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and an extensive Li-like uranium atomic dataset
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Recent theoretical investigations into the excitation energies of the high-Z lithium isoelectronic sequence (Li-like)
ions have revealed significant discrepancies [Eur. Phys. J. Plus 137 1253 (2022)], with deviations between the methods
employed reaching up to ∼ 40 eV for U89+. In this work, we address this issue through a comprehensive study of Li-
like uranium (U89+), calculating the lowest 35 levels of the 1s2nl (n ≤ 6) configurations. We employ two independent
relativistic methods: the multiconfiguration Dirac–Hartree–Fock (MCDHF) method implemented in the GRASP2K code,
and the relativistic configuration interaction (RCI) method within the Flexible Atomic Code (FAC). Our calculations resolve
the discrepancies, achieving excellent mutual agreement and reducing deviations from experimental benchmarks to within
∼ 2 eV. Furthermore, we identify the bottlenecks to achieving sub-eV accuracy for each method in the strong-field, high-Z
regime. To the best of our knowledge, this is the most extensive dataset for this ion to date, including excitation energies,
lifetimes, and radiative properties for allowed (E1) and forbidden (M1, E2, M2) transitions. Estimated uncertainties for
most strong allowed and forbidden transitions remain below 1% and 2%, respectively, rendering this dataset valuable for
applications in plasma spectroscopy. The dataset that supported the findings of this study is available in Science Data Bank
at https://doi.org/10.57760/sciencedb.32492.

Keywords: multiconfiguration Dirac–Hartree–Fock, relativistic configuration interaction, quantum electrody-
namics
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1. Introduction

The rapid neutron-capture process (r-process) associated
with compact object mergers,[1] particularly binary neutron
star coalescence, produces substantial quantities of heavy ac-
tinides, including uranium. As the opacity of the resulting
kilonova radiation is governed significantly by these heavy
elements, the theoretical interpretation of such spectra de-
mands a rigorous treatment of strong-field quantum electrody-
namics (QED) effects[2–4] in the high-Z (high nuclear charge)
regime. The high-Z lithium-like isoelectronic sequence (Li-
like ions)[5,6] offers an ideal platform for validating QED ef-
fects and the Breit contributions,[7] owing to the substantial
suppression of electron correlation in these systems. Within
general-purpose atomic structure codes, QED contributions
are typically confined to leading-order corrections, specifically
self-energy (SE) and vacuum polarization (VP).[8–10] Conse-
quently, a rigorous assessment of the Breit interaction and
QED effects in the atomic codes is a prerequisite for the ad-
vancement of theoretical kilonova models. Moreover, accu-
rate atomic parameters for high-Z Li-like ions are of signifi-
cant value for x-ray laser research[11] and plasma spectroscopy
calibration.[12]

In the mid-Z regime, using two independent relativis-

tic methods, i.e., MCDHF (using the GRASP2K 2018
release[13,14]) and RCI (using FAC[15]), we have previously
achieved sub-eV precision for Li-like ions, such as Fe23+ [5]

and Ge29+,[6] confirming the robustness and mutual consis-
tency of these frameworks.

However, whether this consistency persists in the high-Z
limit remains an open question. Recent work,[16] providing
a comprehensive dataset for Li-like ions (Z = 57–92), brings
this issue into focus. Although the authors claimed that their
MCDHF (GRASP[17–19]) and RCI (FAC[15]) energies “match
well”, a detailed inspection reveals substantial discrepancies
at the high-Z end. For example, for U89+, the two theoreti-
cal 2p1/2 excitation energies differ by 42 eV, deviating from
experiment[20] by +34 eV and −8 eV, respectively. Simi-
larly, the MCDHF 2p3/2 result deviates from experiment[21]

by 37 eV. These discrepancies contrast sharply with a re-
cent Nature study[2] using MDFGME (another GRASP-family
code[22]), which achieved sub-eV accuracy for the same level.

Such a difference in accuracy between the mid-Z and
high-Z domains questions the reliability of the two relativistic
packages in extreme fields. It raises a critical question, partic-
ularly for Li-like ions: under what computational conditions
can these mainstream frameworks yield consistent and accu-
rate results? From a theoretical standpoint, discrepancies in
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atomic structure calculations generally stem from the Hamilto-
nian model, the wave function representation, or the numerical
implementation. Accordingly, we identify the primary sources
of the discrepancies as follows: (i) the completeness of the
configuration state function (CSF) basis sets in capturing elec-
tron correlation; (ii) the treatment of relativistic interactions,
particularly Breit and QED corrections (SE and VP); (iii) the
numerical convergence thresholds and grid parameters; and
(iv) the subtle, code-specific implementation details that may
become significant only in the high-Z regime of the Li-like
sequence. Although likely minor, this last factor cannot be
ruled out without rigorous investigation. Crucially, the 2007
GRASP2K release,[19] used in the recent study,[16] is a direct
precursor to the widely used 2013[23] and 2018[13,14] editions.
If such inaccuracies persist in current versions, the reliability
of these standard tools for high-Z ions is compromised, neces-
sitating a rigorous re-examination. Here, to resolve these dis-
crepancies, we independently compute the structure of U89+

