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This study theoretically investigates the force exerted on a nanoparticle (NP) by a clamped semiflexible chain in
solution. The force exerted by the semiflexible chain on the NP is related to the chain’s conformational entropy, known as
the entropic force. Under the weakly bending approximation, we derive an analytical formula for the entropic force using
perturbation theory. This force can be divided into two components: parallel (fp) and perpendicular (f, lifting the NP) to
the initial vector at the clamped end. These two components are correlated with the local slope of the NP’s cross-section,
with the component f, additionally linked to the local curvature. We compare the magnitude of force f, with the Euler
buckling threshold f.. The study reveals that as the chain becomes more compressed, f; initially peaks at a value exceeding
the mechanical limit and subsequently decreases to a steady-state value lower than f.. This behavior significantly differs
from the entropic force derived under flat wall confinement. In three dimensions, f, always stays below the Euler buckling
threshold and in two dimensions it is larger than f; for most of the parameter space.
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1. Introduction

The interaction between polymer chains and nanoparti-
cles (NPs) is vital in multiple domains, including biological
processes and material synthesis. For example, in biologi-
cal processes!!™! the interactions between receptors and lig-
ands on the cell surface play a pivotal role in cellular signal-
ing and recognition. Additionally, the interactions between
proteins and NPs can alter the structure and functionality of

s,110-13] the interaction be-

proteins.®=! In material synthesi
tween polymer chains and NPs offers precise control over the
assembly and arrangement of NPs, facilitating the design and
synthesis of functionalized materials.

Typically, polymer chains form polymer brushes in the
substrate to interact with NPs. Polymer brushes on substrates
and their combination with NPs to create hybrid materials
have extensive applications in various fields including life sci-
ences and industrial production (e.g., catalysts, membranes
and optoelectronic devices), due to their high thermodynamic

[14-18] The interaction between polymer brushes and

stability.
NPs greatly influences the physical and mechanical proper-
ties of these materials. Theoretical studies, such as self-
consistent field theory (SCFT)!!%-?4 and density functional
theory (DFT),!>2%! have been widely used to investigate the
forces exerted by polymer brushes on NPs and the phase dia-
grams of polymer brushes and NPs in hybrid materials.?") Ad-
ditionally, computer simulations and experimental investiga-

tions are conducted to validate these theoretical findings.[?1-]
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The interaction between polymer chains and NPs
remains a topic of ongoing research with some key
challenges. [1921:40-43] Most studies have primarily focused on
the cluster effect of polymer chains on NPs, with limited quan-
tification of the forces exerted by individual polymer chains
on a single NP. Furthermore, existing theoretical models of-
ten employ ideal Gaussian chains for polymers, neglecting the
inherent bending stiffness of the chains.?!#2444] To under-
stand the micromechanical properties of individual semiflex-
ible polymer chains in relation to NPs, which are crucial for
evaluating the macromechanical properties of hybrid materi-
als, further investigations are necessary.

In solution, the configuration of polymer chains under-
goes constant conformational changes in response to thermal
perturbations, and the effect of conformational entropy needs
to be taken into account in comparison with the mechanis-
tic problem of buckling. The presence of NPs has a signifi-
cant impact on the conformational entropy of polymer chains,
leading to a confinement-induced reduction of entropy and the

[1546:47] Understanding the en-

emergence of an entropic force.
tropic force exerted by a single polymer chain on the surface
of an NP is the main objective of this study. The entropic force
is directly linked to the probability distribution of the chain in
space. For a flexible chain, solving for the entropic force is rel-
atively straightforward. Flexible chains are usually modelled
as Gaussian chains, which display diffusion-like behavior in

terms of probability distributions, and allow for analytical so-
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lutions of the entropic force under specific constraints (e.g.,
planar, spherical, cylindrical) by solving the diffusion equa-
tion with appropriate boundary conditions. ##34%1 In the case
of flexible chains, the entropic force is only related to the po-
sition vector. For semiflexible chains, the distribution of chain
segments is influenced by their positions and tangential vec-
tors, posing significant theoretical challenges in finding ana-
lytical solutions. As a result, most existing theoretical studies

