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We present a double-cavity optomechanical system with a mechanical oscillator, which is jointly driven by an
amplitude-modulated laser field and a weak squeezed vacuum field, aiming to explore quantum entanglement effects under
the unresolved-sideband regime. Within our proposed scheme, it is possible not only to surpass the limit of maximum
steady-state entanglement In2 for bipartite entanglement, achieving strong entanglement, but also to significantly enhance
tripartite entanglement and improve the system’s robustness against thermal noise. Meanwhile, the introduction of the
squeezed vacuum field plays a crucial role in entanglement control, enabling not only a several-fold enhancement of en-
tanglement but also continuous and precise manipulation of its strength within specific ranges. The suggested method
demonstrates exceptional flexibility and adaptability under a wide range of operating conditions, offering a new pathway
for theoretical and experimental investigations of strong bipartite entanglement and tripartite entanglement.
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1. Introduction

Cavity optomechanical systems are complex hybrid sys-
tems characterized by the coupling interaction between the
cavity field and a mechanical oscillator.!'3] They not only
offer a crucial platform for exploring the boundary where
the classical world interacts with the quantum realm but
also hold immense significance for the investigation of non-
classical and nonlinear phenomena./*”! With the rapid de-
velopment of high-precision instrument technology, optical
microcavities are continuously shrinking in size while ex-
periencing significant improvements in quality factors. In
various meticulously designed systems, the interaction be-
tween photons and matter mediated by radiation pressure
has led to a multitude of novel quantum effects,!® such

as quantum entanglement,>-!”! Einstein—Podolsky—Rosen

(EPR) steering,!'82!l mechanical squeezing, -2

photon
blockade,[27-321 nonreciprocal transmission, [33.34] and quan-
tum synchronization.3-38 These phenomena hold theoretical
significance and demonstrate great potential for practical ap-
plications.

Among various quantum phenomena, quantum entangle-
ment has become a major focus of research. Quantum en-
tanglement can generally be classified into bipartite entan-
glement and multipartite entanglement. Bipartite entangle-
ment takes various forms, such as optomechanical entangle-
ment, photon—photon entanglement, photon—microwave en-

tanglement, photon—atom entanglement, and others.**~#2! Qur
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proposal aims to investigate optomechanical entanglement,
which denotes a unique quantum state that arises between pho-
tons (light fields) and mechanical oscillators (tiny physical
vibration systems) within the framework of quantum optics
and quantum mechanics. In this entangled state, the photon
and the mechanical oscillator are intrinsically linked to form
a unified system, allowing them to influence each other de-
spite being spatially separated. The concept of entanglement
stems from debates on the completeness of quantum mechan-
ics. In 1935, Einstein, Podolsky, and Rosen proposed the EPR

(101 which marked the emergence of quantum entan-

paradox,
glement as a cornerstone for quantum information processing.
Subsequently, Schrodinger coined the concept of quantum en-
tanglement to describe the relationship between two particles
in the EPR thought experiment and to consider how to steer
the entanglement.!!'') Meanwhile, multipartite quantum entan-
glement serves as a core resource for examining the essence
of quantum non-locality and quantum correlations. Compared
to bipartite entanglement, tripartite and higher-order multi-
partite entanglements exhibit richer structural characteristics
and stronger information processing capabilities.[**71 Our
research primarily focuses on tripartite entanglement within
the framework of continuous variables, aiming to construct
stable three-mode entangled states through coordinated reg-
ulation between two optical modes and one mechanical mode.
This enables us to investigate the quantification rules, dynamic
evolution characteristics, and robustness against external noise
of tripartite entanglement. To date, entanglement between mi-
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croscopic particles has been achieved in various systems, such
as optomechanical and magnomechanical cavities.[*8->1]
However, quantum states such as entanglement are rela-
tively fragile. External disturbances, such as thermal noise,
can cause decoherence of quantum states, ultimately lead-
ing to the loss of nonclassical features of the quantum sys-
tem. Specifically, thermal noise increases the uncertainty in
both optical and mechanical modes, limits the achievable de-
gree of squeezing, and makes it difficult to maintain quan-
tum correlations between subsystems, severely degrading both
the stability and observability of entanglement. To allevi-
ate the detrimental effects of thermal noise, various strate-
gies have been proposed, including the introduction of atomic
ensembles,”~?! squeezed vacuum fields, ! optical paramet-

