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We theoretically investigate a neural transverse-field Hopfield (NTFH) model that realizes a minimal quantum neural
memory by encoding patterns in the low-energy spectrum and stationary correlations of coupled qubits. At the level of a
two-neuron open quantum system, we analyze how entanglement of formation, geometric quantum discord and quantum-
memory-assisted entropic uncertainty evolve under the combined action of memory interactions, transverse fields, local
imperfections and Markovian dephasing. This reveals a robust trade-off: transverse driving enhances coherent processing
but destabilizes stored patterns, while local asymmetries and noise rapidly erase quantum correlations. Extending the model
to a four-neuron network, we show that entanglement fluctuations peak at a transverse-field-driven quantum phase transition
between a memory-ordered and a paramagnetic phase, thereby linking the fragility of quantum neural memory to standard

notions of quantum criticality.
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1. Introduction

The brain’s stunning ability to compute is like a puzzle
at the core of modern science. It usually consumes only a
few watts but still outsmarts big machines in the fields of pat-
tern recognition and abstract reasoning.!"?! In the world of
computational neuroscience, the neuron model is the standard
one, considering neurons as classical information processors,
switches and integrators connected through large recurrent
networks.># This perspective has provided a lot of significant
contributions, mainly through the development of connection-
ist models and artificial neural networks,>®! but it still does
not clarify some cognitive aspects which are very contextual,
such as how people deal with ambiguity, why the sequence of
presentation influences the evaluations and the big question of
consciousness that has been around for a long time.!”8! The
scientific community sees these discrepancies as necessitating
the introduction of several frameworks that can at a single ab-
straction level describe the behavior while still being in tune
with the empirical regularities.

A possible path to follow is quantum cognition, which
suggests that the mathematical interpretation of quantum the-
ory can serve as a more natural language for modeling hu-
man judgment and decision making without having to assume

911 In the quan-

a quantum substrate in the brain literally.!
tum cognition perspective, one aspect of quantum superposi-
tion embraces the cognitive ambiguity where several possibil-
ities are waiting to be chosen as a response; multiple quantum

states exist and then one gets to choose during the decision-
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[12.13] and quantum interference is used to ex-

making process,
plain the non-classical probability that includes the order ef-
fects that are observed in surveys and decision-making tasks to
be very robust.[!413] The brain is perceived as a black box with
incoming data and an output of responses, the formal methods
are applied to behavioral data and the issue of microscopic re-
alization is postponed.

The uncertainties that arise while trying to interpret these
formal descriptions in terms of physical mechanisms are

16-191 The human brain is situated

mainly due to decoherence. !
in a warm, moist and very noisy environment, which has the
effect of eliminating very sensitive phase relations and very
short-lived quantum correlations. Still, there are some quite
specific hypotheses that have been put forward, among which
the orchestrated objective reduction in microtubules proposed
by Penrose and Hameroff!?>?! is one example and the nuclear
spin qubits in Posner molecules suggested by Fisher could

t.[221 These proposals remain unverifiable;

have a similar effec
however, they create a sharper question at the core and prompt
the investigation of minimal model layouts that are very well-
constrained where assumptions are made clear, parameters are
adjustable and the presence of quantum effects can be deter-
mined by meticulous research.

With the intention of shedding light on this matter, we
consider a neuronal element as a system of two qubits. Our
aim is not to replicate the brain intricately but to develop a
quantum-like equivalent of a hydrogen atom in neuroscience,

a manageable and simplified model wherein one could metic-
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ulously monitor superposition, entanglement and their inter-

23241 In this model, we can pose

play with noise step by step.!
more precise questions such as how quantum correlations are
created between neurons, how they are transformed under co-
herent processing in contrast to noise interruption and under
what conditions they may provide any functional superiority.

In this work, we use the term quantum neural memory
to denote a minimal neural-like module in which information
about a pattern is encoded in the low-energy structure and
stationary quantum correlations of a qubit Hamiltonian, and
in which computation is realized by the controlled manipula-
tion of those correlations. Functionally, this mirrors the role
of associative memory in classical Hopfield networks:2%-26]
stored patterns correspond to robust attractor-like configura-
tions, while recall corresponds to the ability of the dynamics to
return the system to one of these configurations when it is per-
turbed or partially specified. In the quantum case considered
here, the patterns are entangled states of two or more qubits,
the quality of storage is captured by measures of entanglement
and discord, and the trade-off between processing and robust-
ness is governed by the competition between memory interac-
tions, transverse fields and environmental decoherence.

In order to relate our examination to already existing con-
cepts in memory and computation, we refer to the Hopfield
network. > As originally proposed, the Hopfield model is an
iterative associative memory that keeps patterns and retrieves
them from incomplete or damaged inputs. %! The motion fol-
lows a descending energy function in which the patterns that
are imprinted correspond to the points with a local minimum in
energy, a viewpoint based on the statistical mechanics of spin
glasses and energy landscapes.[?”) This way of thinking brings
together very nicely the style of interactions of the masses
with the computation emerging from them, and it also gives
the quantum extensions their natural baseline for exploring.

