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We study the spin-1/2 Kitaev chain with additional XX and symmetric off-diagonal Gamma interactions. By com-
bining the Jordan–Wigner transformation with density matrix renormalization group (DMRG) numerical simulations, we
obtain the exact solution of the model and map out the phase diagram containing six distinct phases. The four gapped phases
display ferromagnetic and antiferromagnetic magnetic orders along the (1,1,0)- and (1,−1,0)-spin directions, whereas in
the gapless phases, the low-energy spectrum consists of two branches of helical Majorana fermions with unequal velocities.
The transition lines separating different phases include deconfined quantum critical lines with dynamical critical exponent
z = 1 and quadratic critical lines with z = 2. Our work reveals the rich interplay among symmetry, magnetic order, and
quantum criticality in the Kitaev–XX–Gamma chain.
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1. Introduction
Quantum compass models[1] are an important class of

spin models where magnetic exchange interactions favor dif-
ferent spin components on different bonds, sitting at the cross-
roads of spin–orbital physics and strongly correlated quantum
magnetism. One-dimensional (1D) spin-1/2 quantum com-
pass models are of special interest because of their often exact
solvability via dualities and Jordan–Wigner transformations,
which makes possible an analytical understanding of vari-
ous physical properties of the system, including the excitation
spectrum, correlation functions, and entanglement entropies,
to name a few.[2–18] A typical quantum compass model in 1D
is Kitaev’s exactly solvable spin-1/2 model, which has bond-
dependent Ising interactions with two-site periodicity and an
exponentially large ground-state degeneracy.[2]

Recently, there has been increasing research interest in
the effects of an off-diagonal symmetric Gamma interac-
tion Sx

i Sy
j + Sy

i Sx
j,

[19] which couples orthogonal spin direc-
tions, unlike the Ising type of interactions that couple the
same spin components. The inclusion of the off-diagonal
Gamma interaction is often indispensable when studying
strongly correlated spin–orbit-coupled magnets with edge-
sharing octahedra, where the interplay between strong spin–
orbit coupling and crystal fields leads to anisotropy in mag-
netic exchange interactions.[20–25] Therefore, the Gamma in-
teraction is considered a “real-world” correction to pure Ki-
taev/compass physics. In 1D, Ising and XY chains with an
additional Gamma term have been considered, in which rich
physics including quantum phase transitions, quantum criti-

cality, entanglement, and information scrambling have been
investigated.[26–33] However, the 1D quantum compass model
augmented with a Gamma term remains less explored. A pro-
totypical example of such a 1D compass–Gamma model is the
spin-1/2 Kitaev–XX–Gamma chain, which will be the focus
of this work.

It is worth noting that besides the above discussions, the
consideration of the 1D compass–Gamma model is also moti-
vated from a two-dimensional (2D) perspective, since in cer-
tain circumstances, 1D studies can provide insights into un-
derstanding 2D physics. The Kitaev spin-1/2 model on the
honeycomb lattice[34] is an exactly solvable quantum compass
model in 2D, which hosts fractionalized anyonic excitations
that can be used for realizing fault-tolerant topological quan-
tum computation.[34,35] Real materials, however, inevitably
host additional spin interactions allowed by lattice symme-
tries, which spoil the exact solvability of the Kitaev honey-
comb model and complicate the model both analytically and
numerically.[19,20,36,37] In particular, the off-diagonal Gamma
interaction has been shown to exist in real Kitaev materials
with an interaction strength even comparable with the dom-
inant Kitaev interaction, and a typical model for describing
2D real Kitaev materials is the Kitaev–Heisenberg–Gamma
model.

A productive route to a controlled understanding of the
2D case is to descend to 1D generalizations of the Ki-
taev model — obtained by restricting the honeycomb net-
work to a chain and supplementing it with symmetry-allowed
terms.[38–58] Despite their simplicity, these systems exhibit
rich intrinsic physics, including nonsymmorphic symmetry
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group structures,[38] nonlocal string orders,[38] and solitonic
excitations.[39,40] Moreover, weakly coupled Kitaev chains
can reconstruct hallmark 2D orders (e.g., zigzag and stripy
magnetism[41]), thereby furnishing a quasi-1D bridge back
to 2D Kitaev materials. We note that the 1D Kitaev–XX–
Gamma model considered in this work has a similar symme-
try group as the Kitaev–Heisenberg–Gamma model. The exact
solvability of the spin-1/2 Kitaev–XX–Gamma chain makes a
more thorough and comprehensive theoretical study possible,
compared with the non-exactly-solvable Kitaev–Heisenberg–
Gamma model.

In recent years, interest in one-dimensional quantum
compass/Kitaev-type spin chains has been driven not only by
their exact solvability and rich quantum critical behavior, but
also by growing experimental motivation from real materi-
als. In particular, the literature[59] demonstrated via THz spec-
troscopy that the quasi-1D magnet CoNb2O6 is not simply de-
scribed by the transverse-field Ising chain; instead, it realizes
a bond-dependent “twisted Kitaev chain”. Their work shows
that bond-anisotropic interactions induced by spin–orbit cou-
pling and crystal symmetry can generate nontrivial domain-
wall dynamics, thereby directly linking 1D Kitaev/compass
physics to Co2+-based materials. Inspired by this, we fur-
ther consider a more realistic scenario relevant to edge-sharing
octahedral magnets and study a 1D Kitaev chain augmented
by symmetry-allowed off-diagonal Γ interactions and an ad-
ditional XX exchange as “realistic corrections”.

