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We study the performance of high-dimensional superdense coding (HD-SDC) over an amplitude damping (AD) chan-
nel with memory and propose a protocol that leverages partial measurement and its reversal to enhance the channel capacity.
By considering a two-qutrit system, we model the memory AD noise using a convex mixture of memoryless and perfectly
memory AD channels. We demonstrate that the memory effect alone can mitigate the decay of the SDC capacity under
noise. More significantly, we show that the application of partial measurement before the channel and its reversal after the
channel can not only recover the capacity degraded by noise but, for certain non-maximally entangled initial states, even
amplify it beyond the initial capacity. This amplification effect is governed by three key factors: the ground-state probabil-
ity in the initial entangled state, the memory strength, and the partial measurement strength. Our results provide a practical
strategy for enhancing quantum communication protocols in realistic noisy environments and highlight the synergistic
benefits of memory noise and measurement-based control.

Keywords: high-dimensional systems, superdense coding, memory noise, partial measurement
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1. Introduction
The pursuit of higher information capacity is a funda-

mental goal in quantum communication.[1–4] While super-
dense coding (SDC) allows a sender (Alice) to transmit two
classical bits by sending a single qubit to a receiver (Bob)
with whom she shares a maximally entangled state,[5,6] this
protocol can be generalized to higher-dimensional systems.
High-dimensional superdense coding (HD-SDC), which uti-
lizes quantum d-dimensional systems (qudits), offers a supe-
rior channel capacity of up to 2log2 d classical bits per trans-
ferred qudit.[7–9] This not only improves information capacity
but also promises enhanced resistance to noise and increased
security in quantum cryptographic applications. As a result,
HD-SDC has attracted growing interest as a route to higher-
rate quantum communications and denser encoding strategies
that exploit larger local Hilbert spaces. The experimental re-
alization of HD-SDC using various degrees of freedom,[7,9]

such as the orbital angular momentum of photons, has so-
lidified its potential as a key protocol in the future quantum
internet.[10–12]

However, the practical implementation of any quan-
tum communication protocol, including HD-SDC, is in-
evitably susceptible to noise arising from interactions with the

environment.[13] The amplitude damping (AD) channel, which
models energy relaxation and photon loss, is ubiquitous in op-
tical, atomic, and solid-state platforms, constituting a canoni-
cal noise model in quantum information theory.[14] This noise
degrades quantum entanglement, which is a crucial resource
for state discrimination, leading to significant deterioration in
channel capacity. In certain scenarios, the capacity of HD-
SDC in the presence of noise may even fall below that of its
classical counterpart, specifically to values less than log2 d.
Consequently, developing strategies to mitigate the detrimen-
tal effects of noise is essential for realizing robust and reliable
quantum communication.

Most theoretical treatments of quantum noise have relied
on the Markovian approximation, in which each channel use
interacts with an environment that has no memory and suc-
cessive uses are independent. While this is a convenient and
often reasonable assumption, it fails to capture many realistic
scenarios in which the environment exhibits prolonged cor-
relation times (for example, high-Q waveguides, structured
reservoirs, or repeated use of the same physical channel at
high rate). Quantum channels with memory — where noise
influences on successive channel uses are correlated — con-
stitute a significant class of non-Markovian models. These
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models have been demonstrated to exhibit qualitatively differ-
ent behaviors compared to memoryless channels. In particu-
lar, correlations in the noise can lead to nontrivial effects that
may be exploited to enhance quantum information tasks.[15–24]

For instance, studies have demonstrated that correlated noise
can help preserve entanglement for longer durations,[16,25] en-
hance the performance of quantum teleportation,[26] and im-
prove precision limits in quantum metrology[27] compared to
their purely memoryless counterparts.

Among various techniques developed to mitigate deco-
herence, partial measurement (also referred to in related con-
texts as weak measurement), along with its reversal operation,
has emerged as a powerful and versatile tool.[28–43] In con-
trast to projective measurement, which irrevocably collapses
a quantum state, a partial measurement probabilistically shifts
the state toward a preferred basis state without completely de-
stroying its quantum coherence. A key advantage of this ap-
proach is its ability to effectively counteract AD noise. Since
AD noise drives a quantum system toward the ground state,
a strategically applied partial measurement can preemptively
oppose this dissipation, followed by a reversal operation that
recovers the original state with high probability.

It is important to contrast the partial-measurement-
based approach with other powerful noise-mitigation strate-
gies, most notably entanglement purification (also known as
distillation).[44–46] Entanglement purification protocols are de-
signed to distill high-fidelity entangled pairs from a larger en-
semble of low-fidelity pairs. Indeed, such protocols consti-
tute a cornerstone for scalable quantum networks and repeater-
based communication. However, these methods typically re-
quire quantum memory to store multiple state copies and
complex non-local entangling operations (such as CNOT
gates) between these copies. In contrast to these multi-
copy protocols, partial-measurement-based strategies are at-
tractive as a single-copy protection technique. They rely
solely on local operations and post-selection (or conditional
feedback), rather than demanding the multi-copy resources
of entanglement purification or the full machinery of quan-
tum error correction. These partial measurement meth-
ods have been experimentally validated in several platforms,
including photonic[31,32] and solid-state systems,[28,29] for
applications such as maintaining single-qubit coherence[31]

and preserving entanglement.[32,35,36] Furthermore, the tech-
nique has been successfully deployed to enhance quan-
tum Fisher information,[37] improve the fidelity of quantum
teleportation,[40,41] and delay decoherence across a variety of
noisy channel models.[47]

In this work, we integrate these directions by examining
HD-SDC over an AD channel with memory, and explore how
partial measurement and its reversal can enhance the SDC ca-
pacity within such correlated noise. Specifically, we model a

qutrit AD channel with memory acting on consecutive uses of
the same AD channel during the process of SDC and analyze
how memory influences the achievable capacity. We then pro-
pose a protocol leveraging the synergistic effects of memory
and partial measurement. Remarkably, significant capacity en-
hancement is observed with the assistance of partial measure-
ment and reversal operations.