We enhance this architecture by incorporating a trans-
verse magnetic field, which leads us to a transverse-field
Hopfield model that is within a physically accepted area of
quantum condensed matter and quantum computing. ?82 The
transverse field results in a term in the Hamiltonian that is in
a non-commuting relationship with the memory interactions,
thus enabling tunneling between configurations and making a
global state space search more efficient. This effect is very

30.311 and it shows a fun-

much linked to quantum annealing,|
damental issue, namely, one has to be always aware of the fact
that the same field that allows for coherent exploration can
also disrupt stored patterns. Therefore, memory and process-
ing must be considered together, not in isolation.

An adjustable memory structure is a distinctive element
of our construction. The stored pattern is encoded through an
interacting Hamiltonian that varies continuously between two

limits. On one side, the interaction becomes a classical Ising-

like term which favors the alignment or the anti-alignment
of neuronal firing states in the spirit of the original Hopfield
model. On the opposite side, it is a projector onto a maximally
entangled Bell state, i.e., a completely quantum pattern. A
mixing parameter, ¢, controls the movement of the system be-
tween these two limits. This strategy allows us to investigate
how the characteristics of what is stored, classical or quan-
tum, and the resulting dynamical response, recall robustness
and perturbation susceptibility, are interrelated.

Any practical neuronal system is interacting with its en-
vironment, and thus we consider the model an open quan-
tum system.?] Related analyses of entanglement and un-
certainty dynamics in open-system settings can be found in
Refs. [33,34]. The Lindblad master equation is employed to
model dissipation and dephasing; this is a well-established and
robust framework for Markovian dynamics that accounts for
the loss of phase information and the consequent shift towards
classical behavior.!3>-*%] By means of this methodology, we are
able to introduce environmental dephasing in the simulations
and, at the same time, quantify its effect on quantum resources
such as entanglement and discord, which are pivotal in quan-
tum information processing and may rapidly get lost due to
local noise.

Despite these advances, there remains a clear gap be-
tween abstract quantum-cognitive frameworks and physically
explicit models of neural memory. Most work on quantum
cognition uses the mathematical machinery of Hilbert spaces
and quantum probabilities as an effective language for behav-
ioral data,*'" without specifying how genuinely quantum re-
sources such as entanglement or discord arise, evolve and de-
grade in a concrete neural-like architecture subject to deco-
herence. Likewise, quantum extensions of Hopfield networks
and transverse-field spin-glass models typically focus either
on ground-state properties or on algorithmic performance in

5,128:2937.38] rather than on the dynamical com-

closed system
petition between memory storage, coherent processing and en-
vironmental noise in a minimal neuronal unit.

In this work, we address these gaps by introducing a neu-
ral transverse-field Hopfield (NTFH) model that treats a pair
of neurons as a two-qubit open quantum system with a tunable
memory Hamiltonian. The memory term interpolates continu-
ously between a classical Hopfield-type Ising interaction and a
projector onto a maximally entangled Bell state, controlled by
a single mixing parameter o, which allows classical and quan-
tum memories to be compared within the same framework. We
explicitly incorporate realistic control and imperfection terms,
transverse fields, local biases and XY crosstalk, and embed
the system in a Markovian dephasing environment described

[18.32] The resulting dynamics

by a Lindblad master equation.
are characterized using complementary information-theoretic

diagnostics, namely, entanglement offormation,**! geomet-

050303-2



Chin. Phys. B 35, 050303 (2026)

ric quantum discord,*”) and quantum-memory-assisted en-
tropic uncertainty (EUR).[*!l Finally, by extending the con-
struction to a four-qubit network, we show that entanglement
fluctuations peak at a transverse-field-driven quantum phase
transition separating a memory-ordered from a paramagnetic
phase.[*?] Together, these elements provide a minimal yet fully
specified quantum neural memory model in which the trade-
off between coherent processing and robust associative storage
can be analyzed quantitatively.

To enhance clarity, we summarize the main contribu-
tions of this work as follows. First, we formulate an NTFH
model that realizes a quantum neural memory as a two-qubit
open quantum system with a tunable memory Hamiltonian
interpolating between a classical Hopfield interaction and a
Bell-state projector. Second, we characterize the competition
between memory interactions, transverse fields and dephas-
ing using three complementary information-theoretic diagnos-
tics — entanglement of formation (EOF), geometric quan-
tum discord (GQD) and quantum-memory-assisted entropic
uncertainty — and systematically study the impact of local
biases, XY crosstalk and noise strength on the fragility of
quantum correlations. Third, we extend the model to a four-
qubit network and show that entanglement fluctuations peak
at a transverse-field-driven quantum phase transition between
a memory-ordered and a paramagnetic phase, thereby linking
quantum neural memory to standard notions of quantum criti-
cality.

Next, we present a comprehensive study of the two-
neuron quantum Hopfield model, where the coherent tunnel-
ing due to the transverse field, the nature of the memory to
be stored, local imbalances and environmental dephasing are
found to be together responsible for the evolution of the quan-
tum correlations of the system. By monitoring the evolution
of entanglement, quantum discord and entropic uncertainty,
we try to indicate the main principles that govern both storage
and processing in a simple quantum neural circuit. The pa-
per is structured as follows. In Section 2, the physical model
and the dynamical formalism are introduced; in Section 3, the
computational measures used for the quantification of correla-
tions and uncertainty are discussed in detail; Section 4 presents
the results of our simulations and their corresponding discus-
sions; finally, the key conclusions are drawn in Section 5.

