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Nonlinear evolution and formation of cosh—Gaussian breathers in
cubic-quintic media possessing hump-shaped quintic nonlinearity
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We investigate the nonlinear evolution and formation of cosh—Gaussian (ChG) breathers in a nonlinear optical medium
characterized by a cubic—quintic (CQ) refractive index profile with a spatially modulated hump-shaped quintic nonlinearity.
The study is motivated by the unique intensity structure of ChG beams, which combines hyperbolic cosine and Gaussian
features, enabling a rich interplay between diffraction, self-focusing and nonlinear saturation effects. Employing the mo-
ment method, we derive a set of evolution equations governing the beam width and axial phase of the laser beam under the
influence of the composite nonlinearity. The analysis reveals critical conditions under which the beam undergoes periodic
breathing behavior, indicating the formation of robust breather solitons. The presence of the hump-shaped quintic term
introduces a localized nonlinear potential that significantly alters the propagation dynamics of the breather.
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1. Introduction

Understanding the propagation of intense laser beams
through nonlinear optical media has long been a subject of
scientific and technological interest. This area of research
underpins numerous applications, including advanced laser
systems, (! high-capacity optical interconnects,!”! adaptive
beam steering platforms, 3! and nonlinear photonic circuits.!
In contrast to linear propagation, where beams naturally
diffract and spread out over distance, nonlinear optical en-
vironments allow the medium itself to respond dynamically
to the intensity of light. This self-induced modification of
the refractive index can guide and shape the beam in un-
expected ways, leading to the emergence of spatially local-
ized waveforms known as optical solitons.>=8! These self-
stabilizing structures persist by balancing the dispersive ef-
fects of diffraction against the nonlinear refractive modulation
of the medium.

Among the variety of spatial solitons that can form
in such settings, a particularly fascinating class is that of

5.1%101 Rather than maintaining a static profile, these

breather
beams exhibit periodic fluctuations in intensity and trans-
verse width as they propagate, yet remain confined and coher-
ent. Their oscillatory nature is a direct consequence of non-
stationary balance mechanisms — where transient dominance
of either self-focusing!'!"'>! or spreading leads to cyclical re-
shaping of the beam. These breathing dynamics open up av-
enues for real-time tuneability and adaptive control of light
fields in nonlinear devices. This makes breathers particularly

suitable for contexts where reconfigurable beam properties are
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beneficial, such as in light-based trapping systems, ultrafast

optical modulation and dynamically adjustable waveguides.
Breathing wave structures are not exclusive to optics.

Similar pulsating patterns are seen in a variety of phys-

ical systems governed by competing effects. These in-

clude surface and internal waves in fluids,[!3]

oscillatory
plasma modes,!'"* nonlinear excitations in Bose—FEinstein
condensates, !5 and even propagating instabilities in reaction-
diffusion systems.!'®! Despite the diversity of these environ-
ments, the presence of breather-like states often signals a com-
mon thread: an ongoing interplay between localization and
dispersion. The recurrence of these dynamics across scientific
domains highlights the universality of breathing solitons and
the broad relevance of their governing principles.

In optical settings, the formation and persistence of
breathers are shaped by the precise interplay between the
beam’s phase front evolution and the medium’s nonlin-
ear response. While third-order (Kerr) nonlinearities often
dominate!'7-2 beam dynamics at moderate power levels, they
become insufficient to capture the full picture when the in-
put intensity increases. Under these conditions, higher-order
nonlinearities, particularly of quintic nature, become signifi-
cant. The fifth-order term typically introduces a saturating or
defocusing component, which tempers the otherwise runaway
self-focusing induced by the Kerr effect. This dual contribu-
tion — focusing from the cubic and defocusing from the quin-
tic response — establishes a richer framework for stable beam
propagation, enabling the existence of complex structures such
as oscillatory solitons.
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Cubic—quintic (CQ) nonlinear media, characterized by
this competing nonlinear behavior, have been shown to sup-
port a wide spectrum of exotic beam configurations. Of par-
ticular interest are structured laser beams, whose tailored in-
tensity distributions influence their interaction with the nonlin-
ear refractive landscape. One such configuration is the cosh—
Gaussian (ChG) beam,?!~?#! which combines features of hy-
perbolic cosine and Gaussian profiles to produce a beam with a
flatter central peak. This hybrid structure allows for enhanced
control over beam localization and energy distribution, which
can significantly impact the formation and stability of nonlin-
ear waveforms.