In this work, we focus on the 1D spin-1/2 Kitaev–XX–
Gamma model, which is an exactly solvable 1D quantum
compass–Gamma model via the Jordan–Wigner transforma-
tion. By combining the Jordan–Wigner solution with DMRG
numerical simulations, a variety of gapless and gapped phases
are revealed, occupying extended regions in the phase dia-
gram. As shown in Fig. 1, we find that the gapped phases
have ferromagnetic (FM) and antiferromagnetic (AFM) orders
along the (1,1,0)- and (1,−1,0)-directions in spin space, de-
pending on the parameter regions; whereas the gapless phases
possess a low-energy spectrum consisting of two branches of
helical Majorana fermions with distinct velocities. For the
phase transitions, the two AFM phases (similarly for the FM
phases) are separated by a line of critical points with vanish-
ing Gamma interaction; hence this critical line constitutes an
example of a deconfined quantum phase transition in 1D. On
the other hand, the critical lines separating the gapped phases
from the gapless regions have a quadratic low-energy disper-
sion, with dynamical critical exponent z = 2.

The rest of the paper is organized as follows. In Sec-
tion 2, the model Hamiltonian is introduced and the associated
symmetries are discussed. In Section 3, we apply the Jordan–
Wigner transformation to exactly diagonalize the Hamiltonian
and analyze the dispersion to delineate different phases. Sec-

tion 4 is devoted to a numerical study of the phase diagram,
in which ground-state degeneracies, correlation functions, and
central charges are calculated. Section 5 briefly summarizes
the main results of the paper.

2. Model Hamiltonian and symmetries
2.1. Model Hamiltonian

We consider the 1D spin-1/2 Kitaev–XX–Gamma model
defined by the following Hamiltonian:

H = ∑
⟨i j⟩∈γ bond

[
KSγ

i Sγ

j + J(Sx
i Sx

j +Sy
i Sy

j)

+Γ (Sx
i Sy

j +Sy
i Sx

j)
]
, (1)

in which i, j denote two nearest-neighbor sites; γ = x,y is the
spin direction associated with the γ bond connecting nearest-
neighbor sites i and j, with the pattern shown in Fig. 2; K,
J, and Γ denote the Kitaev, XX, and symmetric off-diagonal
Gamma couplings, respectively.

J

Γ

-1

  FM-II 
(1,-1,0)

 AFM-I
(1,-1,0) 

  FM-I 
(1,-1,0)

AFM-II
(1,-1,0) 

Gapless-I

Gapless-II

Kitaev0

Fig. 1. Phase diagram of the 1D spin-1/2 Kitaev–XX–Gamma model
with K = 1. AFM-I and FM-I denote antiferromagnetic and ferromag-
netic phases polarized along the spin direction (1,1,0), whereas AFM-II
and FM-II denote the corresponding phases along (1,−1,0). At the pa-
rameter points (0,0) and (−1,0), the model reduces to the pure Kitaev
chain.

Fig. 2. Bond pattern of the Kitaev–XX–Gamma chain.

Since the special case K = 0 has already been studied in
Refs. [31,32], we restrict our analysis to the case K ̸= 0. It
is important to note that the two standard choices K =±1 are
related by a unitary two-sublattice rotation U2, defined as

Sublattice 1 : (x,y,z)→ (−x′,−y′,z′),

Sublattice 2 : (x,y,z)→ (x′,y′,z′), (2)

where a spin rotation about ẑ by an angle π is applied to every
even site, while the odd sites are left unchanged. The Hamil-
tonian then transforms as H ′ = U2HU−1

2 , which can be made
explicit in the first unit cell containing sites 1 and 2 as follows:

H ′
12 =−KSx

1Sx
2 − J(Sx

1Sx
2 +Sy

1Sy
2)−Γ (Sx

1Sy
2 +Sy

1Sx
2),

H ′
23 =−KSy

2Sy
3 − J(Sx

2Sx
3 +Sy

2Sy
3)−Γ (Sx

2Sy
3 +Sy

2Sx
3). (3)

037503-2



Chin. Phys. B 35, 037503 (2026)

Therefore, the U2 rotation establishes an equivalence relation
in parameter space

(K,J,Γ )≃ (−K,−J,−Γ ). (4)

For a non-standard choice of K, we can map the parameters
to the standard cases by redefining Γ and J according to the
substitutions Γ → Γ /K and J → J/K. Hence, because of the
equivalence relation in Eq. (4) and the rescaling of Γ and J,
without loss of generality we can always fix K = 1, and it suf-
fices to study the parameter space spanned by (J,Γ ).

Consider the global spin rotation R(x̂,π) applied to ev-
ery site, where R(n̂,ϕ) denotes a global spin rotation around
the direction n̂ by an angle ϕ . Clearly, R(x̂,π) flips Sy

i to −Sy
i

(1 ≤ i ≤ N, where N is the number of sites), and as a result this
operation only changes the sign of the Γ coupling, implying
the following equivalence relation:

(K,J,Γ ) ≃ (K,J,−Γ ). (5)

Next, we consider another two-sublattice rotation U ′
2, de-

fined as

Sublattice 1: (x,y,z) −→ (−y′, x′, z′),

Sublattice 2: (x,y,z) −→ (y′,−x′, z′), (6)

which corresponds to applying the spin rotation around the z-
direction by an angle π/2 (−π/2) to every odd (even) site.
The transformed Hamiltonian in the first unit cell is then given
by

H ′
12 = KSx

1Sx
2 − (J+K)(Sx

1Sx
2 +Sy

1Sy
2)

+Γ (Sx
1Sy

2 +Sy
1Sx

2),

H ′
23 = KSy

2Sy
3 − (J+K)(Sx

2Sx
3 +Sy

2Sy
3)

+Γ (Sx
2Sy

3 +Sy
2Sx

3), (7)

which reveals the following equivalence relation

(K,J,Γ )≃ (K,−K − J,Γ ). (8)

2.2. Hamiltonian symmetries

The Hamiltonian in Eq. (1) is invariant under the follow-
ing transformations:

T : (Sx
i ,S

y
i ,S

z
i )→ (−Sx

i ,−Sy
i ,−Sz

i ),

R(ẑ,π) : (Sx
i ,S

y
i ,S

z
i )→ (−Sx

i ,−Sy
i ,S

z
i ),

R(n̂1,π)I : (Sx
i ,S

y
i ,S

z
i )→ (−Sy

2−i,−Sx
2−i,−Sz

2−i),

R(n̂1,π)Ta : (Sx
i ,S

y
i ,S

z
i )→ (−Sy

i+1,−Sx
i+1,−Sz

i+1), (9)

in which T is the time-reversal operation, Tna denotes transla-
tion by n lattice sites, and I is spatial inversion with the inver-
sion center at site 1, and n̂1 is given by

n̂1 =
1√
2
(1,−1,0)T. (10)

