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The study of topological phases in non-Hermitian systems has become a key area in condensed matter physics, pro-
viding a deep understanding of open quantum systems with dissipation. In this work, we study edge dark states (EDSs) in
dissipative topologically nontrivial insulators, i.e., the dissipative Haldane model and the dissipative Kane–Mele model on a
honeycomb lattice. By deriving a non-Hermitian damping matrix X from the Lindblad master equation, we characterize the
system’s dissipative dynamics through its Liouvillian spectrum. Numerical calculations demonstrate that EDSs, marked by
vanishing imaginary parts in the spectrum (Im(λ ) = 0), emerge as topologically protected modes localized at the system’s
edges. These states remain robust even in the presence of nonzero Hamiltonian contributions, contrary to previous studies
showing that such protection required purely dissipative systems. We introduce a double damping matrix X̃ = diag(X ,X∗) to
further demonstrate the stability of EDSs against perturbations. This work highlights the interplay between non-Hermitian
topology and dissipative dynamics, paving the way for exploring novel dissipative topological phenomena.
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1. Introduction
The search for topologically nontrivial phases has been

an important goal in condensed matter physics. Decades
ago, researchers discovered a variety of novel quantum
states in topological Hermitian systems, such as topological
insulators,[1–5] topological superconductors,[6–9] topological
orders,[10–13] and higher-order topological insulators.[14–19]

Furthermore, with lattice symmetries taken into account, topo-
logical crystalline insulators have also been proposed.[20,21]

These topological states exhibit bulk–boundary correspon-
dence. Topological materials with nontrivial bulk topol-
ogy would host protected gapless states at their edges or
surfaces.[4,14–17,22] These boundary states are robust against
certain perturbations due to their bulk topology. The study of
these topologically nontrivial states has not only deepened our
understanding of quantum phases of matter but also opened up
new avenues for technological applications, particularly in the
area of spintronics and quantum computation.

In quantum mechanics, if the physical observables have
real eigenvalues and their eigenstates form a complete ba-
sis, it is required that the plural Hamiltonians for the systems
are Hermitian. In recent condensed matter physics, the dy-
namical properties of open quantum systems provide new in-
sights. Under certain conditions, the open quantum system
can be described by a non-Hermitian (NH) Hamiltonian H
with H 6= H†. It can describe the system experiencing dis-

sipation associated with gain and loss in atomic, molecular,
and optical physics.[23,24] The breakdown of Hermiticity in the
Hamiltonian leads to novel and deeper physics, such as PT-
symmetry, exceptional points (EPs), the non-Hermitian skin
effect, novel non-equilibrium behaviors, and the breakdown
of bulk–boundary correspondence.[25–33]

The influence of non-Hermiticity on the system’s topo-
logical properties has drawn considerable attention.[34–36]

Nevertheless, it is often difficult to solve most of these systems
analytically, especially when interactions are present. How-
ever, one solvable case is the open free fermionic system,
where the dissipative dynamics are fully governed by a non-
Hermitian single-particle damping matrix X that incorporates
both the system Hamiltonian and dissipation. The dynamical
properties of these dissipative systems are characterized by the
complex spectra (or Lindbladian spectra) of the damping ma-
trix X . Two types of special topological edge modes exist in
the dissipative system — edge zero-frequency modes and edge
dark states (EDSs). The edge zero-frequency modes serve as
a dynamical fingerprint of topological order, inducing distinct
dissipation characteristics between the bulk and boundary.[37]

Reference [38] revealed that the topological phenomena in the
dissipative dynamics of quadratic open fermionic systems can
be understood by applying the 38-fold way to the topological
classification of the complex spectrum of X (or the Lindbla-
dian spectrum), where the symmetry of X plays a central role.