(55,56

ric amplifiers,?>33->41 auxiliary optical cavities, 1 and pe-

[57-591 Specifically, Zhang et

riodically modulated laser fields.
al. investigated steady-state mechanical squeezing and op-
tomechanical bipartite entanglement in a cavity driven by
a laser with a periodically modulated amplitude, comparing
cases with and without an auxiliary cavity.’’! They found
that in the resolved-sideband regime, mechanical squeezing
can exceed the 3-dB limit, and bipartite entanglement is sig-
nificantly enhanced. Meanwhile, Wu er al. explored how to
enhance quantum entanglement and EPR steering in an op-
tomechanical system coupled to a squeezed vacuum field, tak-
ing into account the displacement of detuning induced by the
mechanical mode.!?°! In this work, by combining a periodi-
cally amplitude-modulated driving laser with a squeezed vac-
uum field, we not only examine optomechanical bipartite en-
tanglement but also innovatively investigate the influence of
the squeezed vacuum field on tripartite entanglement. Here,
we focus specifically on the role of the squeezed vacuum field.
In quantum optics, the squeezed vacuum field is a type of non-
classical optical field that surpasses the classical noise limit.
Its essential feature lies in the directional redistribution of
quantum noise through nonlinear optical processes. It achieves
this by squeezing fluctuations in one quadrature component
(e.g., momentum or position) to fall below the standard quan-
tum limit (i.e., 1/2) while correspondingly enhancing noise in
the conjugate quadrature to satisfy the uncertainty principle.
This “noise redistribution” mechanism provides a crucial re-
source for the generation and enhancement of entangled states.
Meanwhile, this noise reduction effect can be effectively trans-
mitted through the interactions among subsystems, thereby
maximizing the entanglement effect. Furthermore, by combin-
ing the dynamic tunability of the squeezed vacuum field with
the adjustable coupling in the dual-cavity system, the strength
of the entangled state can be switched on demand, allowing
for flexible and precise control.

In traditional dual-cavity optomechanical systems, in-
creasing quantum entanglement suffers from a plateau ef-

fect, making it difficult to surpass the threshold of maximum
steady-state entanglement, In2.157! In this work, the coupled
optomechanical system is driven by an amplitude-modulated
laser field and a squeezed vacuum field. It is found that the bi-
partite entanglement thus produced can easily exceed the limit
of steady-state entanglement, In2. Compared to the case with-
out the squeezed vacuum field, the maximum entanglement is
increased to 2.76 times its original value. Moreover, tripar-
tite entanglement is also significantly strengthened, and both
exhibit strong robustness. Furthermore, by tuning the parame-
ters of the squeezed vacuum field and the intercavity coupling,
the degree of entanglement can be continuously adjusted and
precisely controlled within a certain range. This approach of-
fers a novel perspective for the study of bipartite and tripartite
entanglement.

The organization of this paper is as follows. In Sec-
tion 2, the system model and the linearized Hamiltonian are
introduced. In Section 3, we investigate the dynamic behav-
ior of the system and formulate the dynamical evolution equa-
tions for the system operators. In Section 4, we explore bipar-
tite and tripartite entanglement in the optomechanical system
while separately verifying their robustness. The conclusions
are summarized at the end.

2. Model and Hamiltonian

The modulated optomechanical system is depicted in
Fig. 1, in which two coupled whispering-gallery-mode opti-
cal cavities (one of which is coupled to a mechanical res-
onator) are driven by an external coherent driving laser with
a time-dependent amplitude E(¢) and frequency @y. A weak
squeezed vacuum field is also applied to the driving laser. The
system Hamiltonian can be written as (in units of = 1)

Wy
2
—Goalarg+ilE(t)aj e 1™ —E*(t)ar e ™). (1)

H = a)laTal —l—a)za;az—i— (pz—&—qz)—i—l(a;rag +a1a;)

