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Anomalous localization in non-Hermitian sonic lattice
with erratic skin modes
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Controlling the sound field in non-Hermitian acoustic systems remains a fundamental challenge with implications for
energy harvesting and sensing. In this work, we present the first comprehensive numerical simulation and characterization
of the erratic non-Hermitian skin effect (ENHSE) in a disordered sonic lattice. Unlike the conventional non-Hermitian
skin effect that confines waves to the boundaries, the ENHSE generates random, irregular wave localization patterns that
can emerge anywhere in the system — either at edges or in the bulk. Our full-wave simulations reveal a significant
correlation between localization patterns under periodic boundary conditions (PBC) and open boundary conditions (OBC):
the positions of primary localization centers remain consistent, while a subset of sharp peaks observed under PBC transform
into valleys under OBC, flanked by secondary peaks on both sides. Furthermore, we demonstrate that by tailoring coupling
strengths to locally engineer the imaginary gauge field, precise control over the localized fields can be achieved. This
novel approach of wave energy localization establishes a practical new paradigm for wave manipulation in non-Hermitian
systems, with direct applications to acoustic sensing, energy harvesting, and reconfigurable metamaterials.
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1. Introduction

Non-Hermitian physics, characterized by complex eigen-
values and non-orthogonal eigenstates, has emerged as a
powerful framework for describing open rand dissipative
systems.!!=7! In classical wave systems, judicious introduction
of gain and loss enables exotic phenomena with no Hermitian
counterpart, including exceptional-point-based sensing, [¥-10]
parity-time-symmetric unidirectional transport,! =171 and the
non-Hermitian skin effect (NHSE).[8-23]. The NHSE, man-
ifested as exponential accumulation of bulk eigenstates
at system boundaries under open boundary conditions
(OBC),[?3-27291 represents a particularly striking departure
from conventional wave behavior and has attracted intense re-
search interest for its implications in wave localization and
topological physics.[?3-3%3]

The NHSE, wherein all eigenstates — both bulk and
boundary modes — accumulate at specific boundaries, origi-
nates from the fundamental disparity between periodic bound-
ary conditions (PBC) and OBC when non-reciprocal cou-
pling is_introduced into the system. Under PBC, the system
supports extended Bloch-like states, whereas under OBC, all
eigenstates collapse toward boundaries with their spatial dis-
tribution determined by the specific non-reciprocal coupling
configuration.3>-331 However, previous studies have primarily
focused on uniform or deterministic non-reciprocal coupling
patterns, resulting in predictable, boundary-localized modes
that offer limited spatial control and programmability. A fun-
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damental question arises: Can disorder in non-reciprocal cou-
pling — rather than being detrimental — be harnessed to
achieve controllable wave localization beyond system bound-
aries?

Here, we introduce a different approach by incorporat-
ing disordered non-reciprocal couplings in a one-dimensional
Hatano—Nelson sonic lattice.  This design gives rise to
an erratic non-Hermitian skin effect (ENHSE) — a regime
where eigenstates localize at irregular positions throughout the
system. [36] In extended lattices, we find that the sound field
under OBC exhibits a localization pattern strongly correlated
with the PBC case. The primary localization centers remain
unchanged, yet for a subset of the sharp peaks observed under
PBC, the profile collapses into a valley, flanked by two sec-
ondary peaks. Finally, we demonstrate precise engineering of
the localization pattern in a finite sonic lattice by designing
the gauge field sequence. Introducing localized parameter de-
fects confirms the robustness of the construct and leads to en-
hanced localization properties. Our results establish disorder-
engineered non-Hermitian systems as a programmable plat-
form for acoustic energy concentration, and compact acoustic
devices.

2. Model and the emergent erratic non-
Hermitian skin effect

To elucidate this novel phenomenon, we construct a sonic
system based on the Hatano—Nelson (HN) model. As shown
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in Fig. 1(a), both the conceptual schematic (left panel) and
the detailed structural layout of the non-Hermitian sonic lat-
tice (right panel) depict a regular polygon with N sides. This
specific geometry ensures uniform real coupling strengths
throughout the system, which is essential for precise control
of the effective couplings via gain-loss structures. While the
arrangement resembles an SSH-like chain in appearance, it in-
corporates crucial distinctions that enable the observed non-
Hermitian phenomena. First, the coupling between adjacent
sites is non-reciprocal, indicated by arrows of different col-
ors representing direction-dependent coupling strengths. Sec-
ond, even along the same direction, the coupling strength is
not necessarily uniform. The specific configuration responsi-
ble for the emergent erratic non-Hermitian skin effect will be
detailed later. For the PBC case, non-reciprocal coupling also
exists between the first and the last sites; whereas for OBC,
the head-to-tail coupling is absent.