†Corresponding author. E-mail: jhe@hebtu.edu.cn
‡Corresponding author. E-mail: wuyajie@xatu.edu.cn
© 2026 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, AI training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100304-1

https://doi.org/10.1088/1674-1056/ae2675
https://cstr.cn/32038.14.CPB.ae2675
mailto:jhe@hebtu.edu.cn
mailto:wuyajie@xatu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 35, 100304 (2026)

Edge dark states as quantum states in open free fermionic
systems have been studied in many cases.[39,40] However, ear-
lier research primarily concentrated on purely dissipative sys-
tems, where the EDSs lose robustness when Hamiltonian con-
tributions are present. In this work we study the EDSs in dis-
sipative Haldane and Kane–Mele models, where both Hamil-
tonian and dissipation coexist on the honeycomb lattice. By
numerical calculations, we find that EDSs are topologically
protected by the double damping matrix X̃ = diag(X ,X∗), and
they remain robust even when the Hamiltonian is taken into
account. Moreover, the time evolution of occupation num-
bers indicates that the EDSs can cause chirality interruption
in damped oscillatory dynamics. In the topological phase, the
edge zero-frequency modes are gradually suppressed as the
dissipation strength increases.

This work is organized as follows. In Section 2, we first
introduce the dissipative Haldane model and analyze its damp-
ing dynamics, followed by a systematic investigation of EDSs
in this framework. In Section 3, we investigate the EDSs in
the dissipative Kane–Mele model. Finally, the conclusions and
discussions are given in Section 4.

2. Edge dark states in the dissipative Haldane
model

2.1. Dissipative Haldane model and the damping dynamics

The Haldane model is the first theoretical model to
achieve the quantum Hall effect without an external magnetic
field.[41] It breaks the time-reversal symmetry by the next-
nearest neighbor hopping with a complex phase ϕ, where the
positive phase is gained with clockwise hopping in the honey-
comb plaquette. Its Bloch Hamiltonian is written as

hH(𝑘) = (h0σ0 +hxσx +hyσy +hzσz) , (1)

where

h0 =−2t ′ cosϕ(cos𝑘 ·𝑎1 + cos𝑘 ·𝑎2 + cos𝑘 ·𝑎3), (2)

hx =−t(cos𝑘 ·𝛿1 + cos𝑘 ·𝛿2 + cos𝑘 ·𝛿3), (3)

hy =−t(sin𝑘 ·𝛿1 + sin𝑘 ·𝛿2 + sin𝑘 ·𝛿3), (4)

hz =−2t ′ sinϕ(−sin𝑘 ·𝑎1 + sin𝑘 ·𝑎2 + sin𝑘 ·𝑎3)+m. (5)

Here, the Pauli matrices σx,y,z and the identity matrix σ0 act on
the sublattice space with the sublattices A and B. t, t ′ and m are
the nearest, next-nearest neighbor hopping amplitudes and the
on-site staggered potential. 𝛿1,2,3 denote the vectors between

the nearest neighbor sites, which are 𝛿1 = a0

(
1
2 ,
√

3
2

)
, 𝛿2 =

a0

(
1
2 ,−

√
3

2

)
and 𝛿3 = a0 (−1,0). 𝑎1 = 𝛿1−𝛿3, 𝑎2 = 𝛿3−𝛿2

and 𝑎3 = 𝛿2 − 𝛿1 are the vectors between the next-nearest
neighbor sites, respectively. a0 is the lattice constant and is
set to be unit. Hereafter in this work, we take ϕ = π/2, then
h0 = 0. There is a topological phase transition at 3

√
3t ′ = m.

If 3
√

3t ′ > m, the system enters a quantum anomalous Hall
phase (QAH) characterized by the Chern number C = 1, while
if 3
√

3t ′ < m, the system becomes a normal trivial insulator.
Here, we have set t > 0, t ′ > 0 and m > 0.

In general, solving open systems is extremely difficult be-
cause there are exchanges of particles and energy between the
system and the environment. Therefore, in many cases we
usually carry out approximation treatments. Fortunately, the
Hamiltonian of an open system of free fermions is a quadratic
form of fermionic operators, and its Lindblad operators (dissi-
pation) are linear forms of fermionic operators. We can use the
single-particle correlation function C to characterize the time
evolution of such systems and give the definition of the Liou-
villian spectrum, so as to study the dynamical effects related
to non-Hermiticity and topological structures.