The symmetry group G is generated by the operations in
Eq. (9)

G = ⟨T,R(ẑ,π),R(n̂1,π)I,R(n̂1,π)Ta⟩. (11)

Notice in particular that the operations T2a,R(n̂2,π)I and
R(n̂2,π)Ta are also symmetries of the system where n̂2 =

1√
2
(1,1,0)T, which can be expressed in terms of the opera-

tions in Eq. (9) as T2a = [R(n̂1,π)Ta]
2, R(n̂2,π)I = R(ẑ,π) ·

R(n̂1,π)I, R(n̂2,π)Ta = R(ẑ,π) ·R(n̂1,π)Ta.
It is interesting to note the group structure of G. Since

⟨T2a⟩ is an abelian normal subgroup of G, it is legitimate to
consider the quotient group G/⟨T2a⟩. Notice that in the sense
of modulo T2a, all four generators of G in Eq. (11) square to
the identity element and mutually commute, therefore

G/⟨T2a⟩ ≃ (Z2)
4, (12)

in which ⟨T,R(ẑ,π),R(n̂1,π)I,R(n̂1,π)Ta⟩/⟨T2a⟩ ≃ (Z2)
4.

Namely, the symmetry group G has a nonsymmorphic struc-
ture, characterized by the following short exact sequence:

1 → ⟨T2a⟩ → G → (Z2)
4 → 1. (13)

3. Exact solution of the model
The Hamiltonian in Eq. (1) can be exactly solved via the

Jordan–Wigner transformation. In this section, we discuss the
exact solution of the model and the resulting energy spectrum.

3.1. Jordan-Wigner transformation

In the Jordan–Wigner transformation, the spin- 1
2 opera-

tors can be mapped onto spinless fermionic operators as

S+i = c†
i Ti, S−i = ciTi, Sz

i = c†
i ci −

1
2
, (14)

where c†
i creates a spinless fermion at site i, and c†

i and c j obey
the canonical anticommutation relation

{c†
i ,c j}= δi j, (15)

and Ti is the Jordan–Wigner string

Ti = e iπ ∑
i−1
j=1 c†

j c j . (16)

Notice that TN+1 is the fermion-parity operator, whose
eigenvalues are ±1. We impose the periodic boundary con-
dition Sa

N+1 = Sa
1, where N denotes the chain length (taken

to be even throughout this work) and a ∈ {x,y,z}. Under the
Jordan–Wigner transformation, the interaction at the bound-
ary between sites N and 1 acquires an extra factor of TN+1.
Depending on the fermion parity, we impose the fermionic
boundary condition

cN+1 = σ c1, σ =±1. (17)
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Consequently, a spin chain with periodic boundary conditions
is mapped onto a fermionic chain whose boundary conditions
are periodic (anti-periodic) in the even (odd) fermion-parity
sector. In this section, we consider only the periodic fermionic
boundary condition (σ = 1) for simplicity. Calculations for
the anti-periodic boundary condition can be carried out in a
similar manner.[60]

The Hamiltonian can be rewritten as the sum of contribu-
tions from odd and even bonds

H = ∑
i∈odd

[
K Sx

i Sx
i+1 + J

(
Sx

i Sx
i+1 +Sy

i Sy
i+1

)
+Γ
(
Sx

i Sy
i+1 +Sy

i Sx
i+1
)]

+ ∑
i∈even

[
K Sy

i Sy
i+1 + J

(
Sx

i Sx
i+1 +Sy

i Sy
i+1

)
+Γ
(
Sx

i Sy
i+1 +Sy

i Sx
i+1
)]
. (18)

Defining two sets of fermionic operators distinguished by
the parity of the site index i

c2m = bm, c2m−1 = am, 1 ≤ m ≤ N/2, (19)

we obtain the spinless fermion model after the Jordan–Wigner
transformation as

H =
1
4 ∑

i

[
(K +2J)a†

i bi +(K −2iΓ )a†
i b†

i

+(K +2J)b†
i ai+1 − (K +2iΓ )b†

i a†
i+1 +H.c.

]
. (20)

Performing the following Fourier transformation (a is the
lattice constant):

a j =
1√
N/2

∑
k

e−ik·2a j ak,

b j =
1√
N/2

∑
k

e−ik·2a j bk, (21)

the Hamiltonian can be expressed in terms of ak, bk and their
Hermitian conjugates as

H = ∑
k>0,k∈Ke

Hk

= ∑
k>0,k∈Ke

[
(Ak +Bk)a

†
kbk +(Ak −Bk)a

†
−kb−k

+(Ck +Dk)a
†
kb†

−k +(Ck −Dk)a
†
−kb†

k +H.c.
]
, (22)

where the coefficients Ak,Bk,Ck,Dk are given by

Ak =
1
4
(K +2J)(1+ cosk),

Bk =
i
4
(K +2J)sink,

Ck =
1
4
[
(K −2iΓ )+(K +2iΓ )cosk

]
,

Dk =
1
4
(iK −2Γ )sink. (23)

In Eq. (23), the lattice constant is set to a = 1/2 for simplicity.
The fermionic boundary condition Eq. (17) can be rewrit-

ten as

aN/2+1 = a1. (24)

This boundary condition restricts the allowed k-modes to a dis-
crete set that depends on the parity of N/2. For the even case

Ke =

{
2πn
Na

∣∣∣∣ n =±1,±2, . . . ,±N
4

}
, (25)

and for the odd case

Ke =

{
2πn
Na

∣∣∣∣ n = 0,±1, . . . ,±1
2

(
N
2
−1
)}

. (26)

Here the subscript “e” in Ke denotes the even-fermion-parity
sector.