[50-52] For stiff chains,

have focused on flat wall confinement.
the entropic force exerted on a plane exceeds the Euler buck-
ling threshold in two-dimensional systems, while consistently
remaining lower in three-dimensional systems.>!! The initial
angle of the clamped end also affects the entropic force. Bay-
ati et al.>3 calculated the entropic force of a clamped semi-
flexible chain exerted on a rough plane by using perturbation
theory. However, this derivation did not consider the impact
of the local slope of the surface on the entropic force in the
direction perpendicular to the plane.

Thus, there has been limited theoretical exploration of the
entropic force exerted by a single clamped semiflexible chain
on an NP. Using perturbation theory, this paper aims to the-
oretically investigate the force exerted on a NP by a clamped
semiflexible chain in solution. It is important to note that the
entropic force is influenced by the local slope and curvature of
the NP’s cross-section. In our calculations, the wormlike chain
(WLC) model is taken as the theoretical model of a semiflexi-
ble chain. This widely used theoretical model for semiflexible
polymers was proposed by Kratky and Porod.’*! The WLC
model has two length scales: contour length L and persistence
length p. The persistence length p is a length scale beyond
which thermal fluctuations erase any memories about the ini-
tial direction of the polymer. The ratio L/p can be used to clas-
sify polymers into flexible (L/p > 1), semiflexible (L/p ~ 1)
and stiff (L/p < 1) polymers. Our model is based on a semi-
flexible chain. When L/p < 1 the chain exhibits stiffness and
can be compared with the Euler buckling threshold for plane
constraints.

The paper is organized as follows. In Section 2, we intro-
duce a toy model concerning a fluctuating semiflexible poly-
mer with one end clamped on the plane and the other end con-
fined by the surface of a stiff NP. We give an analytical ex-
pression for the entropic forces exerted on the NP by a single
polymer chain through perturbation theory. In Section 3, we
give quantitative results and discuss the entropic forces exerted
by a stiff polymer chain on the NP. In Section 4, a summary
and outlook are briefly given.

2. Model and theory
2.1. Slope and curvature affect entropic forces

The WLC model, as one of the theoretical models for
polymer chains, is commonly used in the study of semiflexible

chains. This model provides an excellent fit to experimental
data when characterizing the statistical mechanical behavior
of semiflexible chains under stretching, compression or geo-
metric constraint. The configuration of a semiflexible polymer
is described by a position vector 7 (s) and a tangent vector
u (s). According to the WLC model, each differential segment
is constrained to be inextensible, which means | (s)| = 1. s is
the arc length along the backbone and s € [0,L]. The bending
energy is given by

_p [t[ou 2
prio=5 [ (5) o M

where 8 = 1/kgT.

Figure 1(a) shows a schematic diagram of the entropic
force exerted by a stiff polymer chain on an NP of radius R.
The height of the bottom of the NP from the plane is 4, and
the initial direction of the clamped end (s = 0) of the chain is
perpendicular to the plane. The other end (s = L) is thermally
disturbed near the NP. We establish a cylindrical coordinate
system (p,z,¢) at the initial end of the polymer chain. The
entropic force exerted by the chain on the NP can be decom-
posed into three components: perpendicular to the plane f,
tangential to NP surface f;, and translating the NP f,.

—~ b
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I
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Fig. 1. The force exerted on NP by a stiff polymer chain (a). We choose
the OpZ plane as the coordinate system to be established for the the-
oretical study (b) and the ¢-direction is chosen to be tangential to the
surface of the sphere.
In order to mathematically calculate the entropic forces
exerted on the NP by a stiff polymer chain, we start with the
effective Hamiltonian

L/gu\* ., Vv
[3H1=§/0 (a';) ds+7/[;<;)]7 2)

where V[r(s)] represents the hard-wall-confining potential due
to the NP surface. It can be written as

r(s)] = 0, r=(L) < ¢ [rp (L)],
V= s e o)

where § (rp) is the distance from the sphere along the z-axis

3)

direction (Fig. 1(b)). For ease of presentation, we omit L and
write r; (L) and rp (L) as r; and rp.