using MCDHF (GRASP2K 2018[13,14]) and RCI (FAC[15])
methods, incorporating electron correlations alongside higher-
order relativistic and QED corrections. Due to unspecified
computational parameters in Ref. [16], we could not repro-
duce its results. However, our independent calculations mutu-
ally agree and match high-precision experimental data[20,21]

within ∼ 2 eV, reducing the previously reported gap by an
order of magnitude. This confirms that when physical con-
tributions are rigorously treated, both GRASP2K 2018[13,14]

and FAC[15] yield consistent, reliable predictions in the strong-
field regime. Moreover, the residual ∼ 2 eV discrepancy of-
fers an opportunity to develop novel QED model potentials for
mainstream atomic packages.

Beyond numerical reconciliation, this work identifies the
primary bottlenecks to achieving sub-eV accuracy for each
method. For MCDHF, the limiting factor is the precise treat-
ment of SE and VP effects. For RCI, the constraint stems from
the local-potential approximation in the initial Dirac–Hartree–
Slater orbitals, restricting the subsequent treatment of electron
correlation, the Breit interaction, and QED effects. In paral-
lel, we present an extensive U89+ dataset to facilitate plasma
spectral identification, modeling, and diagnostics.

2. Calculations
To address the pronounced discrepancy reported for

high-Z Li-like ions, notably U89+,[16] we performed two
independent fully relativistic calculations. The first em-
ployed the MCDHF method as implemented in the GRASP2K
package,[13,14] while the second utilized the RCI approach
within the FAC.[15] Both methods systematically targeted the
lowest 35 levels of the 1s2nl configurations with n ≤ 6. Our
models incorporate extensive electron correlation and higher-
order relativistic effects, including the frequency-independent

(Breit0: Gaunt and static retardation) and the additional
frequency-dependent (Breitω) corrections. The Breit0 and
Breitω constitute the extended Breit interaction, hereafter
referred to simply as the Breit interaction.[7] We also ac-
counted for the leading-order QED corrections: SE and VP
effects.[8–10] For all considered levels, we determined the ex-
citation energies and generated a complete set of radiative pa-
rameters for both allowed (E1) and forbidden transitions, in-
cluding magnetic dipole (M1), magnetic quadrupole (M2), and
electric quadrupole (E2) channels.

2.1. Relativistic configuration interaction

In the RCI (FAC[15]) calculations, the local central poten-
tial was optimized with respect to the 1s22s and 1s22p orbitals.
In order to ensure a comprehensive treatment of electron corre-
lation and thereby address potential concerns regarding basis-
set completeness, we constructed an extensive configuration
basis comprising all nl orbitals up to a principal quantum num-
ber of n = 30. For orbitals with n ≤ 10, all allowed angular
momenta were included, whereas for 11 ≤ n ≤ 30, the angu-
lar momentum was limited to up to m (i.e., l ≤ 9). Further-
more, the Hamiltonian incorporated the full Breit interaction
(Breit0+Breitω), and the leading-order QED (SE+VP) correc-
tions were taken into account. Finally, the nuclear recoil effect
was evaluated and included for completeness, even though it
is negligible.

2.2. Multiconfiguration Dirac–Hartree–Fock

As a parallel independent approach, complementary com-
putations were performed using the MCDHF method as im-
plemented in the GRASP2K package.[13,14] The theoretical
and computational framework of GRASP2K has been compre-
hensively outlined in Refs. [14,28,29], and the code has been
extensively employed in our recent investigations.[5,30–33] Ac-
cordingly, only a brief overview of the computational proce-
dure is provided here.

The multireference (MR) space was defined to comprise
all 1s2nl configurations with principal quantum number n ≤ 6
and orbital angular momentum l < n. The 1s2 shell was treated
as a closed core (C), whereas the outer nl electron was re-
garded as the valence (V). Consequently, the MR set consisted
of eleven even-parity states (2s,3s,3d,4s,4d,5s,5d,5g,6s,6d,
and 6g) and nine odd-parity states (2p,3p,4p,4f,5p,5f,6p,6f,
and 6h). The spectroscopic orbitals across these configurations
were variationally optimized in a simultaneous manner for all
states within the extended optimal level (EOL) scheme,[34]

thereby ensuring a balanced and common basis.
Electron correlation was incorporated by systematically

enlarging the configuration space through single (S) and dou-
ble (D) substitutions from all electrons in the MR configu-
rations, thereby accounting for both core–valence (CV) and
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core–core (CC) interactions. For numerical stability, the treat-
ment of CC correlation was deliberately constrained: double
substitutions from the 1s core were restricted to the active set
(AS) {6s,6p,6d,6f,6g,6h}. This correlation strategy aided
convergence in the subsequent self-consistent-field (SCF) op-
timization. The correlation space was assembled as a sequence
of layered AS orbitals, defined as