The Hamiltonian in Eq. (22) can be cast into the
Bogoliubov–de Gennes (BdG) form

H = ∑
k>0,k∈Ke

Ψ
†

k HBdG(k)Ψk, (27)

where Ψk is the Nambu spinor defined as

Ψk = (ak,bk,a
†
−k,b

†
−k)

T, (28)

and the 4×4 Bogoliubov–de Gennes matrix HBdG(k) is

HBdG(k) =


0 Ak+Bk 0 Ck+Dk

A*
k+B*

k 0 −Ck +Dk 0
0 −C*

k +D*
k 0 −A*

k +B*
k

C*
k+D*

k 0 −Ak +Bk 0

 . (29)

The BdG matrix satisfies particle–hole symmetry, mean-
ing that there exists an anti-unitary operator 𝒞 such that

𝒞HBdG(k)𝒞−1 =−HBdG(−k). (30)

For the BdG matrix in Eq. (29), the operator 𝒞 is given by

𝒞 = P𝒦, (31)

where 𝒦 denotes complex conjugation, and P is a 4×4 unitary
matrix acting in Nambu space, given by

P =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 . (32)

The particle–hole symmetry guarantees that the eigenvalues of
the BdG Hamiltonian come in positive-negative pairs; for ex-
ample, if E is an eigenvalue at momentum k, then −E is also
an eigenvalue at momentum −k.

The BdG Hamiltonian in Eq. (29) also admits spatial in-
version symmetry, meaning that there exists a unitary operator
ℐ such that

ℐHBdG(k)ℐ−1 = HBdG(−k). (33)
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The corresponding 4×4 representation is

ℐ =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 . (34)

This symmetry ensures that the energy spectrum satisfies
El(k) = El(−k), where l denotes the band index.

By diagonalizing the BdG Hamiltonian (29), we
obtain the energy spectra consisting of four branches
{E+(k),−E+(−k),E−(k),−E−(−k)}, corresponding to the
four eigenvalues of the matrix, where the dispersions are given
by

E±(k) =
∣∣∣√∆(k) ± 1

2
|K cos(k/2)|

∣∣∣, (35)

in which

∆(k) = Γ
2 sin2(k/2)+

(
J+

K
2
)2 cos2(k/2). (36)

We denote by vlk and ulk (l = ±) the eigenvectors of
HBdG(k) corresponding to eigenvalues El(k) and −El(−k), re-
spectively

HBdG(k)vlk = El(k)vlk,

HBdG(k)ulk =−El(−k)ulk. (37)

Defining the operators through

γ
†
lk =Ψ

†
k vlk, β

†
lk =Ψ

†
k ulk, (38)

from the particle–hole symmetry, we have

β
†
lk = γl,−k. (39)

Combining the k and −k sectors into a single sum over
the momentum set Ke, the diagonalized Hamiltonian takes the
compact form

H = ∑
k∈Ke

∑
l=±

El(k)
(

γ
†
lkγlk − 1

2

)
. (40)

The ground state |GS⟩ is determined by the condition that
it is annihilated by γlk, i.e.

γlk |GS⟩= 0. (41)

However, we note that the ground state obtained directly
from the Jordan–Wigner transformation is non-degenerate and
thus does not capture the full set of ground states of the orig-
inal spin model. This discrepancy arises from taking only
σ = 1 in the fermionic boundary condition in Eq. (17); con-
sidering only the periodic sector is insufficient. Both periodic
and anti-periodic sectors must be included to recover the cor-
rect ground state degeneracy.

3.2. Gapless and gapped phases

To proceed, we fix K = 1 as discussed in Section 2 and
restrict our attention to the (J,Γ ) plane. Notice that ∆(k) in
Eq. (36) is consistent with the equivalence relations in Eqs. (5)
and (8), and as a result, the dispersion in Eq. (35) is symmetric
with respect to the Γ = 0 and J =−1/2 lines in Fig. 1.

3.2.1. The gapless Γ = 0 line

Along the Γ = 0 line, the two points J = 0 and J = −1
are special, where the Hamiltonian reduces to the pure Kitaev
model, and E−(k) vanishes identically, leading to the presence
of Majorana flat bands as illustrated in Fig. 1.

When Γ = 0 and away from the aforementioned two spe-
cial points, the spin Hamiltonian reduces to the Kitaev–XX
model without the Γ interaction, and the energy dispersions
in Eq. (35) always exhibit a zero point at the wave vector
kF = π , as shown in Fig. 3(b). Expanding the dispersions
around kF with q = k−kF gives two helical branches of Majo-
rana fermions with distinct Fermi velocities. In the low-energy
limit, namely in the vicinity of kF = π , both branches of the
dispersion scale as

E(q)∼ qz, (42)

where z = 1 is the dynamical critical exponent. Thus, along
the Γ = 0 line, the system is gapless and relativistic. The
two low-energy dispersions in Eq. (42) define two Majorana
fermions that exhibit an emergent Ising conformal symmetry,
each associated with a corresponding set of Ising operator-
product expansions (OPEs). Consequently, the low-energy
theory consists of two branches of helical Majorana fermions
whose combined central charge is c = 1.
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Fig. 3. Energy dispersions in the gapless phase for (a) J = 0, Γ = 0,
(b) J = 1, Γ = 0, (c) J =−0.5, Γ = 1, (d) J =−1, Γ = 1.

