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At present, the quantum approximate optimization algorithm (QAOA) faces scalability challenges in high-dimensional
combinatorial optimization problems due to exponentially growing computational costs and reachability deficits for noisy
intermediate-scale quantum (NISQ) devices. This study focuses on the multiscale quantum approximate optimization al-
gorithm (MQAOA), which integrates renormalization group (RG) transformations with QAOA to address these limitations.
Based on the connections between the variables in the problem to be solved, the weighted maximal matching method is
employed to generate a variable partitioning strategy guiding the RG transformation. This approach not only extends the
applicability of MQAOA to satisfiability (SAT) problems — including those with three-body and higher-order interactions
in the problem Hamiltonian — but also eliminates the algorithm’s sensitivity to problem density. Validations conducted on
quantum simulators show that, after running two-round MQAOA, its capability is enhanced to identify optimal solutions
with approximately 97% success probability as defined by the ground-state overlap for Max-2-SAT problems (78% success
probability for Max-3-SAT problems). The results confirm the feasibility of MQAOA and establish it as a resource-efficient
framework for complex combinatorial optimization problems, providing a pathway for NISQ-era deployment.

Keywords: quantum algorithm, parameterized quantum circuit, renormalization group transformation, com-
binatorial optimization, Max-SAT problems
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1. Introduction

The era of noisy intermediate-scale quantum (NISQ) de-
vices has arrived, which has accelerated the development
of quantum algorithms that demonstrate potential quantum
advantage.[1] Among these, hybrid quantum-classical algo-
rithms emerge as a promising strategy to mitigate quan-
tum decoherence challenges while maintaining computational
efficiency.[2,3] Notably, the quantum approximate optimiza-
tion algorithm (QAOA)[4,5] has established itself as a versa-
tile framework for combinatorial optimization, with successful
applications spanning from traveling salesman problems[6,7]

to molecular docking simulations.[8,9] By iteratively optimiz-
ing parameterized quantum circuits through classical methods,
QAOA enables systematic convergence toward problem solu-
tions.

Despite these advancements, critical limitations persist in
implementing standard QAOA, which hinder its broader ap-
plication: (1) reachability deficits in high clause density max-
imum satisfiability (Max-SAT) problems,[10–12] where algo-
rithm performance degrades with increasing constraint com-
plexity, and (2) excessive parameters, which make parame-
ter optimization difficult and have a negative effect on the

performance of the algorithm.[13] While recent improvements
through Hamiltonian modifications[14–18] and parameter opti-
mization strategies[19–21] have partially addressed these issues,
reachability deficits remain.

Multiscale quantum approximate optimization algorithm
(MQAOA) in Ref. [22] integrates renormalization group (RG)
transformations into QAOA to overcome reachability deficits
and suppress the number of parameters to be optimized. In
Ref. [22], the applications of MQAOA are limited to problems
including only two-body interactions in the problem Hamilto-
nian, such as the MaxCut problem, Max-2-SAT problem, and
Ising spin glass models, which have an obvious and simple
connection graph derived from their problem Hamiltonians so
that each two adjacent qubits are matched and mapped to a
single qubit through RG transformation. As the authors stated,
the performance ratio depends on a specific partition scheme,
and the efficiency of MQAOA with a depth-1 QAOA embed-
ded decreases as the scale of the connection graph increases.
Various maximal matchings are suggested to overcome these
issues. Hence, in the present work, we propose an approach
that extends MQAOA’s application to cases where the prob-
lem Hamiltonian includes not only two-body interactions but
also three-body and higher-order interactions. It searches for
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partition and maximal matching strategies through a weighted
connection graph constructed according to the connections of
variables in the problem. As a result, the enhanced MQAOA
requires only one layer of standard QAOA quantum circuit to
find the optimal solution for Max-SAT problems, even when
including interactions involving more than two variables and
higher-than-two-body interactions; meanwhile, an order-of-
magnitude reduction in energy error is achieved. Under the
same number of layers of standard QAOA, the performance
of the enhanced MQAOA does not degrade with increasing
clause density. We validate the enhanced MQAOA through
quantum simulations for Max-2/3-SAT problems on the Origin
Quantum Cloud Platform, showing maintained performance
under increasing clause density. These results establish a foun-
dation for solving broader classes of multi-body combinatorial
optimization problems with MQAOA.

The remainder of this paper is organized as follows. Brief
overviews of MQAOA based on standard QAOA and SAT
problems are given in Section 2. In Section 3, an enhanced
MQAOA is proposed for multiple SAT problems including
two-body and three-body interactions, with its demonstration
on the Origin Quantum Simulator in Section 4. The conclud-
ing remarks follow in Section 5.