Non-Hermitian HN chain Non-Hermitian sonic lattice
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Fig. 1. Schematic of the non-reciprocal system and the resulting
ENHSE. (a) Non-Hermitian HN chain and corresponding sonic lat-
tice under PBC with disordered non-reciprocal couplings. The cou-
pling from site n to n+ 1 is Jexp(h,), and from n+1 to n is
Jexp(—hy), where the sequence {h,} is drawn from a Bernoulli dis-
tribution. (b) Characteristic spatial profiles of the acoustic energy in
the ENHSE. Three representative eigenstates are depicted through their
sound intensity distributions, each highly localized at distinct, random
sites of the lattice.

The system is generally described by the following non-
Hermitian tight-binding Hamiltonian:

Z ( n n+1cn +Jrlfcjzcn+l) +A. (1)

Here, N is the system size, c;r, and ¢, are the creation and anni-
hilation operators on site n, and J,lf L denote the hopping am-
plitudes to the right (R) and to the left (L), respectlvely The
operator A accounts for the boundary term: A =0 for OBC,
and A = JRcley +Jcker for PBC.

We introduce a spatially disordered imaginary gauge field
h,, by defining the hopping amplitudes as

J,I} =Jexp (hy,), J,I; =Jexp(—hy), 2

where J is a constant. A key quantity is then defined as fol-
lows:

n—1
Xy = Z hk~ (3)
k=1

The eigenstates v, and their corresponding eigenvalues E sat-
isfy the equation

Ey, = R W1+ Wit + Ay, )

For a system under OBC, the eigenvalues and eigenstates
are given by

E=2Jcos(q), W\ = sin(nga)exp(X,), 6)

with ¢ = an/(N+ 1), where a =1,...,Nandn=1,...,N.
Here, g, = an/(N + 1) denotes the value of ¢ when o = a.

In this notation, 1//,5“)

denotes the n-th component of the a-th
eigenstate.

For a system under PBC, they become

E =2Jcos(g+ih), l,l/,(l”) = exp (ingq — nh) exp(X,), (6)

where 2 = (1/N) ¥, hy (see Appendix A for full derivation).
A critical insight from Eqs. (5) and (6) is that the eigenvalue
spectra of the PBC and OBC systems become nearly identical
when the average gauge field & ~ 0, which is the prerequisite
for our study of the ENHSE.

We design a one-dimensional non-Hermitian sonic lat-
tice [right panel of Fig. 1(a)], which is a physical realization
of the Hatano—Nelson model schematized in the left panel of
Fig. 1(a). The lattice consists of acoustic cavities — each of
height H = 80 mm and width d = 32 mm — coupled via nar-
row tubes of height d; = 5 mm that emulate the inter-site hop-
ping. From these dimensions, we extract a coupling coefficient
of ot =7.718 x 1073, The system is governed by the Hamilto-
nian

[0 e 0 ehv 7
el 0 0 0
N 0 e . 0 0
HYC=fol+vafol-| . . . . |[.(D
6 () 0 _];N—l
e 0 ehnv-1 0

Here, fo = 2144.1 Hz denotes the fundamental resonance
eigenfrequency of a single cavity, and I is a N x N identity
matrix.

The computed eigenvalue spectrum in the complex plane
is shown in Fig. 2(a). As predicted by Egs. (5) and (6), when
the imaginary gauge field A, follows a Bernoulli distribution
(£Ah with equal probability), the spectral averaging condition
h = 0 is satisfied, leading to nearly identical spectra for PBC
and OBC. This spectral overlap suppresses the conventional
non-Hermitian skin effect, providing a well-defined setting in
which to observe the ENHSE.
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Fig. 2. Erratic eigenstates distribution in a non-Hermitian system under
PBC. (a) Eigenvalue spectra for PBC (pink points) and OBC (blue points).
(b) Theoretical spatial profile of the sound intensity. (c) A single plot com-
bining two datasets: the spatial variation of X, (refer to the right and top
axes), indicating /2 ~ 0 from the negligible net change across the lattice, is
shown together with the simulated and theoretical spatial distributions of
the sound intensity (refer to the left and bottom axes). The discrete points
represent the sound intensity of three eigenstates from simulation, showing
excellent agreement with the theoretical profile (black line). The localiza-
tion centers align with the peaks in Xj,. In (a)—(c), the system parameters are
set to N =200, J =1, and Ah =0.5.

