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Many recent experiments present a novel phenomenon in which some action potentials/spikes fail to conduct along
thin axons, a phenomenon named conduction failure, differing from the common view of faithful conduction. For instance,
the failure rate of spikes increases along the conduction distance, and irregular firing patterns appear in C-nerve fibers
related to pathological pain. However, in the frequently used theoretical model of axons, which contains homogeneous
compartments with electrical coupling, only regular firing patterns and unchanged failure rates are simulated. In the present
paper, an axonal model containing compartments with heterogeneous potassium conductance is considered. First, the spa-
tial heterogeneity induces irregular firing and an enhanced conduction failure rate of spikes at the compartments with large
potassium conductance, closely matching experimental observations. Second, the regularities of the failure are analyzed.
Larger heterogeneity induces more compartments with enhanced failure rates. High frequency of action potentials, weak
coupling currents, and high potassium conductance induce high failure rates. Finally, the current threshold to evoke an
action potential from the damping afterpotential related to Hopf bifurcation is obtained, providing explanations for conduc-
tion failure. For compartments with large potassium conductance, the membrane potential, coupling current, and total ionic
current are low, resulting in a high threshold and an enhanced failure rate. The results provide explanations for the complex
dynamics of conduction failure in the C-fiber and suggest measures to modulate pathological pain.

Keywords: conduction failure, bifurcation and threshold, spatial heterogeneity, irregular firing pattern
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1. Introduction

In the nervous system, nonlinear and spatiotemporal
behaviors play very crucial roles in brain functions and
diseases.[1–3] It is well established that action potentials/spikes
are related to the dynamics of ionic channels such as potassium
and sodium channels, which are described by the Hodgkin–
Huxley (HH) model.[4] In nonlinear dynamics, action poten-
tials originate from bifurcations and/or responses to stimula-
tion with suitable frequency and amplitude. The conduction
of action potentials along axons exhibits spatiotemporal dy-
namics, such as wave propagation, playing a role in transmit-
ting information mediated by action potentials from one neu-
ron to another.[5–10] In addition to ionic channels, the conduc-
tion dynamics of spikes are also modulated by the topology of
axons, which determines the conduction speed and capacity.
For an axon with a large radius, such as the Aδ -fiber (myeli-
nated fiber), each action potential can propagate rapidly, which
has been widely accepted.[6,10,11] However, in an increasing
number of experiments on axons with small radii, such as
the C-fiber (unmyelinated fiber), some spikes fail to propa-
gate to the other end, a phenomenon known as conduction

failure.[12–15] Recently, myelinated fibers have also been iden-
tified to exhibit conduction failure.[16,17] Conduction failure
has been related to multiple functions such as muscle contrac-
tion coordination, peripheral-to-central signal conversion, and
memory decision-making, as well as diseases such as diabetic
hyperalgesia,[13–15] epilepsy,[18] and multiple sclerosis.[19–21]

Therefore, identifying the nonlinear and spatiotemporal dy-
namics of conduction failure is a very important issue.

In theory, the propagation of spikes along C-fibers is de-
scribed by a partial differential equation, such as the reaction–
diffusion equation of the HH model.[22–24] For convenience,
the propagation of action potentials can be described by
a chain network containing compartments/nodes of the HH
model with electrical coupling.[25–27] The propagation dynam-
ics are mainly determined by three factors, as well as other
factors such as temperature[17,28,29] and noise.[30] The three
main factors are the diffusion/coupling current related to the
axonal radius, the dynamics of a node modulated by ionic
channels, and the frequency of action potentials induced by
stimulation at one end of the axon. These three factors have
been widely studied experimentally. For instance, for a C-
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fiber with a small radius, a small coupling strength (gc) re-
sults in a weak coupling current. Consequently, a high con-
duction failure rate was observed in the C-fibers of diabetic
rats,[14,15] which is related to pathological pain. Downregu-
lated expression of potassium (K+) channels can reduce the
conduction failure rate of spikes and is therefore suggested as
a means to alleviate pain.[13–15] Conversely, upregulated ex-
pression of K+ channels can suppress pain. For the third fac-
tor, a high spike frequency induced by pathological factors or
high-frequency stimulation (small period (Ts)) can enhance the
conduction failure rate.[31,32]

In theoretical studies,[26,27,33,34] it has also been con-
firmed that smaller coupling strengths (gc) and higher stim-
ulation frequencies (1/Ts) induce higher conduction failure
rates. Furthermore, decreasing K+ conductance reduces the
conduction failure rate. These results are explained by bifur-
cation analysis and the current threshold required to evoke a
spike from a damping afterpotential associated with a Hopf
bifurcation.[27] Despite these advances, two important experi-
mental phenomena related to conduction failure have not been
well explained. One is the irregular firing pattern, and the
other is the increasing conduction failure rate with conduction
distance.[12] Two typical firing patterns associated with con-
duction failure were observed. One is intermittent conduction
failure, exhibiting an on–off firing pattern, i.e., a train of action
potentials conducts while another train fails to conduct. The
other is that action potentials randomly fail to conduct, result-
ing in an irregular or stochastic firing pattern.[12] In theoretical
models without stochastic factors, only a regular firing pat-
tern is reproduced, and the conduction failure rate remains un-
changed with conduction distance.[26,27,34] When white noise
is considered, the on–off pattern can be explained.[24] How-
ever, the irregular firing pattern associated with random con-
duction failure has not yet been reproduced and explained.
Therefore, revealing the mechanism underlying the irregular
firing pattern, as well as the increase in the conduction fail-
ure rate with conduction distance, is a key issue for under-
standing conduction dynamics. Recently, heterogeneous dis-
tributions of ion channels along axons have been considered in
studies of action potential propagation,[35–45] for example, in
marine invertebrates,[42] rodents,[43,44] and even humans.[45]