2. The framework of multiscale quantum ap-
proximate optimization algorithm
The quantum approximate optimization algorithm

(QAOA) is established for combinatorial optimization
problems.[4,5] The core idea of QAOA is to construct param-
eterized quantum circuits by alternately applying the Hamil-
tonian HC related to the problem to be solved and the mixing
Hamiltonian HB. Through combination with classical opti-
mization algorithms, which adjust the parameters of the quan-
tum circuit, the expectation value of the problem Hamiltonian
is minimized step by step. The initial state of the quantum
system is generally prepared as a uniform superposition of all
possible solutions |+〉⊗n.

The mixing Hamiltonian is chosen as

HB =
n

∑
j=1

σ
x
j , (1)

where σ x
j denotes the Pauli X operator applied to the j-th

qubit. The parameterized quantum circuit is constructed by
alternately applying the problem Hamiltonian HC and the mix-
ing Hamiltonian HB, and is expressed as

U(β ,γ) =
P

∏
k=1

e−iβkHB e−iγkHC , (2)

where P denotes the number of layers within the parameter-
ized quantum circuit. All time-evolution parameters βk and γk

are randomly selected from the interval [−π/2,π/2]. The ini-
tial state |+〉⊗n evolves into a parameterized ansatz state after
the P-th layer of the parameterized quantum circuit

|ψ (β ,γ)〉=
P

∏
k=1

e−iβkHB e−iγkHC |+〉⊗n. (3)

The expectation value of the problem Hamiltonian HC in
the ansatz state is then measured as

〈HC〉= 〈ψ (β ,γ)|HC |ψ (β ,γ)〉 . (4)

A lower expectation value indicates that the ansatz state is
closer to the ground state of the problem Hamiltonian. Solving
a combinatorial optimization problem is equivalent to finding
an objective state |z〉 that minimizes the expectation value of
the target Hamiltonian, i.e., min〈HC〉 = 〈z|HC|z〉. However,
the performance of QAOA is negatively impacted by an in-
crease in the clause density of Max-SAT problems, a limitation
known as reachability deficits. Although increasing the num-
ber of layers in the quantum circuit can alleviate this issue, it
leads to a significant rise in computational complexity.

MQAOA was proposed to resolve this issue.[22] The key
step in MQAOA lies in the use of the RG transformation to
aid in finding the ansatz state in QAOA, a numerical method
employed for system coarse-graining.[23] In quantum systems,
the RG transformation focuses on the controllable compres-
sion of the Hilbert space dimension, thereby reducing its de-
grees of freedom. Specifically, for a quantum system defined
on a graph L with multiple vertices S, its Hilbert space is rep-
resented as

VL = ⊗
S∈L

VS. (5)

The graph L is partitioned into blocks based on maximal
matching M, which can be obtained from the connections in
the graph L by a classical algorithm. For simplicity, two adja-
cent vertices Si and S j paired through maximal matching form
a block B. The Hilbert space of block B is denoted as VB

VL = ⊗
B∈L

VB, VB = ⊗
S∈B

VS. (6)

Subsequently, we truncate the Hilbert space dimension of
block B, coarse-graining it into an effective single vertex S′.
The coarse-graining process can be represented by the isom-
etry ω , which denotes the mapping relationship between the
spaces VB and VS′

ω : VS′ →VB, ωω
† = Π , (7)

where Π denotes a projection operator. By coarse-graining
all blocks B in graph L, a set of effective vertices S′ is ob-
tained, which form a new graph L′ with a reduced number of
vertices, where S′ ∈ L′. The effective Hamiltonian HC′ for the
new graph L′ is

HC′ =W †HCW, (8)
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where W represents the mapping between the original graph
L and the new graph L′. The mapping W can be expressed
as a tensor product W =⊗ωk, where ωk denotes the isometry
corresponding to the k-th block. Using this method, the origi-
nal multi-vertex graph L is coarse-grained into a new graph L′

with fewer vertices.

Reduced Hamiltonian HC ′

     Problem

Hamiltonian HC 

  Problem

to be solved

Eigenstate

W+, inverse mapping method

W, mapping method

QAOA Ansatz state

RG transformation
   Strategies to

partition variables

Fig. 1. Flow chart for MQAOA.

The specific procedure of MQAOA shown in Fig. 1 is ex-
plained as follows:

(i) Establishing a connection graph L characterized by the
problem to be solved.

(ii) Searching for the maximal matching M of graph L
through a classical algorithm.

(iii) Executing the first-layer QAOA circuit from the ini-
tial state |+〉⊗n characterized by the problem Hamiltonian
HC and the mixing Hamiltonian HB, yielding an ansatz state
|ψ (β ,γ)〉.

(iv) From the ansatz state, obtaining the reduced density
matrix ρi j of each pair of the i-th and j-th qubits in blocks
given in M.