Notably, we demonstrate that for certain classes of non-
maximally entangled states, the combined application of par-
tial measurement and reversal enables capacity amplification
under memory AD noise — surpassing the capacity attainable
in the noiseless scenario. We reveal that this capacity ampli-
fication is influenced by three critical factors: the initial prob-
ability of the ground state in the shared entangled state, the
strength of memory effect, and the degree of partial measure-
ment applied. We identify specific regimes in which capacity
amplification can be achieved and elucidate how the benefits
depend on these three factors. These results clarify the in-
terplay between high-dimensional encoding, memory effect,
and partial-measurement-based protection, offering concrete
strategies for enhancing SDC capacity throughput in near-term
noisy quantum communication scenarios.

This paper is organized as follows. In Section 2, we in-
troduce the basic concepts involved in the following discus-
sions, such as HD-SDC, qudit AD channel with memory, par-
tial measurement, and its reversal. In Section 3, we investigate
the three-dimensional SDC (3D-SDC) in a memory AD chan-
nel. We show that memory effect can enhance the SDC capac-
ity. In Section 4, we display how partial measurement and its
reversal improve the SDC capacity further, even amplifying it
beyond the noiseless capacity. The experimental feasibility is
discussed in Section 5. Finally, we give a brief discussion and
summarize our main results in Section 6.

2. Basic concepts
2.1. HD-SDC

SDC was originally introduced for two-level bipartite
quantum systems by Bennett and Wiesner,[5] and was later ex-
tended beyond two-level systems to higher-dimensional quan-
tum systems.[48–50] The fundamental setup involves Alice and
Bob sharing a bipartite entangled state on the Hilbert space
Cd ⊗Cd . Without loss of generality, the protocol leverages an
entangled state, such as the generalized Bell state

|ψ⟩AB =
d−1

∑
k=0

lk|k⟩A ⊗|k⟩B, (1)

with ∑k |lk|2 = 1. To encode classical information, Alice per-
forms a local unitary operation Wi, selected from a set {Wi}
with a priori probabilities pi, on her portion of the entangled
state. This operation results in an ensemble of states for the
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pair of systems that Bob subsequently measures. It transforms
the global state into

ρi = (Wi ⊗𝐼d)ρ(W
†
i ⊗𝐼d), (2)

with ρ = |ψ⟩AB⟨ψ|. After performing this operation, Alice
transmits her encoded subsystem to Bob. Upon receipt, Bob
conducts a joint measurement on the entire d×d-dimensional
system to decode the classical information Alice intended to
send.

Reference [49] demonstrates that mutually orthogo-
nal unitary transformations applied with equal probabilities
achieve the maximum SDC capacity. These transformations
are defined as

Wi=(u,v)| j⟩= exp
(

i
2π

d
u j
)
| j+(v mod d)⟩, (3)

where the integers u and v range from 0 to d−1, and i denotes
the imaginary unit (i2 =−1). Consequently, we obtain d2 uni-
tary transformations {Wi} for encoding, with W0 = 𝐼d . The
ensemble of signal states generated by the unitary transforma-
tions described in Eq. (3), each occurring with equal proba-
bility pi = 1/d2, is denoted as ρ*. The maximum amount of
classical information that can be reliably transmitted through
this quantum channel is referred to as the SDC capacity. This
capacity is defined as the maximum value of the Holevo quan-
tity with respect to {Wi, pi}

C = S(ρ̄*)−S(ρ), (4)

where S(ρ) = −Tr(ρ log2 ρ) denotes the von Neumann en-
tropy, and ρ̄* = ∑

d2−1
i=0 ρi/d2 is the average density matrix of

the ensemble encoded by {Wi} with equal probabilities.
The ideal capacity of d-dimensional SDC is 2 log2 d,

offering a higher fundamental capacity than qubit systems.
However, in realistic scenarios, the presence of noise, mod-
eled by a completely positive trace-preserving (CPTP) map
ℰ , generally reduces the achievable capacity below the ideal
noiseless limit. In this case, the capacity of Eq. (4) becomes

C = S(ρ̃*)−S
(
ℰ(ρ)

)
, (5)

where ρ̃* = ∑
d2−1
i=0 ℰ(ρi)/d2 is the average of the signal en-

semble after the action of the channel ℰ .

2.2. Qutrit AD channel with memory

In this work, we consider AD noise acting on consecu-
tively transmitted qutrits. If the time interval between two
qutrits passing through the AD channel is shorter than the
relaxation time of the channel, the memory effect should be
taken into account. Below, we derive the Kraus representation
of a qutrit AD channel with memory from the master equation
description.