In this work, we investigate the evolution of ChG beams
in CQ media where the quintic nonlinearity is not uniform but
follows a hump-shaped spatial profile along the propagation
axis. These modulated media introduce an additional degree
of complexity, enabling spatially dependent nonlinear inter-
actions that influence the breathing dynamics of the beam.
Through semi-analytical and numerical modeling, we explore
how the structured intensity profile of ChG beams interacts
with the longitudinally modulated (hump-shaped) quintic re-
sponse to give rise to breather-type solitons. Our focus is
on identifying the key signatures of this interaction. These
insights aim to contribute to the design of advanced nonlin-
ear photonic systems where light fields can be dynamically
sculpted by the medium itself.

2. Formation of a spatial breather

Light propagation through nonlinear optical materials is
commonly described using the nonlinear Schrédinger equation
(NLSE), a simplified framework that arises from Maxwell’s
equations when specific conditions are applied. This approach
models the nonlinear behavior of the medium by integrating its
polarization characteristics into the constitutive equations. A
foundational premise of this derivation is that the optical wave
can be viewed as a rapidly oscillating carrier modulated by a
slowly varying envelope. The envelope evolves over spatial
and temporal scales much longer than the carrier’s wavelength
and period, enabling a scale separation that streamlines the
analysis of the system’s dynamics.>>-%7]

In the case of a medium exhibiting CQ nonlinearity, the
NLSE takes the form

. 0Agp 1%
2iko—— = V2 Ao+ n—g(znz |A]| - 2n4(2)|AGDA0. (D)
0

Here, ng is the linear index of refraction of the medium, n, is
the Kerr coefficient associated with x(3) nonlinearity, and ny4 is
the coefficient of quintic nonlinearity associated with the y(®)
effect. The dependence of ny on x® and ns on ¥©) can be
seen from the relations

3 1(3)
"8

_ 5 x(s)

2 16 g

The z dependence of n4 indicates the axial modulation of quin-
tic nonlinearity.

In Eq. (1), the evolution of the optical field envelope along
the longitudinal axis is governed by a term proportional to the
first-order derivative with respect to z, modulated by a com-
plex coefficient. This term encapsulates the gradual transfor-
mation of the beam’s amplitude as it propagates. The inclusion
of the imaginary unit signifies the wave-like character of the
process. Meanwhile, the transverse Laplacian ViAo accounts
for spatial diffraction, which manifests as lateral spreading of
the beam in the transverse plane. The nonlinear optical re-
sponse is introduced through an intensity-dependent refractive
index variation, represented by the terms involving \A0|2 and
|Ao|*, which may vary along the propagation axis. These non-
linearities lead to phenomena such as beam narrowing or ex-
pansion, depending on their respective signs and magnitudes.
Collectively, the model captures the competition between lin-
ear spreading due to diffraction and nonlinear refractive effects
that influence the beam’s transverse confinement.

In the present study, the axial modulation of quintic non-
linearity has been modeled as

ny(z) =nie —a*(z=d)?, 2)

That is, quintic nonlinearity is in the form of an axial hump.
Here, ng is the maximum value of the quintic nonlinearity, i.e.,
it represents the height of the hump, d is the position of the
center of the hump and a gives the measure of the width of
the hump. As the value of a increases, the width of the hump
reduces.

This modulation of quintic nonlinearity of the medium
can be engineered through several physical mechanisms. One
approach involves spatially varying the material composition
or doping concentration during fabrication, creating a longi-
tudinal gradient in the electronic or molecular response that
governs the quintic term.?®! Alternatively, externally applied
fields, such as temperature gradients, acoustic waves, or elec-
tric fields, can dynamically alter the nonlinear susceptibility
along the z direction. Another method exploits optical pump-
ing with a spatially shaped beam, which locally excites carrier
populations or changes the molecular alignment, thereby mod-
ifying the effective ny.