The heterogeneity of ion channels affects the efficiency of ac-
tion potential conduction.[46] Therefore, considering the het-
erogeneity of ion conductance along axons may provide a way
to understand the irregular firing pattern associated with ran-
dom conduction failure.

In this paper, to address the two questions related to K+

channels, the spatial heterogeneity of K+ channels along an
axon is considered in a chain-network model. Irregular fir-
ing patterns associated with random conduction failure and
the increasing conduction failure rate with conduction dis-

tance are then reproduced,[12] demonstrating that the spatial
heterogeneity of K+ channels is an important characteristic
of axons.[15,40,47,48] Furthermore, the conduction failure rate
modulated by heterogeneity, K+ conductance, stimulation fre-
quency, and coupling current is investigated through bifurca-
tion analysis and current-threshold calculations. Conduction
failure occurs in isolated compartments/nodes and multiple
consecutive compartments/nodes with large K+ conductance
owing to their high current thresholds. The larger the degree
of heterogeneity, the higher the conduction failure rate, and the
more compartments/nodes exhibit an increasing conduction
failure rate with conduction distance. In addition, higher stim-
ulation frequencies, weaker coupling currents, and larger K+

conductances induce higher conduction failure rates. More-
over, the increasing conduction failure rate is further explained
by the low membrane potential and weak coupling current in
compartments with high K+ conductance. The results closely
match experimental observations,[12,13,15] and are helpful for
understanding irregular firing patterns and the increasing con-
duction failure rate along axons, while providing potential
measures for modulating conduction failure.

2. Models and methods
2.1. The axonal model with spatial heterogeneity of ion

channel

In the present paper, the axon is described as a network
containing many nodes (also called compartments), which are
connected by electrical coupling. Different values of K+ con-
ductance are considered for different nodes to represent het-
erogeneity. The network model with spatial heterogeneity is
as follows:

C
dVi

dt
= INa,i + IK,i + IL,i + Iapp,i + Icou,i,

dxi

dt
= αx (Vi)− (αx (Vi)+βx (Vi))xi,

(1)

where the subscript i represents the node number, as shown in
Fig. 1(a). C is the membrane capacitance. Vi denotes the mem-
brane potential of node i. In the second equation of Eq. (1), xi

represents the gating variables of the Na+ and K+ channels of
node i, namely mi, hi, and ni. In the present paper, i = 1 to N
(N = 100). The five terms on the right-hand side of the first
equation in Eq. (1) represent the Na+, K+, leakage, applied,
and coupling currents, respectively.

The three ionic currents are described as follows: INa,i =

−gNam3
i hi (Vi −ENa), IK,i = −gK,in4

i (Vi −EK), and IL,i =

−gL (Vi −EL). Here, gNa, gK,i, and gL denote the maximal
conductances, while ENa, EK, and EL are the reversal poten-
tials. In particular, the values of gK,i vary with i, which are
used to characterize the heterogeneous distribution of potas-
sium channels along the axon.
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At both ends of the axonal chain model, a node (i = 1
or 100) is coupled to only one adjacent node. Therefore,
the coupling currents are Icou,1 = −gc(V1 −V2) and Icou,100 =

−gc(V100 −V99), where gc is the coupling strength. For other
values of i, Icou,i is given by gc(Vi−1 −2Vi +Vi+1).

The αx and βx in the second equation of Eq. (1) are de-
pendent on Vi and are given as follows:

αm (Vi) =
0.1(25−Vi)

exp
(

25−Vi
10

)
−1

, βm (Vi) = 4exp
(
− Vi

18

)
,

αh (Vi) = 0.07exp
(
− Vi

20

)
,

βh (Vi) =
1

exp((30−Vi)/10)+1
,

αn (Vi) =
0.01(10−Vi)

exp((10−Vi)/10)−1
,

βn (Vi) = 0.125exp
(
− Vi

80

)
.

The parameter values and units are listed in Table 1.

Table 1. Parameters of model.

Parameter C Iapp,i ENa EK EL gNa gL

Unit µF/cm2 µA/cm2 mV mV mV mS/cm2 mS/cm2

Value 1 6.2 115 12 10.599 120 0.3

2.2. Conduction failure rate

To be consistent with experiments,[12] action poten-
tials/spikes are induced at one end of the axon (i = 1–5, re-
ferred to as the stimulation region) in this study, as shown in
Fig. 1(a). The nodes with i = 6–100 are referred to as the
conduction region. The external voltage impulse stimuli ap-
plied to induce action potentials are shown in the top panel of
Fig. 1(b). To ensure that a single stimulus induces a single
action potential, the stimulus pulse is set to a width of 2 ms
and an amplitude of 15 mV, while the period Ts is chosen as
a control parameter. The action potentials of node 5 within
the stimulation region are illustrated in the middle panel of
Fig. 1(b), while those of node 6 within the conduction region
are illustrated in the bottom panel.

