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Influence of memory effects on quantum Stackelberg duopoly
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We study the influence of memory effects on the quantum Stackelberg duopoly game through an amplitude-damping
channel where successive uses of the channels are correlated. It is shown that the memory effects can drastically change
the Nash equilibrium and the payoffs of the two firms. As the degree of channel memory increases, there exists a Nash
equilibrium for the entire range of the entanglement parameter. Similarly, the presence of memory ensures the existence of
the Nash equilibrium for the whole range of the decoherence parameter both for entangled and unentangled initial states.
Moreover, quantum memory leads to a ‘critical point’ of the damping parameter, at which both firms are equally benefited.
With the maximum-memory effect, the position of the ‘critical point’ moves to the place of fully decohered.
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1. Introduction
Game theory,[1] a tool for rational decision making in

the case of conflict, is generally used in economics, physics
and biology. In the past decade, quantum game theory has
emerged as a new active field since the concept of quantum
information was introduced into the classical game theory.
Quantum games offer additional strategies and new equilib-
ria that resolve dilemmas that occur in the classical games.
Nevertheless, it is well known that quantum systems are easily
influenced by ambient environments, which leads to decoher-
ence. Decoherence effects have been studied in different quan-
tum games such as Prisoners’ Dilemma, Battle of the Sexes,
Chicken game, Stackelberg duopoly, and so on. Early work
on quantum games in noisy channels was mainly committed
to memoryless traditional channels. And, consecutive signal
transmissions were not correlated through the channel.[2–8]

Interest has then been spread to extend the theory of quan-
tum channels to include memory effects.[9–11] There are time
scales for which successive uses of the channel are correlated
and memory effects need to be considered. Research involv-
ing quantum games under decoherence and correlated noise
has produced interesting results. Recently, Nawaz and Toor[12]

have shown for quantum games based on a quantum-correlated
phase-damping channel that the quantum player only enjoys
an advantage over the classical player when both the initial
quantum state and the measurement basis are in entangled
form. It is also shown that for maximum correlation the ef-
fects of decoherence diminish and it behaves as a noiseless
game. Ramzan et al.[13] investigated the effects of mem-
ory on quantum games, such as Prisoner’s Dilemma, Battle

of the Sexes, and Chicken, through three prototype quantum-
correlated channels. It is shown that the quantum player enjoys
an advantage over the classical player for all nine cases consid-
ered in the paper for the maximally entangled case. The effect
of entanglement and correlated noise in a four-player quantum
Minority game is investigated by Ramzan and Khan.[14] Dif-
ferent time-correlated quantum memory channels are consid-
ered to analyze the Nash equilibrium payoff of the 1st player.
The three-player Prisoner’s Dilemma game under the effect
of decoherence and correlated noise has been investigated in
Ref. [15]. It is seen that the quantum player is always better
off than the classical players. It is also seen that the game’s
Nash equilibrium does not change in the presence of corre-
lated noise, in contradiction to the effect of decoherence in the
multiplayer case. In Ref. [16], Khan et al. studied the influ-
ence of entanglement and correlated noise on quantum Stack-
elberg duopoly in different memory channels, including corre-
lated amplitude damping. For the correlated amplitude damp-
ing channel, they mainly consider the situation in which the
game experiences only the second decohering process while
the first decohering process vanishes. And, the study is chiefly
concerned with which firm becomes better off than another
firm beyond the critical point.

In this paper, we study the influence of memory effects
on the quantum Stackelberg duopoly game with two ampli-
tude damping processes where successive uses of the channels
are correlated. The effect of channels with memory on the
moves and payoffs of the firms has been discussed in detail.
The rest of this paper is organized as follows. In Section 2,
preliminaries (Stackelberg duopoly game, amplitude-damping
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channel with memory) are given. In Section 3, we show how
the memory effects affect the quantum Stackelberg duopoly
game, and some analytical or numerical results are presented.
In Section 4, we offer our conclusions.