We label the energy eigenbasis of a 3-level system by
{|0⟩, |1⟩, |2⟩} and take |0⟩ as the ground state. A simple and
widely used generalization of the qubit AD channel to a qutrit
system assumes that each excited level decays to the ground
state |0⟩ with the same decay probability Γ ∈ [0,1) during a
single channel use. This model captures the loss of population
from excited subspaces into the ground state while discarding
inter-level cascades; it is sufficient for many communication
tasks and for studying how AD noise degrades entanglement
and coding protocols. The Lindblad equation for the single-
qutrit AD channel is

ρ̇ = ∑
k=1,2

Γ

2
(
2σ0kρσk0 −σkkρ −ρσkk

)
, (6)

where σi j = |i⟩⟨ j| is the transition operator between |i⟩ and
| j⟩. According to the operator-sum representation ρ(t) =
∑i EiρE†

i , the Kraus operators are

E0 = |0⟩⟨0|+
√

η̄

2

∑
k=1

|k⟩⟨k|, Ek =
√

η |0⟩⟨k|, (7)

where η = 1− exp(−Γ t) and �̄ = 1−�. The completeness
relation is E†

0 E0 +∑
2
k=1 E†

k Ek = 𝐼d .
If the time interval between two qutrits passing through

the AD channel is extremely short, consecutive uses of the
channel are almost perfectly correlated. Formally, the evolu-
tion can be described by the correlated Lindblad equation for
the two-qutrit state ρAB

[23,51]

ρ̇AB = ∑
i=1,2

Γ

2
(
2σ

⊗2
0i ρABσ

⊗2
i0 −σ

⊗2
ii ρAB −ρABσ

⊗2
ii
)
, (8)

where σ
⊗2
i j = σi j ⊗σi j. Note that ρAB ∈C9×9 is the total state

of two qutrits in the standard basis {|m,n⟩ = |3m+ n+ 1⟩}
(m,n = 0,1,2). The Kraus operators corresponding to the cor-
related evolution of the two-qutrit state are given by

A00 =


𝐼4×4 04×1 04×3 04×1
01×4

√
η̄ 01×3 01×1

03×4 03×1 𝐼3×3 03×1
01×4 01×1 01×3

√
η̄

 ,

A11 =

 01×4
√

η 01×4
04×4 04×1 04×4
04×4 04×1 04×4

 ,

A22 =

 01×4 01×4
√

η

04×4 04×4 04×1
04×4 04×4 04×1

 , (9)

where 𝐼n×n is the n-dimensional identity matrix and 0n×m is
the zero matrix of size n×m.

A commonly used discrete-time model of memory as-
sumes that with probability 1− µ , two consecutive uses un-
dergo independent single-use noise, and with probability µ ,
the same error occurs on both systems. Here, µ ∈ [0,1] is the
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memory parameter: µ = 0 corresponds to memoryless (inde-
pendent) noise, while µ = 1 corresponds to perfect memory
(fully correlated noise).

Using the single-qutrit Kraus operators {Ei}2
i=0 and the

two-qutrit correlated Kraus operators {Akk}2
k=0 defined above,

we can construct the channel map with memory. As assumed
in our model, the channel’s behavior is a probabilistic mixture
of two distinct physical processes:

(i) With probability 1 − µ , the channel acts as a mem-
oryless (independent) noise channel. The noise on the two
qutrits is uncorrelated, and the evolution map is described
by the tensor product of the single-qutrit Kraus operators:
ℰmem−less(ρ) = ∑

2
i, j=0(Ei ⊗E j)ρ(Ei ⊗E j)

†.
(ii) With probability µ , the channel acts as a perfect mem-

ory channel, where the same error occurs on both systems.
This correlated evolution is described by the global two-qutrit
Kraus operators: ℰmem−full(ρ) = ∑

2
k=0 AkkρA†

kk.
The total channel map ℰµ is the convex sum of these two

maps, weighted by their respective probabilities. The two-
qutrit AD channel with memory is therefore

ℰµ = µ̄

2

∑
i, j=0

Ei jρAB(0)E
†
i j +µ

2

∑
k=0

AkkρAB(0)A
†
kk, (10)

with Ei j = Ei ⊗E j. Note that Eq. (10) provides the basis for
analyzing the performance of HD-SDC under an AD chan-
nel with memory. The convex-mixture memory model with
parameter µ provides a simple and tractable way to include
correlations between consecutive uses.

2.3. Partial measurement and its reversal

Partial (or unsharp) measurement is a generalized quan-
tum measurement that interpolates between doing nothing and
performing a projective (von Neumann) measurement. It pro-
vides a controlled, tunable way to induce partial collapse of the
state and is widely used in error suppression, state protection,
and quantum metrology.[28–43]

A minimal, two-outcome partial measurement that distin-
guishes the ground (or any chosen) subspace from the rest is
obtained from the projectors

P ≡ |0⟩⟨0|, Q ≡ 𝐼d −P =
d−1

∑
k=1

|k⟩⟨k|. (11)

The two measurement operators for outcomes “no click” and
“clicks” are

M0 = P+
√

1− p Q, M1 =
√

p Q, (12)

where p ∈ [0,1] is the measurement strength parameter. Phys-
ically, outcome 0 corresponds to no click, which partially pre-
serves coherences inside the excited subspace, while outcome
1 corresponds to definitive clicks projecting onto the excited

manifold Q. In the limits p → 0 and p → 1, the measurements
become trivial and projective onto {P,Q}, respectively.

Because M0 is not unitary, its inverse is generally not a
physical Kraus operator. However, one can probabilistically
undo M0 on its support by a second post-selected operation.
The corresponding reversal operator can be constructed as

MR =
√

1− pr P+Q, (13)

where pr is the reversal parameter, which satisfies MRM0 =√
1− p𝐼d when pr = p. Hence, conditioned on obtaining the

successful reversal outcome associated with MR, the original
state is recovered up to a known global factor in the noiseless
situation.

