.1) through transitional chaos (a = 0.3) to fully de-
veloped chaos (a = 0.4), as previously analyzed in Subsec-
tion 4.1.

The synchronization dynamics of the coupled FHN sys-
tem were also faithfully captured on hardware. As shown in
Fig. 32, the x;—x, synchronization plots for ¢ = 0.3 and a =
0.4 exhibit intermittent synchronization and desynchronized
chaotic dynamics, respectively, consistent with their numeri-
cal counterparts, confirming the analyses in Subsection 4.2.

The visual fidelity of all implemented systems under
high-precision floating-point arithmetic confirms that the pro-
posed models can be faithfully executed on digital hardware.
This successful hardware validation establishes the principal
feasibility of deploying the proposed discrete memristive FHN
networks on digital platforms, paving the way for their use in
real-time, brain-inspired computing applications.

6. Conclusion

This study establishes a unified framework for discrete
memristive FHN networks, linking nonlinear dynamics to neu-
romorphic applications.
lighted.

First, a discrete memristor with tanh nonlinearity is intro-

Three key contributions are high-

duced and integrated into FHN neurons, enabling the model-
ing of systems ranging from a single FHN neuron to ring and
small-world networks.

Second, stability and bifurcation analyses reveal that the
parameter a governs transitions from periodic to chaotic dy-
namics. Memristive coupling induces diverse synchroniza-
tion patterns, including phase-locking and synchronization—
desynchronization transitions. The identification of a persis-
tent fixed point — which organizes network activity across
all regimes — provides a theoretical anchor. Physically,
the history-dependent memristive coupling emulates synaptic
plasticity, breaks symmetry, and explains the emergence and
topology-dependent modulation of chimera states.

Third, FPGA implementation validates all models, con-
firming hardware feasibility for real-time applications.

In summary, this work bridges nonlinear theory with
physical mechanisms such as stability and adaptive coupling.
The fixed point theory offers practical control levers: (1) ad-
justing .y stabilizes fixed points and tunes computational dy-
namics; (2) modulating the coupling strength k directs syn-
chronization behaviors, as demonstrated in our bifurcation and
synchronization analyses. These principles provide a roadmap
for parameter-guided design of future neuromorphic networks.
Future work may explore diverse memristor nonlinearities,
time-delay effects, and applications in secure communication
and brain-inspired computing.
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