This hump-shaped axial modulation of quintic nonlinear-
ity plays a crucial role in controlling the dynamics of breathers
in nonlinear optical media, offering a wide range of applica-
tions in advanced photonic systems. The quintic term, which
becomes significant in strongly nonlinear or resonant materi-
als, often leads to instabilities such as beam breakup or col-
lapse at high intensities. However, introducing an axial hump
provides a means of locally enhancing and tailoring the non-
linear response to stabilize and manipulate soliton breathing.
This controlled modulation enables efficient optical switching
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and the realization of all-optical logic gates, where the breather
oscillations act as dynamic states for information encoding. In
high-power laser systems, the hump arrests collapse and fa-
cilitates stable propagation of intense solitons, thus support-
ing power scaling and robust soliton lasers. Furthermore, the
breathing dynamics under quintic modulation enhance nonlin-
ear spectral broadening, making it valuable for supercontin-
uum generation in broadband light sources for spectroscopy
and frequency metrology. The tunability imparted by the
hump also enables all-optical control of soliton amplitude,
width, and breathing frequency, which is useful for optical
memory and temporal pattern formation. At the same time, in
photonic crystal fibers and integrated waveguides, this modu-
lation provides soliton trapping, routing, and multiplexing ca-
pabilities. Importantly, since breathers serve as precursors to
rogue waves, axial hump modulation can either suppress these
extreme events for optical safety or deliberately excite them
for high-intensity pulse generation.

Due to the nonlinear nature of Eq. (1), the superposi-
tion principle no longer holds, and thus wave components
do not combine in a simple additive way. Therefore, tradi-
tional methods used to solve linear partial differential equa-
tions are no longer effective. To better understand how the
optical beam evolves under these conditions, a semi-analytical

d?*-321 in this paper.

method known as moment theory is use
This approach provides a practical way to capture the essential
features of beam behavior without requiring a full exact solu-
tion. Rather than attempting to solve the full wave equation
in detail, this method concentrates on the evolution of certain
integral characteristics of the beam, such as its spatial extent,
central location and angular spread. These characteristics, re-
ferred to as moments, are derived from the beam’s intensity
profile and serve a similar role to statistical moments in de-
scribing the shape and behavior of a distribution. By analyz-
ing how these global features change during propagation, the
moment-based approach offers meaningful insight into non-
linear effects such as beam narrowing, spreading and collapse,
all while sidestepping the complexities of fully resolving the
governing differential equations.

Moment theory defines the effective beam width of an op-
tical beam as

0 f(;x’AorzA(’;rdr

(a >—W~ 3)

The accuracy of the moment method critically relies on the
choice of an appropriate ansatz — a presumed beam shape that
reflects the dominant characteristics of the actual optical field.
This assumed form is defined by adjustable parameters that
encode the beam’s spatial structure and its evolution along the
propagation direction. If the selected ansatz closely approx-
imates the true profile of the beam, the method can provide

robust and insightful predictions of its behavior. In the present
study, a ChG-type beam profile is employed as the trial func-
tion, with its mathematical expression specified as/?!->#!

2

Ao (r) = %e 75/ cosh (brorf) . 4)
In this formulation, Eqy represents the peak axial intensity,
while r( denotes the characteristic beam waist, with r being the
radial distance from the beam axis. The parameter f serves as
a beam width descriptor and, when normalized by ry, captures
the evolution of the beam’s radial extent during propagation
through the nonlinear medium. In addition, the parameter b,
appearing in the hyperbolic cosine term, significantly affects
the transverse beam structure. Often referred to as the beam
shaping factor, b governs the steepness of the beam edges,
modulating how rapidly the intensity diminishes away from
the center. The resulting expression can be reformulated as

Ap = %?e% {ef%(ﬁ+b)z+ef%(ﬁffb>z]. 5)

From this equation, it is evident that the generation of ChG
beams can be understood through the coherent superposition
of two identical Gaussian beams, laterally displaced in oppo-
site directions along the x-axis. These beams are centered at
positions (%,0) and (—g,O), and when combined in phase,
they give rise to an interference pattern closely resembling the
intensity profile of a ChG beam. The separation distance b, of-
ten referred to as the shape parameter, determines the degree
of spatial separation between the two Gaussians and governs
the resulting transverse beam structure.
Using Eq. (4) in Eq. (3), one can obtain