We note that, as will be discussed in Subsection 3.2.3 and
Subsection 4.1, the regions (J > 0,Γ > 0), (J > 0,Γ < 0),
(J <−1,Γ > 0), and (J <−1,Γ < 0) are gapped and exhibit
different magnetic orders. Therefore, the (J > 0, Γ = 0) and
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(J < −1,Γ = 0) lines are continuous phase transition lines
separating distinct ordered phases, and hence are lines of de-
confined quantum critical points beyond the conventional Lan-
dau paradigm of second-order phase transitions.[61–64]

3.2.2. The gapless −1 < J < 0 region

When Γ ̸= 0, the gapless region is given by −1 < J < 0.
In this parameter range, the dispersion always exhibits two
zero-energy points located at momenta kF and 2π − kF, where

kF = 2cos−1

(√
Γ 2

Γ 2 + |J(J+1)|

)
. (43)

As shown in Fig. 3(c), in the gapless phase (−1 < J < 0),
the low-energy dispersion is linear, giving rise to two helical
branches of Majorana fermions with identical Fermi velocity
but shifted in momentum. The dynamical critical exponent is
z = 1, with total central charge c = 1.

3.2.3. The gapless J = 0 and J =−1 lines with dynam-
ical critical exponent z = 2

On the phase transition lines at J =−1 and J = 0 (except
for the two special points with Γ = 0 mentioned before), the
low-energy spectrum has a quadratic dispersion, as shown in
Fig. 3(d). Hence, the dynamical critical exponent is given by
z = 2. These two lines are phase boundaries separating the
gapless −1 < J < 0 region from the gapped regions to be dis-
cussed in Subsection 3.2.4.

3.2.4. The gapped (J > 0, Γ > 0) and its unitarily equiv-
alent regions

The (J > 0, Γ > 0) region has a gapped energy spectrum.
Because of the equivalence relations in Eqs. (4) and (5), the
regions (J > 0,Γ < 0), (J <−1,Γ > 0), and (J <−1,Γ < 0)
are also gapped. Hence, it is sufficient to focus on the (J >

0, Γ > 0) region. The energy gap in this region can be sum-
marized compactly as

∆g = min
{

J, Γ ,
Γ

2

√
4D−1

D

}
,

D =
(
J+ 1

2

)2 −Γ
2. (44)

3.2.5. Implication for phase diagram

In summary, our analysis of dispersion relations and en-
ergy gaps implies that the (J,Γ ) plane is naturally partitioned
into six distinct phases: four gapped phases and two gapless
phases, in accordance with Fig. 1. The vertical transition lines
at J =−1 and J = 0 separate the gapped and gapless regions,
while the horizontal line at Γ = 0 further divides the gapped
region into four disconnected parts and the gapless region into
two parts.

4. Phase diagram
In the previous section, we identified six independent

phases in the (J,Γ ) parameter space of the Kitaev–XX–Γ

model. In this section, we turn to an investigation of the phys-
ical properties within each of these phases. To this end, we
employ numerical DMRG simulations.

4.1. Ordered phase
4.1.1. Ground state degeneracy

As mentioned earlier, the ground state in the periodic sec-
tor of the Jordan–Wigner fermion does not capture all possible
features of the original spin model. In particular, if the ground
states of the system are degenerate, spontaneous symmetry
breaking can occur, implying the existence of local order pa-
rameters. Therefore, the next step is to determine whether the
ground state is degenerate.

In a finite-size system, there is an exponentially small en-
ergy splitting ∆(N) between the degenerate ground states, hav-
ing the following scaling form:

∆(N) = A e−N/ξ , (45)

where N is the system size, A is a constant, and ξ denotes the
correlation length. In this case, the finite-size energy gap de-
creases exponentially with increasing chain length and even-
tually closes in the thermodynamic limit (N → ∞).

By contrast, the excitation gap, defined as the energy dif-
ference between the first excited state and the ground states,
behaves as

∆e(N) = ∆∞ +B e−N/ξ , (46)

where ∆∞ represents the excitation gap in the thermodynamic
limit, and B is a constant. Here, the gap converges to a finite
value as the system size increases. Therefore, by observing
the scaling behavior of the energy gap in DMRG simulations,
we can distinguish between degenerate and non-degenerate
ground states: if the gap tends to close exponentially rapidly
with increasing N, the ground state is degenerate.

The simulation results in Fig. 4 are consistent with degen-
erate ground states. In the gapped phase, the finite-size energy
gap exhibits exponential decay with system size. Specifically,
Fig. 4(a) shows the gap between the first ground state and the
lowest-lying orthogonal state. This splitting decreases rapidly
and vanishes in the thermodynamic limit within numerical pre-
cision (∼ 5×10−14), demonstrating that the two states form a
degenerate ground-state manifold. By contrast, Fig. 4(b) dis-
plays the gap between the first ground state and the second
lowest-lying orthogonal state. This quantity converges to a fi-
nite value ∆∞ ≈ 0.9, confirming that it corresponds to the true
excitation gap of the system. Therefore, we conclude that the
ground state in the (J > 0,Γ > 0) phase is two-fold degen-
erate. We have also investigated other gapped phases, and the
analysis indicates that their ground states are likewise two-fold
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degenerate, which is expected due to the equivalence relations
in Eqs. (5) and (8).

On the other hand, along the phase transition lines, the
ground state is expected to be non-degenerate, and the excita-
tion gap follows a power-law scaling

∆(N)∼ N−z, (47)

where the critical exponent z is defined as in Eq. (42). As
shown in Figs. 4(c) and 4(d), we examine two representative
points on the transition lines Γ = 0 (z = 1) and J =−1 (z = 2).
Plotting the energy gap against 1/Nz yields a clear linear be-
havior, confirming the expected scaling form.

↼a↽ ↼J/↪ Γ/↽ ↼b↽ ↼J/↪ Γ/↽

↼c↽ ↼J/↪ Γ/↽ ↼d↽ ↼J/↩↪ Γ/↽
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Fig. 4. (a) E1 − E0 vs. N at (J = 1,Γ = 1), (b) E2 − E0 vs. N at
(J = 1,Γ = 1), (c) E1 −E0 vs. 1/N at (J = 1,Γ = 0), (d) E1 −E0 vs.
1/N2 at (J = −1,Γ = 1), where E0, E1, and E2 represent the lowest,
next-lowest, and third-lowest energies, respectively. The chain length N
is varied from 2 to 60 in panels (a) and (b), and from 10 to 28 in pan-
els (c) and (d). The maximum bond dimension m and truncation error ε

in DMRG calculations are taken as m = 1500 and ε = 10−12.