2. Preliminaries
2.1. Stackelberg duopoly game

As we know, the Stackelberg duopoly game[17–21] is a
market game, which is a dynamic extension of the static
Cournot duopoly game. In the Cournot duopoly game, both
firms make their strategic moves at the same time and guess
what action the opponent will take. However, the Stackel-
berg duopoly is a dynamic model of duopoly. The Stackelberg
duopoly allows one of the firms, say firm A, to move first. The
other firm, say firm B, can observe the move of firm A before
making its decision. Firm A is usually called the leader and
firm B the follower; on this basis, the game is also called the
leader–follower model.[22]

In classical Stackelberg duopoly, it is assumed that firm
B will respond optimally to the strategic decision of firm A.
The sequence of events is: (i) firm A chooses a quantity q1;
(ii) firm B observes q1 and then chooses a quantity q2; (iii) the
payoffs to firms A and B are given by their respective profit
functions as PA(q1,q2), PB(q1,q2). The backwards-induction
outcome[23] in the Stackelberg duopoly is found by first find-
ing the reaction function R2(q1) of firm B to an arbitrary quan-
tity q1 chosen by firm A. It is found by differentiating firm
B’s payoff with respect to q2, and maximizing the result for
q1 and can be written as R2(q1) = maxPB(q1,q2). Once firm
B chooses this quantity, firm A can compute its optimization
problem by differentiating its own payoff with respect to q1

and then maximizing it to find the value q1 = q∗1. Using the
value of q∗1, the value of q∗2 can be obtained. These quanti-
ties define the backwards-induction outcome of the quantum
Stackelberg duopoly and represent the subgame perfect Nash
equilibrium. Then, the payoffs of the firms at the subgame
perfect Nash equilibrium can be found.

A number of authors have proposed various quantization
protocols for observing the behavior of Stackelberg duopoly
game in the quantum realm.[24–26] We consider the quantum
Stackelberg duopoly (QSD) game in the classical-probability
action formalism with discrete variables. The QSD game can
be modelled by two qubits, one for each player of firm A and
firm B who have two possible strategies: identity operator
(I) and the inversion operator (C). Both I and C are unitary
operators. The quantum Stackelberg duopoly has been stud-
ied under various circumstances and interesting results have
been obtained.[7,8,16,23,27–31] It has been shown that quantum
entanglement affects payoff of the first mover and produces
an equilibrium that corresponds to classical static form of the

same game.[23] The effects of decoherence produced by vari-
ous prototype quantum channels with memoryless on quantum
Stackelberg duopoly have been studied by Zhu et al.[8] The in-
fluence of Unruh effect on quantum Stackelberg duopoly has
been studied in Ref. [30]. It is shown that the acceleration of
noninertial frame strongly affects the payoffs of the firms and
the payoffs decrease with the increasing of acceleration pa-
rameter. In Ref. [31], an efficient method has been proposed
to improve the payoffs of the firms in quantum Stackelberg
duopoly game under noninertial frame using partial-collapse
measurement.

2.2. Amplitude-damping channel with memory

As we all know, there are two different types of quantum
channels including memoryless channels and memory chan-
nels. The simplest models for quantum channels are mem-
oryless, when environmental correlation time is smaller than
the time between consecutive uses, so that at each channel use
the environment back action can be negligible. Namely, the
system undertakes the same quantum channel ε , in which in-
dependent noise acts on each use. Suppose N times uses of
this channel, then we have εN = ε

⊗
N . However, real systems

among subsequent channel uses exhibit some correlations; this
can happen when environmental correlation time is longer than
the time between consecutive uses, so that the channel acts de-
pendently on each channel input εN 6= ε

⊗
N . These kinds of

channels are called memory channels.
In what follows we consider N channel uses. Given an

input state ρ , a quantum channel ε is defined as a completely
positive, trace-preserving map from input-state density matri-
ces to output-state density matrices,

ε(ρ) = ∑
i

EiρE†
i , (1)

where Ei =
√

Pi1···iN Ai are the Kraus operators of the channel
which satisfy the completeness relationship, and ∑i Pi1···iN = 1.
Here Pi1···iN can be interpreted as the probability that a random
sequence of operations is applied to the sequence of N qubits
transmitted through the channel. For a memoryless channel,
these operations Ai are independent, and we have Pi1···iN =

Pi1Pi2 · · ·PiN . However, for a channel with memory, these oper-
ations are time-correlated, Pi1···iN = Pi1Pi2|i1 · · ·PiN |iN−1 , where
PiN |iN−1 is the conditional probability for that operation. For
simplicity, we consider the Kraus operators for two consecu-
tive uses of a channel with partial memory as