(@ =rdf*(1+0%). (6)

Differentiating Eq. (3) w.r.t z and using the value of dAy/dz
from Eq. (1), we obtain

I~ (@) =il /m 2 {Ag (V2AY) — (V2 Ao) Ay} rdrd, (7)
JO

1()2/ AOA(’Srdr. (8)
0

In obtaining Eq. (7), it is assumed that the power of the beam
is conserved during its propagation, i.e., dly/dz = 0.
Differentiating Eq. (7) w.r.t z:

— =1— \Y% A VAL —
dz2<a> 110k0/() r {( 179z 0+ (V145) 97

JA 0A
_(via;)Ag—(v’jAo) azo}rdr. ©)

This equation can be simplified as

Aoy ® (720 [ (A dAG  9AG 9A
dzz<a>_110k0./o rarHaz ar 9z or
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9 [ 0A; d (A
*’(AOar (az) AOar( 22 ))]' (10

Using wave Eq. (1) and making use of the fact that for the ChG
laser beam profile, i.e., Eq. (5):

|Ao| =0, (11)
0Ag
o =0, (12)
20"Ay
5o =0, (13)
dZ
— (@) =K+ Ky + K3+ Ku, (14)
dz
where
29 [ s]0A0
K] = /0 E (V 87 dr7 (15)
. 4 r (9 2
K= Iokgo/grmo dr, (16)
o[~ (.,0 [ 3% d [ A}
K}—Iok(z)/o r(AOar <rar2) +A0$ <r arz ))dr,
17
K= 2—”/00 24022 4r (18)
Iong Jo or
¢ (AoA}) = 2my |AF| — 2n4(2)|Aj- (19)

Using Eq. (12) in Eq. (15), we obtain
K =0. (20)

Using Eq. (11) in Eq. (16), we obtain

n E}
Ky=-—"—>-%. 1)
Iokg f
Now, using Eq. (13) in Eq. (17), we obtain
T E?
Ky = 0 / 4|V Eo2 d 2
3 Iokg{ + r|V Eo|? f”} (22)
Using Eqgs. (15)-(18) in Eq. (14), we obtain
a2, , Am = 5
— = — V Ep|"d
az @) 10k§./o rV.LEo[dr
4 o J
+—”/ 2 1EF 2L ar. (23)
I()I’l() 0 ar

Using Egs. (4), (6) and (19) in Eq. (23), we obtain the evolu-

tion equation for beam width of the laser beam, i.e., Eq. (8).
Now, using the procedure of Lam and Lipman one can

obtain the equation for the evolution of the beam width as

Ef e (-0 1 (0
aéz 201+ f3 c?

21’12E00
(1+b2>{ A

—bJy)

—4”2;30 EO )|, @4
where

Ji = /0 32 osh? (bt)d (25a)
Jy = /0 " 2672 cosh? (bt)sinh (bt) d (25b)
Jy = /O "B e cosh (bt)d (25¢)
Ji— /0 " 2e73 cosh® (bi)sinh (br) dr,  (25d)
&= @ (26)

d= kor(z)a, 27)

d = /{;‘;(%7 (28)

r
=5 (29)

In the case of an initially plane wavefront, Eq. (8) must satisfy
the boundary conditions

f£(0)=1 and j—éhj:o:o. (30)

3. Axial phase modulation of the breather

The modulation of the phase in a laser beam arises from
variations in its axial phase distribution, caused by the beam’s
finite spatial extent. This spatial restriction acts somewhat like
a confining force, maintaining the beam’s profile within de-
fined boundaries. According to the principles of wave me-
chanics, limiting the beam’s position inherently broadens its
transverse momentum spectrum, 1331 which affects the effective
propagation characteristics. This interplay between confine-
ment and momentum dispersion alters the beam’s wavefront
curvature, inducing a continuous phase evolution as it travels
through space.

The spectral range oy of the breather is derived from the

variance of the spectral components as!34!

o =/ (k) + (k7). (€2))

It gives the measure of the spread in the beam’s spatial fre-
quency spectrum. It quantifies the range of frequencies around
the central wavelength, indicating the width of the spectrum in
which the beam’s intensity is significantly concentrated.