Faithful conduction means that each action potential can
propagate from the stimulation region to node i (i = 6 to 100).
If only some action potentials can propagate, conduction fail-
ure occurs. Conduction block refers to the situation in which
no action potentials can propagate to any node i within the con-
duction region. The degree of conduction failure is quantified
by the conduction failure rate (denoted by Ri), which is de-
fined as the ratio of the number of missed spikes to the number
of stimulus pulses. For example, in Fig. 1(b), the number of
stimulus pulses is 8, and 4 spikes are missed at node 6; there-
fore, R6 = 4/8 = 0.5. Ri = 0 for nodes 6–100 and Ri = 1 for

nodes 6–100 denote faithful conduction and conduction block,
respectively. A value of 0 < Ri < 1 for a node with i = 6–100
indicates conduction failure.

APs conduction along axon
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Fig. 1. (a) Schematic map of evoked spikes in the stimulation region and
propagation of spikes along the axon; (b) Top: The external impulse stim-
ulus (width: 2 ms, amplitude: 15 mV, and period Ts). Middle: The action
potentials of node 5. Bottom: Conduction failure at node 6.

2.3. Spatial distribution of conductance of K+ channel

In this study, the conductance of K+ channels in the con-
duction region, gK,i (i = 6 to 100), is inhomogeneous. The
values of gK,i (i = 6 to 100) obey a uniform distribution, i.e.,
gK,i = gK +ηξm,i, where ξm,i (m = 1 or 2) obeys a uniform
distribution between −1 and 1, and gK and η are constants.
Two realizations of ξm,i (m = 1 and 2) are shown in Fig. 2,
where m = 1 corresponds to Fig. 2(a) and m = 2 corresponds
to Fig. 2(b). For both realizations, ξm,i = 0 from i = 1 to 5.
When m= 1, from left to right, ξ1,i exhibits large gK,i values at

50 1001

-1

0

1 i/i/ i/
i/ i/

i/

Node i along axon

(a)

50 1001
-1

0

1
i/

i/

i/i/

Node i along axon

ξ

↪i

ξ

↪i

(b)

Fig. 2. Two realizations of the inhomogeneous K+-channel conductance
distribution for 100 nodes. (a) One realization. (b) Another realization
different from panel (a).
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i = 14, 17, 27, 45, and at several consecutive nodes from 58
to 63. After node 62, there are also some nodes with large
values of ξ1,i. When m = 2, from left to right, ξ2,i exhibits
large gK,i values at i = 12 and 37, and at several consecutive
nodes from 82 to 84. These large gK,i values play important
roles in influencing conduction failure. In this paper, only the
conduction behaviors under two random distributions of gK,i

are presented. The results obtained under other random distri-
butions are similar and are therefore omitted.

2.4. Methods

The equations in this paper are solved using the fourth-
order Runge–Kutta method, and the integration time step is
set to 0.001 ms. In this paper, gK, η , gc, and Ts are treated as

control parameters.

3. Results
3.1. The conduction dynamics change little for axon with-

out heterogeneity

In this section, homogeneous conductance with η = 0 is
considered, i.e., gK is fixed at 42.5 mS/cm2, which is used as
the control case for comparison with the heterogeneous case,
i.e., η > 0.

3.1.1. Unchanged conduction failure rate

The action potentials at nodes i = 3, 8, 35, and 80 with
Ts = 20 ms are shown in Fig. 3(a1). Spikes with a time interval
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Fig. 3. Dynamics for an axon with homogeneous conductance (η = 0), with gK = 42.5 mS/cm2 and gc = 0.080 mS/cm2. Conduction failure
for Ts = 20 ms: (a1) Action potentials at nodes 3, 8, 35, and 80; (b1) Spatiotemporal dynamics for all nodes, where the membrane potential
values are indicated by the color scale. Faithful conduction for Ts = 27 ms: (a2) Action potentials at nodes 3, 8, 35, and 80; (b2) Spatiotemporal
dynamics for all nodes. (c) The changes of Ri with respect to i for Ts = 20 ms (red) and 27 ms (blue). (d) The distribution of Ri for node i = 95
in the plane (Ts, gc).
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of 20 ms appear at node 3 in the stimulation region. However,
for nodes 8, 35, and 80 in the conduction region, one spike out
of every three is missed, indicating the occurrence of conduc-
tion failure. The spatiotemporal dynamics of the 100 nodes be-
tween 300 ms and 600 ms are shown in Fig. 3(a2). The action
potentials (spikes) are depicted by green/yellow/red lines. The
horizontal part corresponds to the stimulation region (i < 6),
and the part with a positive slope corresponds to the conduc-
tion region (i = 6 to 100). In the conduction region, one spike
out of every three fails to propagate along the axon. Ri for
i = 7 to 100 is 1/3. The firing pattern is regular, i.e., one spike
out of every three is missed. The conduction failure occurs
only at node 7, as indicated by the stars in Fig. 3(a2). Then, Ri

does not change within the conduction region, differing from
the experimental observations.[12] The locations of nodes 3, 8,
35, and 80 are marked by red numbers on the coordinate axis
in Fig. 3(a2).