The function { (rp) is related only to the distance from
the fixed end of the chain to O’ (the projection of the center of
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the sphere on the plane). Due to the symmetry of the physical
problem, { (r,,) is independent of the angle ¢, therefore we
only consider entropic forces in the z and p directions. For
the convenience of subsequent mathematical calculations, we
have chosen the fixed end of the chain as the coordinate origin
of the coordinate system (see Fig. 1(b)). { (rp) can be written

as
¢(rp) = — —b) +R+h 4)

by the equation of a circle. b is the distance from O’ to the

sz(rp

clamped end of the polymer.
The ensemble average for the force exerted by the poly-

mer tip on the NP reads (>

e

(fp ()= ETP,ZIHZ- &)

Here Z is the partition function related to the statistical prop-
erties of the system and can be written in the form of path

2= it

We choose the measure of the functional integral in such a way
=0) is

integral

) exp[—BHi]. (6)

that the partition function for a free polymer (V|[r (s)]
normalized to 1.

The solution of the entropic force requires us to evaluate
the functional integrals in Eq. (6). Here we are interested in
studying the confinement effects due to a wall that is slightly
deformed from a flat wall, which means the radius of the NP is
sufficiently large. Therefore, the partition function in Eq. (6)
can be decomposed into two parts. One is the partition func-
tion Zy corresponding to a fluctuating WLC confined by a flat
wall. The other is the small quantity AZ caused by the degree
of curvature of the NP surface. We expand the logarithm of
the partition function in Eq. (6) at Z = Zj. The leading order
of the expansion can be written as

JdlnZ

InZ = ln(ZO—AZ) = W
Z=7Zy

an() — AZ

AZ
InZy— —. 7
HOZO @)

In the stiff limit, the persistence length p is sufficiently
large compared with the contour length L, which implies that
back-turns of the polymer chain are almost impossible. This
allows us to express the hard wall potential energy V[r(s)] in
terms of a step function for further mathematical treatment in
Eq. (3)

exp(=BVIr(s)]) =0 [ (rp) — 12 (®)

The Heaviside step function © [ (rp) — r;] indicates that only
those configurations are counted when the position of the poly-
mer tip is under the NP surface. Now for a wall that is slightly

deformed from a reference flat configuration, the step function
can be expanded around r, =0 as

) [C (rp) *rz] ~ @(CO*”Z)*QS(gO*rz)
1
+5578 (Go—ro)rp, ©)
0= Serr%Crz, (10

where §y = £(0) is the projected distance of the entire chain
in the z-direction. S and C are the slope and curvature of the
surface

2%¢

9¢ 9°¢
8;’[2)

S:_arp,,’ C=— (11)

rp=0

The expressions for {y, S and C can be obtained from Eq. (4).
The Taylor expansion of Eq. (4) at point r, = 0 can be ex-

pressed as
e bvVR? —b?
C(Vp) ~ — Rz—b2+h+R—er
2. /R2
g a2

—VR% — b2+ h+R. The slope S and cur-
vature C of the cross section are

which implies §p =

S_b\/RZ—bZ co R*VR? — b2 (13)
TR _p2 T (Rz_b2)2'

Combining Eqgs. (6), (8), and (9), we find that Z; is the parti-
tion function for a polymer confined by a flat wall at a distance
o from the origin in the z-direction, and can be written as

Zo—/D

The function AZ that determines the curvature and slope of the

) exp[=BHo]© (Go—rz). (14)

surface contribution is given by

AZ =AZ)+AZ, 5)