Here,
() = f]_ f]_ k2s(g, o Sk o )dikdik (320
- Bt o
Sthoky) = 57 / / Eo(r2)
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% e—ir(kaOS<9>+kySin(9))rdrde. (33)

The wave number kq of the laser beam is connected to trans-
verse and longitudinal components through

ko =ki+k; -+ (34)

Here, k; denotes the axial wave number, while k, and k, repre-
sent the transverse wave numbers in the respective directions.
The effective axial propagation constant of the optical beam is
defined in the root-mean-square (rms) sense as

K ) ®)

k, = .
T YTk ko

(35)
The overall on-axis phase 6(z) is connected to the effective

propagation constant through the relation

- 06
kZ = 872

In Eq. (35), the first term represents the phase component ky,

(36)

corresponding to an infinitely propagating plane wave along
the z-axis. The second term, however, reflects the phase shift
introduced by the finite beam, distinguishing it from the infi-
nite plane wave. Thus, the axial phase shift of the laser beam
can be written as

g, 1 .., 2
i ((R2) + (k2)) - (37)

Using the transformation given by Eq. (26), we obtain

dep —

W —1% ((k2) + (k2)) . (38)

4. Results and discussion

In the current study, Eqgs. (24) and (38) have been
solved numerically using the following set of param-
eters: @y = 1.13 x 10" rad/s, ry = 4.6 um, ny =
1.88, np = 2.2 x 1071 m?/W, n}/n3 = 0.1; mE} = 3;
b = (0,0.5,0.75,1.1,1.2,1.3); d' = (5,5.5,6) and d? =
(0.03,0.04,0.05).

It is worth noting that the parameters used in this study
are chosen solely for the numerical illustration of the derived
equations. However, the presented analysis remains valid for
any other set of parameters.

Figure 1 presents the variation of the dimensionless beam
width f(€) of the ChG laser beam in CQ media as a func-
tion of the dimensionless longitudinal coordinate &, compar-
ing two scenarios: one with and one without a spatially mod-
ulated (hump-shaped) quintic nonlinearity. The blue curve
corresponds to the evolution of the breather soliton without
the hump, while the green curve illustrates the behavior with
the hump-shaped quintic profile. The analysis demonstrates
a distinct oscillatory evolution in the beam profile, marked

by periodic contractions and expansions along the propaga-
tion axis. This behavior is rooted in the competition between
nonlinear mechanisms; the third-order (cubic) component en-
hances beam confinement, while the fifth-order (quintic) re-
sponse counteracts this by spreading the beam. At the onset,
the beam intensity is relatively low, allowing the self-focusing
effect to dominate and reduce the beam’s transverse size. As
the optical field strengthens further into the medium, the de-
focusing influence from the negative quintic term becomes
substantial, resulting in a broadening of the beam. This dy-
namic balance between compression and expansion inhibits
catastrophic focusing and establishes a recurring modulation
in beam width. These sustained and rhythmic variations are in-
dicative of a nonlinear wave phenomenon known as a breather
soliton.

1.6 .
—— Without hump

/N With hump

1.4 \
1.2 \ / \ N\
1.0
0.8
0.6

0.4

02l i

Fig. 1. Evolution of the beam width of a ChG laser beam propagating
in a CQ medium, shown for cases with (green curve) and without (blue
curve) a hump-shaped modulation of the quintic nonlinearity. Parame-
ters used are b = 0.5, a’> = 0.03 and &’ = 5.

It can also be seen that in the absence of the hump, the
amplitude profile of the breather remains relatively stable with
moderate oscillations, indicative of a quasi-stationary breather
supported by the underlying cubic—quintic nonlinearity. How-
ever, when the quintic nonlinearity is axially modulated to pos-
sess a localized hump (i.e., enhanced nonlinearity in a spatial
region), the amplitude of the breather significantly increases
in certain intervals of &, particularly around the central region.
Notably, the peak value of f(£) with the hump reaches ap-
proximately 1.5, as opposed to the 1.0 limit without the hump.
This implies that the hump-shaped nonlinearity acts as a non-
linear gain region, amplifying the breather soliton spatially.
The envelope of the breather also exhibits more pronounced
periodic modulation in the presence of the hump, confirm-
ing that the modulated quintic term introduces additional dy-
namic instabilities or resonance effects, which are otherwise
suppressed in the uniform medium.