3. The 3D-SDC in AD channel with memory
In the following, we discuss 3D-SDC in an AD channel

with memory. Following standard convention in this field, the
term “3D” refers to the dimension of the individual qudits,
i.e., d = 3. The total system shared between Alice and Bob, as
shown in Eq. (14), is therefore 3⊗3-dimensional. We assume
that an entangled state is initially prepared by Alice

|ψ⟩AB = α|00⟩+β |11⟩+ γ|22⟩, (14)

with |α|2 + |β |2 + |γ|2 = 1. In the SDC scenario, Alice first
establishes shared entanglement with Bob by sending one en-
tangled particle, as illustrated in Fig. 1(a). She then performs
a set of unitary operations {Wi} on her particle to encode clas-
sical information and transmits the encoded particle to Bob.
Throughout this process, both entangled particles sequentially
traverse the same AD channel, which is modeled using the
framework of a memory AD channel.

Substituting ρAB(0) = |ψ⟩AB⟨ψ| into Eq. (10), we ob-
tain the output state of the two qutrits, denoted by ρAD =

ℰµ [ρAB(0)]. To understand the structure of the final state,
we recall the basis mapping {|m,n⟩ = |3m + n + 1⟩} with
(m,n = 0,1,2). The key components of the initial entangled
state are therefore |00⟩ ↔ |1⟩, |11⟩ ↔ |5⟩, and |22⟩ ↔ |9⟩.
The non-zero elements of ρAD can be understood physically
as follows: the diagonal terms ρ11,ρ55,ρ99 correspond to pop-
ulations of states |00⟩, |11⟩, and |22⟩, respectively. The off-
diagonal terms ρ15,ρ19,ρ59 (and their conjugates) represent
coherences between these components, which are essential for
maintaining 3D-SDC capacity. Other terms (e.g., ρ22,ρ33)
represent population “leaked” via decoherence into other basis
states (such as |01⟩ and |02⟩), primarily induced by the uncor-
related part of the noise. Explicitly, the non-zero elements of
ρAD are

ρ11 = |α|2 + |β |2
(
µ̄η

2 +µη
)
+ |γ|2

(
µ̄η

2 +µη
)
,

ρ15 = ρ
*
51 = αβ

*(
µ̄η̄ +µ

√
η̄
)
,
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ρ19 = ρ
*
91 = αγ

*(
µ̄η̄ +µ

√
η̄
)
,

ρ22 = ρ44 = |β |2µ̄η̄η ,

ρ33 = ρ77 = |γ|2µ̄η̄η ,

ρ55 = |β |2
(
µ̄η̄

2 +µη̄
)
,

ρ59 = ρ
*
95 = βγ

*(
µ̄η̄

2 +µη̄
)
,

ρ99 = |γ|2
(
µ̄η̄

2 +µη̄
)
. (15)

The 3D-SDC capacity, denoted CAD, is evaluated using
Eq. (5). Given the complexity of its analytical expression, we
rely on numerical results to illustrate the influence of the mem-
ory effect. Figure 2 shows CAD as a function of the noise pa-

rameter for different memory factors µ . It is observed that
CAD decreases as noise increases. Although partial recovery
of capacity occurs under certain conditions, it never exceeds
the classical limit of log2 3. Another notable feature, as shown
in Fig. 2, is that the memory effect mitigates degradation of
the dense coding capacity: higher values of µ correspond to a
slower decay of CAD. Moreover, the range of noise values over
which quantum advantage is lost — specifically, where CAD

falls below the classical threshold — narrows significantly as
µ increases, and vanishes in the ideal memory channel sce-
nario.

Preparing 

Encoding 

 Memory
AD noise Decoding

Preparing 

Encoding 

Decoding

(a) HD-SDC in memory AD noise

(b) Partial-measurement-enhanced HD-SDC

Alice

Alice

Bob

Bob

|ψ>AB

|ψ>AB

ıWi℘

ıWi℘  Memory
AD noise 

M

M

MR

MR

0 0.5 1.0

η

0.5

1.0

1.5

2.0

2.5

3.0

C
AD

C
AD

(a) µ=0

µ=0.6

µ=1

log23

Fig. 1. Schematic illustrations of (a) HD-SDC in a memory AD channel and (b) partial-measurement-enhanced HD-SDC in a memory AD
channel. Here, |ψ⟩AB denotes the shared entangled state prepared by Alice, while M0 and MR represent the partial measurement and its reversal,
respectively.
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Fig. 2. 3D-SDC capacity CAD as a function of the noise parameter η .
Panel (a): α = β = γ =

√
1/3. Panel (b): α =

√
7/9 and β = γ =

√
1/9.

4. Enhanced 3D-SDC in AD channel with mem-
ory via partial measurement
Based on the aforementioned results, we conclude that the

memory effect has the potential to mitigate the decay of capac-
ity. However, it is observed that the quantum advantage pro-
gressively diminishes as the noise intensity increases. In this
section, we focus on further suppressing noise and enhancing
the SDC capacity through the application of partial measure-
ments. Notably, for certain specific initial entangled states, the
combined action of the memory effect and partial measure-
ments, together with their reversal operations, can lead to an
amplification of the capacity that exceeds the initially noise-
less capacity.