AZ| = /D )] exp [—BHo) <Srp + ;Cq%) 6 (8o —rz), (16)
82, = [ Dlr(

The expression for AZ implies that the entropic force exerted

Nexpl-prl (~35°9 (G- ). D)

by the polymer chain on the NP is related to S and C. Combin-
ing Egs. (5), (7), (14) and (15), the force exerted by a semiflex-
ible polymer chain on the NP in the z-direction can be written

1 /07,
"% (arz B

We note that Z; is independent of r,, and that for an entropic

as

(fo) =ks

dAZ AZ&anO). (18)

ar, + ar,

force in the p-direction, there is only one term

,kBTiaﬂ (19)

<fp>7 ZO ap
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Now we are in a position to calculate the partition function Z
and AZ. In the next section, we will give the analytical expres-
sion for the partition function by using modal analysis in the
stiff chain limit.

2.2. The stiff chain limit: modal analysis

In order to calculate the partition function in path inte-
gral form, we will use Fourier mode analysis and the weakly
bending approximation. When the persistence length p is large
enough compared with the total contour length L, the undu-
lation of the chain due to thermal fluctuation will be small.
Combining the inextensible condition |u (s)| = 1 of the WLC
model, the variation of the tangential vector along the chain
length can be written as!’!

Ju _Jduy dup dug

5T asPt s # (20

The clamped end of the polymer in our system is parallel to
the z-axis and the other end is free. The boundary conditions
at the ends of the polymer are
The forces on this polymer chain are similar to a cantilever
beam model in mechanics, with one end constrained and the
other free. Therefore, the boundary conditions are also con-
sistent. The boundary conditions at the ends of the polymer
allow us to perform a Fourier series expansion

s) = ]i ap jsin (/'Lk%> ,
5) = ;aq,,k sin (lk%) , 22)

with eigenvalues A; = 5 (2k—1).

AZ (&) = CLi lk_4Z),lzexp (—

k=1 Ik

—CL Z exp (—n),kzp/Lz) H
k=1 m#k

P - 4
- A
L 3 IZ ,exp
— £k

g
e

Details of the calculations are given in Appendix A.

(=nAZp/L?) (1—1%)_2 I (1—22)
nlﬁp/ﬁ)rg’(

D o
+ TP Z exp (—nkkzp/Lz) H
=1

m#k

The Hamiltonian of the free WLC model can be ex-
pressed as

BHo= 1 LA 2 (@ p+ady)- (23)

The fluctuation end vector of the polymer chain reads

rp A Zapk/ dssin (As/L) LZ)Lk apr, (24)

L
= d
ry /OMZ Z/ULS

=L- (a5 +agy)- (25)

ZZ

|~

s

k=1

The partition function Zy under flat wall confinement can
be obtained from the moment-generating function and the

Fourier series, which can be expressed as1l

(=D A exp (-nAZp/L?),  (26)

s

Zy (&) =2

k=1

Zy is a function of {y and n = L — {j is the stored length. This
is because for a fixed distance ensemble, the quantity Zy mea-
sures the number of configurations obeying hard-wall confine-
ment. Upon using Eq. (26) one may write the entropic force
exerted by a clamped chain on the flat wall as

(fo) = kBTjC

The partition function AZ means that the curvature and slope

InZp. 27)

contribution contain the Dirac function 6 ({o—r;) and its
derivatives &’ ({y — r;). Analytical calculation of the function
AZ starts from the Laplace transform to eliminate these func-
tions. Up to the leading order of deformation, all integrals are
Gaussian and can be analytically performed. The theoretical
formula for the final result for AZ is

A2\ A2
wioe) (1) (- 3)
1 ) A2 ml;ll 22

S+ Y A7

A2 ) ! [
A Ik
m#k,l

A2\ —nA2p
A2 oz

m

_&%> [/lk;‘zl (1_12) ] (28)

We have now derived the partition function Z = Zy — AZ. According to the properties of the Dirac function and Eq. (18), the

force in the z-direction can be written as

046101-4
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() = kT = ("ZO oAz AZaanO). 29)