Figure 2 illustrates the evolution of the spot size of the
laser beam through CQ media for different values of shape pa-
rameter b. The upper panel in this figure shows the variation
of the beam width, whereas the lower panel shows the actual
surface of the beam inside the medium. Figure 2 illustrates
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that as the shape parameter b is increased within the interval
0 < b < 1, the amplitude of the beam’s breathing dynamics
— reflected in its periodic expansion and contraction — be-
comes significantly larger. This enhancement arises because
a higher b value broadens and flattens the transverse inten-
sity profile, diverging from the sharply peaked form typical of
a Gaussian beam. Such a flatter distribution interacts with a
wider region of the nonlinear medium, thereby increasing the
spatial domain over which nonlinear effects occur. In a cubic—
quintic medium, the cubic component governing self-focusing
becomes more pronounced across this extended area, which
intensifies the beam’s oscillatory width variations. In addi-
tion, the broader central region helps to mitigate diffraction by
preserving a nearly uniform phase front, enabling the beam to
stay more localized over longer propagation distances. The
combined effect of stronger nonlinear coupling and reduced
diffraction thus leads to a more pronounced and stable breath-
ing pattern. Consequently, the observed rise in breathing am-
plitude with increasing b for b < 1 stems from the enhanced
spatial overlap between the beam and the nonlinear medium,
which amplifies self-focusing while simultaneously stabilizing
the propagation dynamics.

0 2 4 6 8 10 12
3
(a) " (b) -
et "
@ ., .. alPT”
£ ol 02, \. 10
;711‘ 4 8 @_11‘ i 8
4 4
20 3 2 0 3
@/;b—1 0 “5, =170
(c) “\
- 1 vv
Lo ..v A 10
—1 <’
‘2’400—1 o

Fig. 2. Beam-width evolution of a ChG laser beam propagating in a
CQ nonlinear medium with a hump-shaped modulation of the quintic
nonlinearity, shown for different values of the shape parameter b: b =0
(blue), b = 0.50 (green) and b = 0.75 (red). Other parameters used are
a?=0.03and d’ =5.

Figure 3 illustrates that when the shape parameter b ex-
ceeds unity, the self-focusing tendency of the cosh—Gaussian
beam diminishes notably. This reduction arises because, be-
yond this threshold, the beam’s transverse intensity distribu-
tion undergoes a structural change. Instead of exhibiting a

single central maximum, the on-axis intensity weakens and

As a result, the
beam evolves into a split or double-peaked profile, shifting

two off-axis lobes emerge symmetrically.

the regions of highest intensity away from the propagation
axis. Since self-focusing is primarily driven by refractive in-
dex modulation induced by localized high-intensity zones, this
redistribution of optical power reduces the nonlinear lensing
strength along the centerline. Moreover, the lateral displace-
ment of peak intensities causes the beam energy to be dis-
tributed over a wider area, diminishing the nonlinear interac-
tion per unit volume. Together, these effects make the beam
less susceptible to self-focusing as b increases beyond 1.

1.6

1.4

1.2

1.0
o~

0.8

0.6

0.4

Fig. 3. Beam-width evolution of a ChG laser beam in a CQ nonlinear
medium with a hump-shaped modulation of the quintic nonlinearity,
plotted for different values of the shape parameter b: b = 1.1 (blue),
b = 1.2 (green) and b = 1.3 (red). Other parameters used are a’ 2-0.03
andd’' = 5.

Figure 4 illustrates the breathing evolution of the normal-
ized beam parameter f with propagation distance & for dif-
ferent values of the hump-width parameter a’>. A clear trend

2 increases, which results in a narrower hump-

emerges; as a’
shaped quintic nonlinearity, the amplitude of the breathing os-
cillations becomes larger and the peaks of f rise to higher val-
ues. This indicates that when the nonlinear response is con-
fined to a narrower spatial region, the nonlinear refractive in-
dex changes become more localized and intense, enhancing
the periodic focusing—defocusing cycles.

