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We present a theoretical investigation of weak-value amplification (WVA) under decoherence, quantifying its metro-
logical capabilities through the quantum Fisher information (QFI). By modeling decoherence via Kraus operators acting
before and after the weak measurement interaction, we derive exact expressions for the QFI governing parameter estimation
of a weak coupling strength. These analytical results reveal the fundamental limitation imposed by decoherence on the QFI
achievable via WVA. From these results, the optimal post-selection state that maximizes the QFI can be derived for dif-
ferent noise environments. Through paradigmatic examples, including amplitude damping and depolarizing channels, we
demonstrate a key distinction: the optimal post-selection evolves with the noise strength in the amplitude damping channel,
but is fixed in the depolarizing channel. This work provides both theoretical insights and practical guidance for optimizing
metrological schemes based on WVA in realistic decoherent environments.
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1. Introduction

The pursuit of ultimate precision in parameter estimation
has given rise to the field of quantum metrology. This field
leverages uniquely quantum-mechanical resources — such as
entanglement, squeezing effects, and quantum coherence —

131" A key focus of

to surpass classical fundamental limits.
this effort is the quantum Fisher information (QFI), which
quantifies the maximum amount of information that a quan-
tum state carries about an unknown parameter and sets a lower
bound on the estimation uncertainty via the quantum Cramér—
Rao inequality.[*>! Consequently, maximizing the QFI is a
central goal in the design of advanced quantum measurement
schemes.

Among the various strategies for parameter estimation,
the technique of weak-value amplification (WVA) has at-
tracted significant theoretical and experimental interest since
its introduction by Aharonov, Albert, and Vaidman.[®! The
WVA protocol involves a weak unitary interaction, generated
by a Hamiltonian coupling the system to a meter. By employ-
ing a proper pre-selection of the initial system state and a post-
selection onto a nearly orthogonal final state, the protocol can
produce an anomalously large weak value for the system. This
amplified weak value effectively enhances the QFI associated
with the estimated parameter.!”-8! Although this comes at the
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cost of a reduced sample size, the amplified QFI can lead to
improved precision under practical constraints, such as detec-
tor saturation or dominant technical noise.[*!"!

This amplification mechanism has been successfully ap-
plied in numerous experimental contexts to enhance the sen-
sitivity of measuring small physical effects.!! 12! Notable ap-
plications include the precise measurement of ultrasmall beam

15.16] apnd ve-

deflections, 3! frequency shifts, !4 phase shifts, !
locity estimation.!!”! The practical utility of WVA continues to
be a rich subject of investigation, exploring its advantages in
signal-to-noise ratio and its robustness against certain types
of noise. However, a primary challenge in any quantum-
enhanced technology is its susceptibility to decoherence —
the loss of quantum coherence due to inevitable interactions

t.[18-201 Decoherence typically

with a surrounding environmen
causes a rapid degradation of fragile quantum resources such
as entanglement and coherence, which are essential for both
standard quantum metrology and WVA.[>-23] Decoherence at
any stage of the WVA process (before, during, or after the
weak interaction) can severely undermine both the informa-
tion gain and the apparent amplification advantage. Therefore,
a comprehensive understanding of how decoherence impacts
the ultimate precision limit — as quantified by the QFI — is

not only of theoretical interest but also crucial for assessing
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the practicality of WVA-based sensors.

Our analysis reveals how decoherence fundamentally lim-
its the achievable precision, and thereby constrains the ampli-
fication advantage. Furthermore, our analytical results demon-
strate that the optimal post-selection state is highly dependent
on the specific decoherence model. For instance, it under-
goes significant changes with increasing decoherence strength
in the amplitude damping (AD) channel, whereas it remains
unchanged under the isotropic depolarizing channel. This un-
derstanding serves to optimize practical quantum sensors op-
erating in noisy environments.