— 5=+
Zy\d% 9% 9%

Combining Egs. (16), (17) and (19), note that AZ appears as
the primary term of r,, in the path integral after the derivation
of rp and does not contribute to the integral in the following
modal analysis. Thus, the entropic force in the p-direction
can be simplified as (for details of the calculations see Ap-
pendix B)

S 97
(fo(80)) = ”‘BTz*oTcg' (30)

Finally, we have given the perturbation results for the entropic
force exerted by a WLC on the NP. This allows us to explicitly
study the entropic forces and their dependence on the param-
eters of our system. In the next subsection, we normalize f,
and fp using the classical Euler buckling threshold and give a
discussion of our main results.

3. Discussion

In the previous section, we presented theoretical results
for the entropic force exerted on an NP by a semiflexible poly-
mer chain clamped at one end. Unlike flat wall confinement,
the entropic force of spherical confinement corresponds to an
NP having not only a component f; in the vertical direction
but also a horizontal component f, in the horizontal direction
due to the asymmetry of the probability distribution caused by
the influence of the curved surface. A prefactor identical to the
classical Euler buckling threshold[>°!

’p

fe= 4z keT, €29

is required to make the components of force non-dimensional.
Figure 2(a) shows the normalized entropic force exerted
by a semiflexible chain in the direction z on the NP for the
parameters that we have chosen (p/L = 10). As the radius of
the NP increases or the location b decreases, the geometrically
constrained surface becomes flat and f, gradually approaches
the entropic force of a flat wall fy (dashed line) in Eq. (18). It
is surprising that f; has a peak value greater than the classical
Euler buckling threshold for smaller compression ratios. For a
larger compression ratio (1/L > 0.05), f, converges to a sta-
ble value but is smaller than f.. This is because the z-direction
entropic force is related to the slope S of the NP section. The
sloping planes allow more configurations to appear for indi-
vidual polymer chains compared with flat wall confinement.
To show how the curved wall enhances f,, we have used
the corresponding force for a flat wall to make a nondimen-
sional force f,/fy with a change in the compression ratio 17 /L
(Fig. 3). When the polymer chain is fully extended (1 = 0),
at this point no force is applied to the NP (fp =0), which

leads to divergence at 1 = 0. However, as 1 /L gradually in-
creases, the vertical component f, of the entropic force grad-
ually approaches fy. We notice that the effect caused by the
curved surface focuses on the small compression case 1/L
(n/L <1.5x 10’3). [ converges to a stable value less than
fo when 1n/L becomes progressively larger. The horizontal
coordinates 71 /L in Figs. 2 and 3 are normalized for 7.

(@) ~ " R=2p,p/L=10
1.2¢
--b=0
— b=0.05p
—b=0.1p
b=0.15p
—b=0.2p
—b=0.25p
‘ . L —b=03p
0 0.01 0.02 0.03 0.04 0.05
n/L
I —b=p |
2.0 (b) b=1/5p,p/L=10 —b=1.5p
b=2p
1.5} —b=>5p
— b=100p
oL - -b=inf
~ 1.0
4
0.51
0 ; : ; ;
0 0.01 0.02 0.03 0.04 0.05

n/L

Fig. 2. Normalized force f; varies with the compression ratio 1 /L with
different locations b (a) or NP radii R (b). In the figure, we set the
parameters p/L = 10 and normalize force f. with the classical Euler
buckling threshold.

10

b=1/5p, —b=1p
p/L =10 — b=1.5p
8 L b=2p
Increases the — p=15p
radius of NP, — 100
t& 6F . D
~ --fy=/Jo
= 4l
21
0 L . H ;
4 8 12 16 20

n/L (107%)

Fig. 3. Variation of the ratio of f; and fy with compression ratio 17 /L.