2. The neural transverse-field Hopfield model

We view the neuronal system as a two-qubit network
ruled by a neural transverse-field Hamiltonian.!?$431 This ap-
proach allows us to consider in one go how classical asso-
ciative memory, quantum information processing and environ-
mental interactions influence each other, sometimes favorably
and sometimes unfavorably. A neuron is thought of as a qubit
with its basis states corresponding to the firing and non-firing

conditions, and we utilize the standard Pauli operators G4 to
depict these degrees of freedom, with j being the neuron in-
dex in {1,2} and « the operator type in {x,y,z}. The coherent
dynamics are realized through the total Hamiltonian that incor-
porates the fundamental elements of computation and control,

Htotal = Hmem + Htrans + Hbias + ny- (1)

Each contribution isolates a distinct physical role, mem-
ory storage, quantum processing, local asymmetries and direct
exchange interactions, which together set the stage for the be-
haviors we study.

We begin with the core memory component, Hpep, cOn-
structed as a tunable interpolation between a classical and a

(37381 This design lets us

quantum associative memory pattern.
change the character of the stored information in a controlled
way and observe how that choice reshapes the subsequent dy-

namics,

Hpem = (1 - (X)Hclass + quuant
= —(1 —OC)JhopO'lZO'QZ—OCJmcm|¢+><d7+|. (2)

Here, H.ass 18 the classical memory, an Ising-like interaction
with coupling strength J,op that energetically favors aligned
neuron states, |00) or |11), in close analogy with the Hebbian
rule in the classical Hopfield model.[>2%1 In contrast, Hyyant
encodes a quantum memory pattern through a projector onto
the maximally entangled Bell state @) = (|00) +|11))/v/2
with energy scale Jyem. The dimensionless mixing param-
eter a € [0, 1] moves the memory continuously from purely
classical, oo = 0, to purely quantum, & = 1, and therefore pro-
vides a direct tuning knob to compare storage and recall across
regimes.

We then introduce the quantum processing or tunneling
term, Hirpns. This term injects coherent dynamics by applying
a uniform transverse magnetic field of strength I",

Hirans = _F(Glx + GZx)- (3)

The transverse field does not commute with the o, based
memory terms, so it creates a genuine competition: on the
one hand it tends to delocalize the system into superposi-
tions and to mediate transitions between configurations, on the
other hand the memory interaction tends to stabilize the stored
patterns. [?%1) In effect, this is the engine that powers quantum

(30441 and it is central to any computational advan-

annealing,
tage one might hope to obtain from a quantum neural architec-
ture.

Realistic implementations rarely enjoy perfect symmetry,
so we include a bias term, Hp;,s, and a direct exchange term,
H,y, to reflect imperfections and crosstalk that are common in
hardware. The bias introduces local magnetic fields on each

neuron,

Hypias = — B Oi; — 326217 (4)
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with By and B, setting the strengths of the local fields. These
biases can break symmetry, shift effective thresholds and tilt
the energy landscape in favor of particular firing states. The
exchange interaction captures direct spin exchange between
the qubits,

ny = ny(61x62x+cly62y)7 (5)

where K, is the coupling strength. Such interactions are stan-
dard in many physical qubit platforms and they can strongly
influence correlation buildup, synchronization and informa-
tion flow across the pair. [43-4¢]

The system is initialized in a state that represents a well-
defined quantum memory pattern. Practically, we imagine a
write-in stage in which the system is brought into thermal
equilibrium with a low-temperature reservoir under a strong
memory encoding Hamiltonian Hyore = —Jstore| @) (DT
The corresponding Gibbs state is

1 HSIOI‘B )
0)= exp| — 6
P( ) Zstore P( kBTinit ( )

with Zgore = Trlexp(—Hstore/kB Tinit)] the partition function.

For a sufficiently low initial temperature Tj,;, the preparation
yields a nearly pure Bell state, p(0) ~ |®*)(P"|, which we
take as the starting point for the dynamical study. This initial-
ization isolates the role of subsequent processing and noise,
since the stored pattern is cleanly defined atr = 0.

Legend:

Memory coupling
------ Crosstalk
—> fields/biases

Bell-state memory

sz(011021+01y02y)
XY crosstalk

—Bjo1.

aJmem|PT) (DT
Quantum memory pattern

Fig. 1. Schematic representation of the two-neuron NTFH model. The
neurons are represented by qubits o7 and 0,. The solid horizontal link
depicts the classical associative memory term (1 — o)Jpop 01,02, While
the shaded blue background represents the quantum memory projector
OJimem| @) (DT, which favors a maximally entangled Bell state. The
dashed curved line indicates XY-type crosstalk interaction kyy. Exter-
nal control is applied via transverse magnetic fields —I"cj, (diagonal
arrows), which drive coherent tunneling, and longitudinal bias fields
—Bjoj; (vertical arrows), which break the local symmetry. The inter-
play between these coherent couplings and the environmental dissipa-
tion determines the stability of the stored quantum pattern.