Notably, all eigenstates of this PBC system share the same
sound intensity profile (see Appendix A for detailed deriva-
tion). The theoretical distribution is plotted in Fig. 2(b). In
Fig. 2(c), a cross section of this theoretical profile (referring to
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the left and bottom axes) is compared with the corresponding
simulation results for three representative eigenstates. Close
agreement is observed — both the positions and amplitudes of
the main and satellite peaks match the theoretical prediction.

The sound intensity is concentrated at a small number of
irregularly spaced sites, a hallmark of the ENHSE. We trace
this localization pattern to the cumulative gauge parameter
X, = Zz;ll hi, whose spatial variation is simultaneously plot-
ted in Fig. 2(c) (referring to the right and top.axes). Crucially,
the peaks in the spatial intensity distribution align precisely
with the dominant peaks in X, specifically those with the
largest amplitudes, indicating that localization is governed by
the most extreme values in the accumulated disorder. Smaller
features in X, appear to have negligible effect. This correlation
suggests a powerful design principle: by locally tailoring the
elements of the sequence 4, to amplify selected local peaks
in X, one can precisely engineer both the location and inten-
sity of acoustic energy localization — a possibility we explore
later.

3. Boundary effect and robust localization

A key finding is the dramatic difference in acoustic in-
tensity distributions between PBC and OBC systems, which
stems solely from the boundary conditions despite shared in-
ternal couplings. To clearly reveal these differences, we exam-
ine a lattice of size N = 50.
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Fig. 3. Contrasting spatial distributions of sound intensity under periodic and open boundary conditions. (a), (b) PBC case: (a) Left: Theoretical 3D
profile of the sound intensity; Right: The corresponding top view. (b) Comparison between the simulated intensity of a representative state (scatter
points) and the theoretical profile (black line). (c)—(e) OBC case: (c) Theoretical 3D profile of the sound intensity presenting the top view alongside. (d),
(e) Two characteristic patterns in the OBC intensity profiles: (d) A distribution featuring a primary and a satellite peak, structurally similar to the PBC
case but with additional minor peaks. (e) A distribution where a subset of the primary and satellite peaks collapses, fragmenting into multiple peaks
near the original localization centers. For all panels (a)—(e), the system parameters are N = 50, J = 1, and Ah = 0.5.
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In the PBC system, the conventional NHSE is absent. Al-
though all eigenvalues are distinct, their associated eigenstates
share a single, identical spatial intensity profile, as visualized
in the 3D plot of Fig. 3(a). Its top view shows this intensity
profile consists of one dominant peak and one satellite peak of
markedly different amplitude. The sound intensity distribution
from a simulated eigenstate agrees closely with the theoretical
prediction, as shown in Fig. 3(b).

The OBC system, in contrast, exhibits a more complex
spatial intensity structure [Fig. 3(c)]. Ordering the states by
increasing real part of their eigenvalues reveals a striking par-
ity effect in the top view of the intensity distributions: among
the first 25 states, the sound intensity of odd-numbered ones
peaks at the central site (n = 25), while that of even-numbered
ones exhibits a central valley flanked by two subsidiary peaks.
This intensity pattern is symmetrically inverted for the latter
25 states, a consequence of the lattice’s global reciprocity.
Crucially, this parity-dependent modulation of the intensity
profile applies not only to the main peak but also to the satel-
lite peak, as confirmed by the theory-simulation comparisons
in Figs. 3(d) and 3(e).