As Ts increases to 27 ms, no spikes fail to propagate at
nodes 8, 35, and 80, compared with node 3, as shown in
Fig. 3(b1), indicating that conduction failure does not occur
and faithful conduction is achieved. As shown in Fig. 3(b2),
all spikes propagate along the axon, exhibiting a time interval
of 27 ms. Then, Ri for i = 6 to 100 is equal to zero. The loca-
tions of nodes 3, 8, 35, and 80 are depicted by the red numbers
on the coordinate axis in Fig. 3(b2).

The changes of Ri with respect to i (i = 6 to 100) are de-
picted in Fig. 3(c), red for Ts = 20 ms and blue for Ts = 27 ms.
The results show that Ri, or the spiking pattern, does not
change along the axon (from i = 7 to 100) for homogeneous
conductance, regardless of whether conduction failure or faith-
ful conduction occurs. In Figs. 3(a1), 3(a2), 3(b1), 3(b2), and
3(c), gc = 0.080 mS/cm2 and gK = 42.5 mS/cm2.

3.1.2. The dependence of Ri for i = 95 on the plane
(Ts, gc)

As illustrated in Fig. 3(c), Ri (i = 7 to 100) for Ts = 20 ms
and 27 ms does not change. Without loss of generality, Ri

for node i = 95 at different Ts and gc is calculated, as shown in
Fig. 3(d). The blue region for R95 = 0 denotes faithful conduc-
tion, appearing for large gc and long-to-intermediate Ts. For
example, the black rightward triangle in Fig. 3(d) represents
faithful conduction with R95 = 0, corresponding to the wine-
colored rightward triangle in Fig. 3(c) for Ts = 27 ms. The
red region corresponds to R95 = 1, i.e., no spikes propagate,
which is called conduction block. Conduction block appears
at small gc. Other colored regions indicate 0 < R95 < 1, i.e.,
conduction failure, appearing in two regimes: one is short Ts

with large gc, and the other is intermediate Ts with intermedi-
ate gc. For example, the black leftward triangle in Fig. 3(d)
represents R95 = 1/3, corresponding to the wine-colored left-
ward triangle in Fig. 3(c) for Ts = 20 ms. For other nodes

in the conduction region, the distribution of Ri on the (Ts, gc)
plane is the same as in Fig. 3(d). However, when heteroge-
neous conductance is considered, the distribution of Ri on the
(Ts, gc) plane differs for different nodes.

3.1.3. Speculation on changes of Ri with respect to i
for axon with heterogeneous conductance of K+

channel

As reported in previous studies on homogeneous
axons,[26,27] conduction failure occurs for large gK, since the
resting membrane potential is lower, due to being farther from
the Hopf bifurcation. It is then difficult for the coupling cur-
rent to induce a spike from the lower membrane potential,
characterized by an increased threshold for evoking a spike.
Since these results can be used to speculate about the prop-
agation dynamics along a heterogeneous axon, they are re-
produced in Fig. 4. An isolated node (Eq. (1) with zero cou-
pling current) exhibits a resting state (stable focus, solid dark
yellow line), which changes to an unstable focus (red dotted
line) with decreasing gK, via a Hopf bifurcation occurring at
gK0 ≈ 31.74 mS/cm2, as shown in Fig. 4(a). In addition, a fold
bifurcation of limit cycles appears around 35.89 mS/cm2, la-
beled as gK1. For the resting state at 42.5 mS/cm2 (labeled as
gK2) and 47.5 mS/cm2 (labeled as gK3), a positive perturbation
can evoke an action potential, as illustrated in Fig. 4(b). The
afterpotential following the evoked action potential is lower
for larger gK. A pulsatile current resembling the coupling cur-
rent is then applied to the damping afterpotentials, and the
threshold current required to evoke a spike is calculated, as
illustrated in Fig. 4(c). The threshold is higher for larger gK,
as depicted in Fig. 4(d). The time coordinate in Fig. 4(d) cor-
responds to the period (Ts) of action potentials along the axon
or the application time of the coupling current. Therefore, in
this study, for a node with large gK,i, it is difficult for a small
coupling current to evoke a spike; consequently, conduction
failure becomes more likely at this node.