4.1. Capacity enhancement

In our scheme, the partial measurement is applied before
the noisy channel to partially project the population into a pro-
tected subspace, and the reversal operation is applied after the
channel to restore the original state probabilistically, as shown
in Fig. 1(b). Such a process can be expressed by the following
map:

ρPM =
1
𝒩

MR

[
µ̄

2

∑
i, j=0

Ei j

(
MPMρAB(0)M†

PM

)
E†

i j

+µ

2

∑
k=0

Akk

(
MPMρAB(0)M†

PM

)
A†

kk

]
M†

R, (16)

where MPM = MA
0 ⊗MB

0 and MR = MA
R ⊗MB

R .
The resulting state ρPM has a similar structure, but its el-

ements are now modulated by the partial measurement and
reversal parameters. As expected, these parameters act non-
trivially on the excited-state components (indices 5 and 9) and
their coherences, reflecting the fact that the partial measure-
ment and its reversal operations are designed to protect this
subspace from AD noise. For the initial state |ψ⟩AB, the non-
zero elements of the final state ρPM are

ρ11 =
1
𝒩

[|α|2 +(|β |2 + |γ|2)(µ̄η
2 +µη)p̄2]p̄4

r ,
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ρ15 = ρ
*
51 =

1
𝒩

αβ
*(µ̄η̄ +µ

√
η̄)p̄ p̄3

r ,

ρ19 = ρ
*
91 =

1
𝒩

αγ
*(µ̄η̄ +µ

√
η̄)p̄p̄3

r ,

ρ22 = ρ44 =
1
𝒩

|β |2µ̄η̄η p̄2 p̄3
r ,

ρ33 = ρ77 =
1
𝒩

|γ|2µ̄η̄η p̄2 p̄3
r ,

ρ55 =
1
𝒩

|β |2(µ̄η̄
2 +µη̄)p̄2

1 p̄2
r ,

ρ59 = ρ
*
95 =

1
𝒩

βγ
*(µ̄η̄

2 +µη̄)p̄2
1 p̄2

r ,

ρ99 =
1
𝒩

|γ|2(µ̄η̄
2 +µη̄)p̄2

1 p̄2
r , (17)

where 𝒩 = p̄4 + p̄4(|β |2 + |γ|2)(µ̄η2 p2
r −2η pr + µ̄η p2

r ).

C
P
M

CPM

p
pr

Fig. 3. The capacity CPM (colored surface) as a function of the partial
measurement strength p and the reversal measurement strength pr, while
the grey plane serves as a reference for the results of CAD (without partial
measurement and reversal). The other parameters are η = 0.6, µ = 0.6,
and α = β = γ =

√
1/3.

The dense coding capacity CPM of the state ρPM can be
calculated using Eq. (5). Figure 3 shows the variation of CPM

with respect to the partial measurement strength p and the re-
versal measurement strength pr for a fixed parameter η = 0.6.
For comparison, we also include the result obtained without
partial measurement as a reference. In fact, the result without
partial measurement can be obtained by setting p = pr = 0. As
seen in Fig. 3, the 3D-SDC capacity is enhanced whenever the
reversal measurement is applied, even in the absence of partial
measurement, i.e., p = 0 but pr ̸= 0. Moreover, the combined
use of partial measurement and reversal leads to a further im-
provement of the capacity.

To achieve the optimal 3D-SDC capacity, it is essential to
determine the optimal reversal parameter. Theoretically, the
optimal values of pr can be obtained through partial differen-
tiation or numerical simulation. However, the resulting value
depends strongly on both the initial state parameters and the
memory factor. Given the practical difficulty of precisely de-
termining these quantities in experiments, such an approach
is often infeasible. From a physical perspective, we note that
the decay processes of both the memoryless AD noise and the

perfect memory AD noise can be viewed as quantum transi-
tions, wherein excited states jump to the ground state with
certain probabilities. This insight allows us to employ the
technique of “unravelling” the dynamics into “jump” and “no-
jump” trajectories, thereby enabling effective manipulation of
pure states.[32,52] Our approach, therefore, is to identify the
most robust, state-independent strategy. The parameter cho-
sen in Eq. (18) is exactly the optimal reversal parameter for
the memoryless AD channel. We provide a detailed deriva-
tion of this result in Appendix A. Within this framework, the
optimal reversal strength yields

popt
r = 1− p̄η̄ . (18)

The distinct advantage of this choice lies in its robustness
and state independence. To validate this property, we compare
our analytical strategy with the numerically optimized capac-
ity in Fig. 4. Specifically, Fig. 4(a) illustrates the capacity
CPM as a function of the noise parameter η (with p = 0.9),
while Fig. 4(b) plots the capacity as a function of the mea-
surement strength p (with η = 0.6). The colored dots rep-
resent the full range of achievable capacities obtained by nu-
merically optimizing the reversal parameter pr from 0 to 1,
whereas the solid black line corresponds to the capacity deter-
mined by our condition Eq. (18). We observe that our physi-
cally motivated strategy (black line) closely tracks the true op-
timal capacity (the upper envelope of the colored dots). This
effectively provides near-optimal protection without requiring
a priori knowledge of the specific entanglement distribution or
the memory parameter. Consequently, in the following dis-
cussion, we adopt the reversal operation defined in Eq. (18),
and the capacity achieved using this robust, state-independent
strategy will be denoted as Copt

PM.
The enhancement of the SDC capacity through partial

measurement is demonstrated in Fig. 5. Specifically, Fig. 5(a)
shows the influence of the partial measurement strength p and
the memory factor µ on the capacities Copt

PM (upper surface) and
CAD (lower surface), while Fig. 5(b) illustrates the effects of
the parameter η and the memory factor µ . As evidenced by
the plots, the SDC capacity increases monotonically with both
p and µ . This behavior can be attributed to the fact that partial
measurement effectively mitigates decoherence by selectively
projecting the quantum state into a subspace less susceptible
to amplitude damping noise. The memory effect further re-
inforces this protection by correlating noise events, thereby
partially preserving quantum correlations and enhancing the
capacity. Notably, in the limit of strong partial measurement
p→ 1, the capacity Copt