Figure 5 presents Lyapunov exponent analysis of the
beam width oscillations of the ChG laser beam for different
values of the beam-shaping parameter b to examine the chaotic
nature of the oscillations. Each subplot displays log | Af(&) |
in blue, with a red linear fit whose slope denotes the largest
Lyapunov exponent A. A < indicates a stable breather where
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perturbations in the initial conditions decay and oscillations
A = 0 marks the
marginally stable transition. A > 0 corresponds to the case

remain bounded with the propagation.

where perturbations in the initial conditions grow with the

20 —a2=0.03
——a2=0.04
a?=0.05
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Fig. 4. Beam-width evolution of a ChG laser beam propagating in a
CQ nonlinear medium with a hump-shaped modulation of the quintic
nonlinearity, shown for different values of the parameter a’: @’ = 0.03
(blue), @’ = 0.04 (green) and a’ = 0.05 (red). Other parameters used are
b=0.5andd =5.

b—0 —\=0.2077 — A =0.0422

log(|Af(€)])

log(|A£(9)])

8 10 12

Fig. 5. Lyapunov exponent analysis of beam-width oscillations of a
ChG laser beam for varying values of the shape parameter b, evaluated
at fixed @ = 0.03 and d’ =5.

distance of propagation. It can be seen from all the subplots
that while the degree of chaos varies, all exponents remain
positive, indicating that the beam propagation is consistently
chaotic for all b-values shown, with no transition to regular
or periodic behavior. This indicates that the beam trajectory
in phase space is sensitive to initial conditions. For the beam
width, this manifests as irregular oscillations around an aver-
age value — the width continues to breathe, but neither stabi-
lizes to a single periodic cycle nor collapses completely. The
CQ medium with hump-shaped quintic nonlinearity acts as a
continuous perturbing mechanism, preventing the system from
ever reaching a perfectly periodic or stationary state.

Figure 6 displays the evolution of the axial phase modula-
tion (6,) versus the normalized propagation distance (&) for a
ChG laser beam in a CQ nonlinear medium, which reveals the
characteristic breathing dynamics of a spatial breather soliton.
The negative values of 6, represent a cumulative phase delay
or a Gouy-like phase shift acquired by the self-focused beam
as it propagates. The oscillatory nature of both curves sig-
nifies the beam’s breather-soliton formation, where its beam
width periodically contracts (self-focusing) and expands (self-
defocusing) as it moves through the medium, and this change
in width directly modulates the axial phase. The key com-
parison is between the “without hump” (blue line) and “with
hump” (green line) scenarios for the quintic nonlinearity pro-
file. The “with hump” case (green) results in a reduced mag-
nitude of the total phase delay and milder oscillations com-
pared to the “without hump” case (blue). This suggests that
the hump-shaped quintic nonlinearity introduces a stronger ef-
fective stabilizing or defocusing component that better coun-
teracts the cubic (Kerr) self-focusing, leading to a more con-
trolled and less intense breathing cycle with a slower overall
accumulation of the nonlinear phase shift.

0 v r
— Without hump
b —— With hump
75 3 \\\
N
\1
—10r ™~
.
\

< —15f

\ \
—20} \Q\

— 25}

—30

0 2 1 6 8 10 12
3

Fig. 6. Axial phase evolution of a breather in a CQ nonlinear medium,
comparing the cases with (green) and without (blue) a hump-shaped
modulation of the quintic nonlinearity. Parameters used are b = 0.5,
a?=0.03andd’' =5.

The graph from Figs. 7 and 8 illustrates a crucial depen-
dence of the axial phase modulation (6,) on the beam’s shape
parameter (), highlighting a complex interplay between the
initial beam profile and the resulting nonlinear axial phase
shift. For small values of b (b < 1), the beam profile, which
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transitions from a Gaussian (b = 0) to a slightly flattened-
top shape, directs more power towards the center, enhancing
the effective self-focusing of the cubic nonlinearity. This en-
hanced compression leads to a faster accumulation of the nega-
tive axial phase delay (a steeper ’ de,/dé | slope). However, as
b increases past the critical point (b > 1), the profile transforms
into a distinct dark-hollow beam, shifting the high-intensity
rings significantly off the beam axis. This on-axis intensity
depletion weakens the central self-focusing force, allowing the
inherent diffraction to partially dominate the dynamics. Con-
sequently, the beam’s ability to compress is reduced, resulting
46,/a¢
slope). This transition demonstrates that the shape parameter

in a slower rate of phase accumulation (a gentler

b acts as a geometrical switch that fundamentally controls the
competition between diffraction and nonlinearity, directly dic-
tating the strength and rapidity of the breather soliton’s self-
compression and, thus, the evolution of the nonlinear phase.