For an open system of free fermions, its time evolution
can be written in the form of the Lindblad master equation
as[42–45]

d
dt

ρ =−i [HH,ρ]+∑
j

(
2L†

jρL j−
{

L†
jL j,ρ

})
,

where ρ is the density operator, HH is the Hamiltonian for the
Haldane model, which corresponds to the unitary evolution
of the system. The Lindblad operator

(
L†

j ,L j

)
represents the

dissipation caused by the Markovian bath corresponding to the
non-unitary evolution of the system with

Lg
j = ∑

s
Dg

j,sc
†
j,s, Ll

j = ∑
s

Dl
j,sc j,s. (6)

Here j denotes the position of the unit cell and s denotes the
internal degrees of freedom. The g and l represent dissipation
of gain and loss. Dg/l

j,s represents the coupling strength with the
environment. The time evolution process of the density matrix
ρ is controlled by two parts, i.e., unitary dynamics and non-
unitary dynamics. The definition of the single-particle corre-
lation function is Ci j = Tr

(
ρc†

i c j

)
.

Based on the anticommutation relation for fermionic op-
erators, the time evolution equation for the single-particle cor-
relation function is given by

i
d
dt

C = −[hT,C]− i
{

Mg +MT
l ,C

}
+2iMg

= XC−CX† +2iMg, (7)

where in real space HH = ∑i, j c†
i hi jc j, Mg and Ml represent the

dissipation caused by gain and loss with

(Mg)i j = ∑
s

Dg∗
i,sDg

j,s, (8)

(Ml)i j = ∑
s

Dl∗
i,sD

l
j,s. (9)

X is the damping matrix, namely, a NH single-particle matrix.
It consists of both the Hamiltonian and the dissipation

X =−hT− i
(
Mg +MT

l
)
. (10)
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Similar to the classical damped-oscillation case, the time
evolution of states in an open system also follows a damped-
oscillation process. The dynamical details within damped os-
cillations are generally characterized by the Liouville spec-
trum, i.e., the eigenvalue spectrum of the damping matrix X
in the complex plane denoted by {λn}. The imaginary parts of
λ determine the rate at which the initial state converges to the
steady state, and the smaller Im(λ ) corresponds to faster con-
vergence of the system to the steady state. Two special modes
exist in the Liouvillian spectrum: one is the EDSs whose imag-
inary parts vanish, namely, Im(λ ) = 0. The other is edge
zero-frequency modes whose real parts vanish, i.e., Re(λ )= 0.
Similar to the gapless edge mode corresponding to the Hamil-
tonian’s topology, the EDSs and edge zero-frequency mode
in dissipative dynamics are also related to the topology of the
damping matrix.

Based on the Chern insulator of the Haldane model, we
consider three particular types of dissipators to get the two spe-
cial modes as

Ty : Lg
j =

√
ξg

2

(
c†

j,A + ic†
j,B

)
, Ll

j =

√
ξl

2
(
c j,A− ic j,B

)
, (11)

Tx : Lg
j =

√
ξg

2

(
c†

j,A + c†
j,B

)
, Ll

j =

√
ξl

2
(
c j,A + c j,B

)
, (12)

Tz : Lg
j =
√

ξgc†
j,A, Ll

j =
√

ξlc j,A, (13)

where the subscript j represents the position of the unit cell.
The coefficients ξg and ξl represent the coupling strength with
the environment. For the case of Ty and Tx, the dissipation
occurs on the A and B sublattices, while the dissipation only
occurs on the A sublattice for case Tz. Then, the correspond-
ing damping matrix of the dissipative Haldane model can be
written as

Xy
H (𝑘) =−

[
ξ̃ I +hxσx +(hy + iξ )σy−hzσz

]
, (14)

Xx
H (𝑘) =−

[
ξ̃ I +(hx + iξ )σx +hyσy−hzσz

]
, (15)

X z
H (𝑘) =−

[
ξ̃ I +hxσx +hyσy− (hz− iξ )σz

]
, (16)

with ξ̃ = iξ +h0 and ξ =
ξg+ξl

2 , and the corresponding Liou-
ville spectra are

λ
y
H (𝑘) =−ξ̃ ±

√
h2

x +(hy + iξ )2 +h2
z , (17)