For an axon with heterogeneous conductance (η > 0), the
conduction of action potentials becomes difficult for nodes
with large gK,i, according to the results in Fig. 4. Then,
the conduction failure rate Ri increases for nodes such as
i = 14, 17, 27, 45, and 58–62, according to Fig. 2(a) (m = 1).
For axons with heterogeneous conductance (η > 0), the dis-
tribution of Ri on the (Ts, gc) plane for different nodes i
changes with increasing i, which is consistent with experi-
mental observations[12] and differs from the axon with homo-
geneous conductance (Fig. 3(d), η = 0). To ensure that the
axon remains in the resting state, gK,i = gK + ηξm,i should
be larger than the value at the fold bifurcation of limit cy-
cles, appearing around gK1 ≈ 35.89 mS/cm2. Considering
gK = 42.5 mS/cm2, η < 6.6 is required. The detailed results
are addressed in the following subsection.
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Fig. 4. Dynamics of the HH model for an isolated node. (a) Bifurcation with respect to gK. The red dotted line, the green dotted curve, and the
solid dark yellow line represent the unstable focus, the amplitude of the unstable limit cycle, and the stable focus, respectively. The two blue solid
curves in the upper and lower regions represent the amplitude of the stable limit cycle. (b) Lower afterpotential for larger gK3 (green), compared
with gK2 (magenta). (c) A current pulse stimulation (width 2 ms and amplitude 10 µA) applied to the afterpotential (at ∆t = 10 ms) can evoke a
spike. (d) A larger threshold corresponds to larger gK.

Fig. 5. Changes of Ri on the (Ts, gc) plane with respect to i for η = 1.8 and gK = gK2. (a) The distribution of Ri for nodes i = 9, 14, 17, 27,
45, 64, and 95. (b) The upper boundary of the conduction block shifts significantly upward. (c) The lower boundary of faithful conduction shifts
upward for longer Ts.
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Fig. 6. The differences of Ri on the (Ts, gc) plane between pairs of con-
secutive nodes (9 and 14, 14 and 17, 17 and 27, 27 and 45, 45 and 64, and
64 and 95) for η = 1.8 and gK = gK2.

3.2. The complex conduction dynamics along axon with
heterogeneous conductance

For η > 0, i.e., gK,i = gK +ηξm,i (m = 1 or 2), the con-
ductance exhibits spatial heterogeneity. The conduction dy-
namics therefore change with respect to i. For instance, Ri

increases around specific nodes with large gK,i values (such as
i = 14, 17, 27, 45, and 58–62 when m = 1). The dependence
of Ri and the spatiotemporal dynamics on η , Ts, gc, and i is
addressed in this subsection. First, the results for m = 1 are
presented in Subsections 3.2.1–3.2.3, and then the results for
m = 2 are presented in Subsection 3.2.4.

3.2.1. Ri on the (Ts,gc) plane increases with respect to
i

The distributions of Ri for nodes i = 9, 14, 17, 27, 45, 64,
and 95 on the plane (Ts, gc) are shown in Fig. 5(a). Clearly,
the changes in the upper boundary of the conduction block
(red region) with respect to i are shown in Fig. 5(b), exhibiting
an increasing trend (red upward-sloping arrow). The lower
boundary of the faithful conduction region (blue region) for
different i is shown in Fig. 5(c), also exhibiting an increasing
trend (red upward-sloping arrow). Both results indicate that
the conduction failure region (non-red and non-blue region)
shifts toward higher gc as i increases. Therefore, Ri changes
with respect to conduction distance (i), closely matching ex-
perimental observations[12] and supporting the speculation in
Subsection 3.1.3. Here, η = 1.8 and gK = gK2.

The detailed changes of Ri on the (Ts, gc) plane between
consecutive nodes for i = 9, 14, 17, 27, 45, 64, and 95 are
shown in Fig. 6, where the values for smaller i are subtracted
from those for larger i. On each panel, only positive values
(red) and zero (blue) appear, indicating that Ri increases within
the red region. The red region corresponds to the borders of
the conduction failure region and the boundaries between the
conduction block and faithful conduction regions.

3.2.2. Representatives for the irregular firing

As shown in Figs. 3(a1) and 3(a2), for η = 0 and Ts =

20 ms, Ri increases around node 7, which is regarded as the
initial node of the conduction region. However, for η = 1.8
and Ts = 20 ms, Ri changes at two sites. One is around node
7, and the other is at nodes 58–61, indicated by the con-
nected pentagram markers in Fig. 7(a2), corresponding to a

large gK,i. Compared to regular spiking with an interspike
interval of 20 ms for node 3, the nodes 8, 61, and 80 in
the conduction region exhibit irregular firings with long in-
terspike intervals, i.e., conduction failure appears, similar to
experimental observations.[12] Ri for node 61 increases sig-
nificantly compared with node 8. However, Ri for node 80
changes little compared with that of node 61, as shown in
Fig. 7(a1). The locations of nodes 3, 8, 61, and 80 are de-
picted by the red numbers on the x-coordinate in Fig. 7(a2).
As Ts increases to 27 ms, Ri increases only around node 61, as
shown in Figs. 7(b1) and 7(b2). Here, gK = gK2, η = 1.8, and
gc = 0.080 mS/cm2.

More detailed results for the changes of Ri with increas-
ing i for Ts = 20 ms (red dotted marking line) and Ts = 27 ms
(blue triangular marking line) are shown in Fig. 8(a). For long
Ts, Ri increases only around nodes 61–64. For short Ts, Ri in-
creases around nodes 7 and 61. Ri is higher for shorter Ts. As
η increases, Ri increases, which is discussed in the following
paragraphs.