AS0 = {6s,6p,6d,6f,6g,6h},

AS1 = AS0+{7s,7p,7d,7f,7g,7h,7i},

AS2 = AS1+{8s,8p,8d,8f,8g,8h,8i}. (1)

At each SCF stage, only the newly introduced layer was vari-
ationally optimized, while all inner orbitals were held fixed.
Convergence of the Dirac–Coulomb energies was closely
monitored throughout. Moreover, to control the computational
load inherent to the extensive SCF procedures, a selective con-
figuration interaction (CI) approach was employed. Specif-
ically, for each AS, the CI space was restricted to the first-
order interaction space, comprising only configuration state
functions (CSFs) with a non-zero Hamiltonian coupling to the
MR configurations.

Advancing from AS1 to AS2 resulted in a shift of
excitation energies below 0.08 eV for all levels consid-
ered. Such rapid convergence demonstrates the robustness
of the adopted correlation strategy and indicates that resid-
ual electron-correlation effects are insignificant within the tar-
get precision, thereby excluding basis-set incompleteness as
a credible source of the previously reported discrepancies.[16]

The final MCDHF atomic parameters were obtained from a
large-scale CI calculation based on the optimized AS2 orbital
set. At this stage, the configuration space was further ex-
panded to include all single, double, and triple (SDT) substi-
tutions from the MR set into AS2 orbitals. The Hamiltonian,
diagonalized over these extensive CSFs, comprised the Dirac–
Coulomb operator, the Breit0 and Breitω contributions, along
with the leading-order QED (SE+VP) corrections. The nuclear
recoil term was omitted owing to its insignificance, consistent
with the above RCI results.

Having obtained these final large-scale MCDHF wave
functions, we then assessed their reliability by comparing E1
and E2 transition rates computed in the length and velocity
gauges (see Table A, which is available in Science Data Bank,
with the link https://doi.org/10.57760/sciencedb.32492). For
all 334 transitions considered (164 E1 and 170 E2), we eval-
uated the relative discrepancy dT between the two gauges.
Here, dT was defined following Refs. [47,48] as dT =
|A1−A2|

max(A1,A2)
, where A1 and A2 denote the transition rates ob-

tained from the two gauges for a given transition. A smaller
dT indicates closer agreement, with dT = 0 corresponding
to perfect concordance.[6] Overall, the agreement between the

gauges was very good: 315 transitions (94%) had dT < 3%.
For the E1 transitions, the mean value and standard deviation
of dT were 2% and 5%, respectively, whereas the correspond-
ing values for the E2 transitions were 0.5% and 0.9%. Only
a small subset of E1 transitions was notably sensitive to the
choice of gauge; in particular, for strong transitions involv-
ing high principal quantum numbers, such as 2p1/2–5s1/2 and
2p1/2–6s1/2, dT reached about 10%. In the following discus-
sion, unless explicitly stated otherwise, we employ the length
gauge. The choice of the length gauge is motivated by its
well-established robustness for highly charged ions (HCIs),
for which the computed amplitudes have been shown to be
largely insensitive to the treatment of negative-energy states in
the basis set.[46]

3. Results and discussion
Our large-scale, cross-validated calculations decisively

resolve the previously reported puzzling discrepancy of up to
∼40 eV in the 2s–2p excitation energies of U89+.[16] For the
benchmark 2p1/2 and 2p3/2 levels, our MCDHF (GRASP2K
version 2018[13,14]) and RCI (FAC[15]) results reduce the
theory–experiment gap by an order of magnitude. Crucially,
as shown in Table 1, our independent theoretical predictions
bracket the high-precision experimental values.[20,21,35,36] The
MCDHF energies lie 1.2–1.7 eV below experiment, whilst
the RCI values are 0.8–1.8 eV above. This robust bracket-
ing, achieved through two entirely different theoretical frame-
works, restores confidence in these general-purpose codes
for the high-Z regime and establishes a residual theory–
experiment discrepancy of approximately 2 eV. Table 1 also
shows that uncertainties (indicated by the error bars) for both
high-precision theoretical predictions and experimental mea-
surements are consistently below 0.35 eV, confirming their re-
liability. Furthermore, Loetzsch et al.[2] demonstrated that for
the 2p3/2 level, the cumulative contribution from two-loop and
higher-order QED, nuclear recoil and polarization effects re-
mains below 0.2 eV. As this magnitude is significantly smaller
than the observed ∼ 2 eV deviation, these perturbative factors
are ruled out as the primary source of the discrepancy.