Ei, j =
√

Pi[(1−u)Pj +uδi, j]Ai⊗A j, (2)

where 0 ≤ u ≤ 1 is the memory coefficient of the channel.
u = 0 and u = 1 represent no-memory and maximum-memory
effects, respectively.
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Following, we will focus on the amplitude damping noisy
channels with time-correlated Markov noise for two consecu-
tive uses. Based on the Kraus operator approach, for any initial
state ρ , the final state under noise is given by[9,10]

ε(ρ) = (1−u)∑
i, j

Ev
i, jρEv†

i, j +u∑
k

Ec
k,kρEc†

k,k. (3)

The above expression means that with probability u they are
correlated while with probability 1−u both operations are un-
correlated.

The amplitude-damping channel, which is used to charac-
terize spontaneous emission, describes the energy dissipation
from a quantum system.

A0 =

[√
1− p 0
0 1

]
, A1 =

[
0 0√
p 0

]
, (4)

where p = 1−exp(−γt) is the single-qubit damping rate. The
quantum amplitude-damping channel with uncorrelated noise
can similarly be defined as the following Kraus operators

Ev
i, j = Ai⊗A j, (i, j = 0,1). (5)

Based on previous analysis,[9,10] an amplitude-damping chan-
nel with finite memory for two consecutive uses, the task of
constructing Kraus operators Ec

k,k for

Ec
00 =


√

1− p 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , Ec
11 =


0 0 0 0
0 0 0 0
0 0 0 0√
p 0 0 0

 . (6)

3. The influence of memory effects on quantum
Stackelberg duopoly game
Initially the two firms, A and B share an initial state

|ψ1〉= cos(Q)|00〉A,B + sin(Q)|11〉A,B, (7)

where Q is a measure of entanglement. The first entry in each
ket of Eq. (7) corresponds to firm A and the second entry corre-
sponds to firm B. Through the amplitude damping noisy chan-
nels with time-correlated Markov noise, the state is,

ρG = εchannel(ρ), (8)

where εchannel is defined by Eq. (3).
In the quantum Stackelberg duopoly, each firm has two

possible strategies: I (the identity operator) and C (the inver-
sion operator). When two firms apply the unitary operators I

and C with probabilities x and y on the two-qubit state, respec-
tively, the state ρG evolves into the following state:

ρf = xyIA⊗ IBρGI†
A⊗ I†

B + x(1− y)IA⊗CBρGI†
A⊗C†

B

+y(1− x)CA⊗ IBρGC†
A⊗ I†

B

+(1− x)(1− y)CA⊗CBρGC†
A⊗C†

B. (9)

The moves of firms A and B in a classical duopoly game
are given by quantities q1 and q2, which have values in the
range [0,∞). We assume that firms A and B agree on a func-
tion that can uniquely define a real positive number in the re-
gion (0,1] for every quantity q1, q2 in [0,∞). A simple such
function is 1/(1+qi). So, firms A and B find the probabilities
x and y to be given as

x =
1

1+q1

y =
1

1+q2
. (10)

Through mean values of their corresponding payoff oper-
ators with regard to the final state of the game, the payoffs of
the two firms are acquired. Then, the payoffs of firms A and B
are given by the following trace operations:

PA(q1,q2) = Tr[ρfP
op
A (q1,q2)],

PB(q1,q2) = Tr[ρfP
op
B (q1,q2)], (11)

where Pop
A and Pop

B are payoff operators of the firms and are
given as[30]

Pop
A (q1,q2) =

q1

q12
(kρ11−ρ22−ρ33),

Pop
B (q1,q2) =

q2

q12
(kρ11−ρ22−ρ33), (12)

where k is a constant related to the capacity of the market and
the marginal cost as given in Ref. [22], and ρii are the diago-
nal elements of the final density matrix. The parameter q12 is
introduced by

q12 =
1

(1+q1)(1+q2)
. (13)

Next, we take p1 = p2 = p, u1 = u2 = u and the value of
k is set to 1, the payoffs to firms A and B can be calculated by
using Eqs. (11)–(13) with the following expressions:

PA = −q1[q1 +q2 + sin(Q)2−2 pq1−2 pq2−14 p2 sin(Q)2 +12 p3 sin(Q)2

−3 p4 sin(Q)2 +4 psin(Q)2−3 p2 q1 q2−7 p2 u2 sin(Q)2 +10 p3 u2 sin(Q)2

−3 p4 u2 sin(Q)2−3 pq1 sin(Q)2−3 pq2 sin(Q)2−q1 q2 sin(Q)2−6 pusin(Q)2

+2 pq1 q2 +2 pq1 u+2 pq2 u+9 p2 q1 sin(Q)2 +9 p2 q2 sin(Q)2

−9 p3 q1 sin(Q)2−9 p3 q2 sin(Q)2 +3 p4 q1 sin(Q)2 +3 p4 q2 sin(Q)2

080203-3



Chin. Phys. B 35, 080203 (2026)

+22 p2 usin(Q)2−22 p3 usin(Q)2 +6 p4 usin(Q)2−3 pq1 q2 u−4 p2 q1 q2 sin(Q)2

+6 p3 q1 q2 sin(Q)2−3 p4 q1 q2 sin(Q)2−16 p2 q1 usin(Q)2−16 p2 q2 usin(Q)2

+19 p3 q1 usin(Q)2 +19 p3 q2 usin(Q)2−6 p4 q1 usin(Q)2−6 p4 q2 usin(Q)2

+3 p2 q1 q2 u+7 p2 q1 u2 sin(Q)2 +7 p2 q2 u2 sin(Q)2−10 p3 q1 u2 sin(Q)2

−10 p3 q2 u2 sin(Q)2 +3 p4 q1 u2 sin(Q)2 +3 p4 q2 u2 sin(Q)2 +2 pq1 q2 sin(Q)2

+3 pq1 usin(Q)2 +3 pq2 usin(Q)2−7 p2 q1 q2 u2 sin(Q)2 +10 p3 q1 q2 u2 sin(Q)2

−3 p4 q1 q2 u2 sin(Q)2 +10 p2 q1 q2 usin(Q)2−16 p3 q1 q2 usin(Q)2 +6 p4 q1 q2 usin(Q)2−1], (14)

PB = −q2 [q1 +q2 + sin(Q)2−2 pq1−2 pq2−14 p2 sin(Q)2 +12 p3 sin(Q)2

−3 p4 sin(Q)2 +4 psin(Q)2−3 p2 q1 q2−7 p2 u2 sin(Q)2 +10 p3 u2 sin(Q)2

−3 p4 u2 sin(Q)2−3 pq1 sin(Q)2−3 pq2 sin(Q)2−q1 q2 sin(Q)2−6 pusin(Q)2

+2 pq1 q2 +2 pq1 u+2 pq2 u+9 p2 q1 sin(Q)2 +9 p2 q2 sin(Q)2

−9 p3 q1 sin(Q)2−9 p3 q2 sin(Q)2 +3 p4 q1 sin(Q)2 +3 p4 q2 sin(Q)2

+22 p2 usin(Q)2−22 p3 usin(Q)2 +6 p4 usin(Q)2−3 pq1 q2 u−4 p2 q1 q2 sin(Q)2

+6 p3 q1 q2 sin(Q)2−3 p4 q1 q2 sin(Q)2−16 p2 q1 usin(Q)2−16 p2 q2 usin(Q)2

+19 p3 q1 usin(Q)2 +19 p3 q2 usin(Q)2−6 p4 q1 usin(Q)2−6 p4 q2 usin(Q)2

+3 p2 q1 q2 u+7 p2 q1 u2 sin(Q)2 +7 p2 q2 u2 sin(Q)2−10 p3 q1 u2 sin(Q)2

−10 p3 q2 u2 sin(Q)2 +3 p4 q1 u2 sin(Q)2 +3 p4 q2 u2 sin(Q)2 +2 pq1 q2 sin(Q)2

+3 pq1 usin(Q)2 +3 pq2 usin(Q)2−7 p2 q1 q2 u2 sin(Q)2 +10 p3 q1 q2 u2 sin(Q)2

−3 p4 q1 q2 u2 sin(Q)2 +10 p2 q1 q2 usin(Q)2−16 p3 q1 q2 usin(Q)2

+ 6 p4 q1 q2 usin(Q)2−1]. (15)