2.1. Open system dynamics under environmental dephas-

ing

To model a realistic neuronal environment, we must in-
clude the inevitable coupling between the two-qubit system
and its surroundings. Such coupling leads to decoherence, the
gradual loss of phase coherence and a drift toward more clas-
sical behavior. We treat the dynamics within the open system
framework based on the Lindblad master equation, which is
appropriate under the Born—-Markov approximation.3>47] In
this setting, the environmental correlation time is short com-
pared with the intrinsic evolutionary timescale, so memory ef-
fects in the bath can be neglected, a condition often met in
complex biological and solid state environments. 48]

The time evolution of the density matrix p(z) is then

B — il 0]+ ¥ DL, ()
=12

The first term, —i[Hota1, P ()], describes coherent, unitary mo-
tion generated by the total Hamiltonian, with 2 = 1. The sec-
ond term encodes dissipative, non-unitary effects due to the
environment. For each channel j, the dissipator has the stan-
dard Lindblad form 333!

DlLlp() = 1 (LpOL - e @)). @

The operators L; specify how the bath acts on the system and
the rates y; set the strength of those processes. In this work,
we focus on pure dephasing, also called phase damping, which
suppresses the off-diagonal elements of p in the energy eigen-
basis without changing populations. For our two-qubit model,
we take local dephasing channels on each neuron with L; = o,
and dephasing rates ¥, ;. This master equation gives a com-
plete and physically consistent baseline for simulating how
quantum correlations evolve and decay when the model is ex-
posed to realistic noise.

3. Quantification of correlations and uncer-
tainty

To capture the full texture of the dynamics in our two-
neuron quantum system, we track three complementary quan-
tities. Together they let us follow the strongest quantum link
through entanglement, the broader layer of non classical cor-
relations through quantum discord, and the operational limits
on predictability through an information theoretic notion of
uncertainty. Using this trio side by side helps us separate how
structure in the state supports computation from how noise and
competition between terms in the Hamiltonian degrade that
structure over time.

050303-4
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3.1. Entanglement of formation

Entanglement is a central resource in quantum mechan-
ics and underpins many protocols in quantum information
processing.[*”) We quantify the entanglement shared by the
two neuron qubits with EOF, which measures the minimum
number of maximally entangled Bell pairs needed to assem-
ble a target state using only local operations and classical
communication.*”! For any two-qubit density matrix p, EOF
is a monotonic function of the concurrence C(p ), so once
the concurrence is known, the entanglement scale follows di-
rectly.

The concurrence is computed as

C(p) :max(O,M —12—}1,3—}1,4)7 (9)

where A; are the square roots of the eigenvalues of the matrix
R = p(0y® 0y)p*(0y ® 0y) in descending order. The corre-
sponding EOF is set by the binary entropy evaluated at a func-
tion of the concurrence,

EOF(p) — <1+ Vlz‘cz(”)> , (10)

where h(x) = —xlog,(x) — (1 —x)log, (1 —x). On this scale,
EOF = 0 indicates a separable state and EOF = 1 indicates a
maximally entangled state, such as a Bell state. This provides
a clear and comparable readout of entanglement at each point
in the evolution.

3.2. Geometric quantum discord

Entanglement does not exhaust the space of quantum
correlations. Certain mixed states carry non-classical struc-
ture even when they are not entangled, and quantum discord
is designed to reveal that broader layer.l>'?] We use GQD
because it offers a geometric viewpoint: it is the minimum
distance, measured by the Hilbert—Schmidt norm, between a
given state and the set of classical quantum states that have
zero discord.!%! This perspective pairs well with our open
system setting, since geometry is often robust to small per-
turbations and provides intuition about how correlations are
reshaped by noise.

For an arbitrary two-qubit state p, GQD admits an ana-
lytical expression

1
GQD(p) = — ([I%1* + I T [|fs — Amax(K)) , (11)
4

where X; = Tr(p(o0; ® I)) is the Bloch vector of the first qubit,
T;j = Tr(p(0; ® 0;)) is the correlation tensor, | - ||gs de-
notes the Hilbert—Schmidt norm and Amax(K) is the largest
eigenvalue of the 3 x 3 matrix K = X¥T +TT". In our con-
text, GQD complements EOF by remaining informative in
regimes where entanglement has already collapsed, thereby in-
dicating residual quantum correlations that can still influence

performance. 13!

3.3. Quantum memory-assisted entropic uncertainty

The uncertainty principle, originally framed in terms of
standard deviations for non-commuting observables,>* can
be cast more sharply with entropy.3>° In this form, the the-
ory sets a lower bound on our ability to predict the outcomes
of two incompatible measurements. That bound changes when
the measured system shares correlations with a quantum mem-
ory, since information stored in the memory can reduce uncer-
tainty about measurement results. 7]

This idea is formalized by the quantum memory-assisted
EUR relation due to Berta et al.'*! For a bipartite system AB,
Alice measures one of two observables, for example o, or o,
on subsystem A, while Bob holds the memory B. The condi-
tional entropies satisfy

S(X|B)+S(Z|B) > S(A|B) +, (12)

where S(X|B) = S(pxg) — S(pp) is the conditional von Neu-
mann entropy of the post measurement state pxp, S(A|B) is
the conditional entropy of the initial state and ¢ quantifies the
incompatibility of the measurements. The inequality tells us
how much the shared correlations can lower Alice’s uncer-
tainty in principle.