—10

—15¢

—20

—25

0 2 4 6 8 10 12

¢
Fig. 7. Axial phase evolution of a ChG laser beam propagating in a
CQ nonlinear medium with a hump-shaped modulation of the quintic
nonlinearity, shown for different values of the shape parameter b: b =0
(blue), b = 0.50 (green) and b = 0.75 (red). Other parameters used are
a”?=0.03andd’' =5.
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3

Fig. 8. Axial phase evolution of a ChG laser beam propagating in a CQ
nonlinear medium with a hump-shaped modulation of the quintic non-
linearity, shown for different values of the shape parameter b: b = 1.1
(blue), b = 1.2 (green) and b = 1.3 (red). Other parameters used are
d?=0.03andd' =5.

Figure 9 illustrates how the axial phase accumulated
by the spatial breather soliton is controlled by the nonlinear
medium’s profile. It can be seen that the parameter a2, which
is inversely related to the width of the quintic hump, demon-
strates that increasing a'> (narrower hump) leads to a less neg-

ative, more stable phase evolution (red line), which counter-
intuitively implies that a narrower hump results in a stronger
overall stabilization/defocusing of the breather, thereby lim-
iting the beam’s self-compression and the resulting nonlinear
phase accumulation.

0 2 4 6 8 0 12
3

Fig. 9. Axial phase evolution of a ChG laser beam in a CQ nonlinear
medium with a hump-shaped modulation of the quintic nonlinearity,
shown for different values of the parameter a?: d? =0.03 (blue), 0.04
(green) and 0.05 (red). Other parameters used are b = 0.5 and &’ = 5.

5. Conclusion

We have presented a detailed theoretical investigation into
the nonlinear propagation and breather soliton formation of a
ChG laser beam in a medium characterized by a CQ nonlin-
earity with a spatially modulated hump-shaped quintic term.
Employing the moment method, we derived a set of coupled
evolution equations for the beam’s width and axial phase mod-
ulation (6,) that successfully captured the characteristic peri-
odic breathing dynamics of the spatial breather soliton.

Our results underscore the crucial role of both the input
beam profile and the quintic nonlinearity’s spatial characteris-
tics in governing the propagation. The axial phase modulation,
which represents the nonlinear Gouy phase shift, was shown
to be highly sensitive to the controlling parameters.

Quintic hump profile The comparison between the
“without hump” and “with hump” scenarios (Fig. 1) revealed
that the hump introduces a stronger effective stabilization.
This counteracts the cubic self-focusing, resulting in a reduced
magnitude of the accumulated phase delay (6,) and milder os-
cillations.

Beam shape parameter (b) The decentered parameter
b was found to control the intensity of the breathing. For
b < 1, increasing b initially enhances self-focusing, leading
to a faster drop in the axial phase. However, for b > 1, the
transition to a dark-hollow profile weakens central focusing,
thereby slowing the phase decrease.

Hump width (a’?) Increasing a> (corresponding to a nar-
rower hump) led to a stronger suppression of the phase delay
and breathing intensity, suggesting that a more localized con-
centration of the quintic term is more effective at stabilizing
the beam.
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In summary, these findings demonstrate that the com-

bination of the unique cosh—Gaussian profile and the engi-

neered hump-shaped quintic nonlinearity offers a versatile

platform for the tunable generation and precise control of spa-

tial breathers. The ability to manage the nonlinear phase accu-

mulation and breathing frequency through parameters such as

b and d’ is vital for potential applications in all-optical switch-

ing, controlled energy delivery, and high-intensity beam ma-

nipulation.
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