2. Parameter estimation via weak value amplifi-
cation

A schematic of the WVA under local decoherence is de-
picted in Fig. 1. The procedure begins with the meter and
the system initialized in a product state, formulated as |'¥) =
| Wsi}|@mi). From the initial time 7y = 0, the system is subject
to a local decoherence process due to a Markovian system—
environment coupling, lasting until time #; before the weak
interaction. This decoherence evolves the initial pure product
state into a mixed state, described as

Pam = Y (K @ L) [%0) (] (K y @ i), (D

n

where {K, ,,} are the Kraus operators acting solely on the sys-
tem, satisfying Y, K; 2Kty n = Is. Then, at time 7, the sys-
tem and meter interact via an impulsive Hamiltonian Hy () =
g0(t —11)AM, where A and M are the operators acting on the
system and meter, respectively, and g represents the coupling
strength, which is also the parameter to be estimated. This
form describes an instantaneous unitary operation at time 7.
The unitary parametrization of g can be written as

U, = exp [—i/HI(t)dt} = exp(—igAM). (2)
This unitary operator U, evolves the state pé}m into

After the weak interaction, the system continues to experience
Markovian environmental noise until time #,. The memoryless
nature of this noise allows the second decoherence stage to be
consistently modeled by Kraus operators, giving the final state
of the system and meter as

é,zm(g) = Z(Ktzm ®Hm)pé}m(g) (Kt-;n ®]Im)7 (4)

n
where {K,;,} are the Kraus operators characterizing the sec-
ond decoherence stage over the time interval [¢1,7,]. Finally, a
projective measurement | Ygs) (Wt| is performed on the system
and the collapsed state of the meter is given by

1
2(g) = ;stlpé?m(g)lwsf% S

with p = Tr ((W|p2m (g)| W) ) - For the quantum state pi3 (g).
the ultimate precision limit for unbiased estimation of param-
eter g via v repeated measurements is given by the quantum
Cramér—Rao bound

1
((g— gest)2> > VFE
where ge is the unbiased estimator for g, F is the QFI, defined
by!1:24]

6)

F=Tr[p2(g)L] @)

where the symmetric logarithmic derivative operator L, is de-
termined implicitly by the equation

Ipiz !
pag(g) =3 [Lep3(9) + P ()Le] ®

For the weak coupling regime, we expand Uy to the first
order, which gives

n(8) ~ P (g)

1
= ;Z(Xn,j|¢mi>_igyn,jMWmi»‘(<¢mi|X;j,j+ig<¢mi‘My;,j)’

n,j

)

where X, j = (Wet|Kn i Koy |Wsi) s Ynj = (Wit | Kn iy AK 1, | Wsi),
a=Y, ;X j1*+ g (M?)i ¥, j|Vn|*. We assume that the ini-
tial meter state satisfies (@m;|M|@m;) = 0. This standard choice
ensures that the meter’s response is dominated by the effective
parameter-estimation term arising from the weak interaction.
Under this condition, the QFI for the quantum state p/>(g) can
be calculated in the two-dimensional subspace spanned by the
orthonormal basis vectors |@m;), M|@m;) /(M 2}3 /2. Within the
Bloch representation associated with this basis, the QFI can be
expressed as!>!

|agw‘27 (g:())v
F= w - dw)? (10)

where w = [Tr(6:pn(g)) Tr(6,Pm(g)) Tr(6.Pm(s))]is the ef-
fective Bloch vector constructed in the two-dimensional sub-
space spanned by |¢p;) and M|¢mi>/<M2>}/2

being the Pauli operators defined in this projected space. The

, with 6, 6y, 6;

explicit form of the QFI for the meter state p;2 (g) is derived as

follows:
¥ 2
F(pi( >>—W<M2>- (g=0), (1)
Pl (Zn,j|2(n,j|2)2 S
4y
FPi(g)~ 5 M), (g#£0&g<1),  (12)

where Y =}, ; |yn,j|2 and X =}, ; |Xn7j’2-
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Fig. 1. Temporal diagram of the WVA process under local decoherence.
The process begins at 7y with the initialization of the system and meter.
From # to t;, the system undergoes the first decoherence stage due to
interaction with the environment. At time 7;, a weak unitary interaction
Hy = g6(t —t1)AM couples the system and meter. This is followed by
the second decoherence stage until time #,. The process concludes with
a projective measurement on the system, yielding the final meter state

pia (g).