3.2.3. Ri becomes higher for large η

As η increases to 2.5, i.e., the heterogeneity becomes
stronger, the changes in Ri with increasing i for Ts = 20 ms
(red dotted line) and 27 ms (blue triangular line) are shown in
Fig. 8(b). Compared to η = 1.8, two changes are observed.
One is that Ri increases around multiple nodes, such as i = 28,
45, and 60 for Ts = 27 ms and nodes 7, 14, 17, 27, and 60 for
Ts = 20 ms. The other is that Ri becomes higher for larger η .
For instance, the blue curve in the right panel is higher than
that in the left panel, and the red curve shows the same trend.
In particular, Ri for nodes with i > 60 increases to 1, indicat-
ing that conduction block occurs. All firing patterns associated
with conduction failure in the left panels are irregular.

For Ts = 20 ms and η = 2.5, the firing patterns at nodes
3, 7, 14, and 30, and the resting state at node 80 are illustrated
in Fig. 9(a1), and the spatiotemporal dynamics are illustrated
in Fig. 9(a2). As i increases, the number of action potentials
decreases gradually, indicating that Ri increases. As a conse-
quence, Ri for i = 7 is 0.27, for i = 14 is 0.42, for i = 30 is
0.66, and for i = 80 is 1. For Ts = 27 ms, the results are de-
picted in Figs. 9(b1) and 9(b2). Similarly, Ri increases with
increasing i. Ri for i = 14 is 0, for i = 30 is 0.2, for i = 50 is
0.4, and for i = 80 is 1. Additionally, for the same node i, Ri

of conduction failure for Ts = 27 ms is smaller than that for
Ts = 20 ms.

In order to investigate the influence of the heterogene-
ity degree of the axon on conduction dynamics, Ri along the
conduction distance is calculated at six values of η (η = 3.0,
2.5, 2.0, 1.8, 1.5, and 1.0), at different Ts (20 ms, 27 ms,
40 ms, and 50 ms), with gK = gK2 and gc = 0.080 mS/cm2,
as shown in Fig. 10. The results for Ts = 20 ms are presented
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in Fig. 10(a). For small η , such as 1.0 (red) and 1.5 (blue),
Ri changes only around node 7, resembling that of η = 0 to a
large extent. For η = 1.8 (magenta), in addition to node 7, Ri

also changes around node 61 (Fig. 8). For η = 2.0 (olive), Ri

increases at multiple nodes. In addition to nodes 7 and 62, Ri

also increases around node 45. In particular, Ri = 1 appears
for i > 62, meaning that no spikes can be conducted to nodes
beyond i= 63. For η = 2.5 (navy), the nodes with enhanced Ri

become more numerous, such as nodes 7, 14, 17, 27, and 60.

Similarly, Ri = 1 appears for i > 60, meaning that no spikes
can be conducted to nodes beyond i = 61. For η = 3.0 (vi-
olet), Ri increases around nodes 7, 14, 17, 27, and 45. No
spikes can be conducted to nodes beyond i = 45, which shifts
forward compared with node 61 for η = 2.5 and node 63 for
η = 2.0. Furthermore, Ri for i < 61 increases compared with
that for η = 2.5. In summary, for larger η , Ri increases at more
nodes, and overall Ri becomes larger, leading to an enhanced
conduction failure rate.
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Fig. 7. Conduction failure dynamics of an axon with heterogeneous conductance (η = 1.8) for Ts = 20 ms (upper row) and Ts = 27 ms (lower
row). (a1) and (b1) Action potentials at nodes 3, 8, 61, and 80; (a2) and (b2) Spatiotemporal dynamics for all nodes along the axon, where the
membrane potential values are indicated by the color scale. gK = gK2 and gc = 0.080 mS/cm2.
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Fig. 9. Conduction failure dynamics of an axon with heterogeneous conductance (η = 2.5) for Ts = 20 ms (upper row) and Ts = 27 ms (lower row).
(a1) Action potentials at nodes 3, 7, 14, 30, and 80; (b1) Action potentials at nodes 3, 14, 30, 50, and 80; (a2) and (b2) Spatiotemporal dynamics
for all nodes along the axon, where the membrane potential values are indicated by the color scale. Here gK = gK2 and gc = 0.080 mS/cm2.

Fig. 10. Changes of Ri with respect to i at η = 3.0 (violet), 2.5 (navy), 2.0 (olive), 1.8 (magenta), 1.5 (blue), and 1.0 (red) for different Ts. (a)
Ts = 20 ms; (b) Ts = 27 ms; (c) Ts = 40 ms; (d) Ts = 50 ms. gK and gc are gK2 and 0.080 mS/cm2, respectively.
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The results for Ts = 27 ms, 40 ms, and 50 ms are illus-
trated in Figs. 10(b)–10(d). Although Figs. 10(b)–10(d) ex-
hibit similarity to Fig. 10(a) to a large extent, there are still
some distinctions. The similarity is as follows: Ri increases at
more nodes for larger η , and Ri is larger for more nodes, lead-
ing to an increased conduction failure rate. The distinction is
as follows: the number of nodes with enhanced conduction
failure decreases for longer Ts.