To elucidate the origins of both the residual discrepancy
and the systematic differences between the two methods, we
performed a layer-by-layer decomposition of the physical con-
tributions to the excitation energies. This analysis reveals
the bottlenecks intrinsic to each approach in the strong-field
regime. At the Dirac–Coulomb level, the MCDHF method
demonstrates superior accuracy in its treatment of electron
correlation, yielding excitation energies converged to within
0.08 eV, as noted in Subsection 2.2. The superior perfor-
mance of the MCDHF approach stems from the self-consistent
variational optimization of radial orbitals, which constructs a
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physically accurate zeroth-order Hamiltonian (H0). Conse-
quently, the perturbation term (H ′) is minimized, enabling the
efficient capture of residual electron correlation within a com-
pact configuration interaction (CI) space. In contrast, the RCI
(FAC[15]) approach exhibits an overestimation of ∼0.3 eV in
the Dirac–Coulomb excitation energy. Rooted in the Dirac–
Fock–Slater approximation,[15] the RCI method utilizes the
local Slater exchange potential[37] that cannot fully account
for non-local correlation effects. This results in a subopti-
mal H0 and a comparatively larger H ′, leading to slow conver-
gence and necessitating massive CI expansions to compensate
simultaneously for electron correlation and orbital relaxation.
However, within the constraints of limited computational re-
sources, even extensive CI expansions still cannot fully rec-
tify the energy bias introduced by the initial orbitals. There-

fore, the 0.3 eV discrepancy can be attributed to the subop-
timal accuracy of the initial orbitals in the RCI method. Cru-
cially, within the RCI framework, the fidelity of the underlying
wavefunctions constitutes a fundamental prerequisite, as only
upon such a foundation can reliable Breit and QED corrections
(SE+VP) be applied. Potential strategies for improvement in-
clude the adoption of more advanced exchange–correlation
functionals (e.g., LDA,[38] GGA,[39] Krieger–Li–Iafrate,[40]

LC-ωPBE,[41] and OEP[42]) or the importation of higher-
fidelity orbitals, such as those generated by GRASP2K[13,14]

(C. Y. Chen from Fudan University, private communication),
though at the cost of introducing additional procedural com-
plexity by necessitating the coordinated use of two indepen-
dent computational packages in the atomic-structure work-
flow.

Table 1. Breit, self–energy (SE), and vacuum–polarization (VP) contributions to the 2p excitation energies (in eV) of U89+.

2p1/2 2p3/2

MCDHF RCI Others MCDHF RCI Others

Dirac–Coulomb 286.15 286.52 · · · 4514.81 4515.07 · · ·
Breit 36.04 36.60 · · · −16.07 −16.33 · · ·
Breit0 36.41 36.95 · · · −9.04 −9.41 · · ·
Breitω −0.37 −0.35 · · · −7.03 −6.92 · · ·

Dirac–Coulomb–Breit 322.18 323.12 322.30(Th.)a, 322.23(Th.)b 4498.73 4498.74 4498.75(Th.)a, 4498.69(Th.)b

QED −42.77 −40.70 −41.54(Th.)b −41.05 −38.54 −39.17(Th.)b

SE −56.07 −53.92 −54.24(Th.)c −56.76 −54.31 · · ·
VP 13.30 13.22 12.56(Th.)c 15.71 15.77 · · ·

Total 279.42 282.43 280.59(±0.10)(Exp.)d, 4457.68 4460.20 4459.37(±0.35)(Exp.)g, 4459.55(Exp.)h,
280.65(±0.02)(Exp.)e, 4459.46(±0.08)(Th.)b,
280.65(±0.08)(Th.)b, 4459.57(±0.10)(Th.)i,
280.71(±0.10)(Th.)f 4459.81(±0.17)(Th.)j

Note: aTheoretical results of Kozhedub et al.[43] bTheoretical results of Sapirstein and Cheng.[44] cTheoretical results of Blundell.[45]

dExperimental results of Schweppe et al.[35] eExperimental results of Beiersdorfer et al.[20] fTheoretical results of Kozhedub et al.[51]

gExperimental results of Beiersdorfer et al.[36] hExperimental results of Beiersdorfer et al.[21] iExperimental results of Malyshev et al.[52]

jTheoretical results of Loetzsch et al.[2]

This initial inaccuracy in the RCI wavefunctions propa-
gates and is subsequently amplified when higher-order rela-
tivistic effects are included. When evaluated using the less ac-
curate RCI wavefunctions, the Breit term[7] introduces an ad-
ditional level-dependent deviation relative to the MCDHF re-
sults. As a consequence, at the Dirac–Coulomb–Breit (DCB)
level, the RCI calculation for the 2p1/2 state overestimates
state-of-the-art theoretical benchmarks[43,44] by nearly 1 eV.
By contrast, for the 2p3/2 state, the DCB energies obtained
from both methods appear to be in near-perfect agreement.
Our layer-by-layer decomposition reveals that the observed
agreement stems from a fortuitous cancelation of errors within
the RCI calculation, wherein an overestimation of approxi-
mately 0.3 eV in the Dirac–Coulomb contribution is nearly
exactly compensated by an underestimation of roughly 0.3 eV
in the Breit contribution. This finding provides an important
cautionary note: apparent agreement when multiple physical
effects are considered simultaneously may mask compensat-