The validity of this first-order treatment rests on the sys-
tem operating within the weak coupling regime, which must
satisfy two concurrent conditions. First, the perturbative con-
dition g/ (M?);(A?)p, < 1 ensures the unitary evolution U, ~
I — igAM is accurate, where (A%), = Tr(psA%) generalizes
the expectation value for the mixed system state after the
first decoherence stage. Second, the linear response condition
(Y /X)(M?); < 1 guarantees that the amplified signal does
not drive the meter beyond its linear response region. The ratio
Y /X, modified by decoherence, thus plays a critical role in de-
termining the valid parameter range for the coupling strength
-

In this weak coupling regime, we employ the first-order
approximated state Py (g) to calculate the QFI of pi2(g). This
approach is justified by the local nature of the QFI, which is
fundamentally defined through the first-order derivative of the
quantum state with respect to the parameter g. Our approxi-
mation pr (g) is constructed to match both the true state p{2(g)
and its first derivative exactly at g = 0. Consequently, it yields
the exact value for F(0) at the expansion point. For finite
but small values of g, this approximation provides the correct
leading-order asymptotic expression for the QFI. Therefore,
the QFI of p;Z(g) can be expressed as

F(piz(8)) = F (P ()] ;o> (13)
F(pz(8)) = F(P3(8)] 0+ O (14)

where Oy is the correction of g. There are two distinct ex-
pressions for the QFI, corresponding to the cases g = 0 and
g # 0 (but g < 1). This reflects the fundamental difference in
the nature of the meter state at the exact point of no coupling
(g = 0) and in its immediate vicinity (g # 0). At g =0, the
meter remains in its initial pure state, leading to the QFI given
by Eq. (13). For any finite g, however weak, the system—meter
interaction followed by post-selection prepares the meter in a
mixed state, whose asymptotic QFI is captured by the leading

term in Eq. (14). The presence of decoherence further accen-
tuates this difference. It is only in the absence of decoherence
that both expressions reduce to the standard WVA result. The
g = 0 case, while mathematically well-defined, is of limited
practical utility for parameter estimation since it corresponds
to the absence of any coupling to be estimated. Therefore,
in the subsequent analysis, we focus exclusively on the g # 0
regime, which captures the leading-order asymptotic behavior
of the QFI for finite but small couplings.

The analytical QFI expression in Eq. (14) is of central im-
portance because it allows us to derive the maximum achiev-
able QFI under generic decoherence and the corresponding op-
timal post-selection state. This maximum value, which is de-
termined by the ratio of the decoherence-modified transition
amplitudes Y and X, characterizes the ultimate precision limit
for parameter estimation in WVA-based noisy quantum sys-
tems. A key utility of our exact expression is that it provides a
direct pathway to identify the optimal post-selection measure-
ment. Mathematically, this optimization problem is maximiz-
ing a generalized Rayleigh quotient of the form %,
where Q4 = ¥, ;(KnyAKji ) | Wsi) (Wil (KnyAK )T Q1 =
Zn,j (Kn-,tsz~t1 )|Wsi> <‘Vsi | (KngKj«tl )T'
definite, the maximum value of this quotient corresponds

Since € is positive

to the largest generalized eigenvalue Amax in Q4|yy) =
A Q| ), which is equivalent to the standard eigenvalue prob-
lem (2;7'Q4)|ws) = A|yr). For the two-dimensional case
under consideration, the eigenvalues satisfy the characteristic

equation
A2 —Tr(Q; Q44 +det(2,'Q24) =0, (15)
and the maximum eigenvalue is explicitly given by
1 _ _ det(.QA)
= |Tr(Q; '@ Tr(Q; ' Qa)2 —4——2|. (16
Afmax 3 l I'( I A)+\/ I'( 7 A) det(.Q[) (16)

The optimal post-selection state |y&') = cos(%m)m) +
e!9”™ sin( &)1 is determined by

QYT = A QW)

In the following sections, we illustrate this procedure through

A7)

paradigmatic examples of qubit systems subject to AD and de-
polarizing channels, where the explicit analytical results for
both the maximum QFI and the optimal post-selection strat-
egy are derived and analyzed.