3.2.4. The conduction failure for m = 2 (Fig. 2(b))

When another random distribution is considered (m =

2, Fig. 2(b)), the results for Ts = 20 ms are presented in
Fig. 11(a). For small η , such as 1.0 (red) and 1.5 (blue), Ri

changes only around node 7. For η = 1.8 (magenta), in addi-
tion to node 7, Ri also changes around node 82. For η = 2.0
(olive), Ri increases at multiple nodes. In addition to node 6
and node 12, Ri also increases around node 37. For η = 2.5
(navy), the nodes with enhanced Ri become more numerous,
such as nodes 6, 12, 37, and 84. In particular, Ri = 1 oc-
curs for i = 84, meaning that no spikes can be conducted to
nodes beyond i = 84. For η = 3.0 (violet), Ri = 1 occurs
for i > 6, meaning that no spikes can be conducted to nodes

beyond i = 7, which shifts forward compared with node 84
for η = 2.5. Furthermore, Ri for i < 84 increases compared
with that for η = 2.5. Corresponding to Fig. 2(b), Ri increases
around nodes 6, 7, 12, 37, and several consecutive nodes from
82 to 84 where gK,i has large values. For larger η , Ri increases
at more nodes, and overall Ri becomes larger, leading to an
increased conduction failure rate. The results for Ts = 27 ms,
40 ms, and 50 ms in Figs. 11(b)–11(d) are similar to those in
Figs. 10(b)–10(d). These results indicate that the conduction
failure dynamics are similar for different random distributions
of the maximal conductance of potassium ion channels along
the axon. To avoid repetition, the results for the random distri-
bution with m = 2 are briefly presented, and other conclusions
are similar to those for m = 1.

In addition, for the two trials of the random distribution
of potassium conductance shown in Figs. 2(a) and 2(b), the
conductance value for node 6 or 7 is not the largest. If it were
the largest, the conduction failure rate for node 6 or 7 would
become very high, and the phenomenon of increased conduc-
tion failure at multiple nodes would disappear, which is why
relatively small potassium conductances for nodes 6 and 7 are
used in this paper.

Fig. 11. For another random distribution (m = 2, Fig. 2(b)), the changes of Ri with respect to i at η = 3.0 (violet), 2.5 (navy), 2.0 (olive), 1.8
(magenta), 1.5 (blue), and 1.0 (red) for different Ts. (a) Ts = 20 ms; (b) Ts = 27 ms; (c) Ts = 40 ms; (d) Ts = 50 ms. gK and gc are gK2 and
0.080 mS/cm2, respectively.

3.3. Simple indicators to characterize the change of Ri with
respect to i

The current threshold shown in Fig. 4 can be used to char-
acterize the conduction failure for an axon with η = 0. In

the present paper, simple and feasible indicators to character-
ize conduction failure for an axon with η > 0 are presented,
namely coupling current, total current, and membrane poten-
tial of a node i. If these three indicators have small values, the
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node i is more likely to exhibit conduction failure.

3.4. Currents and V at a node i

For a node i, the dynamics of the membrane potential Vi

modulated by currents is described as follows:

C
dVi

dt
= INa,i + IK,i + IL,i + Iapp,i + Icou,i = Itotal,i + Icou,i, (2)

(the first equation of Eq. (1)), where Itotal,i = INa,i+ IK,i+ IL,i+

Iapp,i denotes the total current, INa,i =−gNam3
i hi(Vi−ENa) rep-

resents the Na+ current, and Icou,i denotes the coupling cur-
rent. The node i in the conduction region receives a positive
coupling current Icou,i, and Icou,i and Itotal,i jointly modulate Vi.
These indicators for node i = 61 are shown in Fig. 12, with
gc = 0.080 mS/cm2, Ts = 27 ms, gK = gK2, and η = 1.8. For
node 61, the first row represents Icou,61 and the last row rep-
resents V61. As shown in the last row, the first spike fails to
conduct, while the next two spikes conduct. As depicted in
the first row, a positive peak of Icou,61 is evoked by the spike
at node 60, as indicated by the red, blue, and blue arrows. The
positive peak of Icou,61 following the action potential at node
61 is ignored, since it is induced by the spike of node 62.

For node 61, if the peak of Icou,i at a certain moment is
strong enough to elevate Vi so that the Na+ current (INa,i =

−gNam3
i hi(Vi − ENa)) rises rapidly, then Itotal,i becomes suf-

ficient to trigger an action potential. Consequently, a spike

is evoked when Icou,i and Itotal,i are large and Vi is high.
Conversely, if Icou,i is too weak at a given moment, Vi re-
mains low, Itotal,i is insufficient, and no spike is evoked, re-
sulting in conduction failure. For instance, at the second
peak indicated by a blue arrow in Icou,i, Icou,i = 6.77 µA/cm2,
Itotal,i = −1.668 µA/cm2, and Vi = 5.413 mV, the spike con-
ducts. In contrast, at the peak indicated by a red arrow, Icou,i =