(v) Performing the RG transformation on ρi j to derive a
low-rank approximation matrix ρk of ρi j. This process con-
denses the main information in the block into an effective sin-
gle qubit. A new coarse-grained graph L′ of all effective qubits
is constructed for the ansatz state. Finally, the isometry map-
ping W is established.

(vi) Creating the effective Hamiltonian HC′ of the graph
L′ by applying W to the problem Hamiltonian HC, denoted as
H ′C =W †HCW .

(vii) Finding the ground state |ϕ0
′〉 of the effective Hamil-

tonian HC′ , and preparing a new initial state |ϕ〉 = W |ϕ0
′〉

as the initial testing state for QAOA in the next round of
MQAOA. The first-round MQAOA with a depth-1 QAOA em-
bedded is completed.

Repeat steps (iii)–(vii) until the expectation value of the
target Hamiltonian converges. In step (ii), a highly efficient
classical algorithm for maximum matching is required for
graph preprocessing. It is important to note that a maxi-
mal matching is typically not unique, and different matching
schemes can be utilized to improve the efficiency of MQAOA

when the scale of the problem increases or the problem Hamil-
tonian becomes more complicated. The problem Hamiltonian
in all application examples of MQAOA given in Ref. [22]
involves only two-body interactions, which makes the edges
in the graph L uniform and equally treated during match-
ing. However, when the problem involves many variables, the
Hamiltonian will inevitably consist of two-body interactions,
three-body interactions, and higher-order interactions, which
leads to the edges in the graph not being equally weighted,
as mentioned in Ref. [24]. In the following, we take this is-
sue into account and introduce edge weights into the maximal
matching to extend the applicability of MQAOA.

3. Enhance MQAOA for multibody combinato-
rial optimization problems
Multibody combinatorial optimization problems are de-

fined as optimization tasks involving interactions among mul-
tiple variables. In this section, we take the SAT problem as
a representative example. The goal of the SAT problem is to
find a set of Boolean variable assignments that satisfies a given
Boolean formula, i.e., renders it true. A Boolean formula com-
prises two core components: Boolean variables and clauses.
Each Boolean variable can take one of two values: TRUE or
FALSE. In a Boolean formula, a Boolean variable (xi) or its
negation (¬xi) is called a literal (Li). Literals are combined via
the logical OR operation (∨) to form clauses. An SAT instance
is composed of m clauses linked by logical AND operations
(∧). If each clause contains exactly k variables, the problem is
termed a k-SAT problem. Its goal is to find a variable assign-
ment that satisfies all clauses simultaneously.

3.1. Weighted connection graph of Max-SAT problems

Before performing the RG transformation, the maximal
matching strategy M is obtained via a classical algorithm from
the initial graph of the problem. Specifically, when apply-
ing MQAOA to the maximal Boolean satisfiability (Max-SAT)
problem, we first construct a variable-connection graph ac-
cording to the problem’s structure. In general, there may
be multiple connections between the same pair of variables,
which complicates inter-variable relationships. To more pre-
cisely capture this complexity, we establish a weighted con-
nection graph to reflect the strength of connections between
variables.

We take the Max-3-SAT problem as an example to ex-
plain how to establish a weighted connection graph for the
problem. Two instances of the Max-3-SAT problem with four
variables can be expressed as

Φ1 = (x1∨ x2∨ x4),

Φ2 = (x1∨ x2∨ x3)∧ (x1∨ x2∨ x4). (9)
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As illustrated in Fig. 2, we map Boolean variables to vertices
in the graph and draw edges between vertices based on each
clause. The variable connections in problem Φ1 are shown in
Fig. 2(a), while those in problem Φ2 are shown in Fig. 2(b).
It can be found that the connection between variables 1 and 2
occurs twice in problem Φ2, so the edge between vertices 1
and 2 is assigned a weight of 2. Thus, the key aspect of estab-
lishing a weighted connection graph is to count the number of
occurrences of connections between variable pairs, regardless
of the sign of Boolean variables.

(X∨X∨X)(a) (X∨X∨X) ∧(X∨X∨X)(b)

1 2

3

4

1 2

4

3

2

Fig. 2. The weighted connection graph of Max-3-SAT problem.