4.1.2. Correlation functions

We show that the system exhibits FM or AFM order along
the (1,1,0)- or (1,−1,0)-directions, depending on the param-
eter region. In this subsection, correlation functions are inves-
tigated.

Define operators Λ
±
i at site i as

Λ
±
i = Sx

i ±Sy
i . (48)

We examine the corresponding two-point correlation function

Cλ (r) = ⟨Λ λ
i Λ

λ
i+r⟩, (49)

where λ =±, and ⟨· · · ⟩ denotes the expectation value with re-
spect to the ground state. If Cλ (r) saturates to a finite value
as r → ∞, the system exhibits magnetic order characterized by
Λ λ

i .
The results of DMRG simulations for Cλ (r) are shown in

Fig. 5. In the J > 0 region, as illustrated in Fig. 5(a) (Fig. 5(b)),
the correlation function C+(r) (C−(r)) for Γ > 0 (Γ < 0) ex-
hibits a staggered structure as a function of r, whereas C−(r)

(C+(r)) vanishes at large r. These behaviors indicate that
the system develops antiferromagnetic (AFM) order along the
(1,1,0)- and (1,−1,0)-directions, in the (J > 0,Γ > 0) and
(J > 0,Γ < 0) regions, respectively. These two phases are de-
noted as AFM-I and AFM-II in the phase diagram in Fig. 1.
The corresponding order parameters 𝒪s,±

i are given by

𝒪s,±
i = (−1)i(Sx

i ±Sy
i

)
, (50)

where ‘+’ corresponds to the AFM-I phase and ‘−’ to the
AFM-II phase, and the superscript s in 𝒪s,±

i denotes the stag-
gered nature of the operator. Moreover, the equivalence rela-
tion in Eq. (5) implies that these two order parameters trans-
form into each other via the global spin rotation R(x̂,π)

U𝒪s,+
i U† =𝒪s,−

i , (51)

where U denotes the unitary operator corresponding to
R(x̂,π); this transformation can be straightforwardly verified.

In the J <−1 region, as illustrated in Figs. 5(c) and 5(d),
the correlation functions C−(r) (C+(r)) converge to a uniform
nonzero value as r → ∞ for Γ > 0 (Γ < 0). These two phases
are denoted as FM-I and FM-II in the phase diagram in Fig. 1.
The corresponding order parameters are

𝒪±
i = Sx

i ±Sy
i , (52)

where ‘+’ corresponds to Γ < 0 and ‘−’ to Γ > 0. Further-
more, the equivalence relation in Eq. (8) implies that the AFM
and FM order parameters can be transformed into each other
via a two-sublattice rotation U ′

2 defined in Eq. (6)

U ′
2𝒪

s,±
i U ′†

2 =𝒪∓
i , (53)

which can be straightforwardly verified.
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Fig. 5. Correlation functions C±(r) as a function of r for (a) (J = 1,Γ =
1), (b) (J = 1,Γ =−1), (c) (J =−2,Γ = 1), and (d) (J =−2,Γ =−1).
DMRG simulations are performed on systems of N = 100 sites using open
boundary conditions. The maximum bond dimension m and truncation
error ε in DMRG calculations are taken as m = 1500 and ε = 10−12.
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It is worth noting that we evaluate the spin correlation
functions numerically using DMRG; however, they can also
be determined analytically via the Jordan–Wigner transforma-
tion. Under this transformation, spin operators acquire non-
local string factors as given in Eq. (16). For the transverse
components of the spin, these strings do not cancel com-
pletely, leaving behind a long product of Majorana fermion
operators. Because the fermionic Hamiltonian is quadratic,
the expectation value of this long Majorana chain can be re-
duced, through Wick’s theorem, to the Pfaffian of an antisym-
metric matrix constructed from two-point fermionic correla-
tors. In a translation-invariant system, the matrix elements
depend only on the relative separation of the sites involved,
so the resulting Pfaffian is equivalent to the determinant of
a Toeplitz or block-Toeplitz matrix. In the thermodynamic
limit, these become infinite-dimensional Toeplitz determinants
whose asymptotic behaviour governs the spin correlation func-
tions at large distances.[65–67] The resulting analytical solution
is expected to agree with our DMRG calculations.

4.1.3. Symmetry breaking patterns

We now analyze the symmetry-breaking patterns in the
AFM-I and AFM-II phases. Analysis in the FM-I and FM-II
phases can be carried out in a similar manner.

The symmetry generators of the Hamiltonian are given in
Eq. (9). It can be verified that the unbroken symmetry groups
GAFM-I and GAFM-II of the magnetic orders in the AFM-I and
AFM-II phases are

GAFM-I = ⟨T ·R(ẑ,π), R(n̂2,π)Ta, R(n̂1,π)I ⟩,

GAFM-II = ⟨T ·R(ẑ,π), R(n̂2,π)I, R(n̂1,π)Ta ⟩. (54)

Using the group relations, one finds that two of the nonsym-
morphic generators in Eq. (54) square to a two-site translation,

[R(n̂2,π)Ta]
2 = T2a, [R(n̂1,π)Ta]

2 = T2a, (55)

while the remaining generators square to the identity. Thus,
the normal subgroup ⟨T2a⟩ is contained in both GAFM-I and
GAFM-II. In the sense of modulo T2a, all three generators of
GAFM-I and GAFM-II in Eq. (54) square to the identity element
and mutually commute, yielding the following quotient struc-
ture:

GAFM-I/⟨T2a⟩ ∼= (Z2)
3, GAFM-II/⟨T2a⟩ ∼= (Z2)

3. (56)

Since the Hamiltonian symmetry group satisfies
G/⟨T2a⟩ ∼= (Z2)

4, the ground-state degeneracy in both AFM-I
and AFM-II phases is

|(Z2)
4|/|(Z2)

3|= 2, (57)

which agrees with the numerical results from the DMRG sim-
ulations discussed in Subsection 4.1.1. Thus, both AFM-I and

AFM-II phases exhibit the following symmetry-breaking pat-
tern:

(Z2)
4 → (Z2)

3. (58)

However, although the symmetry breaking in both AFM-I and
AFM-II phases exhibits the structure (Z2)

4 → (Z2)
3, the un-

broken symmetry groups are distinct as shown in Eq. (54), in-
dicating that these two phases are different within the frame-
work of Landau symmetry-breaking theory.