λ
x
H (𝑘) =−ξ̃ ±

√
(hx + iξ )2 +h2

y +h2
z , (18)

λ
z
H (𝑘) =−ξ̃ ±

√
h2

x +h2
y +(hz− iξ )2. (19)

Now, in the Liouville spectrum, the modes with nega-
tive imaginary part (Im(λ ) < 0) are allowed and will decay
with time. However, the modes with positive imaginary part
(Im(λ ) > 0) are forbidden due to the fact that they increase

with time. To investigate the topological properties of the dis-
sipative Haldane model on the honeycomb lattice, we numer-
ically study the Liouville spectra of damping matrices as de-
fined in Eqs. (14)–(16) under a cylinder geometry. See the
results in Figs. 1(a)–1(c). We have chosen armchair edges (y-
direction) for periodic boundary conditions (PBC) and zigzag
edges (x-direction) for open boundary conditions (OBC) in our
cylinder geometric configuration.

Under OBC, the EDSs and edge zero-frequency mode ex-
ist in the topological region

(
3
√

3t ′ > m
)

marked by the green
or blue points in Figs. 1(a)–1(c). The EDSs exist only in the
model with the Ty type dissipator under OBC along the zigzag
edge as marked by the green points in Fig. 1(a). Remarkably,
in the dissipative Haldane model, the emergence of imaginary
and real line-gap closures in the edge states (including EDSs
and edge zero-frequency mode) is attributed to the presence of
a non-zero Chern number of the Haldane model. This reveals
that the emergent edge states in the non-Hermitian Haldane
model serve as dynamical indicators of its intrinsic topologi-
cal characteristics. Figures 1(d)–1(f) present the distribution
of edge modes of damping matrices in Eqs. (14)–(16). The
EDSs are localized at the left edge of the system as in Fig. 1(d).
In Fig. 1(f), due to the dissipation applied solely to the A sub-
lattice under the Tz type dissipator in Eq. (13), the edge modes
exhibit asymmetric localization at the two edges.

We can elucidate the physical origin of the edge dark
states shown in Fig. 1(d) by examining the explicit form of the
chiral edge states in the Haldane model. If the Haldane model
is in a topological phase and PBCs are applied in the armchair
edges (y-direction), chiral edge states with opposite chirality
emerge on the left and right boundaries along the zigzag edges
(x-direction), which are

φL ∝ e ikyy
(

1
i

)
, φR ∝ e ikyy

(
1
−i

)
. (20)

Here, φL and φR are the chiral edge states localized at the left
and right zigzag edges, 1 and the imaginary number i are the
pseudo-spinor components of the sublattices. The dissipative
Lindblad operator of Ty introduces coherent pairs (1, i)T be-
tween internal degrees of freedom A and B in each unit cell.
Consequently, the left edge modes, whose relative phase aligns
with the coherent pair (1, i)T, remain unaffected by the envi-
ronment and become the edge dark states (EDSs) of the sys-
tem. In contrast, the right edge modes, whose relative phase
is orthogonal to (1, i)T, are not supported within the system
and are thus dissipated. Therefore, the EDSs are identified as
the left edge modes of the Haldane model. We will study the
topological protection in Subsection 2.2.

The damping matrix X fully characterizes the system’s
dissipative dynamics. To this end, we can examine the relax-
ation rate of the initial states toward the steady state. In our
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analysis, the initial state corresponds to the scenario where
all quantum states are fully occupied C0 = I. Subsequently,
the system is coupled to a Markovian environment, driving
it toward a steady state characterized by the single-particle
correlation function Cs. The deviation of the single-particle
correlation function C(t) from its steady state, denoted as
C̃(t) = C(t)−Cs, obeys the time evolution equation: i d

dt C̃ =

XC̃−C̃X†. The solution to this dynamical equation is

C̃(t) = e−iXtC̃0 e iX†t

= ∑
m,n

e i(−λn+λ ∗m)t |uR
n 〉〈uL

n |C̃0|uL
m〉〈uR

m|, (21)