3. Qubit system under decoherence channel
3.1. Amplitude damping channel

We consider a scenario where both the system and the me-
ter are two-level quantum systems. The AD channel process
acting on the system qubit is described by the Kraus operators

Ky = [0)(0] +/r[1)(1], Kp=v1—rlO)1],  (18)

010307-3
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where the damping parameter r satisfies 0 < r < 1, and the
states |0) and |1) denote the eigenstates of o, with eigenvalues
+1 and —1, respectively. To model the Markovian time evolu-
tion of the system under a weak coupling to a zero-temperature
environment, the parameter r can be expressed as an expo-
nential decay r = e~ . This standard form arises from the
assumption that the decay rate of the population in the ex-
cited state is proportional to the population itself, leading to
a simple exponential solution. Here, y denotes the decay rate,
which encapsulates the strength of the coupling to the dissipa-
tive environment, and ¢ is the evolution time. We consider the
case where the two decoherence time intervals are equal, i.e.,
t] —tg =ty —t; =t. The post-selection state on the system is
chosen as ) = cos(6;/2)|0) + e'?sin(6/2)[1). The sys-
tem and meter operators are set to A = 0, and M = oy. The
initial states are prepared as | W) = (|0) +|1))/v/2 for the sys-
tem and |y;) = |0) for the meter. Thus, from Egs. (14) and
(12), the leading-order term of F(p;Z(g)) can be obtained as
4y 4R[al*(1—r?) +r* —2rRe(af*)]

_ 19
X JaP P+ oRe(apr) 0 P

where ot = (0| ys¢), B = (1]ys). The optimization problem of
maximizing the ratio 4Y /X can be formulated as a generalized
eigenvalue problem, as defined in Egs. (16) and (17). Solving
this problem yields the maximum value of the leading-order
QFI, given by

2
4y 1-5+3v2-12

max |:X:| =4. r22 ? r2 ) (20)
—3 T 3V2-or

which is attained when the post-selection state is the corre-
sponding eigenvector, satisfying cosF = > — 1, ¢ = 7.
This result demonstrates that under the AD channel, the opti-
mal post-selection strategy depends explicitly on the decoher-
ence strength r, with the optimal phase fixed at 7, highlighting
the substantial role of decoherence in shaping the metrological
configuration.

Figure 2(a) displays F(p{2(g)) and its leading-order term
4Y /X as functions of the post-selection angle 6¢ (with ¢r = 0)
for different values of the coupling strength g and a fixed deco-
herence rate y* = 0.5. As anticipated by our theoretical anal-
ysis, the leading-order term exhibits excellent agreement with
the exact QFI for small values of g. A detailed comparison
of F(piz(g)) and 4Y /X as functions of g is provided in Ap-
pendix A. This numerical result provides a clear validation of
our approximation scheme in the weak coupling regime. The
observed convergence between the exact and leading-order
QFI as g decreases confirms that our approach correctly pro-
vides the asymptotic expression for the QFI in the weak cou-
pling limit.

40 400 -
— Fllg=0.0D)  (a) (b) — max[F(plg=0.01))]
o F(pt(e—

of i:}(/p,,ngo.l)) sof o max(2]

20 200

10 100 \

CO /32 /3 T 00 1 2 3

0 t

Fig. 2. (a) Under the AD channel, the QFI F(pf2 (g = 0.01)), F(piZ (g =
0.1)) and the leading-order term 4Y /X as functions of the post-selection
angle O at yt = 0.5 and @s¢ = . (b) The maximum values of F (pﬁ?1 (g=
0.01)) and max [4Y /X| versus ¥t.

5 10 15 20 25 5 10 15 20
F F
3.0
2.8
2.6
"
>

2.4

3.1 3.1 3.8

& - .