ing errors in the treatment of specific contributions.
Conversely, this hierarchy of performance is reversed in

the treatment of QED (SE+VP) corrections, with the RCI ap-
proach achieving notably superior accuracy to the MCDHF
method. In particular, the RCI results for the dominant SE con-
tribution (∼ 55 eV) exhibit closer agreement (within 0.8 eV)
with rigorous QED calculations[44] than do the correspond-
ing MCDHF values, which underestimate the effect by 1.2–
1.9 eV. This clearly identifies the approximate formulation
employed for the SE term in the present MCDHF implemen-
tation as the principal bottleneck preventing the achievement
of sub-eV accuracy. Furthermore, a non-negligible discrep-
ancy of approximately 1 eV is observed in the subdominant
QED contribution from VP (∼ 13 eV) in the MCDHF for
the 2p1/2 level when compared with high-precision bench-
mark calculations.[45] Taken together, these findings under-
score that even the subdominant VP contribution requires a
rigorous treatment if sub-eV precision is to be achieved.
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Table 2. Energies (E, in eV) and lifetimes (τ , in s) of (1s2)nl levels with n ≤ 6 for U89+. “Key”,“Con.”, and “ j” are the index, configuration,
and total angular momentum of a level, respectively. Energies include present MCDHF (EMCDHF) and RCI (ERCI) ones, along with theoretical
results from recent work[16] (EMCDHF0 and ERCI0 are from their MCDHF and RCI calculations, respectively), Zhang et al. (EZhang),[49] Johnson
et al. (EJohnson),[46] and experimental results of Beiersdorfer et al. (EExp.).[20,21] Additionally, we have included the lifetimes of these energy
levels calculated using the present length-gauge radiative rates (A values) from MCDHF and RCI methods in Table 3, denoted as τMCDHF and
τRCI, respectively. τExp. represents the exprimental lifetime of Schweppe et al.,[35] and a±b ≡ a×10±b.

Key Con. j EMCDHF ERCI EMCDHF0 ERCI0 EZhang EJohnson EExp. τMCDHF τRCI τExp.

1 2s 1/2 0.000 0.000 0.000 0.000 0.00 0.000 0.000 · · · · · · · · ·
2 2p 1/2 279.419 282.426 314.904 272.549 280.78 281.393 280.645 6.12−11 5.93−11 6.18−11
3 2p 3/2 4457.68 4460.20 4496.14 4458.61 4459.9 4459.95 4459.55 1.17−14 1.17−14 · · ·
4 3s 1/2 18785.8 18788.6 18812.6 18783.5 18802 18788.7 · · · 1.01−15 1.01−15 · · ·
5 3p 1/2 18858.7 18862.2 18895.6 18853.6 18973 · · · · · · 4.79−16 4.78−16 · · ·
6 3p 3/2 20107.8 20110.7 20145.9 20105.1 20235 · · · · · · 9.13−16 9.06−16 · · ·
7 3d 3/2 20120.7 20123.3 20159.6 20115.6 20255 · · · · · · 2.02−16 2.01−16 · · ·
8 3d 5/2 20438.5 20441.1 20476.6 20432.8 20573 · · · · · · 2.37−16 2.37−16 · · ·
9 4s 1/2 25144.3 25147.0 25178.7 25140.2 25263 · · · · · · 1.57−15 1.55−15 · · ·