However, the weights of connecting edges cannot be ex-
plicitly reflected in the problem Hamiltonian, because Boolean
variables are expressed as linear combinations of unitary op-
erators. The Max-3-SAT problem can be encoded into the fol-
lowing Hamiltonian:

HC =
m

∑
r=1

(Li⊗L j⊗Lk)r

=
1
8

(
mI +∑

i
hiσ

i
z +∑

i< j
fi jσ

i
zσ

j
z + ∑

i< j<k
gi jkσ

i
zσ

j
z σ

k
z

)
, (10)

where m is the total number of clauses, and r denotes the
clause index. Li represents the i-th literal, which is expressed
as a linear combination of the unitary operators I and σz:

Li =
1
2
(I±σ

i
z). (11)

For the problem Φ2, the coefficients in the Hamiltonian are
listed in Table 1. The coefficients of the unmentioned terms are
zero. The coexistence of two-body and three-body interactions
in the problem Hamiltonian makes it difficult to directly con-
struct a connection graph. Instead, we use a weighted connec-
tion graph — constructed based on inter-variable relationships
in the problem — to identify the optimal strategy for partition-
ing variables into blocks and performing RG transformations.
It is important to note that one identical weighted connection
graph may correspond to multiple different Hamiltonians, and
vice versa. Once a problem is specified, the weighted connec-
tion graph must first be defined. This graph then serves as a
guide for both the variable partitioning step and the subsequent
RG transformations throughout the MQAOA process.

The weighted matching method based on weighted con-
nection graphs needs to satisfy the following constraints: the

principle of no repeated vertex matching and the global weight
maximization criterion. That is, among all possible matches,
the combination of two adjacent vertices with higher edge
weight is preferred, ensuring that the sum of the matched
edge weights reaches its maximum value. We can use the
max weight matching function in the NetworkX library
in Python to generate the maximal weighted matching M. The
complexity of max weight matching is O(n3).

Table 1. Coefficient for each item in the problem Hamiltonian of the
Max-3-SAT problem Φ2.

h1 h2 h3 h4 f12 f13 f23 f14 f24 g123 g124

2 2 1 1 2 1 1 1 1 1 1

In the matching scheme we proposed, we aim to prior-
itize the coarse-graining of variable (qubit) pairs that appear
more frequently in the clauses. This reduces the number of
three-body interactions and higher-order interactions in the ef-
fective Hamiltonian, thereby facilitating the use of quantum
algorithms to find its ground state.

3.2. Comparison between weighted and unweighted
matchings

To further explore the specific impact of different match-
ing schemes on algorithm performance, we select a Max-3-
SAT problem with 12 bits and 100 clauses as the test case.
We design two control groups for comparative simulations.
The first group adopts the unweighted matching method, i.e.,
a standard maximal matching function, whose aim is to com-
bine as many variables as possible. The second group employs
a weighted maximal matching method, which takes into ac-
count the weights of edges between variables. Both methods
are used to generate 30 distinct matching schemes M, respec-
tively. For each method, we execute 6 rounds of MQAOA,
with the energy error E adopted as the performance metric.
The energy error is defined as

E = min〈ϕ|HC |ϕ〉−E0, (12)

where |ϕ〉 is the quantum state finally prepared by MQAOA,
〈ϕ|HC |ϕ〉 is the expectation value of the problem Hamiltonian
in |ϕ〉, and E0 is the exact ground-state energy of the problem
Hamiltonian. The test results are shown in Fig. 3.

100

10-1

10-2

10-3

10-4

10-5

10-6

10-7

Unweighted Weighted

E

Fig. 3. Energy errors of MQAOA showing a Max-3-SAT problem with 12
bits and 100 clauses under unweighted and weighted matching methods.
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In the unweighted matching scheme, the energy errors
are mainly distributed at the order of magnitude of 10−5, and
the minimum energy error value is 2.19554× 10−7. In the
weighted matching scheme, the energy errors are primarily
concentrated at the order of magnitude of 10−6, and the min-
imum energy error value is 5.95029× 10−8. The optimal re-
sult’s energy error under the weighted matching scheme de-
creases by approximately 73% compared to the unweighted
matching scheme, illustrating the significance of the edge
weight parameter in the maximal matching process. More-
over, there are significant differences in energy errors under
different matching schemes. In about 15% of the samples,
a sharp increase in energy error occurs (E ≥ 1), which may
have a negative impact on algorithm performance. There-
fore, in the coarse-graining process, a multi-path search mech-
anism should be adopted. This mechanism involves repeat-
edly computing k (k ≥ 5) candidate matching schemes, com-
paring them, and selecting the one with the smallest energy
error, thereby ensuring solution accuracy. Adopting this strat-
egy can effectively overcome the problem of being trapped in
local minima and further enhance solution quality.

3.3. Enhanced MQAOA vs. standard QAOA

In this section, we compare the performance of enhanced
MQAOA and standard QAOA in solving the Max-SAT prob-
lem, revealing significant differences in the convergence speed
of energy errors and the consumption of quantum resources.