In our study, we use the left-hand-side of this relation as
a direct diagnostic,

EUR(p) = S(X|B) + S(Z|B). (13)

Small values of EUR indicate that Bob’s memory is highly
informative about Alice’s outcomes, which is a signature of
strong correlations between A and B. Large values indicate
weaker sharing of information and greater unpredictability.
Read alongside EOF and GQD, EUR helps separate loss of
coherence from loss of predictability, and it clarifies how the
environment reshapes operational uncertainty in real time.

4. Results and discussion

In this section, we present and interpret the outcomes of
our numerical simulations, with an emphasis on how the phys-
ical parameters of the NTFH model shape the time depen-
dence of quantum correlations and uncertainty. We initialize
the two-neuron system in a nearly pure, maximally entangled
Bell state, |®1), so that the initial EOF and GQD are both
close to 1.0, while the entropic uncertainty, EUR, is near O.
This starting point represents an ideal quantum memory pat-
tern stored in the network, and it allows us to cleanly separate
what is erased by the environment from what is scrambled by
coherent processing. The subsequent evolution shows a nu-
anced competition between the coherent dynamics generated
by the Hamiltonian and the dissipative action of environmental
dephasing, revealing regimes where memory is slowly washed
out and regimes where it is actively disrupted.
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All simulations are performed in dimensionless units, tak-
ing the Hopfield coupling Jpop, as the reference energy scale so
that time is measured in units of 1/Jy,p and all other parame-
ters appear as ratios to Jyop and Jmem. The mixing parameter o
sets the balance between the classical Ising term and the Bell-
state projector in Hpem = (1 — @) Heass + O Hguant. The limits
a =0 and o = 1 correspond, respectively, to a purely classi-
cal Hopfield-type memory and to a purely quantum memory
that selects a maximally entangled pattern.[*’38] We there-
fore choose representative values o = 0.1,0.7,0.9 to sample
classical-dominated, mixed and quantum-dominated regimes
within a single framework. The transverse-field strength I" is
treated as the main control parameter driving coherent tunnel-
ing between stored configurations, in analogy with transverse-

2.128-39 To con-

field Ising models used in quantum annealin
trast weak and strong driving, we consider I" much smaller
than, comparable to and larger than Jpp, e.g., I' = 0.1,
0.8, 1.5, which respectively model perturbative, competitive
and strongly disruptive transverse fields. The pure dephas-
ing rate ¥ fixes the timescale on which quantum coherences
are suppressed by the environment in the Markovian Lind-
blad description.*>#8! We explore the range ¥; /Jhop ~ 1072~
10~" in order to span qualitatively distinct regimes: weak
noise (e.g., ¥ = 0.01), where several coherent oscillations oc-
cur before decoherence dominates, and stronger noise (e.g.,
Ys = 0.10), where the quantum-to-classical crossover takes
place on a timescale comparable to a few intrinsic oscillation

periods.
2.001 (a) (b)
1.50 e P=0.10

3 —EOF
1.00 --GQD

EUR
0.501
0 3 oo

0 5 10 15 20 250 5 10 15 20 25
Time t

Fig. 2. Dynamics of entanglement of formation (EOF, solid blue), ge-
ometric quantum discord (GQD, dashed orange) and entropic uncer-
tainty (EUR, dotted green) as functions of the transverse-field strength
I'. Panel (a) shows a weak field, I' = 0.1, where the initial quantum
memory state degrades slowly due to environmental noise. Panel (b)
shows a strong field, I" = 1.5, where rapid quantum tunneling destroys
the initial memory but creates transient correlations through coherent
oscillations. Other parameters are from the base set: o = 0.7, Jpop =
1.0,Jmem = 1.2,B2 = 0.1, Ky, = 0.2, %5 = 0.03.

Figure 2 highlights the governing role of the transverse-
field strength I, which sets the pace of quantum tunneling.
In the weak-field regime (Fig. 2(a), I" = 0.1), coherent mo-
tion is slow and environmental dephasing dominates. Start-
ing near their maxima, EOF and GQD decay smoothly and
monotonically toward zero over a timescale of approximately
t = 10. In parallel, EUR rises gradually from its initial value
near zero to a high steady state near 1.75, which signals a

steady loss of predictive power as the quantum memory fades
under decoherence. In sharp contrast, the strong-field regime
(Fig. 2(b), I' = 1.5) exhibits fast, high-frequency oscillations
in all three diagnostics. Here the transverse field competes
directly with the memory term and actively scrambles the ini-
tially stored pattern, so the running averages of EOF and GQD
drop much more quickly, even though periodic revivals briefly
restore correlations through coherent motion. EUR increases
rapidly and oscillates out of phase with the correlation mea-
sures, approaching a final level with even higher uncertainty,
EUR =~ 2.0. The comparison shows that a weak field lets the
environment slowly erase memory whereas a strong field ac-
celerates loss by driving the system away from the stored state
through its own coherent dynamics.

