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Equilibrium direction of magnetization under coherent rotation
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The Stoner–Wohlfarth (SW) model describes coherent rotation of magnetization with uniaxial anisotropy. However,
the traditional SW model can be analytically solved only for three specific directions, making it challenging to determine
the direction of equilibrium magnetization in anisotropic ferromagnets under arbitrary fields. In this study, the uniaxial
anisotropy energy in the SW model is extended to include a fourth-order term. By employing inverse function theory, an
exact analytical solution for the equilibrium magnetization direction under any external field is derived. The impact of
the fourth-order term on hysteresis loops is analyzed, showing increased coercivity for fields parallel to the easy axis and
enhanced saturation fields for perpendicular ones. These results improve the understanding of static magnetism and provide
a foundation for the quantitative analysis of magnetization scattering by electric and spin currents.
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1. Introduction
The equilibrium direction of magnetization is fundamen-

tal to characterizing both the static and dynamic properties
of ferromagnets,[1–4] and it plays a crucial role in describing
magnetization scattering under electric and spin currents.[5,6]

Since the three basic magnetization and reversal processes,
namely coherent rotation,[7] displacement of domain wall,[8]

and nucleation and growth,[9] may coexist, quantifying the
intrinsic magnetization and anisotropy of domain-structured
ferromagnets from magnetic measurements remains highly
challenging.[10–12] It is known that there is exchange interac-
tion between atomic magnetic moments, and these processes
can be viewed microscopically as coherent rotation of atomic
magnetic moments. Thus, quantitatively describing the coher-
ent rotation of atomic magnetic moments or magnetization is
essential for understanding the static and dynamic behavior of
ferromagnetic materials.

The Stoner–Wohlfarth (SW) model, a simple framework
for coherent magnetization rotation,[13] employs the simplest
uniaxial anisotropy free energy F = K1sin2 (β −α), where
K1 is the anisotropy constant, and β and α represent the an-
gles between the applied magnetic field and the easy axis,
and the magnetization direction, respectively. In principle,
the model can determine the static equilibrium magnetiza-
tion direction,[14] and subsequently predict relaxation[15] and
precession.[16] As a result, the SW model is widely applied to
magnetization curves and hysteresis loops for intrinsic param-
eter determination; it also describes dynamic behavior, char-
acterizes frequency-dependent permeability, and investigates
ferromagnetic spin electron transport,[17–19] thereby revealing

the effects of magnetization, anisotropy, and interfacial spin–
orbit coupling on resistance and the Hall effect.[20,21]

However, even for the equilibrium magnetization direc-
tion in the SW model, the solution requires solving a quar-
tic equation.[22] Closed-form analytical solutions are available
only when the angle between the applied magnetic field and
the easy axis is 0◦, 45◦ or 90◦.[1] Thus, a precise quantita-
tive understanding of coherent magnetization rotation remains
elusive.[23]

In ferromagnets, the free energy of magnetocrystalline
anisotropy inherently includes higher-order anisotropy terms,
which are widely observed and strongly influence magnetiza-
tion processes. For example, permanent magnetic materials
with hexagonal or tetragonal structures exhibiting an easy c-
axis can transform into easy ab-plane soft magnetic materials
upon temperature variation,[24] which clearly indicates the sig-
nificant role of higher-order terms. As the composition varies,
the fourth-order constant K2 in Co7Zn7Mn6 and Co8Zn8Mn4

at low temperatures is comparable to K1 in Co9Zn9Mn2 and
even dominates in Co10Zn10.[25] In Fe/GaN(0001) epitaxial
films, K3 reaches 4.7∼ 9.2×105 erg/cm3 (1 erg = 10−7 J) and
is comparable to or larger than K1.[26] Higher-order effects are
also observed in Co/Ni multilayers[27] and Fe–Pt core–shell
structures.[28] These results demonstrate that a proper under-
standing of higher-order anisotropy terms is important for an-
alyzing both static and dynamic magnetic properties.