10 4p 1/2 25173.2 25176.1 25211.3 25167.8 25299 · · · · · · 8.42−16 8.37−16 · · ·
11 4p 3/2 25694.0 25696.7 25732.4 25689.6 25825 · · · · · · 1.44−15 1.43−15 · · ·
12 4d 3/2 25699.7 25702.1 25737.9 25694.5 25834 · · · · · · 4.60−16 4.57−16 · · ·
13 4d 5/2 25834.9 25837.5 25872.6 25829.5 25969 · · · · · · 5.47−16 5.46−16 · · ·
14 4f 5/2 25835.0 25837.4 25872.6 25829.6 25970 · · · · · · 1.02−15 1.02−15 · · ·
15 4f 7/2 25899.2 25901.5 25937.9 25893.7 26034 · · · · · · 1.07−15 1.07−15 · · ·
16 5s 1/2 28004.1 28006.8 28040.0 27999.4 28131 · · · · · · 2.58−15 2.54−15 · · ·
17 5p 1/2 28018.5 28021.2 28056.3 28013.0 28149 · · · · · · 1.46−15 1.45−15 · · ·
18 5p 3/2 28282.0 28284.5 28320.3 28277.0 28415 · · · · · · 2.38−15 2.35−15 · · ·
19 5d 3/2 28284.9 28287.3 28323.0 28279.6 28419 · · · · · · 8.77−16 8.70−16 · · ·
20 5d 5/2 28354.2 28356.7 28392.4 28348.7 28488 · · · · · · 1.05−15 1.04−15 · · ·
21 5f 5/2 28354.3 28356.7 28392.4 28348.8 28489 · · · · · · 1.93−15 1.93−15 · · ·
22 5g 7/2 28387.3 28389.7 28425.0 28381.8 28522 · · · · · · 3.43−15 3.43−15 · · ·
23 5f 7/2 28387.3 28389.7 28425.0 28381.8 28522 · · · · · · 2.05−15 2.05−15 · · ·
24 5g 9/2 28406.7 28409.1 28445.4 28401.2 28541 · · · · · · 3.51−15 3.51−15 · · ·
25 6s 1/2 29524.8 29527.4 · · · · · · · · · · · · · · · 4.08−15 4.01−15 · · ·
26 6p 1/2 29533.0 29535.5 · · · · · · · · · · · · · · · 2.38−15 2.37−15 · · ·
27 6p 3/2 29683.9 29686.7 · · · · · · · · · · · · · · · 3.75−15 3.71−15 · · ·
28 6d 3/2 29685.7 29688.0 · · · · · · · · · · · · · · · 1.49−15 1.49−15 · · ·
29 6d 5/2 29725.7 29728.1 · · · · · · · · · · · · · · · 1.79−15 1.78−15 · · ·
30 6f 5/2 29725.8 29728.2 · · · · · · · · · · · · · · · 3.27−15 3.27−15 · · ·
31 6g 7/2 29744.9 29747.3 · · · · · · · · · · · · · · · 5.82−15 5.82−15 · · ·
32 6f 7/2 29744.9 29747.3 · · · · · · · · · · · · · · · 3.47−15 3.47−15 · · ·
33 6h 9/2 29756.2 29758.5 · · · · · · · · · · · · · · · 9.01−15 9.01−15 · · ·
34 6g 9/2 29756.2 29758.5 · · · · · · · · · · · · · · · 5.97−15 5.97−15 · · ·
35 6h 11/2 29763.6 29766.0 · · · · · · · · · · · · · · · 9.13−15 9.13−15 · · ·

Finally, the residual ∼ 2 eV discrepancy serves as a
benchmark for developing next-generation QED model po-
tentials, particularly those incorporating machine-learning
techniques.[24–27]

In parallel, we report an extensive dataset for U89+. We
have computed the atomic properties of the lowest 35 levels
from 1s2nl configurations with n ≤ 6, by employing two in-
dependent fully relativistic approaches: the MCDHF and the
RCI methods. For completeness, Table 2 summarizes the ex-
citation energies and level lifetimes for all 35 levels obtained
with both approaches, together with relevant theoretical and
experimental data from earlier work. Table 3 provides an ex-
ample of the calculated length-gauge radiative parameters. It
should be noted that only a subset of the transition data is pre-
sented herein; the complete dataset is available in Science Data
Bank, with the link https://doi.org/10.57760/sciencedb.32492.

In the table, we list the transition rates (A), absorption oscilla-
tor strengths ( f ), line strengths (S), and the intermethod con-
sistency metric dT .[47,48]

As shown in Fig. 1 and Table 2, the two sets of ex-
citation energies exhibit an almost uniform separation: RCI
values lie consistently above the MCDHF predictions by ap-
proximately 2.3–3.0 eV for nearly all the levels, except for
the 3p1/2 level, where the difference reaches about 3.5 eV.
This discrepancy arises from competing contributions: elec-
tron correlation and Breit interactions are treated more effec-
tively in MCDHF, whereas leading-order QED terms (SE+VP)
are slightly more precise in RCI calculations, as shown in Ta-
ble 1. Direct comparison with the most accurate experimental
energies for the 2p1/2 and 2p3/2 levels[20,21] confirms that both
MCDHF and RCI predictions agree with the measurements to
within 2 eV, consistent with the above discussions. Further-

023103-5

https://doi.org/10.57760/sciencedb.32492


Chin. Phys. B 35, 023103 (2026)

more, benchmarking against the many-body perturbation the-
ory (MBPT) results of Johnson et al.[46] reveals good agree-
ment for our MCDHF dataset, with deviations of only 2–3 eV.
Such robustness contrasts sharply with previous large-scale
calculations. For example, the widely used results of Zhang
et al.,[49] which exclude both Breit and QED effects and treat
electron correlation only partially, display systematic discrep-
ancies of 0.4%–0.7% (110–140 eV) relative to our MCDHF
values. Similarly, the dataset of recent work[16] exhibits pro-
nounced internal inconsistencies between their own MCDHF
(hereafter MCDHF0) and RCI (hereafter RCI0) predictions,
thereby limiting applicability in contexts demanding high pre-
cision. In particular, the MCDHF0 excitation energies exceed
our MCDHF values by 25–40 eV. Given the status of exist-
ing data, for the two 2p levels, extremely high precision has
already been achieved by existing experimental[21,35] and spe-
cialized theoretical studies (e.g., Refs. [2,44,51]), we therefore
recommend adopting those values directly. The present work
focuses on the high-lying n = 3–6 levels, where such data are