Here, a; (a_ll') and ap (a;) denote the annihilation (creation) op-
erators for the two cavity modes with frequencies w;, w, and
decay rates K, K», respectively; g and p represent the dimen-
sionless position and momentum operators of the mechanical
oscillator m, which satisfy the standard canonical commuta-
tion relation [g, p] = i. The single-photon coupling strength is
denoted by Gy, and the cavity—cavity coupling strength is rep-
resented by J. In the rotating frame at the laser frequency @y,
the Hamiltonian (1) takes the form
H = 51aIa1 + 5za;a2 + %(ﬁ +4%) — Goaialq
+J(aia2+a1a;)+i[E(t)aJ{—E*(t)al], )

where 8, = @] — @y and &, = @, — @y represent the detunings
of the two cavities with respect to the driving laser, respec-
tively.
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Fig. 1. Schematic diagram of the optomechanical system. (a) The cavity a;
is coupled to a mechanical oscillator m and another cavity ap. Cavity a; is
driven by an external coherent laser with a periodically modulated amplitude
E(r) and a weak squeezed vacuum field. (b) The cavities a; (with frequency
o, and decay rate k) and a, (with frequency @, and decay rate k») are cou-
pled with a coupling strength J. Additionally, the cavity a; is coupled to a
mechanical oscillator m (with frequency @, and damping rate ¥,) via a cou-
pling strength Gy.

In addition to the coherent dynamics, the system is in-
evitably affected by the environment. If we take into ac-
count the mechanical damping and cavity decays, the dynam-
ics of the system can be described by the nonlinear quantum

Langevin equations (QLEs)

q= Wnp,
P=—0ng— %merGoaTal +&(1),

K .
a; = — (21 + i81>a1 +iGoa1q —iJay + E +/x14},
. K> . . in
a2<2+152>a21.la1+\/ Ka,, (3)

where a " and a are zero-mean input noise operators of the
two cavities, characterized by the following correlation func-
tions:

a “‘T() P =N&(t 1),
(™ (1)ai(i")) = M8(1 1),
(@™ (1)a3' (1)) = nund(t —1'). )

The coefficients N = sinh? » and M = e'® sinhrcosh r denote
the features of the squeezed vacuum field with squeezing pa-
rameter » and reference phase 6, and ng, = [exp(ha, /kpT) —
1] denotes the average photon number at the thermal envi-
ronmental temperature 7', with kg being the Boltzmann con-
stant. &(¢) is a zero-mean Brownian motion noise opera-
tor. For a high-quality mechanical oscillator satisfying Q =
O/ Ym > 1, the correlation function of & can be described
as (EMEW)+E()E())/2 = L (2n,, + 1)6(t —1') with the
mean thermal phonon number n,, = [exp(h@,, /kgT) —1]~!
The QLEs in Eq. (3) are nonlinear inhomogeneous differ-
ential equations, which are generally challenging to solve di-
rectly. However, under the strong driving condition, the equa-
tions can be solved through a standard linearization technique.

Specifically, the cavity mode and mechanical mode can be ex-
pressed as the sum of the classical mean value and the quantum
(0(1)) +60,(0 =ay,a2,q, p).
The differential equations for the classical mean values are as

fluctuation operator, i.e., O =

follows:

(q(1)) = om(p(1)),
(P(0)) = ~@ulg(0) — 24p(1)) + Gol(ar (1)) .

2
@©) = (5 +i61) @)+ iGolan (0} (o)
~ Uas(e) + EG).
@) = ~(F+i8) @) - V@) ©

The linearized QLEs governing the quantum fluctuation oper-
ators are as follows:

84 = wu6p,

op = fwm5q7%5p+Go(a1(t)>*5a1 +G0<a1(t)>5a}L
+&(1),

Sa = —(1;1+i51>5a1+iGo<a1(t)>5q+iGo(q(t)>5a1
—iJ8ay+ /K1),

Sy — (';2+152> Sar — iJ8ay +/Kedl (1) (6)

The linearized system Hamiltonian associated with the quan-
tum fluctuation operators can be derived as follows:

Hyin = [81 — Go(q(1))]6a1"8a) + 8,8a,"8as
+%(5q2+5p2)+1(5af5a1+5a26a1T)
—Gg[(al(t)>*6a1 +(a1 (t)>5a1T]5q. 7)

3. Dynamics of the system

The time evolution of the mean value operators captures
the classical dynamics of the system. When the system is far
from regions of instability or multistability, the optomechan-
ical interaction can be treated as a perturbation. According
to Floquet theory, the asymptotic solutions of the first mo-
ments will exhibit the same periodicity as the behavior of am-
plitude modulation, i.e., (O(t+ 1)) = (O(t)). Therefore, we
can perform a double expansion (Fourier and perturbation ex-
pansions) on the mean value operators:

0@)=Y Y, One™Gp, ®)
[=0n=—c0

where the indices n and [ are integers, and Q = 27/7 de-

notes the modulation frequency. The periodic amplitude driv-

ing E(t) can also be expanded as a Fourier series

— i Ene—in.Qt. (9)

n—=—oo
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Substituting Eqs. (8) and (9) into Eq. (5), we obtain re-
cursive formulas for the time-independent coefficients O, ;:

qno = O, Pno = 0,

20 E,[2+i(nQ+8)]

“a = (S +i(nQ+6))] [2 +i 2’

n JE_,

& = — (10)

1[5 +i(nQ+6)][R+i(nQ+8)] +i/?