where [λn] are the eigenvalues (or Liouville spectrum) of the
damping matrix X , i.e., X |uR

n 〉 = λn|uR
n 〉, X†|uL

n 〉 = λ ∗n |uL
n 〉,

where |uR
n 〉 and |uL

n 〉 are biorthogonal basis vectors and sat-
isfy 〈uL

n |uR
m〉 = δmn. Equation (21) characterizes the damped

oscillatory process of the system from the initial state C0 to its
steady state. Consequently, the non-Hermitian damping ma-
trix X encodes the topological characteristics of the dissipative
dynamics.

The time evolution of the on-site particle number nx (t) is

characterized by nx = C̃xx, where x is the lattice site. Numer-
ical results are presented in Figs. 1(g)–1(i). Comparing these
three scenarios, the presence of edge dark states in the Liouvil-
lian spectrum leads to spatial dependence in nx (t). During the
time evolution, the decay behavior of nx (t) progressively tran-
sitions from exponential to non-decaying steady states when
moving outward from the vicinity of the dark state boundary
shown in Fig. 1(g). While in the trivial phase, the absence
of an edge dark state leads to sustained exponential decay of
nx (t). The stark contrast to the decay behavior in topolog-
ically non-trivial phases establishes the chirality-interrupted
damping oscillations as a dynamical fingerprint for identify-
ing topological order.

With the Tx type dissipator of Eq. (12), there may exist
quasi-dark states due to Im[λ x

H(𝑘)] ≈ 0 at the top of the va-
lence band and the bottom of the conduction band, which may
cause the time evolution of nx (t) to approach a steady state
in the long-time limit like Fig. 1(h). However, for the Tz type
dissipator in Eq. (13), the time evolution of nx (t) follows an
exponentially decaying profile due to Im[λ z

H(𝑘)]< 0 shown in
Fig. 1(i).
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Fig. 1. (a)–(c) The Liouville spectra of the dissipative Haldane model under PBC in armchair edges (y-direction) and OBC in zigzag edges
(x-direction) with different damping matrices as defined in Eqs. (14)–(16), respectively. The edge zero-frequency modes are labeled in blue
points and the EDSs are labeled in green points. (d)–(f) The distribution of edge modes of damping matrices in Eqs. (14)–(16), respectively.
The edge dark state (EDS) localized at the left edge of the system shown in (d). (g)–(i) The time evolution of the on-site particle number nx (t).
x = 1, 15, 30, 45, 60, 75 are the global lattice-site indices in the Nx×Ny lattice. (a), (d) and (g) correspond to type-Ty dissipator in Eq. (11); (b),
(e) and (h) correspond to type-Tx dissipator in Eq. (12); (c), (f) and (i) correspond to type-Tz dissipator in Eq. (13). The parameters are t = 1,
t ′ = 0.2, m = 0, ξg = ξl = 0.2, Nx = 40, Ny = 20.
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2.2. The double damping matrix

The dark state in an open system refers to the mode that is
decoupled from the environment. This state has a zero imag-
inary part in the Liouville spectrum and is often referred to
as the non-decoherence subspace in the system.[39] A com-
mon method for constructing edge dark states is to neglect
the original Hamiltonian and then build non-decoherence sub-
spaces using specific Lindblad operators.[46] However, these
edge dark states are prone to failure due to interference from
the original Hamiltonian and the lack of topological protec-
tion. Nevertheless, in the above study, we have discovered that
edge dark states can also exist in open systems that consist of
the original Hamiltonian (H 6= 0), and they are localized at the
edge of the system as in Figs. 1(a) and 1(d).

In topological band theory, the emergence of gapless edge
modes that induce band-gap closure implies the existence of a
nontrivial topological bulk gap. However, the modes with a
positive imaginary part (Im(λ ) > 0) are forbidden in the Li-
ouville spectrum. Furthermore, the above study indicates that
EDSs are edge modes (Im(λ y

H) = 0) protected by the topol-
ogy of the damping matrix in Eq. (14). This implies that if
the EDSs are protected by the topology of the dissipative Hal-
dane model, it necessitates the existence of an imaginary en-
ergy gap, such that the imaginary parts of the energy bands
exhibit opposite signs.