Figure 3 examines how the intrinsic character of mem-
ory, set by o, reshapes the dynamics. For a predominantly
quantum memory (Fig. 3(b), a = 0.9), the initial state |®™")
aligns with the memory Hamiltonian, so correlations start near
their maxima (EOF and GQD =~ 1.0, with EUR ~ 0). This
state is delicate, the combination of transverse driving and
noise produces large-amplitude oscillations and a rapid de-
cay of both entanglement and discord, which almost vanish
by t = 15. EUR rises quickly in tandem, reflecting the swift
loss of predictive power. For a predominantly classical mem-
ory (Fig. 3(a), o = 0.1), the same initial entangled state is a
high-energy, unstable configuration relative to the classically
dominated Hamiltonian. The system still begins with notable
correlations inherited from preparation, yet these correlations
are less pronounced and decay from a lower effective peak.
The oscillations are smaller, and the long-time decay of GQD
is more gradual. The system drifts toward a configuration that
is more resilient to dephasing, which acts in the same basis as
the classical Ising interaction. The comparison exposes a ba-
sic tradeoff, a quantum native memory stores stronger correla-
tions at + = 0 but is highly sensitive to perturbations, while a
classically oriented memory is less entangled yet more durable
under the same noise.

2.001 (a) o g 1 (P)

Time ¢t

Fig. 3. Dynamics for different memory mixing parameters ¢. Panel (a)
shows a predominantly classical memory (& = 0.1), which has low ini-
tial entanglement but is robust against decoherence. Panel (b) shows
a predominantly quantum memory (& = 0.9), which starts in a highly
entangled state that is fragile and decays quickly under the influence
of the transverse field and noise. Other parameters: I' = 0.8,Jpop =
1.0,Jmem = 1.2,B2 = 0.1, Ky, = 0.2, 75 = 0.03.
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Figure 4 isolates the effect of an XY -type interaction, or
crosstalk, set by k. The baseline case in Fig. 4(a) (K, = 0.0)
shows the familiar pattern, EOF and GQD begin near 1.0, then
oscillate and decay as the transverse field drives coherent mo-
tion and the environment damps it, both measures approaching
zero by t ~ 15, while EUR climbs toward a steady level near
2.0. With strong crosstalk (Fig. 4(b), &y, = 1.0), the long-term
fate is unchanged and correlations still vanish. The transient
structure, however, is clearly different: all three curves oscil-
late with higher and more complex frequencies. The added
two-qubit interaction reshapes the energy spectrum and there-
fore the gaps that set the oscillation periods. Crosstalk does
not halt decoherence, it redirects the coherent pathway taken
as the system loses its quantum features, which illustrates how
additional internal couplings can tune the choreography of in-
formation flow without ultimately saving the stored pattern.

2.00{ (a) [P — TS

0 5 10 15 20 5 10 15 20 25
Time t Time ¢

Fig. 4. Dynamics for different XY crosstalk strengths k. Panel (a)
shows no crosstalk (ky, = 0.0), displaying the baseline dynamics.
Panel (b) shows strong crosstalk (ky, = 1.0), which introduces an addi-
tional coherent interaction that competes with the memory Hamiltonian
and modifies the oscillation frequencies and the stability of quantum
correlations. Other parameters: I' = 0.8, = 0.7, Jhop = 1.0,Jmem =
1.2,B, =0.1,7 = 0.03.

0 5 10 15 20 250 5 10 15 20 25
Time ¢t Time ¢t

Fig. 5. Dynamics for different asymmetric bias fields on the second
neuron. Panel (a) shows a symmetric system (B, = 0.0) allowing
for sustained coherent dynamics. Panel (b) shows a strong local bias
(B2 = 1.0), which breaks the symmetry and effectively localizes the sec-
ond qubit state. This projection rapidly destroys all shared correlations,
both EOF and GQD, causing a sharp increase in uncertainty. Other pa-
rameters: I' = 0.8, ¢ = 0.7,Jhop = 1.0,Jmem = 1.2, Ky = 0.2, % = 0.03.
Figure 5 makes the destructive impact of local asymmetry
explicit. With perfect symmetry (Fig. 5(a), B, = 0.0), the sys-
tem supports robust oscillations and correlations decay grad-
ually under environmental action. With a strong bias applied
only to the second neuron (Fig. 5(b), B, = 1.0), the effect is
sudden and severe. EOF and GQD collapse from near 1.0 to
almost zero within a short interval of approximately ¢t = 2, and
coherent oscillations are nearly extinguished. EUR jumps al-

most instantly from O to above 1.5, which signals a swift loss

of predictive power. Physically, the term —B,05, breaks ex-
change symmetry and energetically pins the second neuron in
a definite 0y, eigenstate. This localization resembles a contin-
uous projective measurement on the second qubit, and because
entanglement and discord require a shared, indefinite state,
fixing one part of the pair destroys nonlocal correlations for
the whole. The result underscores how sensitive quantum re-
sources are to local, non-uniform perturbations, and it points
to a practical constraint for devices where constituent elements
cannot be perfectly matched.

Next, we intend to examine the role of dephasing in our
specific chosen model. To verify that our conclusions are not
tied to a specific noise strength, we explicitly simulate the dy-
namics for several dephasing rates ¥, (Fig. 6). In particular,
we compare a weakly coupled regime (¥ = 0.01), where en-
tanglement and discord exhibit long-lived oscillations, with
a strongly dephasing regime (yy = 0.10), where all quantum
correlations are rapidly destroyed and the entropic uncertainty
saturates to its maximal value. Intermediate values (such as
¥» = 0.03 used in our base parameter set) interpolate smoothly
between these limits, confirming that the qualitative behavior
we report is robust under variations of the environmental de-
phasing rate.