The force f exerted on the NP by the polymer chain in
the p direction is only related to the slope S of cross-section. In
Fig. 4 we plot the normalized force exerted on the wall along
the p-direction with the variation of polymer chain location
b (Fig. 4(a)) and NP radius R (Fig. 4(b)). For a constant pa-
rameter p/L = 50, increasing the location b of the polymer’s
clamped end or decreasing the persistence length leads to f,
increasing. This is mainly due to the linear relationship be-
tween f, and S in Eq. (30). At the same time, the force f, in
the p-direction will increase with increase in the compression
parameter 7).
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—n/L':0.0()l R plp/L—SO
—-= /L =0.002 1
0.15 - - n/L =0.003
— n/L =0.006 - |
ﬁ ....... /’/_/_,
S 0.10 e
0.05+
0l - . i
0 0.2 0.4 0.6 0.8 1.0
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0-6 ' | /LI 0.001
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~
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Fig. 4. Normalized force f,, varies with polymer chain location b (a)
and NP radius R (b). The parameter used is p/L = 50. Different color
curves correspond to different compression ratios 1 /L.

4. Summary and outlook

In summary, we have theoretically analyzed the entropic
forces exerted by a semiflexible polymer on an NP surface. We
divide the partition function Z of our system by perturbation
theory into a first term Zy and a small amount AZ. Z; repre-
sents the partition function of the system under flat wall con-
finement, while AZ is the contribution of the spherical slope
and curvature. In the limit of the weakly bending approxima-
tion, we have derived the first-order nontrivial corrections of
the partition function and found that AZ is related to slope S
and local curvature C of the NP cross section. The entropic
force can be divided into a parallel component (f,) and a per-
pendicular component (f;, lifting NP) to the initial vector at
the graft end. The entropic force f; of the polymer chain on
the flat wall in the three-dimensional case is always smaller
than the Euler buckling threshold f.. However, when the flat
wall becomes a curved surface, the addition of a slope and
the curvature of the curve causes a peak in the entropic force
greater than f.. The difference between the forces f; and f is
due to the decrease in conformational entropy of the polymer
chain caused by the presence of an NP.

Two important complexities that we have not addressed
here are related to electrostatic effects and the effects of poly-
mer chain excluded volume. This is because polymer brushes

= da, idag. -
Pl(f)_%. I} ap',/viaw, exp {_Clp, 461 ( lz—l—ﬁfL)}
[ [ dag, L1,
LI w2 o o)}

k

usually have a net charge!®’~%! and the polymer chains that
make up the bristles are distributed at a large density, requir-
ing consideration of the effect of exclusion of volume effects
on entropic forces.?%%%1 A complete theory for entropic forces
should also incorporate these effects. In this study, we only
considered the interaction of a single polymer chain with an
NP, and in practice the effects of other chains need to be taken
into account, including chain-to-chain interactions and multi-
chain interactions with the NP, which must be considered in
subsequent studies.

Appendix A: Derivation of AZ
Al. Derivation of AZ;

In this appendix, we solve the partition function AZ by
modal analysis and Laplace transform. Here we decompose
AZ into two parts AZ; and AZ,. AZ; contains the Dirac func-
tion and can be written as

AZ, /D

To eliminate the Dirac function & ({y —

)] exp (—BHp) <Srp + ;Crf,) (& —r). (AD

r;), we first define the
Laplace transform as

2L oo
PP = [ exp(~Brm)azidn =~ [ exp(~Bsn)azidn.
(A2)

and N = L — {y is the stored length. Since stiff chain config-
urations with large compression are rather unlikely, the upper
limit of integration can be approximated to infinity by 2L. Sub-
stituting Eq. (A1) into Eq. (A2) we obtain

f)= [ Dlr(s)exp[-BHo—BF (L ~r.)