We can find the backwards-induction outcome in the QSD game exactly in the same way as done in the classical game with
the subgame perfect Nash equilibrium point[23,30] given by

q∗1 =
N
D
, (16)

where

N = 3 p4 u2 sin(Q)2−6 p4 usin(Q)2 +3 p4 sin(Q)2−10 p3 u2 sin(Q)2 +22 p3 usin(Q)2

−12 p3 sin(Q)2 +7 p2 u2 sin(Q)2−22 p2 usin(Q)2 +14 p2 sin(Q)2 +6 pusin(Q)2

−4 psin(Q)2− sin(Q)2 +1,

D = 6 p4 u2 sin(Q)2−12 p4 usin(Q)2 +6 p4 sin(Q)2−20 p3 u2 sin(Q)2 +38 p3 usin(Q)2

−18 p3 sin(Q)2 +14 p2 u2 sin(Q)2−32 p2 usin(Q)2 +18 p2 sin(Q)2 +6 pusin(Q)2

+4 pu−6 psin(Q)2−4 p+2, (17)

q∗2 =
N
D
, (18)

where

N = [3 p4 u2 sin(Q)2−6 p4 usin(Q)2 +3 p4 sin(Q)2−10 p3 u2 sin(Q)2

+22 p3 usin(Q)2−12 p3 sin(Q)2 +7 p2 u2 sin(Q)2−22 p2 usin(Q)2

+14 p2 sin(Q)2 +6 pusin(Q)2−4 psin(Q)2− sin(Q)2 +1]

[3 p4 u2 sin(Q)2−6 p4 usin(Q)2 +3 p4 sin(Q)2−10 p3 u2 sin(Q)2

+19 p3 usin(Q)2−9 p3 sin(Q)2 +7 p2 u2 sin(Q)2−16 p2 usin(Q)2

+9 p2 sin(Q)2 +3 pusin(Q)2 +2 pu−3 psin(Q)2−2 p+1], (19)

D = 18 p8 u4 sin(Q)4−72 p8 u3 sin(Q)4 +108 p8 u2 sin(Q)4−72 p8 usin(Q)4

+18 p8 sin(Q)4−120 p7 u4 sin(Q)4 +468 p7 u3 sin(Q)4−684 p7 u2 sin(Q)4
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+444 p7 usin(Q)4−108 p7 sin(Q)4 +284 p6 u4 sin(Q)4−1120 p6 u3 sin(Q)4

+18 p6 u3 sin(Q)2 +1676 p6 u2 sin(Q)4−54 p6 u2 sin(Q)2−1128 p6 usin(Q)4

+54 p6 usin(Q)2 +288 p6 sin(Q)4−18 p6 sin(Q)2−280 p5 u4 sin(Q)4

+1208 p5 u3 sin(Q)4−30 p5 u3 sin(Q)2−2008 p5 u2 sin(Q)4 +96 p5 u2 sin(Q)2

+1500 p5 usin(Q)4−102 p5 usin(Q)2−420 p5 sin(Q)4 +36 p5 sin(Q)2

+98 p4 u4 sin(Q)4−568 p4 u3 sin(Q)4−58 p4 u3 sin(Q)2 +1220 p4 u2 sin(Q)4

+136 p4 u2 sin(Q)2−1080 p4 usin(Q)4−108 p4 usin(Q)2 +332 p4 sin(Q)4

+30 p4 sin(Q)2 +84 p3 u3 sin(Q)4 +70 p3 u3 sin(Q)2−348 p3 u2 sin(Q)4

−232 p3 u2 sin(Q)2 +372 p3 usin(Q)4 +288 p3 usin(Q)2−116 p3 sin(Q)4

−124 p3 sin(Q)2 +36 p2 u2 sin(Q)4 +54 p2 u2 sin(Q)2 +16 p2 u2−24 p2 usin(Q)4

−162 p2 usin(Q)2−26 p2 u+102 p2 sin(Q)2 +10 p2−12 pusin(Q)4 +30 pu

sin(Q)2 +10 pu+4 psin(Q)4−24 psin(Q)2−12 p+2sin(Q)4−2sin(Q)2 +4. (20)

When the QSD game is initially in the unentangled state,
i.e., Q = 0, we obtain

q∗1 =
1

2 (2 p (u−1)+1)
, (21)

q∗2 =
p (u−1)+1/2

(8u2−13u+5) p2 +(5u−6) p+2
, (22)

PA(q∗1,q
∗
2) =

1
8 (2 p (u−1)+1)

, (23)

PB(q∗1,q
∗
2) =

p (u/4−1/4)+1/8
(8u2−13u+5) p2 +(5u−6) p+2

. (24)