2.00{ (&) TSR NN SO ——
1.50 =4
“B3b
1. -
. EUR

0.50}} ;

10 15 20 25
Time t

Fig. 6. Dynamics for different environmental dephasing rates ¥;.
Panel (a) shows weak environmental coupling (¥ = 0.01), where quan-
tum correlations persist for a long time. Panel (b) shows strong coupling
(Y = 0.10), where environmental noise rapidly destroys both entangle-
ment and discord, leading to a purely classical mixed state and high
uncertainty. Other parameters: I" = 0.8, 0 = 0.7,Jhop = 1.0,Jmem =
1.2,B; = 0.1,k = 0.2.

Finally, figure 6 provides a direct view of environmental
decoherence controlled by the dephasing rate ¥,. Under weak
coupling (Fig. 6(a), ¥» = 0.01), the environment perturbs gen-
tly and intrinsic coherent dynamics dominate for an extended
interval. EOF and GQD display large, sustained oscillations
whose amplitudes decay slowly, and both remain non-zero
through the full simulation, still present at t = 25. EUR oscil-
lates with a slowly rising baseline, never reaching its theoret-
ical maximum. This is a high-coherence setting where quan-
tum processing is viable over long times. Under strong cou-
pling (Fig. 6(b), ¥y = 0.10), decoherence overwhelms coherent
motion. Oscillations are suppressed, EOF and GQD plummet
from near maximal values to remain at zero by ¢ = 5, and EUR
rises swiftly and monotonically to its maximum value of 2.0,
where it stays. The contrast is a clear demonstration of the
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quantum to classical transition driven by noise and it stresses
the importance of environmental isolation for preserving the
quantum resources that computation relies upon.

Taken together, these results reveal a consistent picture.
The transverse field is a double-edged control, it powers co-
herent exploration that can aid processing yet it also scram-
bles stored patterns when it is too strong. The nature of mem-
ory, set by «, balances quality against resilience, quantum-
dominant storage begins stronger and fails faster, classical-
dominant storage begins weaker and lasts longer. Additional
coherent couplings such as kK, retune the spectrum and the
transient choreography without changing the end state dictated
by noise. Local asymmetries, exemplified by B;, are espe-
cially harmful, since they act as effective measurements that
collapse shared structure. Environmental dephasing, set by
Ys» finally determines whether the system explores meaning-
fully before damping or falls immediately into classical mix-
tures. For design, the message is practical, moderate trans-
verse drive, careful symmetry control and low dephasing rates
are essential if a neural-inspired quantum memory is to retain
useful correlations on operational timescales.

4.1. Quantum phase transition in a multi-neuron system

To probe collective behavior and the possibility of emer-
gent phenomena in a larger network, we extend our analysis
to a four-qubit system (N = 4). This step lets us examine a
quantum phase transition (QPT), a central idea in many-body
physics in which the ground state of a system changes its qual-
itative character at zero temperature when a control parameter
is tuned. *?! In our setting, the transverse-field strength I plays
the role of that tuning knob, and it allows us to move contin-
uously between an ordered, memory-dominated regime and a
regime where quantum tunneling prevails.

The Hamiltonian for the N-qubit model is a streamlined
generalization of the two-qubit case that preserves the primary
competition between memory and transverse drive,

Hy = (1 - a)Hclass + quuant + Hirans

N N
= —(1=Q)Jhop Y, 0i:0): — OJmem|GHZ)(GHZ| —T" }_ 0y,
i<j i=1

(14)

where the classical term implements an all-to-all ferromag-
netic interaction and the quantum term projects onto the N-
qubit GHZ state [GHZ) = (|00---0) + [11---1))/+/2. To iso-
late the universal features of the QPT, we omit local bias and
XY crosstalk terms in this section, so the transition can be at-
tributed cleanly to the balance between storage and tunneling.

The QPT is encoded in the ground state structure of
Hy. Rather than following time evolution, we solve the time-
independent Schrodinger equation Hy|y,) = E,|y,) by ex-
act diagonalization of Eq. (14). Our analysis centers on the

ground state |yp) and the first excited state |y ), with energies
Ey and E;, because their separation and response to I cap-
ture the onset of criticality in a finite system and reveal how
memory competes with delocalization.

Figure 7 summarizes the ground state analysis and pro-
vides converging evidence for a second-order QPT. Figure 7(a)
presents two classic indicators. First, the gap AE = E| — Ey
that protects the ground state narrows and reaches a non-zero
minimum at the finite size critical point I;. Second, the mag-
netic susceptibility

(M) o (1, X )
= =57 | 7 {Vol ) Oux| VA (15)
5T 3 <N< o|i2=1 lvo)

shows a sharp negative minimum at the same field, which

marks a maximal rate of change in the alignment with the
transverse drive and locates the phase boundary with high pre-
cision.

Figure 7(b) turns to quantum correlations. Here we com-
pute the bipartite EOF by tracing out two of the four qubits
from the ground state py = |y ) {Wo| and then applying the def-
inition from Section 3. Across values of @ a common pattern
emerges: entanglement grows and peaks at or very near I;.
This behavior ties the strengthening of quantum correlations
directly to the region where ordering and disordering tenden-
cies compete most intensely. Notably, the location of the peak
drifts toward larger I" as the memory becomes more quan-
tum, that is, as « increases from 0.1 to 0.9, which reflects the
increased field strength required to disrupt an ordered phase
rooted in a more quantum memory projector.