PM approaches its initial value, indicating
nearly complete recovery of the original entangled resource.
This result highlights the combined role of partial measure-
ment and the memory effect in counteracting decoherence and
enhancing the HD-SDC capacity.
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0 0.5 1.0

η

1.0

1.5

2.0

2.5

3.0 (a) p=0.9

Eq. (18)

0 0.5 1.0

p

1.0

1.5

2.0

2.5

3.0 (b) η=0.6

Eq. (18)

C
P
M

C
P
M

Fig. 4. The capacity CPM (a) as a function of η with p = 0.9 and (b) as
a function of p with η = 0.6, obtained by varying pr from 0 to 1. The
black curves denote the results obtained under the condition of Eq. (18).
The other parameters are the same as those in Fig. 3.

C C

C

p ηµ µ

↼a↽ η/. ↼a↽ p/.

Fig. 5. (a) The capacities Copt
PM (upper surface) and CAD (lower surface)

as functions of p and µ . (b) The capacities Copt
PM (upper surface) and CAD

(lower surface) as functions of η and µ . The other parameters are the
same as those in Fig. 3.

4.2. Capacity amplification

In the preceding discussion, we found that when the ini-
tial shared state is a maximally entangled state, the application
of partial measurement techniques can restore the SDC capac-
ity to a value at most equal to that observed in a noise-free
scenario, but it cannot exceed this threshold. In the follow-
ing section, we demonstrate that, for certain non-maximally
entangled states, the implementation of partial measurements
can lead to capacity amplification in the presence of memory
AD noise, thereby enabling the capacity to surpass that of the
noise-free case.

In Fig. 6, we plot the SDC capacity Copt
PM as a function of

the noise parameter η when the initial shared state is a non-
maximally entangled state |ψ⟩AB =

√
7/9|00⟩+

√
1/9|11⟩+√

1/9|22⟩. It is observed that Copt
PM increases with the memory

factor µ , and notably exceeds the initial value of the capacity
— a clear signature of capacity amplification. This amplifi-
cation can be attributed to the constructive role of memory
noise, which partially protects quantum entanglement against
decoherence. The protected quantum entanglement is further
amplified through partial measurement and reversal. As il-
lustrated in Figs. 6(b) and 6(c), the amplification effect be-
comes more pronounced with increasing partial measurement
strength p. This behavior results from the ability of partial
measurement to probabilistically filter out decohered compo-
nents, thereby effectively concentrating the quantum state into
a subspace with higher entanglement. The synergy between
the memory effect and partial measurement thus provides a

powerful mechanism for enhancing superdense coding perfor-
mance even in noisy environments.

In order to further determine which initial states can
achieve channel capacity amplification and under what cir-
cumstances, we define a quantity ∆Camp to quantify the am-
plified channel capacity

∆Camp =Copt
PM −CAD(η = 0), (19)

where CAD(η = 0) denotes the capacity in the noise-free case.
∆Camp as a function of α and µ is plotted in Fig. 7. The

blank regions represent ∆Camp < 0 (without capacity amplifi-
cation). We observe that the amplification of capacity is in-
fluenced by three key factors: first, a stronger memory effect
is advantageous; second, a higher strength of partial measure-
ment is beneficial; and third, an increased probability of the
ground state in the initial state contributes positively to the ca-
pacity amplification. While the influences of the memory ef-
fect and partial measurement have been discussed previously,
we concentrate here on analyzing the impact of the initial state
on capacity amplification.

For the purpose of discussion, we treat α as a free pa-
rameter, while setting β = γ =

√
(1−α2)/2. Under this as-

sumption, the critical condition for achieving capacity am-
plification through the memory effect and partial measure-
ment is α >

√
1/3. The stark contrast between the cases

α >
√

1/3 and α <
√

1/3 fundamentally stems from their
distinct population distributions and the consequent interac-
tion between the measurement and the noise. For the state
|ψ⟩AB =

√
7/9|00⟩ +

√
1/9|11⟩ +

√
1/9|22⟩, the popula-

tion is highly unbalanced, dominated by the noise-insensitive
ground state |00⟩. Here, partial measurement acts as a prob-
abilistic filter that rebalances the population by selectively at-
tenuating the smaller excited-state components. This rebal-
ancing, synergizing with the memory effect which protects
the two-qutrit quantum correlations, effectively distills the
state into a new configuration with a higher degree of entan-
glement than the original, thus enabling capacity amplifica-
tion beyond the initial value. Conversely, for states such as
|ψ⟩AB =

√
1/9|00⟩+

√
4/9|11⟩+

√
4/9|22⟩, the population

is already favorably distributed in the excited states, which
are more fragile to AD noise. In this case, both the noise
and the partial measurement act on the same valuable com-
ponents — the measurement attenuates them, and the noise
causes stronger decay. While memory noise can slow the de-
cay, the combined effect of noise and partial measurement is
strictly detrimental, making it impossible to exceed the initial
capacity. Therefore, the potential for amplification is critically
dependent on whether the initial population distribution pro-
vides a substrate that partial measurement and the memory ef-
fect can optimize rather than degrade.
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Fig. 6. The capacity Copt
PM as a function of the noise parameter η for a non-maximally entangled state |ψ⟩AB =

√
7/9|00⟩+

√
1/9|11⟩+√

1/9|22⟩. (a) p = 0.2. (b) p = 0.6. (c) p = 0.9.