Fig. 3. Under the AD channel, the drift of the optimal post-selection an-
gles with different yz. (a) For yr = 1, the optimum occurs at (6, ¢¢) =
(2.6,m). (b) For yr = 2, the optimum shifts to (2.95, 7).

Figure 2(b) illustrates the maximum value of F(p[2(g =
0.01)) and of the leading-order term 4Y /X as functions
of the decoherence strength yr. For each value of ¥z,
max [F(piz(g))] and max [4Y /X] are determined by optimiz-
ing the QFI over all possible post-selection angles. A remark-
able agreement is observed between these two maxima across
the range of yr shown. In the absence of decoherence, the
WVA enables a significant enhancement of the QFI, reach-
ing a considerably large value. However, as 7yt increases,
the amplification effect of WVA on the QFI decays rapidly.
This behavior clearly demonstrates that environmental deco-
herence severely diminishes the metrological advantage of-
fered by WVA. The dissipative interaction with the environ-
ment causes irreversible information loss, which ultimately
limits the maximum achievable precision in parameter estima-
tion.

Decoherence not only reduces the maximum QFI but also
shifts the optimal post-selection that attains this maximum. In
the absence of decoherence, a significantly enhanced QFI can
be achieved through the WVA by choosing a post-selection
state that is nearly orthogonal to the initial state, consistent
with the standard WVA theory. ¢! Figure 3 depicts the depen-
dence of the QFI on the post-selection angles 6 and ¢r for
different decoherence strengths. As 7yt increases, the location
of the maximum QFI in the angular space undergoes a notice-
able shift. For instance, when ¥t = 1, the maximum QFI oc-
curs at 6 = 2.6 and ¢ = m; when ¢t = 2, the optimum moves
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to 6 = 2.95 and ¢r = m. It is noteworthy that these numeri-
cally optimized angles agree remarkably well with the values
predicted by our analytical result cos 6™ = 2 — 1, ¢/ = 7.
This agreement underscores the effectiveness of our analytical
framework: it not only clearly reveals the nontrivial interplay
between decoherence and measurement optimization — where
decoherence changes the functional dependence of the QFI on
the post-selection angles — but also provides a quantitative
guideline for choosing the optimal post-selection in practical
experiments where decoherence is non-negligible.

3.2. Depolarizing channel

The depolarizing channel process acting on the system
qubit is described by the Kraus operators

VI3 =
K = LL K> = rg)”
2 2
NG NG
K; = Tr% K== ’s.. Q1)

Following the same setup as in the AD channel case, we take
A = 0,, M = o, and the initial states |y;) = (|0) + [1))/V/2,
|Wmi) = 10). We also assume that the two decoherence time
intervals are equal, i.e., f; — o =, —t; =1/2, and that the de-
polarizing parameter follows the same exponential decay form
r= e~ for both stages, reflecting the Markovian nature of the
noise process. Under the depolarizing channel, the leading-
order term of F(pi3(g)) from Eqs. (14) and (12) is

4y 1-2r"Re(af”)

X 1+272Re(af*) @2)

The corresponding maximum of the leading-order term can be
derived by solving the generalized eigenvalue problem defined
in Eq. (16). The maximum value is given by

4y 1472
max {] =4. tr

3 (23)

X 1—r2’

when 0" = /2, ¢F' = m. Figure 4(a) shows the QFI of
the exact state p}2 (g) and its leading-order term 4Y /X as func-
tions of 6 (¢¢ = 0) under the depolarizing channel for different
values of g at fixed yr = 0.5. As g decreases, the leading-
order term converges to the exact QFI, confirming the accu-
racy of our first-order approximation. A detailed compari-
son of F(pra(g)) and 4Y /X as functions of g is provided in
Appendix A. Figure 4(b) plots the maximum values of both
F(pi2(g=0.01)) and the leading-order term 4Y /X versus the
decoherence strength yr. These two maxima are in perfect
agreement and both decrease rapidly with increasing yt.
Figure 5 presents the dependence of F(p;Z(g)) on both
6¢ and ¢ for different y¢ values. Unlike the AD case, the op-
timal post-selection angles that maximize the QFI remain es-
sentially unchanged at 6; = /2, ¢¢ = 7 across different depo-
larization strengths. These numerically optimized angles are