We first compare the performance of standard QAOA and
enhanced MQAOA in solving 30 Max-3-SAT instances with
12 variables and 100 clauses. In each round of the enhanced
MQAOA, two energy error values are obtained: the first cor-
responds to the energy error of the ansatz state generated by
depth-1 standard QAOA within that round, and the second
corresponds to the energy error of the new initial state gen-
erated after RG transformation. The simulation results are
presented in Fig. 4(a). Numerically, we observe that the en-
ergy error of the enhanced MQAOA approaches zero after
only four rounds of iterative optimization. Each application
of the RG transformation significantly reduces the energy er-
ror. In contrast, even when the number of layers increases to
6, the energy error of standard QAOA remains greater than 1
(see Fig. 4(b)); furthermore, the rate of decrease in energy er-
ror gradually slows as the number of layers in standard QAOA
increases. Additionally, we examine the performance of these
two algorithms on 30 Max-4-SAT problems with 12 variables
and 100 clauses. Notably, enhanced MQAOA still computes
an approximately optimal solution by the fourth round, while
standard QAOA fails to solve the problem within 6 layers, as
shown in Figs. 4(c) and 4(d).

To explore the universality of enhanced MQAOA, we ex-
tend its application to another variant of the SAT problem,

namely the NAE3SAT problem.[25] It seeks to find a set of
Boolean variable assignments such that the variables in the
same clause are not all equal. Its corresponding Hamiltonian
is given by

ĤC = ∑
[i, j,k]∈C

[(si + s j + sk)
2−1]/2. (13)

We randomly selected 20 instances of NAE-3-SAT prob-
lems, each with 10 variables and 100 clauses, solved them
using both enhanced MQAOA and standard QAOA, and
observed the variation in their energy errors as shown in
Figs. 4(e) and 4(f). The observed results indicate that when
solving the NAE-3-SAT problem, both algorithms exhibit rel-
atively large variance in energy errors, with performance being
less stable than when tackling the Max-SAT problem. Never-
theless, even under these conditions, enhanced MQAOA can
still attain the optimal solution by the fourth round. In con-
trast, while standard QAOA shows improved performance at
the sixth layer, it still lags behind enhanced MQAOA in opti-
mization effectiveness.

Fig. 4. Energy errors of enhanced MQAOA and standard QAOA for
SAT problems. The data points represent the mean values of the data
sets, and the error bars indicate the corresponding variations. (a) En-
hanced MQAOA for Max-3-SAT. (b) QAOA for Max-3-SAT. (c) En-
hanced MQAOA for Max-4-SAT. (d) QAOA for Max-4-SAT. (e) En-
hanced MQAOA for NAE3SAT. (f) QAOA for NAE3SAT.
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2.5

2.0

1.5

1.0

0.5

0

E

0 1 2 3 4

Clause density

QAOA deep=1

QAOA deep=2

QAOA deep=3

QAOA deep=4

QAOA deep=5

QAOA deep=6

MQAOA deep=1

Fig. 5. Solving 60 Max-3-SAT problems with different clause densities
by enhanced MQAOA with a single-layer quantum circuit (red) and stan-
dard QAOA with 1–6 layer quantum circuits (blue). The horizontal axis
shows clause density and the vertical axis shows the energy error E. The
error bars represent the variance of the data sets.

The comparison indicates that via RG transformation
guided by weighted maximal matching, enhanced MQAOA
can efficiently approximate the optimal solution within fewer
rounds. In contrast, when handling complex optimization
problems, standard QAOA may require more layers and a
more complex quantum circuit architecture, and its energy er-
ror convergence rate is significantly slower than that of en-
hanced MQAOA.

We further explore the impact of clause density on the
performance of enhanced MQAOA. To this end, we solve
Max-3-SAT problems with 10 variables and a variable number
of clauses ranging from 1 to 41. From Fig. 5, we observe that
the energy error E in standard QAOA increases progressively
as the clause density increases. By contrast, for enhanced
MQAOA, the energy error does not increase with increasing
clause density and consistently attains an approximately opti-
mal solution. This demonstrates that enhanced MQAOA ef-
fectively mitigates the reachability deficits present in standard
QAOA. Compared with standard QAOA, enhanced MQAOA
offers clear advantages in solving multibody combinatorial op-
timization problems with high clause density.

4. The validation of enhanced MQAOA on the
origin quantum simulator
In order to explore the possibility of running enhanced

MQAOA on a real quantum computer, we validate the en-
hanced MQAOA on the Origin quantum simulator using Max-
2-SAT and Max-3-SAT problems as examples, comparing it
with standard QAOA in terms of computational efficiency and
quantum resource cost. The algorithmic performance can be
assessed using metrics such as energy error in the approxima-
tion and ground-state overlap, while the quantum computing
cost can be measured by the number of gates required to im-
plement the algorithm.