6.67 µA/cm2, Itotal,i = −1.785 µA/cm2, and Vi = 5.286 mV,
the spike fails to conduct.
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3.5. Lower currents and V at special nodes with large gK,i

as indicators of Ri changes

For nodes i = 7 to 99, the mean values of Icou,i, Itotal,i, and
Vi at the peak of Icou,i are calculated and plotted in the 3D space
(Icou,i, Itotal,i,Vi), as shown in Fig. 13. For gc = 0.08 mS/cm2,
Ts = 27 ms, gK = gK2, and η = 1.8, the Ri in the conduc-
tion region changes primarily around nodes i = 61–64, illus-
trated by the blue up-triangular marking line in Fig. 13(a1)
(corresponding to the blue line in Fig. 8(a)). The mean Icou,i

is weak around these nodes, as indicated by the dark yellow
down-triangular marking line in Fig. 13(a1). Consequently, in
the 3D space (Icou,i, Itotal,i,Vi), nodes 61–64 exhibit low values
(red), as shown in Fig. 13(a2). These lower values of Icou,i,
Itotal,i, and Vi induce conduction failure.

As η increases to 2.15, Ri changes around node 46 and
nodes 61–64, as shown in Fig. 13(b1). Beyond node 63,
no spikes are conducted (Ri = 1). The mean Icou,i is weak
around node 46 and nodes 61–64, as indicated by the dark yel-
low down-triangular marking line in Fig. 13(b1), and zero for
nodes 65–99. In the 3D space (Icou,i, Itotal,i,Vi), nodes around
46 and 61–64 exhibit low values (red), as shown in Fig. 13(b2).
Thus, a lower (Icou,i, Itotal,i,Vi) provides a simple and feasible
indicator to characterize conduction failure.

4. Discussion and conclusion
Conduction of action potentials along unmyelinated C-

fibers plays a key role in pain signaling.[12,27,49–51] Re-
cently, the traditional view of faithful conduction has
been challenged by many experimental observations, such
as conduction failure, which is related to a variety of
abnormal functions or diseases.[19–21,52] Conduction fail-
ure depends on many factors, such as axonal structural
properties,[11,18] ion channel dysfunction,[18,27,34–42,53] neu-
ronal microenvironment,[24,26,28–31,54–56] pathological or trau-
matic factors,[13–15] temperature,[28–30] and noise,[24,30] which
together give rise to complex nonlinear spatiotemporal dy-
namics. Although conduction failure has been extensively
studied,[24–27,34] experimental observations in two aspects
have not been fully explained: one is the irregular firing pat-
tern, and the other is the enhanced conduction failure rate
along conduction distance.[12] In the present paper, these two
experimental observations are reproduced and explained in a
chain network with spatial heterogeneity, which is significant
in the following aspects.

Firstly, the simulation results for a chain network with
spatial heterogeneity in potassium conductance closely match
experimental observations in two aspects: stochastic firing as-
sociated with conduction failure and an enhanced conduction
failure rate along conduction distance.[12] These results dif-
fer from previous theoretical studies based on spatially ho-

mogeneous models, where regular firing patterns for conduc-
tion failure and unchanged conduction failure rates along the
axon were obtained.[24,26,27] The results of the present paper
and other recent studies[35,36,38–42,46] suggest that spatial het-
erogeneity is an important characteristic of axons. In future
research, another on–off firing pattern for conduction failure
should also be studied in axons with spatial heterogeneity.

Second, changes in conduction failure modulated by spa-
tial heterogeneity and other factors are obtained. Enhancement
of the conduction failure rate occurs at isolated compartments
or continuous segments with large K+ conductance. For large
K+ conductance, a stronger coupling current is required to in-
duce a spike, which provides a mechanism for the enhanced
conduction failure rate. The larger the degree of heterogene-
ity is, the higher the conduction failure rate becomes, and
the more compartments exhibit enhanced conduction failure.
These results provide a novel perspective on conduction fail-
ure in axons with spatial heterogeneity. In addition, consistent
with previous studies,[26,27] higher stimulation frequency of
action potentials and weaker coupling current lead to a higher
conduction failure rate, whereas smaller K+ conductance re-
duces the conduction failure rate. These results provide prac-
tical measures to modulate conduction failure.

Finally, an explanation for the enhanced conduction fail-
ure rate is presented based on Hopf bifurcation and the dynam-
ical response of the afterpotential (i.e., the current threshold
for action potential initiation). For a compartment with large
conductance, in addition to a larger distance from the Hopf bi-
furcation and a higher current threshold, the membrane poten-
tial, coupling current, and total current are all reduced. Conse-
quently, it is difficult to induce a spike, and conduction failure
is more likely to occur. Compared to bifurcation analysis and
current-threshold methods,[26,27,57] calculating the membrane
potential, coupling current, and total current is more straight-
forward, providing simple and feasible measures to character-
ize conduction failure. In future research, mechanisms of con-
duction failure in axons with other types of bifurcations should
be investigated.

In the present paper, heterogeneity in only K+ chan-
nels is considered. In future work, spatial heterogeneity in
other important factors affecting action potential conduction
should be considered, such as Na+ channels and axonal ra-
dius, to explain experimental phenomena associated with Na+

channels[13,19,41,42,46] and other mechanisms.
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