The resulting equations correspond to the case where [ = 0.
For [ > 1, the solutions are given by

inQ w,,
Pnil = 5
qn,l
_ - I -1
1—1 arlz NS arll +n,l—1
Gt = On Y (1n

inQy,’
I'=0n'=—oo a),% —n2Q2% + T}'m

M= v < i[2+i(ne +52)]a’11/’l/6]n7n',171/71
LT A i+ 8)][2 i+ &)+

/.l,
_ Ja\ " Gy 1y
I'=0n/=—oo I:% + l(}’lQ + 51)] [% —+ 1(nQ + 62)] +12 .

To obtain a relatively accurate analytical solution, we
truncate the above series at / < 6 and |n| < 5, and truncate the
series of the modulation amplitude E(¢) at |n| < 1. For our ex-
perimental conditions,!°*-%4! reasonable experimental param-
eters are assumed as follows. The frequency of the mechani-
cal oscillator m is set to @,, = 27 x 23.4 MHz, with a corre-
sponding quality factor of Q = 103. Compared to high qual-
ity factors, the one we have chosen is easier to achieve ex-
perimentally. The main amplitude of the driving light Ey =
VKPy/hw = 1.5 x 10° @, with k = 5k, and the correspond-
ing power Py ~ 3.38 mW. For optical cavities, the frequencies
of a1 and a, are both set to w » =27 x 193.4 THz, with qual-
ity factors of Q; =2 x 10° and Q, = 8 x 107, respectively.
By precisely adjusting the distance between the two cavities,
their coupling strength can be experimentally regulated. Fur-
thermore, squeezed vacuum fields have been experimentally
applied for years;[%>-%] they can be generated by a flux-driven
Josephson parametric amplifier, and their mature experimen-
tal technology provides strong support for the experimental
implementation of our proposal. The above analysis has ad-
vanced our scheme from theory to practice.

Subsequently, we analyze the time-evolution behavior of
the phase space trajectories for the mechanical modes {g(7))
and (p(¢)) in Fig. 2(a). It can be observed that the evolution-
ary behavior of the mechanical mode exhibits periodicity. As
time progresses, the numerical results align with the analyt-
ical predictions, with both converging to a limit cycle. This
confirms that the evolutionary period of the mechanical mode
is consistent with the modulation period 7. Figures 2(b) and
2(c) respectively show the asymptotic behaviors of the real and
imaginary parts of {a; (7)) and {a»(¢)) over time. After approx-
imately 60 modulation periods, the approximate analytical so-

lution agrees closely with the exact numerical solution, further
verifying the accuracy of the analytical approach.

1.5
1.0
0.5F
R
S
@ —0.5}F
—1.0F
—_1.5F
—2.0 : : . .
0.5 1.0 1.5 2.0 2.5 3.0
(q) (10%)
X104
81 (b)1
4 W\/
O - B
A e —
4 — Re(aq)
—8r ) — Im(a;) 1
57 58 59 60
X104
o — . I:(c).
o =1 = a
Re(as) 1
L ) i tin(as) |
o
—6F o e P %o
57 58 59 60
t/T

Fig. 2. The phase-space trajectories of the first moments (¢g(¢)) and (p(z)) (a)
over the time interval [0, 607]; the cyan dashed line and black solid line repre-
sent the approximate analytical and exact numerical results, respectively. The
time evolution of the real and imaginary parts of the first moments (a; (7)) (b)
and (a; (7)) (c) during the three modulation periods [577, 607]; the marker
symbols and solid lines correspond to the approximate analytical and exact
numerical results, respectively. The system parameters are chosen as fol-
lows: 61/@y, =1, Go/ @y, =8 x 1070, Q/wm =2, K1/, =4, T=21/Q,
Y/ O = 1073, K2 /0y, = 0.1, 8/ 0 = — 1, T /@y = 1.3, Eg/ 0, = 1.5 x 107,
and Ex /@, =3 x 10*.