α α α

µ µ µ

(a) p=0.2 (b) p=0.2 (c) p=0.2

DCamp

Fig. 7. ∆Camp as a function of α and µ with η = 0.6. (a) p = 0.2. (b) p = 0.6. (c) p = 0.9. The blank regions represent ∆Camp < 0.

4.3. Success probability

Considering that both partial measurement and measure-
ment reversal are non-unitary operations, the present scheme
is intrinsically probabilistic. Since the noise channel is trace-
preserving, it does not affect the success probability. Hence,
the overall success probability is determined by the successful
execution of the partial measurement and its reversal in se-
quence. This can be written as PPM = 𝒫1𝒫2, where 𝒫1 and 𝒫2

denote the success probabilities of obtaining the measurement
outcomes corresponding to MPM and MR, respectively

PPM = p̄4 + p̄4(|β |2 + |γ|2)
[
µ̄η

2 p2
r −2η pr + µ̄η p2

r
]
. (20)

The success probability Popt
PM, corresponding to the opti-

mal SDC capacity, is evaluated under the condition specified
in Eq. (18). Figures 8(a) and 8(b) show the dependence of Popt

PM
on the partial measurement strength p and the memory factor
µ , respectively.

As illustrated in Fig. 8(a), the success probability de-
creases monotonically with increasing p. This behavior con-
trasts with the capacity shown in Fig. 4(b), which increases as
p becomes larger. Hence, a trade-off emerges: while a stronger
partial measurement enhances the recovery of the SDC capac-
ity, it simultaneously reduces the probability of successfully
implementing the protocol.

Conversely, Fig. 8(b) shows that Popt
PM increases with the

memory factor µ . This indicates that memory noise not only

enhances the achievable capacity but also improves the like-
lihood of successful implementation. Physically, this can be
attributed to the fact that noise correlation reduces the entropy
of the environment, thereby mitigating the disruptive effects
of decoherence and increasing the probability of preserving
the quantum state during the partial measurement and reversal
process. Consequently, increasing µ is doubly beneficial, as it
improves both the capacity and the success probability of the
SDC protocol.

0 0.5 1.0
p

0

0.02

0.04

0.06
(a)

0 0.5 1.0
µ

0.012

0.016

0.020

0.024
(b)

P
o
p
t

 W
M

P
o
p
t

 W
M

α2=1/3

α2=7/9

α2=1/3

α2=7/9

Fig. 8. The success probability Popt
PM (a) as a function of p with µ = 0.6

and (b) as a function of µ with p = 0.2. The other parameter is η = 0.6.

5. Experimental feasibility
A concrete test of our scheme is feasible using existing

photonic orbital angular momentum (OAM) platforms, which
are exceptionally well-suited for high-dimensional quantum
information processing.

Step 1: HD-SDC feasibility The realization of HD-SDC,
which forms the baseline of our protocol, rests on two criti-
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cal components that have already been experimentally demon-
strated. (i) HD entanglement: The first requirement is a
high-fidelity source of high-dimensional entanglement, which
has been successfully achieved in many platforms, including
photonics, using OAM.[53–60] (ii) HD Bell-state measurement
(BSM): The second, and arguably most challenging, compo-
nent is the decoding step, which requires a high-dimensional
BSM. This is essential for Bob to read out 2 log2 d bits of
information, and has also been successfully reported for 3D
systems.[53,60] Given that these two cornerstones, a reliable
HD entanglement source and a feasible 3D BSM, are avail-
able, the standard 3D-SDC protocol itself is well within the
reach of current experimental technology.[7]

Step 2: Implementation of partial measurement Our
protocol’s novel element is the application of partial measure-
ment and its reversal operations (Eqs. (12) and (13)). In the
OAM basis, we can make a concrete and feasible proposal:
We encode the ground state |0⟩ as the fundamental Gaussian
mode (l = 0) and the (d −1)-dimensional excited subspace Q
as the set of all higher-order OAM modes (l ̸= 0). The key
partial measurement operator M0 = P+

√
pQ can be physi-

cally realized via mode-selective tapping. This requires a cus-
tom optical element that can spatially separate the l = 0 mode
from the l ̸= 0 modes. For instance, a diffractive phase element
or a spatial light modulator (SLM) can be engineered to act
as a mode-dependent beam splitter.[7,53,60] This device would
have two output paths: (1) Main path: It transmits the l = 0
mode (the P subspace) with near-perfect fidelity (T ≈ 1) (2)
Tap path: It reflects a small fraction p of the amplitude from
all l ̸= 0 modes (the Q subspace) into an ancillary detection
arm.

A “no-click” in this ancillary detector heralds the success-
ful application of M0. This event non-destructively attenuates
the Q subspace amplitude by the required

√
1− p exactly as

described by the operator, while leaving the P subspace un-
touched. The reversal operation MR (Eq. (13)) can be realized
in a similar fashion with another post-channel mode-selective
element.

Step 3: Simulating the memory AD channel Finally,
the AD channel with memory itself can be simulated. A stan-
dard optical fiber or free-space propagation acts as a memo-
ryless AD channel. A memory AD channel, where temporal
correlations exist, can be engineered by passing the photons
through a structured environment, such as a high-Q optical
cavity or a coupled multi-core fiber, where the environmen-
tal relaxation time is longer than the time separating the two
photons.

By integrating the partial measurement-tapping optics
(Step 2) into a well-established 3D-SDC setup (Step 1) and
employing a memory AD channel (Step 3), our entire scheme
is rendered experimentally testable with current technology.