When the QSD game is initially in the maximally entan-
gled state, i.e., Q = π/4, we have

q∗1 =
1
2
− (3/2−3u/2) p3 +(3u−5/2) p2 +(u/2−3/2) p+1/2

(3u2−6u+3) p4 +(−10u2 +19u−9) p3 +(7u2−16u+9) p2 +(7u−7) p+2
, (25)

q∗2 =
N
D
, (26)

where

N = [3 p4 u2−6 p4 u+3 p4−10 p3 u2 +19 p3 u−9 p3 +7 p2 u2−16 p2 u+9 p2 +7 pu−7 p+ 2]

× [3 p4 u2−6 p4 u+3 p4−10 p3 u2 +22 p3 u−12 p3 +7 p2 u2−22 p2 u+14 p2 +6 pu+4 p+1],

D = 18 p8 u4−72 p8 u3 +108 p8 u2−72 p8 u+18 p8−120 p7 u4 +468 p7 u3−684 p7 u2

+ 444 p7 u−108 p7 +284 p6 u4−1084 p6 u3 +1568 p6 u2−1020 p6 u+252 p6−280 p5 u4

+ 1148 p5 u3−1816 p5 u2 +1296 p5 u−348 p5 +98 p4 u4−684 p4 u3 +1492 p4 u2−1296p4 u

+392 p4 +224 p3 u3−812 p3 u2 +948 p3 u−364p3 +208p2u2−452p2u+244p2 +88pu−92p+14, (27)

PA(q∗1,q
∗
2) =

(
3 p4 u2−6 p4 u+3 p4−10 p3 u2 +22 p3 u−12 p3 +7 p2 u2−22 p2 u+14 p2 +6 pu−4 p+1

)2

16 (3 p4 u2−6 p4 u+3 p4−10 p3 u2 +19 p3 u−9 p3 +7 p2 u2−16 p2 u+9 p2 +7 pu−7 p+2)
, (28)

PB(q∗1,q
∗
2) =

N
D
, (29)

where

N = [3 p4 u2−6 p4 u+3 p4−10 p3 u2 +19 p3 u−9 p3 +7 p2 u2−16 p2 u+9 p2 +7 pu−7 p+2](
3 p4 u2−6 p4 u+3 p4−10 p3 u2 +22 p3 u−12 p3 +7 p2 u2−22 p2 u+14 p2 +6 pu−4 p+1

)2
,

D = 144 p8 u4−576 p8 u3 +864 p8 u2−576 p8 u+144 p8−960 p7 u4 +3744 p7 u3

−5472 p7 u2 +3552 p7 u−864 p7 +2272 p6 u4−8672 p6 u3 +12544 p6 u2−8160 p6 u

+2016 p6−2240 p5 u4 +9184 p5 u3−14528 p5 u2 +10368 p5 u−2784 p5 +784 p4 u4

−5472 p4 u3 +11936 p4 u2−10368 p4 u+3136 p4 +1792 p3 u3−6496 p3 u2 +7584 p3

u−2912 p3 +1664 p2 u2−3616 p2 u+1952 p2 +704 pu−736 p+112. (30)
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In order to see the memory effects on the subgame per-
fect Nash equilibrium, using the expressions of the moves of
the two firms given by Eqs. (16) and (18), we plot q∗1 and q∗2
against the entanglement parameter Q with k = 1, p = 0.3 for
different u in Fig. 1. The lines correspond to u = 0 (dashed
line), u = 0.4 (dotted line), u = 0.8 (dash–dotted line), u = 1
(solid line). It is shown that without memory effect (u = 0)
there are two zero-points for the moves of the two firms which
can be labelled by Q1 and Q2 with Q1 < Q2, respectively.
When Q1 < Q < Q2, both q∗1 and q∗2 are negative due to the in-
fluence of decoherence induced by the amplitude damping.[7,8]

Therefore, there does not exist the subgame perfect Nash equi-
librium in this regime since the existence of the equilibrium
point requires both q∗1 and q∗2 to be positive. However, with
memory effect and as memory effect parameter u increases,
the regime of absence of the subgame perfect Nash equilib-
rium becomes small. When u increases to a certain value,
zero-points are gone and both q∗1 and q∗2 are positive. And,
there exists the subgame perfect Nash equilibrium for all the
function of the entanglement angle Q.