Having obtained the time evolution of the mean values,
we proceed to investigate the dynamics of quantum fluctua-
tions. To this end, we introduce the quadrature operators of
the cavity mode along with the corresponding Hermitian input
noise operators:

+ o
Sxy = éalk&zl, Sy1 = 5a1.\/§5a17
i
Sxy — dap + 5a; L dap — 5(1;
V2 iv2
iln _ alln +a1]m‘ iln _ alln allmL
V2 v2
in 12n i2nJr in __ ai2n — aiZHT

12)

The quadrature operators of the quantum fluctuations and
the corresponding noise operators can be reexpressed as col-
umn vectors:

U(t) = [8g,8p,8x1,8y1,6x2,8y)]", (13)
N (1) = [0,&(1),v/Kix (1), /Ky (8), /503 (1), /2y ()]
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Then, the linearized QLEs (6) of the fluctuations can also be
rewritten in a more succinct form

duU(t)
dt

=ROUE)+N(), (14)

where the time-dependent 6 x 6 drift matrix R(¢) has the fol-
lowing form:

0 O 0 0o 0 0

-0, - Gx(Kt) Gy(t) 0 0

| —Gy(®») 0 -5 A(t) 0 J
RO=1 600 0 —AW) -5 —1 o0
0 0 0 J -2 5

0 0 —J 0o -& -2

with A;(t) = 8; — Golq(1)), G(t) = V/2Go{a\(t)). The coef-
ficients G, and G, are the real and imaginary parts of G(t),
respectively. Due to the linearization process of quantum fluc-
tuations and the intrinsically Gaussian nature of noise, the time
evolution of the fluctuations can be completely characterized
by a 6 X 6 covariance matrix (CM) V(¢) , with its elements
defined by the following equation:

Vir = (Re(t)Ru(t) + R ()R (1)) /2. (15)

The motion equation for the CM can be derived from Eqs. (14)
and (15) and is governed by

dy

5 = ROV + V(OR()+D, (16)
where the noise diffusion matrix D with element Dy 0 (¢t —
') = (g ()n;(t") + ny (t')ng (¢)) /2 can be written as D = D; ¢

D, & D5 with

D, = diag 0,};"(2nm—|—1)}

p,_ KU [M+M +2N+1  i(M*—M)

270 iM*—M) 2N+1-M-M*|’
. [x K

Ds = diag ;(2n1h+1)722(2nth+1)}.

The dynamic evolution of quantum fluctuations can be fully
captured using the motion equation (16). Next, we will pri-
marily investigate the influence of squeezed vacuum noise on
quantum entanglement in optomechanical systems operating
under the unresolved-sideband regime, i.e., kK > @y,.

4. Bipartite and tripartite entanglement under
the unresolved-sideband regime

In this section, we first investigate the enhancement of
bipartite entanglement by applying a weak squeezed vacuum
field. Since the asymptotic state of the system is Gaussian, we

67,68]

employ logarithmic negativity En! as a convenient mea-

sure of entanglement,

Ex = max[0,—In(2n7)], 17

where the coefficient 7~ = min i, V| with symplectic ma-
trix Q) = @3:1i6y. The matrix Vs = P112VaP1)2, where Vs
represents the 4 x 4 CM of the two subsystems, and P, de-
notes the partial transposition matrix. For the bipartite entan-
glement, we investigate the quantum entanglement dynamics
between the mechanical mode m and the cavity mode a;; thus,
V4 can be expressed as

(18)

V4 — |:Vm VCWI:|

VI Ve

with V,,, V,, and V,, serving as 2 x 2 subblock matrices.
Furthermore, the quantum feature of the system can also

be characterized by tripartite entanglement, which can be

achieved via the residual contangle!®®7%] and defined as

i jk -
RY =Cix—Cyjj —Cip, (i j,k=m,a,a2),  (19)

where C,, refers to the contangle of subsystems of u
and v (v contains one or two modes) and is equal to the
squared logarithmic negativity, ie., C, = E3|v' When
v contains two modes, E,, can also be solved using
Eq. (17). The specific formulas are as follows: 1~ =
min|iQ3Vs| with Q3 = @3_jic, and Vs = PyjVePijk-
Here, Vg is the 6 x 6 CM related to the mechanical
mode and two cavity modes. Here, the partial transposi-
tion matrices are P4, = diag[l,—1,1,1,1,1], Pyjjam =
diag[1,1,1,—1,1,1], and Py e, = diag[1,1,1,1,1,~1]. Re-
garding the Gaussian nature of the quantum states, the mini-
mal residual contangle is widely acknowledged as a standard
measure for the tripartite entanglement

R = min(Ry 2 Rl g2y, (20)
Values of R™" > 0 imply genuine tripartite entanglement.