6. Conclusion

In summary, we have investigated the enhancement of
HD-SDC capacity in an AD channel with memory through the
application of partial measurement and its reversal. We de-
rived the Kraus representation for the qutrit AD channel with
memory and analyzed the evolution of the SDC capacity un-
der both memory and partial-measurement-based protection
schemes. Our results demonstrate that memory effect alone
can enhance the capacity in the presence of noise, and the com-
bined application of partial measurement and its reversal can
further increase this capacity, although it does not exceed the
capacity achievable in a noise-free scenario.

Notably, we showed that for appropriately chosen non-
maximally entangled states, it is possible not only to compen-
sate for noise-induced degradation but also to amplify the ca-
pacity beyond its initial noiseless value. This amplification is
contingent upon the composition of the initial state, the de-
gree of memory, and the strength of the partial measurement.
Furthermore, we discussed the trade-off between capacity en-
hancement and success probability, noting that while stronger
measurements improve capacity, they concurrently reduce the
probability of successful outcomes. In contrast, increased
memory correlation enhances both the capacity and the suc-
cess probability.

Finally, we outlined the experimental feasibility of im-
plementing partial measurement in high-dimensional photonic
systems through ancillary couplings and mode-selective de-
tection. Theoretically, our scheme can be generalized to ar-
bitrary dimensions (d > 3). The underlying physics does not
depend on the specific choice of d = 3. The partial measure-
ment operators and the AD noise model are already defined
for general dimension d. The primary challenges in scaling
are not theoretical but experimental and modeling-based. Ex-
perimentally, the high-fidelity generation, manipulation, and
joint measurement of d-dimensional systems become signifi-
cantly more complex with increasing d. From a modeling per-
spective, constructing the explicit correlated Kraus operators
for the d2 ×d2 system is algebraically intensive. However, we
emphasize that the specific two-outcome partial measurement
we propose (distinguishing |0⟩ from the (d − 1)-dimensional
rest subspace) is far less demanding than a full d-outcome
measurement, making our protection strategy fundamentally
more scalable than other, more complex measurement-based
schemes. Our findings provide valuable insights into the pro-
tection and enhancement of quantum communication proto-
cols against decoherence and suggest practical avenues for
achieving robust high-rate quantum information transfer in the
presence of correlated noise.
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Appendix A: Derivation of Eq. (18)
In this appendix, we provide a rigorous justification for

the reversal parameter popt
r chosen in Eq. (18) of the main text.

We show that this parameter is the exact optimal choice for the
memoryless AD channel (µ = 0) using the quantum trajectory
approach.

Our goal is to find a state-independent reversal parameter
pr that maximizes the fidelity of the final state with the ini-
tial state, using the trick of “unraveling” the excitation into the
“no-jump” trajectory. This is the only trajectory that can, in
principle, restore the initial entangled state. For this deriva-
tion, we trace the evolution of the “no-jump” component of
the initial state |ψAB⟩= α |00⟩+β |11⟩+ γ |22⟩.

A1. After partial measurement

The global “no-click” operator is MPM = MA
0 ⊗ MB

0 ,
which acts as

MPM |00⟩= (P⊗P) |00⟩= |00⟩ ,
MPM |11⟩= (

√
pQ⊗

√
pQ) |11⟩= p |11⟩ ,

MPM |22⟩= (
√

pQ⊗
√

pQ) |22⟩= p |22⟩ . (A1)

The state after a successful measurement (unnormalized) is

|ψPM⟩ ∝ MPM |ψAB⟩= α |00⟩+β p |11⟩+ γ p |22⟩ . (A2)

A2. After memoryless AD channel (no-jump)

Next, the state evolves through the memoryless AD chan-
nel. The “no-jump” part of this evolution corresponds to the
Kraus operator E00 = E0 ⊗E0

E00 |00⟩= (P⊗P) |00⟩= |00⟩ ,
E00 |11⟩= (

√
ηQ⊗

√
ηQ) |11⟩= η |11⟩ ,

E00 |22⟩= (
√

ηQ⊗
√

ηQ) |22⟩= η |22⟩ . (A3)

The state after the channel, conditioned on zero environmental
jumps (unnormalized), is

|ψAD⟩ ∝ E00 |ψPM⟩= α |00⟩+β p̄η̄ |11⟩+ γ p̄η̄ |22⟩ . (A4)

A3. After partial measurement reversal

Finally, we apply the global reversal operation MR =

MA
R ⊗MB

R

MR |00⟩= (
√

prP⊗
√

prP) |00⟩= pr |00⟩ ,
MR |11⟩= (Q⊗Q) |11⟩= |11⟩ ,
MR |22⟩= (Q⊗Q) |22⟩= |22⟩ . (A5)

The final state for the “no-jump” trajectory is (unnormalized)

|ψfinal⟩ ∝ MR |ψAD⟩= α pr |00⟩+β p̄η̄ |11⟩+ γ p̄η̄ |22⟩ .
(A6)

A4. Optimization

To maximize the fidelity, this final state must be propor-
tional to the initial state, i.e., |ψfinal⟩ ∝ |ψAB⟩. This requires all
coefficients to be proportional, which gives the simple, state-
independent condition

popt
r = p̄η̄ . (A7)

Substituting the definitions pr = 1− pr, we solve for the opti-
mal reversal strength popt

r

popt
r = 1− p̄η̄ . (A8)

This is precisely Eq. (18) from the main text. This deriva-
tion rigorously proves that our chosen parameter is the exact,
state-independent optimal choice that restores the no-jump tra-
jectory for the memoryless AD channel.
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