Figure 7(c) gathers these observations into a phase dia-
gram in the a—I" plane. The boundary I} () separates an or-
dered memory phase at low I" from a paramagnetic phase at
high I', and the dependence on ¢ is non-monotonic. The crit-
ical field increases with o at first, reaches a maximum near
intermediate mixing around o ~ 0.7, then decreases. This
means that the hybrid memory structure, neither purely clas-
sical nor purely quantum, can provide the greatest robustness
against the disordering action of the transverse field in this fi-
nite system.

Figure 7(d) assesses the order of the transition through the
ground state energy density Eo/N. The curve itself is smooth
across I¢, while its second derivative —d?(Ey/N)/dI'* dis-
plays a sharp positive peak. By the Hellmann—-Feynman theo-
rem, this curvature is directly tied to the response encoded by
Eq. (15), and indeed the peak matches the negative minimum
of x, in Fig. 7(a). Taken together, these signatures confirm a
second-order QPT in the multi-neuron Hopfield model and es-
tablish a clear link between neural memory concepts and the
standard framework of quantum criticality in many-body sys-
tems.
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Fig. 7. Quantum phase transition analysis for the four-qubit neural Hopfield model. The panels display standard signatures of a QPT driven by the
transverse field I". (a) For a representative case the energy gap AE in blue approaches a minimum at a critical point I, at the same location the magnetic
susceptibility x, in red shows a sharp negative extremum. (b) The bipartite EOF between two neurons is shown for several memory mixing parameters
«, the entanglement peaks in the neighborhood of the critical point for each ¢. (c) The quantum phase diagram plots the non-monotonic critical field I
as a function of a, the color bar records the size of the minimum gap, and the boundary separates an ordered, memory-dominated phase at low I" from
a disordered, paramagnetic phase at high I". (d) The ground state energy density Ey/N in green is continuous, while its second derivative —92Eq /oI
in purple is singular at I, which is consistent with a second-order transition.

Although our explicit simulations focus on a two-qubit
open system and a four-qubit closed network, the underly-
ing mechanisms are expected to extend to larger architectures.
In particular, the competition between memory interactions,
transverse fields and dephasing that controls the trade-off be-
tween storage and processing should persist in generic N-qubit
networks, while the transverse-field-driven quantum phase
transition observed for N = 4 is the finite-size precursor of
a standard thermodynamic transition in the large-N limit.[4?]
Scaling up mainly affects quantitative aspects, such as critical
fields, gaps and correlation lengths, which may be accessed
with tensor-network, mean-field or Monte Carlo techniques,
but the qualitative picture of a fragile quantum neural mem-
ory subject to competing coherent and dissipative processes
remains unchanged.

Beyond the minimal architectures considered here, our
study suggests several natural directions for future work. On
the theoretical side, it would be important to explore larger
networks and more realistic connectivity patterns (e.g., sparse,
modular, or hierarchical graphs) to assess how quantum neu-
ral memory scales with system size and topology. Incor-
porating non-Markovian environments and structured noise
could clarify whether memory effects in the bath can stabi-
lize or, conversely, further destabilize quantum correlations

in neuro-inspired hardware. From a more applied perspec-
tive, embedding the NTFH model into concrete quantum plat-
forms (such as superconducting qubits, trapped ions or Ryd-
berg arrays) and benchmarking its performance against clas-
sical Hopfield networks would help determine to what ex-
tent quantum-enhanced associative memory can be realized in

practice.

5. Conclusion

We have conducted a comprehensive theoretical investi-
gation of a neural transverse-field Hopfield model, and ana-
lyzed its dynamic behavior in a minimal open system as well
as its static properties in a small many-body setting. By de-
picting a two-neuron circuit as an open quantum system, we
have measured the evolution of quantum correlations and un-
certainty under coherent driving, environmental noise and con-
trolled imperfections. The main points arising from this inves-
tigation highlight the subtlety of quantum resources in such
systems. The transverse field has a double function, it as-
sists the computation by allowing quantum tunneling and at
the same time it causes a particular storing pattern to become
unstable. The specific nature of memory creates a clear trade-
off, a quantum-dominant pattern has a higher-fidelity entan-
glement at the start but is more fragile, while the classical-
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oriented pattern has lower initial quantum character but can
survive noise for a longer period. Moreover, we have detected
a strong local asymmetric bias as a very vulnerable point,
which can lead to almost immediate collapse of correlations,
in addition to the slower yet inevitable degradation caused by
environmental dephasing.

Although our model is deliberately basic compared with
biological reality, it still acts as a rigorous theoretical labo-
ratory. This model serves as a point of reference for the as-
sessment of how internal interactions, external fields and en-
vironmental channels are responsible for the emergence, sus-
tainability and extinction of quantum resources in the designs
that are inspired by neurotechnology. The natural gradients
are to cause larger N, to get to the thermodynamic limit and
to assess all the possible topologies beyond all-to-all coupling
and to take into consideration non-Markovian structures in the
environment that may be a better representation of biological
media. In brief, this research makes the organizing principles
at the boundaries of statistical mechanics, quantum informa-
tion and neural computation explicit, and it provides specific
paths through which quantum-enhanced methods in memory
and processing can be created and their effectiveness verified.
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