4.1.4. Deconfined quantum critical line

To further confirm numerically the existence of the line
of deconfined quantum critical points discussed in Subsec-
tion 3.2.1, we examine the long-distance correlation functions
associated with the AFM-I and AFM-II order parameters us-
ing DMRG, defined as

C±
s (N) = ⟨𝒪s,±

1 𝒪s,±
N ⟩. (59)

Here, N denotes the chain length. Fixing the coupling J and
varying Γ , we monitor the evolution of this correlation func-
tion. In the vicinity of a continuous quantum phase transition,
the corresponding order parameter is expected to shrink con-
tinuously to zero without any discontinuous jumps when ap-
proaching the critical point.

Our numerical simulations, summarized in Fig. 6, are
consistent with this expectation. The finite-size effects, as seen
in Fig. 6, indicate that the spin correlation function becomes
increasingly size-independent as N grows, and the curves for
different system sizes gradually collapse onto a single profile.
This behavior rules out discontinuous changes of the order pa-
rameters typical of a first-order transition and strongly sug-
gests that the AFM-I to AFM-II transition is continuous, sup-
porting the interpretation of this phase boundary as a candidate
deconfined quantum critical line. A similar argument applies
to the transition between the FM-I and FM-II phases.
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Fig. 6. The spin correlation function defined in Eq. (59) is evaluated for
several chain lengths. The coupling is fixed at J = 1, while Γ is varied
from 1 to −1 in 11 uniform steps. The correlation distance is chosen
as r = N. DMRG simulations are performed using open boundary con-
ditions. The maximum bond dimension m and truncation error ε in the
DMRG calculations are set to m = 1500 and ε = 10−12, respectively.
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4.1.5. Energy-field relation

To further confirm the nature of the ordered phases, we
examine the energy-field relations. It is sufficient to focus on
the FM-I phase, since the other phases are related to it by the
unitary operators U and U ′

2 discussed previously. Specifically,
we consider the response of the system to the following types
of external fields:

− 1√
2

hx+y ∑
i

(
Sx

i +Sy
i

)
,

− 1√
2

hx−y ∑
i

(
Sx

i −Sy
i

)
,

−hx ∑
i

Sx
i ,

−hy ∑
i

Sy
i , (60)

each of which is added individually to the Hamiltonian in
Eq. (1). If the system exhibits long-range order, then an ar-
bitrarily small field can induce a nonzero expectation value of
the order parameter in the thermodynamic limit, and the re-
lation between the change in ground-state energy and the ap-
plied field becomes linear in the small-field limit. We monitor
the ground-state energy as a function of the applied fields to
identify which field induces the strongest response.

↼J/↩↪ Γ/↩↽

-49.90

-49.91

-49.92

-49.93

-49.94

E


0 2 4 6 8

h (10-4)

hx

hy

hx⇁y

hx↩y

Fig. 7. Ground-state energy as a function of the applied fields. The field
strength is varied from 0 to 10−3 in 10 uniform steps. DMRG simula-
tions are performed in the FM-I phase with system size N = 80 under
open boundary conditions. The maximum bond dimension m and trunca-
tion error ε in DMRG calculations are taken as m = 1500, ε = 10−12.

DMRG numerical results for all four types of fields in
Eq. (60) are shown in Fig. 7. The responses to hx and hy

collapse onto a common line and cannot be clearly distin-
guished. The ground-state energy responds linearly to all ap-
plied fields except hx−y, which produces no response, as ex-
pected in the small-field regime. Among the different pertur-
bations, the field applied along the (1,1,0)-direction, namely
hx+y, produces a larger response compared to the fields along
the (1,0,0)- and (0,1,0)-directions corresponding to hx and
hy. This confirms that the system develops FM order along the
(1,1,0)-direction in the parameter region (J <−2,Γ < 0).

4.2. Gapless phase

As discussed in Subsection 3.2, the system is gapless
within the range −1 ≤ J ≤ 0. For brevity, we refer to the two
gapless phases as gapless-I for Γ > 0 and gapless-II for Γ < 0,
as shown in Fig. 1.

4.2.1. Central charge

When the low-energy physics is governed by a critical
theory, the entanglement entropy S(l) of a subregion of length
l in a finite chain of total length N is predicted by conformal
field theory (CFT) to scale as[68,69]

S(l) = λ
c
3

ln(rl)+ · · · , (61)

where c is the central charge, λ = 1 (λ = 1/2) for periodic
(open) boundary conditions,[70] and

rl =
N

λπ
sin
(

πl
N

)
, (62)

which reduces to l/λ in the limit l ≪ N, and “· · ·” denotes
subleading corrections. As discussed in Section 2, the phase
transition line Γ = 0 in Fig. 1 (except at the two special points
J = 0 and J = −1) realizes a critical theory described by a
c = 1 CFT, as do the two gapless phases.

Figure 8 shows DMRG results for S(l) as a function of
lnrl at two representative points: (J = 1, Γ = 0) on the transi-
tion line and (J =−0.5, Γ = 1) in the gapless-II phase. Under
open boundary conditions, the entanglement entropy exhibits
alternating oscillations, which are clearly visible in both pan-
els of Fig. 8. To obtain precise estimates of the central charge,
data points near the edges are discarded to reduce boundary
effects. The fitted slopes yield central charge estimates of ap-
proximately c ≃ 0.971 at both representative points. With in-
creasing system size N, these estimates are expected to con-
verge to the theoretical value c = 1.