This study considers an extended uniaxial anisotropy
model with higher-order terms. Inspired by inverse trigono-
metric methods,[29] a solution is derived by inverting y = g(x)
to x = f (y), yielding a simple analytical expression valid for
general field directions. Based on the resulting equilibrium
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positions, angle-dependent hysteresis loops are calculated, re-
vealing behaviors distinct from the conventional SW model.
These findings provide a consistent quantitative framework for
describing coherent magnetization rotation and enhance the
understanding of static and dynamic magnetic properties in
ferromagnets.

2. Analytical solution of the extended SW model
Consider a uniaxial anisotropic spherical particle with

magnetization 𝑀 deviating from the easy axis by an angle θ

under an external magnetic field 𝐻 , as shown in Fig. 1. When
the uniaxial anisotropy includes both second- and fourth-order
symmetries, the free energy density of the system can be ex-
pressed as

F = K1sin2 (β −α)+K2sin4 (β −α)−µ0MHcosα, (1)

where α is the angle between 𝐻 and 𝑀 , and β is the angle
between the easy axis and 𝐻 . At equilibrium, 𝑀 satisfies
∂F/∂α = 0 and ∂ 2F/∂α2 > 0, which is

2(1+k)sin2(β −α)− ksin4(β −α)−4hsinα = 0, (2)

w = (1+k)cos2(β −α)− k cos4(β −α)+hcosα > 0, (3)

where k = K2/K1, h = H/HK , and HK = 2K1/µ0M.

Fig. 1. Coherent rotation model of magnetization.

By defining m = cosα , equation (2) can be transformed
into the following form:

4
(
1−m2){m[(1+k)cos2β − k

(
2m2−1

)
cos4β ]+h}2

= [(1+k)
(
2m2−1

)
− k
(
8m4−8m2 +1

)
cos2β ]2sin22β . (4)

From Eq. (4), it is evident that the equation is an eighth-degree
one for m, which is difficult to solve analytically. However,
by adopting an inverse function approach, equation (4) can be
reformulated as a quadratic equation in h, leading to a straight-
forward analytical solution

h± =−m
[
(1+k)cos2β − k

(
2m2−1

)
cos4β

]
±

(1+k)
(
2m2−1

)
− k
(
8m4−8m2 +1

)
cos2β

2
√

1−m2
sin2β . (5)

Equation (5) thus establishes the relationship between h and m.
To determine the stable orientation of 𝑀 , equation (3) is employed to evaluate the stability condition w > 0. Following a

similar method, equation (3) is treated to obtain that

w± = (1+k)
(
2m2−1

)
cos2β − k

(
8m4−8m2 +1

)
cos4β +mh±± 2m

√
1−m2

[
(1+k)−4k

(
2m2−1

)
cos2β

]
sin2β . (6)

Substituting Eq. (5) into Eq. (6) yields

w± =
(
m2−1

)[
(1+k)cos2β − k

(
6m2−1

)
cos4β

]
±m

(1+k)
(
3−2m2

)
+ k
(
24m4−40m2 +15

)
cos2β

2
√

1−m2
sin2β . (7)

Equation (7) therefore provides the relationship between m and β under stable conditions.
Figure 2 shows the calculated results of Eqs. (5) and (7) for β = 45◦ with k = 0, 0.5, 1.0. It can be observed that when

m→ 1(m→−1), h+ > 0(h−< 0), w+ > 0(w− > 0), indicating that h+ and h− correspond to w+ and w−, respectively. Moreover,
when the direction of h changes, the solution h+ (h−) exhibits a discontinuous jump at the point where w+ (w−) equals zero.
This transition identifies the stability range of solutions for different values of h.