Fig. 1. The moves of firms at the subgame perfect Nash equilibrium point
against the function of entanglement angle Q with k = 1, p = 0.3: (a) the
moves of firm A; (b) the moves of firm B. The lines correspond to u = 0
(dashed line), u = 0.4 (dotted line), u = 0.8 ( dash–dotted line), and u = 1
(solid line).

Using the expressions given by Eqs. (14) and (15), we
also plot the corresponding payoffs to the two firms in Fig. 2,
which indicate that payoffs of both firms can be improved
with the increase of the memory effect. Especially, when u
increases to a certain degree, two zero-points for the payoffs
of the two firms disappear. And, the payoffs to both firms are
positive for the whole range of values of the entanglement pa-
rameter.
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Fig. 2. The firms’ payoffs against the function of entanglement angle Q with
k = 1, p = 0.3: (a) the payoff of firm A; (b) the payoff of firm B. The lines
correspond to u= 0 (dashed line), u= 0.4 (dotted line), u= 0.8 (dash–dotted
line), and u = 1 (solid line).

The moves of firms at the subgame perfect Nash equilib-
rium point and corresponding payoffs against the damping rate
p with the intermediate entangled state Q = π/6, k = 1 for dif-
ferent u are plotted in Fig. 3. The dashed, dotted, dash–dotted
and solid lines correspond to q∗1, q∗2, PA, and PB, respectively.
When u= 0 (without memory effect), there exists the subgame
perfect Nash equilibrium in the region of p < 0.475, since in
this region q∗1 > 0 and q∗2 > 0, and PA,B(q∗1,q

∗
2)> 0. Moreover,

the game is always first mover advantage game. The presence
of quantum memory allows the existence of Nash equilibrium
for the entire range of values of p, when u≥ 0.85.
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Fig. 3. The moves of firms at the subgame perfect Nash equilibrium point and
corresponding payoffs against the damping rate p with Q = π/6, k = 1. The
dashed, dotted, dash–dotted, and solid lines correspond to q∗1, q∗2, PA, and PB,
respectively: (a) u = 0, (b) u = 0.86, (c) u = 0.92, and (d) u = 1.
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As can be seen from Figs. 3(b), 3(c), and 3(d), the pres-
ence of quantum memory results in a ‘critical point’ at which
both firms are equally benefited. Beyond this critical point, the
game becomes a follower advantage game for a highly deco-
hered channel. Also, the position of this ‘critical point’ moves
to the right (i.e., the direction in which the damping rate in-
creases) as u increases. It is interesting that for maximum-
memory effect (u = 1), the position of this ‘critical point’
moves to p = 1, where the channel is fully decohered. And,
both firms are equally benefited and get a move equal to 1/2
and a payoff equal to 1/8 (see Fig. 3(d)).

In Fig. 4, we plot the moves of firms at the subgame per-
fect Nash equilibrium point and corresponding payoffs against
the damping rate p with unentangled initial state Q = 0, k =

1 for two cases, the no-memory effect and the maximum-
memory effect. When u = 0 (without memory effect), there
exists the subgame perfect Nash equilibrium in the region
of p < 1/2, since in this region q∗1 > 0 and q∗2 > 0, and
PA,B(q∗1,q

∗
2) > 0 (see Fig. 4 dashed and dash–dotted lines).

When u = 0, from Eqs. (21)–(24), we obtain

q∗1 =
1

2(1−2p)
,

q∗2 =
1/2− p

5p2−6p+2
,

PA(q∗1,q
∗
2) =

1
8(1−2p)

,

PB(q∗1,q
∗
2) =

1/8− (1/4)p
5p2−6p+2

. (31)

Obviously when p = 1/2, we have q∗1 → ∞, PA(q∗1,q
∗
2)→ ∞,

q∗2 = 0, PB(q∗1,q
∗
2) = 0. In other words, there exists the sub-

game perfect Nash equilibrium in the region of p < 1/2.
When u = 1, from Eqs. (21)–(24), we obtain

q∗1 =
1
2
,

q∗2 =
1/2

2− p
,

PA(q∗1,q
∗
2) =

1
8
,

PB(q∗1,q
∗
2) =

(1/8)
(2− p)