The damping matrix Xy
H (𝑘) preserves the symmetry

σzX
y∗
H (−𝑘)σz =−Xy

H (𝑘), which corresponds to the particle–
hole symmetry of Hermitian systems. This implies that un-
der open boundary conditions, there exist edge modes in the
system. In these two chiral edge states that close the real en-
ergy gap, one of them also serves as an edge dark state when
non-Hermiticity is introduced. To explore the topological pro-
tection of EDSs, we construct a double damping matrix by
combining X and its complex conjugate X∗, i.e.,

X̃ =

(
Xy

H 0
0 Xy∗

H

)
. (22)

Here, we have not considered the physical constraints on
the Liouville spectrum, but rather treated them as a purely
mathematical structure to analyze the relationship between its
symmetries and edge dark states. Through numerical calcu-
lations under PBC, both the positive and negative imaginary
parts are present in the spectra of X̃ as in Fig. 2(a). The imagi-
nary line gap of the non-Hermitian matrix X̃ can be obtained as
∆Eim = 2max(Im(λ y

H)). It corresponds to the dynamics of the
Liouville spectrum. We next calculate the Liouville spectrum
of the double-damping matrix under OBC along the zigzag di-
rection and discover the presence of edge dark states within the
imaginary line gap marked by the green points in Fig. 2(b).
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Fig. 2. (a) and (b) The Liouville spectra of the double damping matrix
X̃ under PBC and OBC along the zigzag direction, respectively. The
EDSs are labeled in green. The parameters are t = 1, t ′ = 0.2, m = 0,
ξg = ξl = 0.2, Nx = 40, Ny = 10. (c) and (d) The double Liouville spec-
trum given by the double damping matrix X̃H with perturbation cou-
pling M1 and M2 under OBC along the zigzag direction, respectively.
The EDSs are robust against the perturbation M1 (c), while they are de-
stroyed by the perturbation M2 (d). The parameters are c1 = c2 = 0.2.

We then proceed to introduce perturbations into the
double-damping matrix X̃ in order to examine the robustness
of the edge dark states. The double-damping matrix X̃ inher-
ently possesses time-reversal symmetry (TRS) and sublattice
symmetry (SLS), i.e.,

TRS : Ut X̃∗ (𝑘)U−1
t = X̃ (−𝑘) ,

SLS : UsX̃ (𝑘)U−1
s =−X̃ (𝑘) .

Here, Ut = τx⊗I or τy⊗I, and Us = τx⊗σz or τy⊗σz, where τx

and τy act on the artificial degrees of freedom. It means that the
symmetry classes of X̃ are nonunique. However, an intrigu-
ing aspect is that the robustness of EDSs against perturbations
is actually enhanced if the symmetry classes that give rise to
nontrivial topology are not unique. To verify the robustness of
EDSs, one can consider perturbations that correspond to the
coupling between the degrees of freedom associated with Xy

H
and Xy∗

H . If the symmetry-consistent coupling can destroy the
EDSs, then the corresponding topology is trivial. Conversely,
if the EDSs exist in the presence of symmetry-consistent cou-
pling, then the topological protection is nontrivial.

We introduce a double-damping matrix with perturba-
tions defined as

X̃H =

(
Xy

H M
M† Xy∗

H

)
. (23)

The introduction of the coupling M may preserve or break the
symmetry of the original double damping matrix X̃ . For in-
stance, when M = MT, the TRS corresponding to Ut = τx⊗ I
is preserved, while the TRS corresponding to Ut = τy⊗ I is
broken. Conversely, when M =−MT, the TRS corresponding
to Ut = τy⊗ I is preserved, whereas the TRS corresponding to
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Ut = τx⊗ I is broken. In this work, we examine the symmetry-
preserving perturbations defined as M1 = c1 · τ0⊗σx for Ut =

τx⊗ I, and M2 = c2 · τ0⊗σy for Ut = τy⊗ I, c1 and c2 denote
the perturbation strengths. The numerical results are shown
in Figs. 2(c) and 2(d) under OBC along the zigzag direc-
tion. In Fig. 2(c), the EDSs are robust against the coupling
M1, whereas in Fig. 2(d), they are destroyed by the coupling
M2. This indicates that the EDSs are protected by the TRS of
Ut = τx⊗ I.