An analytical insight explains this phenomenon. From
Eq. (5), the OBC eigenstates are w,@ = sin (nq) exp(X,), with
g =an/(N+1). The spatial intensity distribution, i.es. the
sound intensity at site n for this state, is proportional to

l,l/,(,a> ’2 = |sin (nq) exp(X,)|*. At the lattice center (n = N/2),
the factor exp(X,,) is common to all states. Thus, the intensity
variation arises solely from the sinusoidal term,|sin (nq)|*.
The intensity ratio between the a-th and the first state at
the center is sin’(af)/sin*(B), where B = Nx/[2(N + 1)].
This relation directly yields the observed pattern, a zipper-
like interlacing of intensity peaks and valleys across succes-
sive eigenstates.

Most importantly, Figs. 3(b), 3(d), and 3(e) demonstrate
that the primary spatial localization centers in the intensity
profiles are identical under both PBC and OBC. This high-
lights the robustness of the ENHSE: it presents as a static, uni-
form intensity profile for all states under PBC, and as a dy-
namic yet spatially fixed intensity pattern under OBC, where
peak heights vary but the localization centers — dictated by
the sequence /,, — remain unchanged.

4. Deterministic control of localization patterns

Having established that the localization is governed by
the cumulative parameter X,,, we demonstrate precise control
over the ENHSE by engineering the sequence /,. To render
the effects more pronounced, we analyze a finite-size lattice
(N = 19) under PBC. Although a short lattice cannot per-
fectly realize a Bernoulli distribution, our theoretical frame-
work identifies i ~ 0 as the essential condition. We therefore

manually construct sequences for /] to /g that satisfy this re-
quirement while being explicitly designed to yield targeted X,
profiles.

As shown in Figs. 4(a) and 4(b), we successfully imple-
ment sequences that produce X,, profiles with a single promi-
nent peak and two prominent peaks, corresponding to sym-
metric and alternating gauge field configurations, respectively.
The upper panels of Figs. 4(c) and 4(d) confirm that the spatial
distribution of the acoustic field energy (proportional to |p|?,
p being the acoustic pressure) for a representative eigenstate
reaches its maximum precisely at the predetermined sites dic-
tated by the X,, peaks. The corresponding spatial intensity dis-
tributions, shown in the lower panels, exhibit close agreement
between simulation and theory. These results collectively ver-
ify that the spatial profile of the ENHSE can be deterministi-
cally controlled through tailored design of the gauge field se-
quence, enabling the creation of localization sites at will.
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Fig. 4. Programmable acoustic localization in engineered short lattices.
(a), (b) The spatial profile of the cumulative parameter X, featuring a
single prominent peak (a) and two prominent peaks (b). (c), (d) For
each configuration, the upper panel shows the spatial distribution of the
acoustic field energy, and the lower panel shows the spatial intensity
distribution. The simulated intensities, represented by blue circles and
pink squares, follow the theoretical profile (black line), with the gray
dashed guides confirming the alignment of all peak positions. In pan-
els (a)—(d), the system parameters are N = 19 and the gauge field con-
figurations are defined by (a), (¢) hj—9 = +0.5, hjp—19 = —0.5; (b),
(d) h1-3,11-15 = +0.5, ha—19,16-19 = —0.5.

5. Robust against parameter variations

We further examine the robustness of the established lo-
calization patterns by introducing strong local perturbations to
the gauge field. Starting from the symmetric single-peak con-
figuration in Fig. 4(a), we alter the value of A9 from +0.5 to
+3, as shown in Figs. 5(a) and 5(c). This perturbation intro-
duces a strong local defect while largely preserving the global
condition 2 =~ 0. Remarkably, the primary localization cen-
ter remains unchanged under this disruption, while the sound
intensity on its left side is strongly suppressed, as clearly ob-
served in the simulated acoustic energy field of Fig. 5(c). The
persistence of localization at the intended site without adverse
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effects demonstrates significant robustness against local de-
fects and symmetry breaking.