in perfect agreement with the analytical results derived from
the leading-order expression. This invariance shows a fun-
damental distinction between the depolarizing and AD chan-
nels. The isotropic nature of the depolarizing channel pre-
serves the functional form of the QFI with respect to the post-
selection angles as the noise strength increases. Consequently,
the optimal measurement basis, determined by the initial sys-
tem preparation and the observable A, remains fixed, in stark
contrast to the noise-dependent drift observed under the direc-
tional AD channel.

9 400

N\ (a) (b)
8 ) 300} — max[F(pli(g=0.01))]
7 ° max[%]
200
6 o Y
X
5 — F(plx(g=0.01)) 100
- = Flpjg=0.1))
4 0
0 /32 /3 T 0 1 2 3
0; ~t

Fig. 4. Under the depolarizing channel, the QFI F(p;Z(g = 0.01)),
F(p2(g = 0.1)) and the leading-order term 4Y /X as functions of the
post-selection angle O at Yt = 0.5 and ¢¢ = 7. (b) The maximum values
of F(piz (g = 0.01)) and max [4Y /X] versus yr.

T 27

[

Fig. 5. Under the depolarizing channel, the angles that maximize the QFI
remain fixed at (6, ¢f) = (7/2,7) for different decoherence strengths:
(a) yt =1and (b) yt =2.

4. Conclusion

In summary, we have developed a comprehensive theo-
retical framework to quantify the QFI in WVA under generic
local decoherence. By modeling the decoherence process us-
ing Kraus operators applied before and after the weak system—
meter interaction, we derived exact expressions for the QFI
governing the estimation of a weak coupling parameter. Our
analysis reveals how environmental decoherence fundamen-
tally limits the QFI and the metrological advantage offered
by WVA. Our results provide clear and quantitative guidance
for precision measurements based on WVA. Specifically, they
demonstrate that to approach the ultimate precision limit un-
der decoherence, an adaptive post-selection strategy must be
developed according to the distinct characteristics of the deco-
herence channel and its strength. The theoretical framework
presented here not only deepens the understanding of the in-
terplay between quantum measurements and decoherence but
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also offers a practical pathway for optimizing parameter esti-
mation in realistic decoherent quantum systems.

Appendix A

To validate the effectiveness of the analytical approxima-
tion and delineate its range of applicability, Fig. A1 compares
the exact QFI F(pi2(g)) with its leading-order approxima-
tion 4Y /X as a function of the coupling strength g. The re-
sults for the AD channel and the depolarizing channel, with
post-selection fixed at their respective optimal angles, are
shown in Figs. Al(a) and Al(b), respectively. As demon-
strated, the analytical approximation exhibits excellent agree-
ment with the exact numerical results for sufficiently small val-
ues of g, thereby providing strong support for all analyses in
the main text based on the g < 1 approximation. A notice-
able divergence emerges as g increases, which visually marks
the failure boundary of the weak-coupling approximation and
corresponds to the violation of the linear response condition
g2(Y/X)(M?); < 1 discussed in the main text.

B ———— 8.70
32 8.65( —~ ~ T 7 7
31 8.60

30r —7- 8.55f 777

— F(pl(e)

291 —— Flpli(e) 8.50

28y 0.05 0.10%4% 0.05 0.10

4 4

Fig. Al. Comparison between the exact QFI F(p{2(g)) and its leading-
order analytical approximation 4Y /X under decoherence. (a) For the

AD channel with a damping parameter r = e %, The post-selection is

fixed at the analytically optimized angles 8¢ = arccos(r? — 1), 9™ = .

(b) For the depolarizing channel with a noise parameter r = ¢ 9. The

post-selection is fixed at its optimal angles 6; P —1/2, o P =1,
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