To select appropriate parameters to ensure the stability of
the optomechanical system, we analyzed the characteristics of
the drift matrix R(¢) at the initial time in detail, as displayed
in Figs. 3(a) and 3(b). In Fig. 3(a), the maximum real part of
the eigenvalues of R(¢) is plotted as a function of the cavity
decay rates k7 and k», which implies a stable condition associ-
ated with the negative value. Figure 3(a) shows that when the
decay rate k| /oy, exceeds 2.6, the system enters a stable re-
gion covering the entire parameter range. Similarly, Fig. 3(b)
demonstrates the dependence of stability on the single-photon
coupling strength Gy and the cavity a; detuning §;. It suggests
that when the value of Go/, is relatively small, the system
also exhibits good stability. These results demonstrate that the
proposed scheme is stable over a relatively wide range of pa-
rameters. Based on the aforementioned stability analysis, we
will further explore the performance of an additional squeezed
vacuum field under stable conditions. In Fig. 3(c), we depict
the time evolution of bipartite entanglement for the mechanical
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mode m and the cavity mode a, under different squeezing pa-
rameters 7. The results indicate that increasing r within an ap-
propriate range leads to a significant enhancement of quantum
entanglement, reaching up to 2.76 times the value observed
in the absence of the squeezed vacuum field; moreover, af-
ter the application of the squeezed vacuum field, the entan-
glement can easily surpass the strong entanglement limit of
In2 (approximately 0.693). This result emphasizes the signif-
icance of utilizing squeezed vacuum fields in optomechanical
systems, as they not only facilitate breaking the 0.693 thresh-
old to achieve strong entanglement but also enable precise ad-
justment of the entanglement effect, resulting in a several-fold
enhancement. At the initial moment of evolution, the system
is typically in the vacuum state. When the squeezing param-
eter r is sufficiently large, quantum entanglement is rapidly
generated, leading to a transient entanglement peak within a
short time interval. Over time, the entanglement gradually ap-
proaches a steady state, and the peak correspondingly decays.
It is worth noting that although a squeezed vacuum field can
effectively suppress quantum noise in one quadrature compo-
nent, the Heisenberg uncertainty principle dictates that it si-
multaneously amplifies the noise in the conjugate quadrature.
This competition between noise suppression and amplification
results in a non-monotonic dependence of entanglement on the
squeezing parameter r; consequently, there exists an optimal
value of r at which the system achieves maximal entangle-
ment.

Stable

05 10 15
61 /wm

15F) —cooen - e } - oo

z 1
R 1.0f ©

0 10 20 30 10 50 60
t/T

Fig. 3. Steady-state conditions and system dynamics. (a) Maximum eigen-
value of the coefficient matrix R as a function of the cavity decay rates
k1 and k. (b) Maximum eigenvalue of the coefficient matrix R versus
the single-photon coupling strength G and the cavity a; detuning &;. (c)
Time evolution of bipartite entanglement Ey between the mechanical oscilla-
tor m and the cavity a, with respect to the squeezing parameter r. The black
dashed line represents an entanglement value of In2. The system parameters
are set to Go/@y = 107, Ky /@y = 0.02, J/ @y = 1, Eg/ay, = 1.7 x 10,
Ei/on= 10*, n,, =0, and 6 = 1.67. The other parameters are the same as
those used for Fig. 2.

Figure 3(c) also indicates that the entanglement varies pe-
riodically with time 7. Therefore, in Fig. 4, we select a fixed
time point ¢ = 607 for further investigation after the system
reaches a stable state, i.e., E{\; = Ex (t = 607). In Fig. 4(a),
we fix the squeezing parameter r and focus on exploring the
influence of the reference phase 6 and coupling strength J be-
tween cavity modes a; and a on the properties of bipartite
entanglement between the mechanical oscillator m and cav-
ity ap. The results clearly show that the utilization of the
squeezed vacuum field allows for flexible adjustment of the
degree of entanglement. It not only enables continuous tun-
ing of the entanglement effect within a specific range but also
allows for precise manipulation of the entanglement state by
changing the reference phase 6. When the entanglement is
zero, the noise precisely disrupts the quantum correlation con-
dition, rendering the entire system a classical mixed state.
Conversely, when the entanglement reaches its maximum, the
noise transferred from cavity a; to cavity a, and the mechani-
cal oscillator m is minimized, resulting in the strongest quan-
tum correlation between cavity a; and the mechanical oscilla-
tor m. It can be seen that the optimal phase for entanglement
is not fixed but is jointly determined by the system parameters.
Nevertheless, regardless of the specific parameter choices, the
phase consistently retains its ability to effectively control the
entanglement strength. Notably, the optimization of coupling
strength J plays a crucial role in enhancing entanglement: as
coupling strength J increases moderately, the mediating effect
of a; is significantly activated, enabling strong entanglement
to emerge between the mechanical oscillator m and cavity ay,
which are originally indirectly coupled, thereby resulting in
remarkably enhanced entanglement.