(a) ↼J/↪ Γ/↽ c ~ . (b) ↼J/↩.↪ Γ/↽ c ~ .
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Fig. 8. Extraction of the central charge from a linear fit of the en-
tanglement entropy S(l) versus ln(rl) at (a) (J = 1, Γ = 0) and (b)
(J =−0.5, Γ = 1). Here, rl =

N
λπ

sin
(

πl
N

)
, and the outermost 15% of data

points near the edges are discarded to reduce boundary effects. DMRG
simulations are performed on an open chain with N = 100 sites. The
maximum bond dimension and truncation error are set to m = 1500 and
ε = 10−12, respectively.

4.2.2. Correlation functions

Next, we examine the two-point spin correlation func-
tions within the gapless phases. It is sufficient to focus on the
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gapless-I phase, since the equivalence relation in Eq. (5) en-
sures that the two gapless phases are related by the spin rota-
tion R(x̂,π). Figure 9 shows the DMRG numerical results for
C+(r) and C−(r) at a representative point (J =−0.7, Γ = 1),
where C±(r) is defined in Eq. (49). It is evident that both
C−(r) and the envelope of C+(r) exhibit oscillations with a
wave vector that is incommensurate with the underlying lat-
tice. These behaviors are consistent with the exact solutions
presented in Subsection 3.2.2 for the gapless phase, where the
wave vector kF in Eq. (43) is generically incommensurate for
arbitrary (J,Γ ), except at special points.
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Fig. 9. Two-point spin correlation functions C+(r) and C−(r) as a func-
tion of site separation r at a representative point (J =−0.7, Γ = 1) in the
gapless-I phase. DMRG simulations are performed on a chain of N = 100
sites with open boundary conditions. The maximum bond dimension and
truncation error are set to m = 1500 and ε = 10−12, respectively.

5. Summary
In this work, we have investigated the ground-state prop-

erties of the exactly solvable spin-1/2 Kitaev–XX–Γ chain.
Combining analytical methods based on the Jordan–Wigner
transformation with large-scale DMRG simulations, we iden-
tify six distinct phases: four gapped phases exhibiting ferro-
magnetic or antiferromagnetic long-range order, and two gap-
less phases characterized by helical Majorana fermions at low
energies. The gapped phases possess a two-fold degenerate
ground-state manifold, whereas the gapless phases are de-
scribed by a conformal field theory with central charge c = 1.
The system hosts rich quantum critical phenomena, including
lines of deconfined quantum critical points with dynamical ex-
ponent z = 1 and quadratic critical points with z = 2, reflecting
the intricate interplay between symmetry, magnetic order, and
quantum fluctuations.

Appendix A: Majorana operators
Majorana zero modes appear at the zero-energy points

El(kF) = 0. We define the corresponding Majorana operators
as

α
(1)
lk =

1√
2

(
γlk + γ

†
l,−k

)
, (A1)

α
(2)
lk =

1√
2i

(
γlk − γ

†
l,−k

)
. (A2)

These operators satisfy the Majorana condition in mo-
mentum space

(αm
lk)

† = α
m
l,−k, (A3)

and obey the canonical anticommutation relations

{α
m
lk ,α

m′
l′k′}= δll′ δmm′ δkk′ . (A4)

In terms of these operators, the Hamiltonian reads

H = ∑
k∈Ke

∑
l=±

iEl(k)α
(1)
lk α

(2)
lk . (A5)

The Heisenberg equation of motion gives

[H,α
(1)
lk ] =−iEl(k)α

(2)
lk , [H,α

(2)
lk ] = +iEl(k)α

(1)
lk . (A6)

At zero-energy points El(kF) = 0, the corresponding Ma-
jorana operators commute with the Hamiltonian and thus de-
fine Majorana zero modes that are stationary in time.

Appendix B: Proof of the existence of zero-
energy points in the gapless region

For Γ ̸= 0, we first determine the gapless regions. The
condition for E−(kF) to vanish is

E−(kF) = 0. (B1)

Squaring the dispersion in Eq. (35) and rearranging terms
yields

Γ
2 sin2(k/2)+ J(J+1)cos2(k/2) = 0. (B2)

Since sin2(k/2),cos2(k/2) ≥ 0 and Γ 2 > 0, a necessary
condition for Eq. (B1) to have a solution is

J(J+1)≤ 0, (B3)

which gives the constraint

−1 ≤ J ≤ 0. (B4)

Equation (B1) can be further rewritten as

Γ
2 +
[
J(J+1)−Γ

2]cos2(k/2) = 0, (B5)

leading to

0 < cos2(k/2) =
Γ 2

Γ 2 + |J(J+1)|
< 1. (B6)

Therefore, within the region −1 ≤ J ≤ 0, the dispersion
E−(k) always exhibits zero-energy points at wave vectors kF

and 2π − kF, given explicitly by

kF = 2cos−1

(√
Γ 2

Γ 2 + |J(J+1)|

)
. (B7)
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Appendix C: Proof of the energy gap in the (J >
0, Γ > 0) region

In the region (J > 0, Γ > 0), the lower branch of the spec-
trum can be written as

E−(u) =
√

Γ 2 +Du2 − u
2
, (C1)

where

D =

(
J+

1
2

)2

−Γ
2, (C2)

u = |cos(k/2)|. (C3)

To determine the energy gap, we consider two scenarios.
(i) Minimum in the interior u0 ∈ (0,1): The stationary

point u0 satisfies E ′
−(u0) = 0, giving

0 < u2
0 =

Γ 2

4D2 −D
< 1, (C4)

which requires

4D2 −D > Γ
2. (C5)

In this case, the energy gap is

∆g =
Γ

2

√
4D−1

D
. (C6)

(ii) Minimum at the boundary u0 = 0 or u0 = 1: The
gap is given by

∆g = min
{

E−(u = 0), E−(u = 1)
}
= min{Γ , J}. (C7)

Combining both possibilities, the energy gap in the (J >

0, Γ > 0) region can be summarized as

∆g = min

{
J, Γ ,

Γ

2

√
4D−1

D

}
. (C8)
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