We then perform a subsequent modification by setting
hip from —0.5 to —3 in the perturbed system, as shown in
Figs. 5(b) and 5(d). This subsequent adjustment further drives
h closer to zero. In this case, the energy becomes intensely
localized at the central site, evident in the simulation result of
Fig. 5(d). Close agreement between the simulated and theoret-
ical intensity profiles validates the effectiveness of this manip-
ulation. This series of controlled alterations underscores the
combination of precise programmability and inherent robust-
ness in the ENHSE.
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Fig. 5. Robustness of localization under strong gauge field perturbations.
(a), (b) The spatial profile of the cumulative parameter X, showing the evo-
lution of the peak structure after introducing a local defect at site 9 (a) and
a further modification at site 10 (b). (c), (d) Theory-simulation comparison
for each case: the upper panel shows the spatial distribution of the acoustic
field energy, and the lower panel shows the spatial intensity distribution. The
simulated intensities are shown as blue circles (c) and pink squares (d). The
gray dashed guides demonstrate the persistence of the primary localization
center. All panels are based on the symmetric configuration from Fig. 4(a)
with modifications as follows: (a), (¢) hg = +3; (b), (d).hg = 43, hjg = —3;
all other &, unchanged.

6. Conclusion

In conclusion, our numerical simulations demonstrate
the ENHSE in one-dimensional sonic lattices with disordered
non-reciprocal couplings, where acoustic energy localizes at
irregular positions throughout the system rather than at bound-
aries.~ A key finding is the remarkable correlation between
PBC and OBC localization patterns: primary centers persist in
both cases, while select PBC peaks collapse into OBC valleys
with flanking secondary peaks. We establish that localization
sites are quantitatively governed by peaks in the cumulative
gauge parameter X,,, derived from the Bernoulli-distributed
imaginary gauge field. Importantly, local modifications of
this gauge field enable deterministic control over localization
— its number, position, and intensity — while maintaining
global statistical properties. This programmable energy lo-
calization opens pathways for reconfigurable acoustic meta-
materials, adaptive energy concentrators, and smart wave pro-
cessing platforms, establishing a versatile framework for non-
Hermitian wave engineering.

Appendix A

The system is described by the tight-binding Hamiltonian

N—1
A=Y (J,‘}ciﬂc,,ﬂ,’;c;ﬁcnﬂ) YA (A1)

n=1
Here, N is the system size, cZ and c, are the creation and
annihilation operators on site n, and Rk represent the hop-
ping amplitudes to the right (R) and left (L), respectively. The
operator A defines the boundary term: A =0"for OBC, and
A= JECICN +J,I\‘,c;vcl for PBC.

We introduce an imaginary gauge field h,, where each
h, = £Ah follows an equal-probability Bernoulli distribution.

The hopping amplitudes are defined as
JR=Teexp(h,), JY=J-exp(—hy). (A2)

The eigenstates Y, and their corresponding eigenvalues
E, satisfy the Schrodinger equation

Hy, =Ey,, (A3)
which leads to the following difference equation:
EV, = I (Yo 1+ Wit + Ay, (A4)

The solutions for OBC and PBC are derived separately
below.

Appendix Al. Open boundary conditions
For OBC, where A= 0, Eq. (A4) becomes

EV, =I8 W1 + 5 Yt (AS)
forn=1,2,...,N, with the boundary conditions
Vo = Yn+1 =0. (A6)
We introduce a non-unitary gauge transformation
n—1
(A7)

W, = ¢, exp Z hy,
k=1

Substituting Eqs. (A2) and (A7) into Eq. (AS) yields

E(pn :J(¢n+1+¢n—1)- (A8)
The boundary conditions for ¢, become
$o=¢n1+1=0. (A9)

Assuming a solution of the form ¢,, = sin(ng) and substi-
tuting it into Eq. (A8) gives the eigenvalue

E =2Jcos(q). (A10)
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Applying the boundary conditions from Eq. (A9), specif-
ically ¢y41 =sin[(N+1)g] =0, leads to

an

q:m,azl,...,N. (A11)

Defining X,, = ZZ;% hy, the final expression for the eigen-
states is

i = sin(nga) exp(X,), (A12)

where l//,(,a) denotes the n-th component of the a-th eigenstate,

and g, = an/(N + 1) denotes the value of ¢ when @ = a.

Appendix A2. Periodic boundary conditions

For PBC, where A = JR¢ien +J5cher, Eq. (A4) holds for
n=1,2,...,N, with the boundary condition

Yn+1 = V1. (A13)

From Egs. (A7) and (A13), the boundary condition for ¢,
is derived as

ONn+1 = @ exp ( Y hk> = ¢rexp (—Nh), (Al4)
k=1

where 71 = (1/N)Y¥_, Iy is the mean value of the gauge field.