3. Edge dark states in a dissipative Kane–Mele
model
The Kane–Mele model describes a two-dimensional topo-

logical insulator exhibiting the quantum spin Hall effect
due to spin–orbit coupling, while preserving time-reversal
symmetry.[1,47] In this section, we use similar methods to
study the EDSs in a dissipative Kane–Mele model. Its Bloch
Hamiltonian is given by

hKM(𝑘) = hxI⊗σx +hyI⊗σy +h3sz⊗σz,

under the basis vector (c𝑘A↑,c𝑘B↑,c𝑘A↓,c𝑘B↓), where h3 =

−2λso(−sin𝑘 ·𝑎1 + sin𝑘 ·𝑎2 + sin𝑘 ·𝑎3), λso denotes the
spin–orbit coupling strength, and Pauli matrices sx,y,z act on
spin degrees of freedom. The model preserves the TRS, i.e.,
Uth∗KM (𝑘)U−1

t = hKM (𝑘) with Ut = sy ⊗ I. It is character-
ized by a Z2 topological invariant and belongs to class AII in
the ten-fold way classification of non-interacting topological
states.

To ensure the existence of edge dark states in the dissi-
pative Kane–Mele model, a finite Liouville gap should exist
in the system. This requires that the non-Hermitian terms in-
duced by the Markovian environment in the damping matrix
anti-commute with the Hamiltonian hKM(𝑘). There exist four
possible types of dissipators

T1 : Lg
j =

√
ξg(c

†
j,A,↑+ c†

j,B,↑),

Ll
j =

√
ξl(c j,A,↓+ c j,B,↓), (24)

T2 : Lg
j =

√
ξg(c

†
j,A,↑+ ic†

j,B,↑),

Ll
j =

√
ξl(c j,A,↓− ic j,B,↓), (25)

T3 : Lg
j =

√
ξg(c

†
j,A,↑+ c†

j,A,↓),

Ll
j =

√
ξl(c j,B,↑− c j,B,↓), (26)

T4 : Lg
j =

√
ξg(c

†
j,A,↑+ ic†

j,A,↓),

Ll
j =

√
ξl(c j,B,↑+ ic j,B,↓). (27)

The corresponding damping matrices of the dissipative Kane–
Mele model are written as

X1
KM (𝑘) = −iξ I⊗ I− (hx + iξ ) I⊗σx

−hyI⊗σy +h3sz⊗σz, (28)

X2
KM (𝑘) = −iξ I⊗ I−hxI⊗σx

− (hy + iξ ) I⊗σy +h3sz⊗σz, (29)

X3
KM (𝑘) = −iξ I⊗ I−hxI⊗σx−hyI⊗σy

+h3sz⊗σz− iξ sx⊗σz, (30)

X4
KM (𝑘) = −iξ I⊗ I−hxI⊗σx−hyI⊗σy

+h3sz⊗σz− iξ sy⊗σz. (31)

Numerical calculations show that in the topological phase
of the Kane–Mele model with PBC in the armchair direction
and OBC in the zigzag direction, the T1 type dissipator in-
duces edge zero-frequency states, while the T2,3,4 type dissi-
pator leads to the emergence of EDSs, as shown in Fig. 3.
We find that the damping matrix X2