currently lacking. One of the core values of this study is the
order-of-magnitude improvement in accuracy compared with
previous large-scale calculations. While excitation energy de-
viations in the works of Zhang et al.[49] and recent work[16]

reached ∼ 100 eV and tens of eV, respectively, nearly all of
our MCDHF and RCI excitation energies for the n = 3–6 lev-
els show mutual agreement to within 2.3–3 eV. This accuracy
is supported by our results for the two 2p levels, which confirm
a precision of ∼ 2 eV. Consequently, relative to prior large-
scale computations, this work provides highly consistent data
for the n= 3–6 high-lying levels. We also note that, in Table 2,
rounding to six significant figures results in an apparent degen-
eracy for certain levels (22/23, 31/32, and 33/34). However,
these levels remain physically distinct in the raw datasets. For
instance, quoting to extended significant figures reveals that
the MCDHF excitation energies for the 5g7/2 and 5f7/2 lev-
els (22/23) are 28387.279 eV and 28387.328 eV, respectively,
whilst the corresponding RCI values are 28389.652 eV and
28389.655 eV.

Table 3. Length–gauge transition properties for U89+ obtained from the present MCDHF and RCI calculations (example table). The table lists
data for both allowed (E1) and forbidden (M1, E2, and M2) transitions. The indices i and j denote the lower and upper levels, respectively,
corresponding to the “Key” in Table 2. The tabulated quantities are the transition wavelength λ (in Å), the radiative rate A (in s−1), the
dimensionless absorption oscillator strength f , and the line strength S (in a.u., 1 a.u. = 6.460×10−36 cm2 · esu2). The quantity dT represents
the relative deviation between the two sets of A values,[47,48] and a±b ≡ a×10±b. Note: only a representative subset of the data is listed here,
the complete dataset is available in Science Data Bank, with the link https://doi.org/10.57760/sciencedb.32492.

i j Type λMCDHF λRCI AMCDHF fMCDHF SMCDHF ARCI fRCI SRCI dT

1 2 E1 4.4372+01 4.3900+01 1.635+10 4.826−03 1.410−03 1.686+10 4.872−03 1.408−03 3.1−02
1 3 E1 2.7814+00 2.7798+00 8.494+13 1.970−01 3.608−03 8.504+13 1.970−01 3.606−03 1.2−03
1 3 M2 2.7814+00 2.7798+00 1.178+09 2.732−06 5.260−02 1.180+09 2.733−06 5.253−02 1.5−03
1 5 E1 6.5744−01 6.5731−01 2.074+15 1.344−01 5.817−04 2.080+15 1.348−01 5.832−04 3.1−03
1 6 E1 6.1660−01 6.1651−01 1.073+15 1.224−01 4.967−04 1.076+15 1.227−01 4.979−04 2.8−03
1 6 M2 6.1660−01 6.1651−01 3.211+11 3.660−05 7.677−03 3.222+11 3.672−05 7.698−03 3.5−03
1 7 M1 6.1620−01 6.1612−01 8.740+09 9.950−07 3.032−04 8.772+09 9.984−07 3.042−04 3.7−03
1 7 E2 6.1620−01 6.1612−01 4.912+13 5.593−03 1.559−05 4.916+13 5.595−03 1.559−05 6.9−04
1 8 E2 6.0662−01 6.0654−01 5.105+13 8.449−03 2.247−05 5.109+13 8.453−03 2.247−05 7.1−04
...

...
...

...
...

...
...

...
...

...
...

...

Taken together, these consistent energies provide a re-
liable foundation for the subsequent analysis of radiative
properties. In particular, the computed transition rates for
both allowed (E1) and forbidden (M1, E2, M2) channels re-
veal exceptional concordance between our MCDHF and RCI
datasets. As shown in Table 3, the relative deviations are min-
imal: for the majority of (over 85%) strong (A > 107 s−1) E1
transitions, the agreement is better than 1%, as illustrated in
Fig. 2; similarly, for strong forbidden channels, more than
90% of the strong M1, E2, and M2 rates match within 2%.
We note that, in Table 3 (complete table), owing to round-
ing to five significant figures, the MCDHF and RCI wave-
lengths for certain transitions (e.g., 2–6 and 2–11) appear nu-
merically identical. However, inspection at higher numerical
resolution reveals that the values remain distinguishable. For
the 2–6 transition, for instance, the MCDHF and RCI wave-

lengths are actually 6.25287×10−1 Å and 6.25291×10−1 Å,
respectively. Such good agreement sharply contrasts with the
widely used dataset of Zhang et al.,[49] where deviations from
our MCDHF ones frequently (8 out of 23 transitions) exceed
5% and even reach up to 8%, stemming directly from their
incomplete physical model. We note that the four MBPT tran-
sitions reported by Johnson et al.[46] agree with our MCDHF
rates within 2%, except for the 2p1/2–3s1/2 transition, whose
value is 6% higher in their work, whereas for this transition
our two datasets agree to within 1.5%. Likewise, the two
MCDHF transitions from Cheng et al.[50] are consistent with
our MCDHF results within 3%. Although recent work[16] also
provided E1 transition rates, the substantial discrepancies in
their computed energies render meaningful comparison infea-
sible.