4.1. Solving Max-2-SAT problem by enhanced MQAOA

The Boolean formula for an instance of the Max-2-SAT
problem with 5 bits and 15 clauses is given as

Φ = (¬x0∨ x1)∧ (¬x0∨¬x2)∧ (¬x0∨¬x3)∧ (x0∨¬x1)

∧(x0∨ x2)∧ (¬x1∨¬x2)∧ (¬x1∨ x2)∧ (¬x1∨¬x3)

∧(x1∨ x3)∧ (¬x3∨ x2)∧ (x3∨¬x2)∧ (x3∨ x2)

∧(¬x4∨¬x2)∧ (¬x4∨¬x3)∧ (x4∨ x3) . (14)

The weighted connection graph for this instance is pre-
sented in Fig. 6. The corresponding weighted maximal match-
ing for the graph is given by M = [(0,1),(2,3)], with the sum
of the weights of the matched edges attaining a maximal value
of 5.

2

2

2

3 1 1

2

1

2

3 4

0

Fig. 6. The weighted connection graph for the instance of Max-2-SAT
problem.

The coefficients of the terms in the problem Hamiltonian
HC related to Eq. (14) are presented in Table 2, with the coef-
ficients of the unmentioned terms being zero.

Table 2. Coefficient for each item of HC of Max-2-SAT problem.

h0 h1 h4 f01 f02 f03 f13 f23 f24 f34

−1 −2 −1 −2 2 1 2 -1 1 2

The evolution of the terms in the problem Hamiltonian
HC can be decomposed into a combination of quantum logic
gates

e−i γhi
4 σ i

z = RZ(i,
γhi

2
),

e−i
γ fi j

4 σ i
z⊗σ

j
z = CNOT(i, j) ·RZ

(
j,

γ fi j

2

)
·CNOT(i, j). (15)

The evolution of the mixing Hamiltonian can be imple-
mented using RX gates

e−i ∑
n
j=1 βσ

j
x =

n

∏
j=1

e−iβσ
j

x =
n

∏
j=1

Rx ( j,2β ) . (16)

The quantum circuit used to solve the instance of the
Max-2-SAT problem in Eq. (15) with round-1 MQAOA is il-
lustrated in Fig. 7.
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q[]

q[]

q[]

q[]

q[]

H

H

H

H

H

RZ

RZ

RZ

RZ

RX

RX

RX

RX

RX

⇁ ⇁⇁

⇁RZ⇁

⇁ ⇁RZ ⇁RZ⇁ RZ ⇁⇁⇁

⇁RZ⇁ RZ ⇁⇁⇁

Fig. 7. Quantum circuit of depth-1 QAOA embedded in round-1 MQAOA for solving the Max-2-SAT instance, with qubits ordered in reverse
relative to the variables in Eq. (15). The time parameters (γ,β ) = (0.73717232,−0.46441724).

P
P

P
P

Fig. 8. The probability distribution of the output quantum state from
QAOA and MQAOA for solving the Max-2-SAT problem. (a) depth-1
QAOA; (b) depth-2 QAOA; (c) round-1 MQAOA; (d) round-2 MQAOA.

After performing the RG transformation in round-1
MQAOA, the probability distribution of the prepared quan-
tum state is shown in Fig. 8(c), which serves as the initial state
of QAOA in round-2 MQAOA. The differences in the quan-
tum circuit are shown in Fig. 9. The output quantum state of
round-2 MQAOA is shown in Fig. 8(d).

For comparison, the solution of the Max-2-SAT instance
is validated by depth-1 and depth-2 QAOAs. The quan-
tum circuit for depth-1 QAOA is identical to that shown in
Fig. 7, while the quantum circuit for depth-2 QAOA sim-
ply repeats the main part in Fig. 7, except for the ini-
tialization gates H, with time parameters (γ1,β1,γ2,β2) =

(−0.56858852,0.70005423,−0.9593774,0.40289732). The

probability distributions of the final quantum states from
QAOA are presented in Figs. 8(a) and 8(b). It can be observed
that the ability of standard QAOA to find the optimal solution
|00110〉 notably lags behind that of enhanced MQAOA. For
instance, the projection probability of the optimal solution in
round-2 MQAOA approaches 1, while it is approximately 0.5
in depth-2 QAOA.

q[] >

>

>

>

>

>

>

>

>

>

q[] X

q[] RZ RY RZ

q[] RZ RY RZ

q[]

q[]

q[]

q[] H

q[] H

q[]

H

H

H

Fig. 9. Differences in the quantum circuit of round-2 MQAOA
compared with round-1 MQAOA. RZ(2,−0.105370), RZ(3,0.596030),
RY (2,1.989450), RY (3,0.448480), RZ(2,0.105370), RZ(3,−0.596030).

The results of the validation are summarized in Table 3,
where the ground-state overlap represents the success prob-
ability of an algorithm finding the optimal solution as de-
fined in Ref. [11]. The results confirm that round-1 MQAOA
yields a 66.3% decrease in energy error compared with depth-
1 QAOA, and a 233% increase in ground-state overlap (suc-
cess probability). When MQAOA is run to the second round,
the ground-state overlap (success probability) reaches approx-
imately 0.97. This implies that MQAOA achieves consider-
ably higher computational efficiency compared with standard
QAOA.