KM (𝑘) with dissipator T2

shares the same symmetry with Xy
H (𝑘) in Eq. (14), namely,

sz⊗σzX2∗
KM (−𝑘)sz⊗σz =−X2

KM (𝑘). This suggests that their
corresponding doubled damping matrices share the same topo-
logical properties. The EDSs are topologically protected and
robust. Moreover, under the T2 type dissipator, as long as the
introduction of on-site staggered potential m does not destroy
the topological phase of the Kane–Mele model, the EDSs will
always remain present.
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Fig. 3. The Liouville spectra of the dissipative Kane–Mele model with
different dissipators under PBC in the armchair direction and OBC in
the zigzag direction on a honeycomb lattice. (a) is a T1 type of dissipa-
tor; (b) is a T2 type of dissipator; (c) is a T3 type of dissipator and (d) is
a T4 type of dissipator. The edge dark states are labeled in green. The
parameters are t = 1, λso = 0.1, ξg = ξl = 0.2, Nx = 40, Ny = 10.

There exists time-reversal symmetry similar to that in
the Hermitian system for the damping matrices X3

KM (𝑘) and
X4

KM (𝑘) in Eqs. (30) and (31), i.e.,

I⊗σz ·X3∗
KM (−𝑘) · I⊗σz =−X3

KM (𝑘) , (32)

sz⊗σz ·X4∗
KM (−𝑘) · sz⊗σz =−X4

KM (𝑘) . (33)

As illustrated in Figs. 3(c) and 3(d), the edge dark states
close the point gap in their corresponding double damping ma-
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trices X̃ i
KM =

(
X i

KM 0
0 X i∗

KM

)
, where i = 3 or 4 represents dif-

ferent dissipators. Similarly, to verify the topological protec-
tion and robustness of the edge dark states, we introduce two
types of perturbations in the double-damping matrix for test-
ing, namely, Mkm1 = c3 · I⊗ I⊗σx and Mkm2 = c4 · I⊗ I⊗σz;
c3 and c4 denote the perturbation strengths. The numerical re-
sults, presented in Fig. 4, demonstrate that in the Kane–Mele
model, if the T3 or T4 type of dissipator is introduced, the per-
turbation Mkm2 would disrupt the edge dark states, while the
perturbation Mkm1 leaves them unaffected. In addition, under
either T3 or T4 type dissipator conditions, the presence of an
on-site staggered potential m removes the EDSs in all cases.
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Fig. 4. The Liouville spectra of a double damping matrix in a dissipative
Kane–Mele model with OBC in the zigzag direction. (a) and (b) are the
double damping matrices under a T3 type dissipator with perturbations
Mkm1 and Mkm2, respectively. (c) and (d) are the double damping ma-
trices under a T4 type dissipator with perturbations Mkm1 and Mkm2, re-
spectively. The EDSs are marked by green. EDSs are robust against the
perturbation Mkm1, while they are destroyed by the perturbation Mkm2.
The parameters are t = 1, λso = 0.1, ξg = ξl = 0.2, Nx = 40, Ny = 10,
c3 = c4 = 0.2.

4. Discussion and conclusion
In this work, we investigate the edge dark states in a dis-

sipative Haldane model and a dissipative Kane–Mele model
within an open quantum system framework that incorporates
both Hamiltonian dynamics and dissipative effects. For a
given dissipator Lg,l

j , we derive a non-Hermitian damping
matrix X from the time evolution equation for the single-
particle correlation functions, where the dynamical details of
damped oscillations are generally characterized by the Li-
ouvillian spectrum of X . Through numerical simulations,
we demonstrate the existence of topologically protected edge
zero-frequency modes and edge dark states. In the topolog-
ical phase, the edge zero-frequency modes are progressively
suppressed as the dissipation strength ξg,l increases. The time
evolution of the occupation numbers reveals that the edge dark
states lead to chirality interruption in damped oscillatory dy-
namics.

In summary, previous studies have established that edge
dark states can arise in purely dissipative systems, and it
was commonly believed that the introduction of a Hamilto-
nian would typically disrupt the topological protection of these
states. However, our work reveals that the robustness of EDSs
originates from their topological nature, which persists even
in the presence of the Hamiltonian. Further studies involving
perturbations showed that the edge dark states can maintain
their stability as long as the perturbations do not destroy the
imaginary line gap. The edge dark states are robust and topo-
logically protected by the double damping matrix.
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