, (32)

we can see that there exists the subgame perfect Nash equilib-
rium for all the decoherence ranges 0 ≤ p ≤ 1. Obviously, q∗1
and PA always maintain initial values regardless of the damp-
ing parameter with the maximum-memory effect, as shown in
Fig. 4 (dotted lines). It seems that q∗1 and PA are not affected
by amplitude damping decoherence. And, q∗2 and PB gradu-
ally increase as p increases. When p = 1, we obtain q∗2 = 1/2
and PB = 1/8. That is, there is a ‘special point’ for the moves

and payoffs to the two firms. At the ‘special point’, namely,
maximum-memory effect (u = 1) and fully decohered channel
(p = 1), both firms are equally benefited and get a move equal
to 1/2 and a payoff equal to 1/8 (see the intersection of the
dotted and the solid lines in Fig. 4).
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Fig. 4. The moves of firms at the subgame perfect Nash equilibrium point
and corresponding payoffs against the damping rate p with Q = 0, k = 1: (a)
the moves of firms. The dashed, dotted, dash–dotted, and solid lines corre-
spond to the cases of q∗1 (u = 0), q∗1 (u = 1), q∗2 (u = 0), and q∗2(u = 1), re-
spectively; (b) The corresponding payoffs: the dashed, dotted, dash–dotted,
and solid lines correspond to the cases of PA (u = 0), PA (u = 1), PB (u = 0),
and PB (u = 1), respectively.

In Fig. 5, we plot the moves of firms at the subgame per-
fect Nash equilibrium point and corresponding payoffs against
the damping rate p with maximally entangled state Q = π/4,
k = 1 for two cases, no-memory effect and maximum-memory
effect. Without memory effect, there exists the subgame per-
fect Nash equilibrium in the region of p < 0.45, since in this
region q∗1 > 0 and q∗2 > 0, and PA,B(q∗1,q

∗
2) > 0. However,

with maximum-memory effect (u = 1), there exists the sub-
game perfect Nash equilibrium for all the decoherence ranges
0 ≤ p ≤ 1 (see Fig. 5 dotted and solid lines). Like the unen-
tangled state with maximum-memory effect, there is a ‘special
point’ (p = 1) for the moves and payoffs to the two firms. At
the ‘special point’, the two players have the same move 1/2
and payoff 1/8 (see the intersection of the dotted and the solid
lines in Fig. 5). Further research shows that for other gen-
eral entangled states, we get the same results in the case of
maximum-memory effect and fully decohered channel.
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Fig. 5. The moves of firms at the subgame perfect Nash equilibrium point
and corresponding payoffs against the damping rate p with Q = π/4, k = 1.
(a) The moves of firms: the dashed, dotted, dash–dotted, and solid lines cor-
respond to the cases of q∗1 (u = 0), q∗1 (u = 1), q∗2 (u = 0), and q∗2(u = 1), re-
spectively; (b) The corresponding payoffs: the dashed, dotted, dash–dotted,
and solid lines correspond to the cases of PA (u = 0), PA (u = 1), PB (u = 0),
and PB (u = 1), respectively.

4. Conclusion

In this work, we have investigated the influence of mem-

ory effects on quantum Stackelberg duopoly game through

amplitude-damping channel where successive uses of the

channels are correlated. Some analytical and numerical results

are presented. The effects of channels with memory on the

moves and payoffs of the firms have been discussed in detail.

The results show that the memory effects can seriously change

the Nash equilibrium and the payoffs of the two firms. It is ob-

served that as the degree of channel memory increases, there

exists Nash equilibrium for all the range of entanglement pa-

rameter and the payoffs of both firms are positive. Moreover,

the presence of quantum memory allows the existence of Nash

equilibrium for the entire range of decoherence parameter for

both unentangled and entangled initial states.

It is worth mentioning that the presence of quantum mem-

ory results in a ‘critical point’ of the damping parameter, at

which both firms are equally benefited. Beyond this critical

point, the game becomes a follower advantage game. More-

over, as the memory parameter increases, the position of the

‘critical point’ moves in the direction in which the damping
rate increases. We have also observed that for fully correlated
(u = 1) and fully decohered (p = 1) channels, both firms are
equally benefited and get a move equal to 1/2 and a payoff
equal to 1/8 in both of the situations (for unentangled and en-
tangled initial states). We hope that the new feature would be
of interest not only to the field of quantum information but also
to the applied economics.
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