Table 3. Performance metrics of QAOA and MQAOA for solving Max-2-SAT problem.

Depth-1 QAOA Depth-2 QAOA Round-1 MQAOA Round-2 MQAOA

Energy error 2.20057 1.48598 0.74212 0.09267
Ground state overlap 0.27457 0.48899 0.66808 0.96924

4.2. Solving Max-3-SAT Problem by enhanced MQAOA

Another instance is a Max-3-SAT problem with 5 bits and
25 clauses, whose Boolean expression is

Φ = (¬x0∨¬x1∨ x2)∧ (¬x0∨ x1∨¬x2)∧ (¬x0∨¬x3∨ x1)

∧(¬x0∨¬x3∨¬x2)∧ (¬x0∨ x3∨¬x2)∧ (¬x0∨ x3∨ x4)

∧(x0∨¬x1∨¬x2)∧ (x0∨ x1∨¬x2)∧ (x0∨ x1∨¬x4)

∧(x0∨¬x3∨¬x2)∧ (x0∨¬x3∨ x2)∧ (x0∨¬x3∨ x4)

∧(x0∨ x3∨¬x1)∧ (x0∨ x3∨¬x4)∧ (x1∨ x2∨¬x4)

∧(¬x3∨¬x1∨¬x2)∧ (¬x3∨¬x1∨¬x4)

∧(¬x3∨ x1∨ x4)∧ (¬x3∨¬x2∨ x4)
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∧(¬x3∨ x2∨ x4)∧ (x3∨¬x1∨ x2)

∧(x3∨¬x1∨ x2)∧ (x3∨¬x2∨¬x4)

∧(x3∨¬x2∨ x4)∧ (x3∨ x2∨¬x4) . (17)

The weighted connection graph is illustrated in Fig. 10,
and the corresponding weighted maximal matching is given by
M = [(0,1),(2,3)], with the sum of the weights of the matched
edges attaining a maximum value of 19. The coefficients of
the terms in the problem Hamiltonian are presented in Table 4,
with the coefficients of the unmentioned terms being zero.

Fig. 10. The weighted connection graph for the instance of the Max-3-
SAT problem.

Table 4. Coefficient for each item of the problem Hamiltonian of the
Max-3-SAT problem.

h0 h1 h2 h3 f01 f03 f04 f13 f24

2 −1 −5 −1 −1 −1 −2 −3 −2

f34 g012 g014 g034 g123 g124 g134 g234

−4 2 −1 −3 −1 −1 −2 −1

The evolution of the terms in the problem Hamiltonian
can be decomposed into a combination of quantum logic gates

e−i hiγ
8 σ i

z = RZ (i,hiγ/4) ,

e−i
fi jγ

8 σ i
z⊗σ

j
z = CNOT(i, j) ·RZ( j, fi jγ/4) ·CNOT(i, j),

e−i
gi jkγ

8 σ i
z⊗σ

j
z⊗σk

z = CNOT(i, j) ·CNOT( j,k) ·RZ(k,gi jkγ/4)

×CNOT( j,k) ·CNOT(i, j). (18)

The quantum circuit for this instance of the Max–3–SAT
problem is shown in Fig. 11.

The probability distribution of the quantum state pre-
pared by round-1 MQAOA is depicted in Fig. 12(c),
and that from round-2 MQAOA with slight changes in
the quantum circuit described in Fig. 13 is shown in
Fig. 12(d). The probability distributions of quantum states
obtained from depth-1 QAOA and depth-2 QAOA, with
time parameters for depth-2 QAOA set to (γ1,β1,γ2,β2) =

(−0.55635074,0.51319259,−0.82876299,0.31973179), are
shown in Figs. 12(a) and 12(b). The performance parameters
corresponding to the above cases are compared in Table 5.

The results of the validation reveal that round-1 MQAOA
yields a 33% decrease in energy error compared with depth-
1 QAOA, and a 210% increase in ground-state overlap (suc-
cess probability). When MQAOA is run for the second round,
the ground-state overlap (success probability) reaches approx-
imately 0.78. The energy error further decreases to around
0.5, which is only one-third of the energy error of depth-2
QAOA. Overall, the performance of MQAOA significantly
outperforms that of standard QAOA.