Fig. 2. Solutions of h± ∼m and their corresponding w± ∼m at β = 45◦. The black solid squares correspond to h+ ∼m, the black open squares
correspond to h− ∼ m, the red solid circles correspond to w+ ∼ m, and the red open circles correspond to w− ∼ m for (a) k = 0, (b) k = 0.5,
and (c) k = 1.0.
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Clearly, the solution of Eq. (5) is not applicable when
m2 = 1, i.e., sinα = 0. In this case, the expanded form of
Eq. (2) can be written as

sin2β [(1+k)− kcos2β ] = 0. (8)

Given that k≤ 1 and 0◦ ≤ β ≤ 90◦, to satisfy 1−kcos2β ≥ 0,
it is necessary that sin2β = 0, that is, β = 0◦ or 90◦.

For β = 0◦, equations (2) and (3) reduce to

(
1−m2){m

[
(1+k)− k

(
2m2−1

)]
+h
}2

= 0, (9)

w = (1+k)
(
2m2−1

)
− k
(
8m4−8m2+1

)
+mh > 0. (10)

Two types of solutions can be obtained from Eq. (9),

m2 = 1, (11a)

h =−m
[
(1+k)− k

(
2m2−1

)]
. (11b)

By substituting Eq. (11) into Eq. (10), the corresponding sec-
ond derivatives of the free energy satisfy

w = 1+mh > 0, (12a)

w =
(
1−m2)(6km2−2k−1

)
> 0. (12b)

Combining Eqs. (11) and (12), the stable solution is given by
the following expressions:


m = 1, h >−1,
m
[
(1+k)− k

(
2m2−1

)]
=−h, −4km3 < h <−1,m > 0,

m
[
(1+k)− k

(
2m2−1

)]
=−h, 1 < h <−4km3,m < 0,

m =−1, h < 1.

For β = 90◦, equations (2) and (3) reduce to(
1−m2){m

[
(1+k)+ k

(
2m2−1

)]
−h
}2

= 0, (13)

w =−(1+k)
(
2m2−1

)
− k
(
8m4−8m2+1

)
+mh > 0. (14)

From Eq. (13), two types of solutions are also obtained

m2 = 1, (15a)

h = m
[
(1+k)+ k

(
2m2−1

)]
. (15b)

Substituting Eq. (16) into Eq. (14) yields the corresponding
second derivatives of the free energy

w =−1−2k+mh > 0, (16a)

w =
(
1−m2)(1+6km2)> 0. (16b)

Combining Eqs. (16) and (17), the stable solutions are


m = 1, h≥ (1+2k) ,
h = m

[
(1+k)+ k

(
2m2−1

)]
, −(1+2k)< h < (1+2k) ,

m =−1, h≤−(1+2k) .

3. Static hysteresis loops
Using Eqs. (13) and (17), the hysteresis loops for β = 0◦

and 90◦ can be calculated.

Fig. 3. Magnetic hysteresis loops for different k values. The red squares
correspond to k = 0, the blue circles correspond to k = 0.5, and the black as-
terisks correspond to k = 1.0. Solid symbols correspond to β = 0◦, and open
symbols correspond to β = 90◦. The symbols represent stable solutions, and
the dashed lines represent jump points for (a) β = 0◦ and (b) β = 90◦.

Figure 3 shows the corresponding hysteresis loops for
β = 0◦ and 90◦ with k = 0.0, 0.5, and 1.0. It can be observed
that the hysteresis loop at β = 0◦ is independent of k, while the

loop at β = 90◦ exhibits significant variation with increasing
k. Two main features are observed: first, the central part of the
loop evolves from a straight line to an S-shaped curve; second,
the saturation field becomes larger than that at β = 0◦. These
two features can be used to distinguish whether the anisotropy
of the system conforms to the assumptions of the SW model.