The physical mechanism of entanglement enhancement
under the squeezed vacuum field may be explained as follows.
Since the squeezed vacuum field is applied to cavity mode aj,
its quantum noise can be effectively restricted; however, the
bipartite entanglement between the mechanical oscillator m
and cavity a, is still limited by standard quantum noise. Mean-
while, the nonclassical noise correlations of cavity a; can be
transferred to cavity a, through the beam-splitter interaction,
ie.,J (aTaz + ala;), effectively creating a low-noise quantum
environment for cavity a;. This is equivalent to previously pu-
rifying the environment of cavity a,, thereby making it easier
to generate strong entanglement (such as bipartite or tripartite
entanglement). Because cavity a; has already provided non-
classical resources, cavity a; can utilize them directly, achiev-
ing strong enhancement of entanglement. Therefore, by com-
bining the dynamic control capability of the squeezed vacuum
field with the adjustable coupling characteristics of the dual-
cavity system, we can precisely manipulate the generation of
entanglement.

To further clarify the role of the squeezed vacuum field in
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a thermally noisy environment, Fig. 4(b) focuses on the varia-
tion of entanglement between mechanical mode m and cavity
mode a; with respect to the squeezing parameter r and the
thermal environmental temperature 7. An obvious trend can
be observed: as the environmental temperature T increases,
systems with a larger squeezing parameter r exhibit slower
entanglement reduction. This directly demonstrates that the
squeezed vacuum field can effectively enhance the robustness
of entanglement against thermal noise; the greater the value
of the squeezing parameter r, the more pronounced this noise-
resistance capability becomes.
90°
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Fig. 4. (a) Variation of logarithmic negativity Ef\; with phase 0 in
polar coordinates for coupling strength J values of 0.5, 1.0, and 1.2.
(b) Three-dimensional bar plot illustrating the variation of Ef\; as a func-
tion of temperature 7" and squeezing parameter r. The other parameters
are consistent with those in Fig. 3.

Progressing from bipartite entanglement to the more com-
plex tripartite entanglement, Fig. 5(a) examines the impact
of the squeezed vacuum field on the time evolution of tripar-
tite entanglement. By comparing the two scenarios (with and
without the squeezed vacuum field), it can be intuitively ob-
served that after the squeezed vacuum field is applied, the min-
imum value of the tripartite entanglement evolution reaches
2.24 times that of the case without the squeezed vacuum field,
while the maximum value reaches 1.52 times that of the case
without it. Owing to the constructive interference arising from
phase matching between the squeezed vacuum field and the

modulation light field, the quantum entanglement in the sys-
tem is significantly enhanced. Moreover, in the absence of
the squeezed vacuum field, the entanglement exhibits a sim-
ple single-frequency oscillation. When the field is applied, the
dynamics become significantly more complex, deviating from
pure sinusoidal behavior, and the oscillation amplitude after
stabilization is markedly reduced. This result not only demon-
strates that the squeezed vacuum field enhances the entangle-
ment effect but also reveals its unique advantage in improving
the stability of entanglement. Furthermore, the inset magnifi-
cation from ¢ /7 = 57 to t /T = 60 provides additional evidence
that the analytical solution of the first moments (squares and
circles) we derived agrees very well with the numerical so-
lution (solid and dashed lines). As can be clearly seen from
Fig. 5(a), the minimal residual contangle Rrrnin varies periodi-
cally with 7, and we will fix the time at r = 607 for subsequent

analysis, ‘T“}',‘ =R (1 = 601).
0.07 T T T T r
0.06
0.05
=z 0.04
e
= 0.03},
0.02
0.01 n' ****** Without the squeezed vacuum field A
1 With the squeezed vacuum field
0 . . . A A
0 10 20 30 40 50 60
t/T
90°
—=— r=0.53
. 60 T
120 0.03 o
p b
. L
180° 0°
210° 330°
min ,/'
RT’t, a2i4----
240° 300°
270°