X <Srp + 2Cr§> ,

BHy, rp and r; are expressed as Fourier series in the main
text. The following path integral form is related to the
Fourier coefficient and all integrals are Gaussian and can

(A3)

be analytically done. According to the Gaussian integral
[ exp(—1/2ax?)xdx = 0, we find that the integral in
Eq. (A3) associated with S does not contribute to the integral.
Then P; (f) can be written as

n=3 o

The path integral can be written as

}”2

2. (A4

)exp[=BHo—Bf(L—r)]

Y LA ta

oo

lp

5T AP~ ﬁ fL) }LZA,;%F '

(AS5)

{/ﬁ‘bﬁ [
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N; =4rL/A?p is the normalization factor of the path integral.
The final result of the integral is in the form of a series

) (5E)

i=1 i

Pi(f)=

c o203 (
2 k;l A
(A6)

Now we can obtain AZ; by performing the inverse Laplace
transform on Py (f)

w2 @)= [ Leewrmnas

oo 2TT1

BrL*
-0 1 [ ewmts (+ Akz)
x]‘[(1+ fLZ) df. (A7)
i#k p

We can compute Eq. (A7) by means of the residue theorem

1 fie

5o | FAAfF =Y ResIF(f). Sl (A8)

where f), is a singularity. The final results can be written as

AZ) (&) = —CLY. exp
k=1

N(-3) g (-3

+CL Z At ) Afexp (—nArp/L?)
k=1 ik

ni¢p/L?)

) I
1-L 1-2L (A9)
(%) (-2
A2. Derivation of AZ,
The derivation of AZ, is similar to that of AZ;. We con-
sider the transformation of AZ, as
L
RN = [ dbepl-Bf(L-G)aze  (Al0)
For the derivative of the Dirac function 8’ (x), we have
/ F(x)-8 (x—a)dx = —f'(a). (Al1)
Then Eq. (A10) can be written as
S8 [ Dlr () exo (B~ B (L—r)] 3
(A12)

The result of the integration has been given in Eq. (A6), and

(0 BIA\ T S( BAA
l/?(“r A7 ) E(H lzp)

=SBy
k=1P i
(A13)

we can obtain

Upon performing the inverse Laplace transform, one obtains

—_Tp £ 4[2&[ eXp
= +k

5 e
x|1-=— 11—
( A’kz mg,l )LZ

5?p & 2 2 A
+ ==Y exp(—nAp/L*) [T (1-35

L k=1 m;ék A’m

L2 —nA2p B 22\ !
leZ g +7L,32/1,2( A;;) .

1k
(Al4)

HAIZP/LZ)

Finally, the partition function AZ can be obtained from the sum
of AZ| and AZ, as in the main text.

Appendix B: Derivation of f,

In this section, we give the exact derivation of Egs. (19)—
(30). We first define G = dAZ/dr,. G can be divided into two
parts defined as

_ 0AZ;

G = arp
—/D )] exp [~ B Ho) (S—I—Crp) 6 (& —ry), (B1)

G2 == T
= [ Dlr(s)exp[-BHo] (-5°8' (Go—r)rp) . (B2)

corresponding to AZ; and AZj, respectively.
We can use the Laplace transform to eliminate the Dirac
function as

/D Vexp[—BHo—Bf(L—r;)] (S—I—Crp)7 (B3)
= SBS [ Dlr (s)|exp [~BHo— B (L=l rp.

The path integrals in the above equations can be obtained by

(B4)

Fourier series and Gaussian integrals. Combining the Gaus-
sian integral [*2°xexp (—1/2ax?) dx = 0 and the expression
forrp =LY | A, lap7k, we note that the linear term with re-
spect to r, does not contribute to the path integral. G can be

expressed in a simplified form as

G=G +G = s/p Y exp[—BHol 8 (G —r.).

According to the expression of the Heaviside step function and

(B5)

Dirac function,

0
T&)@(CO*”Z):5(CO*"Z)- (B6)
Equation (B5) can be written as
d [ Dlr (s)|exp[—BHo|© (o —r:) _ 9Z
G=S§ =S—. (B7
9% 9% (B7)
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Thus f, in Eq. (19) can be rewritten as

S 9Zy

(fp (§o)) = —ksT —

—_— B8
209G (B8)

in the main text.
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