P
P

P
P

Fig. 12. The probability distributions of the quantum states from QAOA
and MQAOA for solving the instance of the Max-3-SAT problem. (a)
depth-1 QAOA; (b) depth-2 QAOA; (c) round-1 MQAOA; (d) round-2
MQAOA.
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q[]
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q[]

q[]

H

H

H

H

H

RZ

RZ

RZ

RZ

⇁ ⇁

⇁ ⇁ ⇁ ⇁ ⇁ ⇁ ⇁ ⇁ ⇁

⇁ ⇁ ⇁

⇁ ⇁ ⇁⇁

RZ

RZ RZ RZ RZ

RZ

⇁ ⇁

RZ ⇁

⇁

⇁⇁

⇁

⇁

RZ ⇁

⇁ RZ ⇁ ⇁

RZ ⇁

⇁

⇁ RZ ⇁

⇁

RZ

⇁

⇁

⇁ RZ ⇁

⇁ RX

RX

RX

RX

RX

Fig. 11. The quantum circuit of depth-1 QAOA embedded in round-1 MQAOA for solving the instance of the Max-3-SAT problem. Time
parameters (γ,β ) = (−0.74284694,0.38554442).
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Table 5. Performance metrics of QAOA and MQAOA for solving Max-3-SAT problem.

Depth-1 QAOA Depth-2 QAOA Round-1 MQAOA Round-2 MQAOA

Energy error 2.02197 1.59109 1.35349 0.50121
Ground state overlap 0.14119 0.24926 0.43824 0.78322

q[] >

q[] >

q[] > RZ RY RZ

q[] > RZ RY RZ

q[] >

q[] >

q[] >

q[] > H

q[] > H

q[] >

H

H

H

Fig. 13. Changes in quantum circuit of round-2 MQAOA.
RZ(2,−0.904320), RZ(3,−0.324150), RY (2,1.221320),
RY (3,1.261610), RZ(2,0.904320), RZ(3,0.324150).

5. Summary
In Ref. [22], the Multiscale Quantum Approximate Op-

timization Algorithm (MQAOA) integrates renormalization
group (RG) transformations with QAOA to address the expo-
nentially growing computational cost and reachability deficits
encountered in standard QAOA. The graph inherent in the
problem Hamiltonian is used to guide the partition of qubits
into blocks, and all edges are treated equally in the maximal
matching strategy. Based on this, RG transformations are per-
formed on the blocks. For problem Hamiltonians including
three-body and higher-order interactions, the graph structure
is not always explicit. Here, we propose a method to con-
struct a connection graph of variables directly from the prob-
lem formula and assign different weights to edges according to
the frequency of occurrence of connections between the same
two variables in the formula. Numerical analysis and valida-
tion on quantum simulators show that this approach enhances
MQAOA’s performance in solving multibody combinatorial
optimization problems. The results reveal that the enhanced
MQAOA can identify the optimal solution by the fourth round
of optimization on average, whereas standard QAOA requires
up to six layers to achieve the optimal solution. The findings
regarding the impact of clause density suggest that increasing
clause density does not degrade the computational accuracy
of enhanced MQAOA, effectively mitigating the reachability
deficits inherent in standard QAOA. The validation on the Ori-
gin quantum simulator indicates that enhanced MQAOA with
depth-1 QAOA can converge to the optimal solution more ef-
ficiently than standard QAOA. This is reasonable since deeper
QAOA circuits are considerably more challenging to imple-
ment than shallow ones, particularly in terms of the required
number of quantum gates and gate operation times, which are
major constraints for current quantum hardware.

The application of MQAOA introduces an additional op-

eration: after obtaining the ansatz state with optimized QAOA
parameters, the reduced density matrix ρi j of each block is
reconstructed via quantum measurements. For an N-qubit sys-
tem, there are at most N/2 blocks, where each block corre-
sponds to a two-qubit subsystem. Reconstructing the density
matrix of a two-qubit subsystem requires measuring 15 ob-
servables, resulting in a total of (15N)/2 observables. No-
tably, this number does not scale exponentially with the num-
ber of qubits and is significantly smaller than the number of
observables required in standard QAOA. Given MQAOA’s ef-
ficiency in finding solutions, compared with standard QAOA,
it can achieve superior performance by incorporating only
a shallow QAOA, while consuming fewer measurement re-
sources.

The maximum matching algorithm required for graph
preprocessing in MQAOA is a highly efficient classical algo-
rithm and does not constitute a bottleneck despite the reduc-
tion in the required QAOA depth. Moreover, the method used
to construct the connection graph does not affect its computa-
tional complexity. Furthermore, the QAOA component in this
framework can be replaced by other variants, such as those
in Refs. [14–18]. This flexibility facilitates applications on
a broader scale. In practice, the connectivity between qubits
in real quantum devices may vary, which in turn affects the
performance of block partitioning in weighted matching. In-
corporating the connectivity topology of physical qubits into
the weighted matching-based partitioning—while distinguish-
ing between interacting and non-interacting qubit pairs—is an
interesting direction for future research, which we will address
in subsequent work.
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