023103-6

https://doi.org/10.57760/sciencedb.32492


Chin. Phys. B 35, 023103 (2026)

1.012

1.010

1.008

1.006

1.004

1.002

1.000

0.998

E
O

th
e
r/
E

M
C

D
H

F

0 5 10 15 20 25 30 35
Key

-0.115
ERCI EMCDHF0

ERCI0 EZhang

EJohnson EExp.

+0.023

0.1%

0.1%

Fig. 1. Comparison of energies with those from the present MCDHF cal-
culations (EMCDHF) for the (1s2) nl levels with n ≤ 6 for U89+. The other
energies include present RCI ones (ERCI), along with theoretical results
from recent work[16] (EMCDHF0 and ERCI0 are from their MCDHF and
RCI calculations, respectively), Zhang et al. (EZhang),[49] Johnson et al.
(EJohnson),[46] and experimental results of Beiersdorfer et al. (EExp.).[20,21]

The horizontal coordinate“Key” is defined in Table 2. For clarity, we ad-
just the original energy ratios for Key = 2 (i.e., 2p1/2) from MCDHF0[16]

by subtracting 0.115 and for Key = 3 (i.e., 2p3/2) from RCI0[16] by adding
0.023. The two horizontal lines indicate relative differences of 0.1%.
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Fig. 2. Comparisons of other theoretical A values with the present
MCDHF length-gauge ones (AMCDHF) of strong E1 transition. Here, other
theoretical A values are from the present RCI length-gauge ones (ARCI),
as well as from calculations by Zhang et al. (AZhang),[49] Johnson et al.
(AJohnson),[46] and Cheng et al. (ACheng),[50] respectively. The data be-
tween the two horizontal lines indicate that the agreement is within 5%.

This high degree of intermethod agreement translates di-
rectly into reliable lifetime predictions. Lifetimes are evalu-
ated according to Ref. [5]: τ j = 1/∑i Ai j, where i denotes all
lower levels accessible via radiative decay from j. For radia-
tive rates, we include all E1, M1, E2, and M2 channels. Our
MCDHF and RCI lifetimes agree to within 2% for 33 of the
34 excited levels, and all values are within 3%. Crucially, for
the measured 2p1/2 lifetime,[35] our MCDHF (6.12×10−11 s)
and RCI (5.93 × 10−11 s) values are lower than experiment
(6.18×10−11 s) by only 1% and 4%, respectively. This close
agreement provides definitive experimental validation of the
present study. Nevertheless, further high-precision experimen-
tal measurements are urgently needed to permit more rigorous

and extensive benchmarking of the present calculations.

4. Conclusion

In summary, we have resolved a challenging theoretical
inconsistency in the excitation energies of U89+ through a sys-
tematic investigation. Our analysis demonstrates that, when a
sufficiently comprehensive treatment of all significant physical
contributions is applied, both MCDHF and RCI methods can
yield mutually consistent results, thereby reducing the theory–
experiment discrepancy to approximately 2 eV. We have iden-
tified the principal bottlenecks to achieving sub-eV precision:
in MCDHF, accuracy is primarily limited by QED corrections,
particularly the SE term. Furthermore, achieving sub-eV pre-
cision still requires rigorous treatment of the VP term. By
contrast, in the RCI approach, improving the low-accuracy
wavefunctions derived from a Slater local central potential is
a prerequisite. Beyond addressing the ∼ 40 eV discrepancy,
this study represents a significant advance in the frontier of
general-purpose atomic packages for high-Z systems. Impor-
tantly, the remaining ∼ 2 eV gap should be regarded as a well-
quantified challenge, thereby opening a promising avenue for
investigations extending beyond current QED model poten-
tials. Furthermore, we present a comprehensive dataset en-
compassing excitation energies for the lowest 35 levels with
n ≤ 6, radiative properties for both allowed (E1) and forbid-
den (M1, E2, M2) transitions, together with the corresponding
lifetimes. The results from the two methods exhibit excellent
mutual agreement and align closely with high-precision ex-
perimental and theoretical benchmarks: our estimates indicate
excitation energies accurate to within ∼ 2 eV, while theoretical
uncertainties for most strong allowed (E1) and forbidden (M1,
E2, M2) transitions remain below 1% and 2%, respectively. To
the best of our knowledge, this constitutes the most extensive
cross-validated dataset for this ion to date, providing valuable
applications in plasma spectroscopy.
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