Assuming a solution of the form ¢, = exp(ign — nk) and
substituting into the bulk equation derived from Eqs. (A4) and
(A2) yields the eigenvalue

E =2Jcos (qg+ih). (A15)

A critical insight from Egs. (A10) and (A15) is that the
eigenvalue spectra of the PBC and OBC systems become iden-
tical when the average gauge field 4 = 0. This condition sup-
presses the conventional NHSE, thereby facilitating the obser-
vation of the ENHSE. Therefore, we consider the case where
each h, = £Ah takes values of £Ah with equal probability,
following a Bernoulli distribution — a binary probability dis-
tribution where each random variable independently assumes
one of two possible values with equal likelihood. This setup
statistically ensures & ~ 0, fulfilling the prerequisite for our
study of the ENHSE.

Applying the boundary condition Eq. (A14) gives

exp [ig(N+1) — (N+1)h] =exp (ig—h) -exp (—Nh).
(A16)

Simplifying, we find exp(igN) = 1, which leads to the
quantization of

2o
=——, a=1,2,...,N. Al7
9= 125005 (A17)
A key condition in this work is 4 = 0. Under this condi-

tion, the eigenvalue and eigenstate simplify to

E =2Jcosq (A18)

(a)

Y = exp(ing,)exp(Xy). (A19)

Consider two distinct eigenvalues under PBC:

2 2
AT\ EG) Zogcos (22T ) (a20)
N1 N+l

E@W —2Jcos (

where a,b=1,2,...,N and a # b. Their corresponding eigen-
states are

l;/,(,a> =exp <i . 2na7t> exp(X,),

N+1
(A21)
) = ex i.2mb7r exp(X)
Yin Y Nl P{&m

forn,m=1,2,...,N, where y/,S“)

denotes the n-th component
of the a-th eigenstate and l//,(,,b) denotes the m-th component
of the b-th eigenstate. For the same lattice site (n = m), the
components of these two eigenstates differ only by a site-
independent phase factor exp[in(b — a)m/(N + 1)], which is
a pure imaginary exponent. Consequently, when calculating

the spatial density distribution using

[y
Yoo lwel?

the phase factors cancel out. Therefore, all eigenstates in the

Probability at site n = (A22)

PBC system share the identical spatial density distribution, as
the exponential factor exp(X,,) is common to all.

Appendix B: Experimental methods

To achieve this, the experimental procedure involves:
(1) measuring the resonance frequency fy of a single cav-
ity and the resonance frequencies f; and f, of two cavi-
ties connected by a waveguide to determine the real coupling
strength; (2) characterizing the spatial distribution of coupling
strengths across the system, which follows a Bernoulli dis-
tribution pattern that we have analyzed using MATLAB; and
(3) implementing virtual coupling between adjacent cavities
using gain-loss structures to achieve the desired asymmetric
coupling strengths JX = Jexp(h,) and J- = Jexp(—hy,). This
is realized by placing speakers in each acoustic cavity to in-
ject phase-shifted acoustic signals from neighboring cavities.
Specifically, the gain-loss structures introduce precisely con-
trolled phase shifts to the acoustic signals between adjacent
cavities, creating the required non-reciprocal coupling. This
method provides a feasible approach to experimentally realiz-
ing the desired coupling configuration. Regarding signal qual-
ity, noise represents the primary experimental challenge. As
discussed in the manuscript, we can selectively enhance spe-
cific peaks in the parameter X,, to create strongly localized field
concentrations at one or several positions. This approach facil-
itates clear observation of the erratic non-Hermitian skin effect
(ENHSE) in experimental settings.
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Appendix C

We have performed the simulation for an N = 50 sonic
lattice and obtained a representative eigenfield distribution. As
shown in Fig. C1, the acoustic energy is not accumulated at
the boundaries but at two distinct, irregular positions within
the lattice bulk, a hallmark of the ENHSE. The localization
strength is uneven between these two sites, with one being
significantly more intense. This spatially irregular and multi-
focal localization pattern — fundamentally different from the
boundary-localized modes in conventional NHSE — serves as
a clear numerical signature of ENHSE.

P - — Speaker

o[
Energy (arb. units)

R,
site’l '.‘. e F:TF: f:ti‘

Site 5

Fig. C1. Schematic of a representative acoustic field distribution in an
N = 50 sonic lattice exhibiting ENHSE characteristics.
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