Fig. 5. (a) The dynamics of tripartite entanglement R‘,“i“ as a function of
time in the presence and absence of the squeezed vacuum field. The square
and circular markers in the inset enlargement represent the tripartite entan-
glement images plotted for analytical solutions of {(g(¢)) and {(a; (¢)). (b) The

tripartite entanglement R‘;";? versus 0 in polar coordinates. The squeezing

parameter is set to r = 0.53, and the reference phase is set to 6 = 0.267.
The other parameters are the same as those used for Fig. 4.

Further analysis of the results in Fig. 5(b) provides addi-
tional evidence for the regulatory role of the squeezed vacuum
field on entanglement from another perspective. By compar-
ing the scenarios with and without the squeezed vacuum field,
it is found that, similar to the regulatory behavior of bipartite
entanglement in Fig. 4(a), the degree of tripartite entanglement
can be arbitrarily adjusted over a full 27 period by varying the
reference phase, 0. This further stresses the significance of the
reference phase in manipulating entanglement.
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To systematically reveal the synergistic effects of the
squeezed vacuum field and coupling strength J on tripartite
entanglement, we fix the reference phase 6 in Fig. 6(a) and
focus on examining the influence of the squeezing parameter r
and coupling strength J. The results show that the introduction
of the squeezed vacuum field still allows the entanglement to
be tuned within a specific range, allowing flexible control over
the entanglement strength by adjusting the value of the squeez-
ing parameter, . Meanwhile, the optimization of the coupling
strength J is equally critical. Given the beam—splitter interac-
tion between cavity a; and cavity a,, appropriately enhancing
their mutual interaction can effectively strengthen the medi-
ating role of cavity aj, enabling the quantum noise of both
cavity modes a; and a; to be effectively reduced, thereby sig-
nificantly elevating the overall level of tripartite entanglement.
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Fig. 6. (a) The variation of tripartite entanglement R‘:.';‘,‘ with squeez-
ing parameter r for different coupling strengths J. (b) A comparison of
R@Tn as a function of the average thermal phonon number 1, in the
presence and absence of the squeezed vacuum field. The blue bars rep-
resent the scenario without the squeezed vacuum field, while the orange
bars depict the case with the squeezed vacuum field. For the system
parameters, refer to Fig. 5.

In Fig. 6(b), we use bar charts (blue areas for the case
without the squeezed vacuum field, orange areas for the case
with the squeezed vacuum field) to visually illustrate the varia-
tion of the maximum tripartite entanglement with the average
thermal phonon number n,,. The formula for the maximum
value of tripartite entanglement is R, = max[RT"(1)]. The
data clearly indicate that after the squeezed vacuum field is
applied, the degree of tripartite entanglement increases many
times compared to the case without the squeezed field, regard-
less of how much the average thermal phonon number 7,, in-
creases. Moreover, the trend of enhanced noise resistance is
even more pronounced. From the perspective of noisy en-
vironments, this result once again verifies the superiority of

the squeezed vacuum field in enhancing entanglement stabil-
ity and robustness against interference.

5. Conclusions

In conclusion, we have investigated the entangle-
ment behavior in a coupled optomechanical system under
the unresolved-sideband regime driven by an amplitude-
modulated laser field and a weak squeezed vacuum field.
By adjusting the squeezed vacuum field and the coupling
strength between the two cavities, substantial bipartite entan-
glement and several-fold enhanced tripartite entanglement are
achieved. Moreover, the introduction of the squeezed vacuum
field is of great significance for entanglement control, enabling
continuous and precise manipulation of entanglement within
specific ranges. To clarify the mechanism of the squeezed
vacuum field, this study comparatively analyzes the variations
in bipartite and tripartite entanglement with and without the
squeezed vacuum field, while also exploring the impact of
The results
demonstrate that applying the squeezed vacuum field not only

thermal noise on entanglement characteristics.

significantly enhances the system’s entanglement performance
but also substantially improves its robustness. Our work offers
a novel and experimentally realizable approach to achieving
strong bipartite and tripartite entanglement, while also provid-
ing new insights for developing more resilient quantum tech-
nologies.
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