Generally, the hysteresis loop can be determined by
jointly using Eqs. (5) and (7). Following the typical proce-
dure for measuring hysteresis loops, h starts at a large positive
value, where w+ > 0 and w− < 0, indicating that the solution
of h+ ∼ m represents the physically stable solution. As h+
gradually decreases, once it crosses the point where w+ = 0, a
transition occurs such that w+ < 0 and w− > 0. At this stage,
h− ∼ m becomes the appropriate stable solution, and remains
so until the system reaches magnetic saturation. Conversely,
when h increases from a large negative value, w− > 0 indi-
cates that h− ∼m corresponds to the stable solution. Once the
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system crosses the point where w− = 0, the condition switches
to w+ > 0 and w− < 0, in which case h+ ∼ m becomes the
valid solution. Based on the above procedure, hysteresis loops

under various conditions can be obtained. Figure 4 shows the
hysteresis loops for β = 22.5◦, 45◦, and 77.5◦ with k = 0, 0.5,
and 1.0.

Fig. 4. Magnetic hysteresis loops for k = 0, 0.5, and 1.0. The red solid squares correspond to k = 0.0, the blue solid circles correspond to
k = 0.5, and the black solid asterisks correspond to k = 1.0 for (a) β = 22.5◦, (b) β = 45◦, and (c) β = 77.5◦.

4. Discussion
Based on the hysteresis loop solutions, the dependence

of remanence mr, saturation field hs, switching field hSF, and
coercivity hc on β is extracted, as shown in Fig. 5. The rema-
nence corresponds to the point (h= 0, mr) and can be obtained
from Eq. (2) as

mr = cosα = cosβ . (17)

As shown in Fig. 5(a), mr is independent of k and depends
solely on the direction of h.

The saturation field hs corresponds to the point (hs, m =

1). However, true saturation is unattainable for field directions
other than β = 0◦ and 90◦. The value of hs can be obtained
using Eq. (5)

hs = −m
[
(1+k)cos2β − k

(
2m2−1

)
cos4β

]
+

(1+k)
(
2m2−1

)
− k
(
8m4−8m2 +1

)
cos2β

2
√

1−m2
sin2β .

(18)

Assuming that m = 0.99 corresponds to a near-saturated
state, hs for different magnetization directions can be deter-
mined accordingly, as shown in Fig. 5(b). It is evident that
hs varies significantly with different easy-axis orientations.
Moreover, hs increases progressively with increasing k.

It is known that hSF can be determined by simultane-
ously setting h± = w± = 0 in Eqs. (5) and (6). Although hSF

has an analytical expression in the conventional SW model, it
becomes difficult to obtain a closed-form solution when the
fourth-order anisotropy term is included. To address this, we
set w± = 0 in Eq. (7) and compute the values of m for differ-
ent β . Substituting these values back into Eq. (6), hSF can be
obtained. As shown in Fig. 5(c), all switching fields are rep-
resented by star-shaped curves, which expand outward with
increasing k.

The existence of the switching field also leads to two
distinct types of coercivity solutions. The first solution cor-
responds to m > 0, consistent with switching fields, while

the second corresponds to m = 0, which can be derived from
Eq. (5) as

hc =−
1
2
(
1+2kcos2

β
)

sin2β . (19)

As shown in Fig. 5(d), the coercivity gradually decreases with
increasing β , and generally increases with larger values of k.

Fig. 5. Variation of characteristic quantities with β for k = 0, 0.5, and 1.0.
The red solid squares correspond to k = 0.0, the blue solid circles correspond
to k = 0.5, and the black solid asterisks correspond to k = 1.0, for (a) rema-
nence mr, (b) saturation field hs. The dashed line represents the results of
theoretical calculations using Eq. (18), and the solid line indicates the results
of actual measurements. (c) Switching field hSF. (d) Coercivity hc. The solid
line is obtained from hSF, and the dashed line is derived from Eq. (19).

5. Conclusion
In this study, an analytical solution to the extended SW

model is derived, and the static magnetic behavior of magne-
tization along arbitrary directions is investigated. Using the
inverse function concept, the exact analytical solution for the
equilibrium direction of magnetization is obtained in a general
uniaxial anisotropic system under arbitrary field directions.
Based on this stable solution, hysteresis loops under arbitrary
field directions are obtained, which show distinct differences
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from conventional expectations. The analytical solution es-
tablishes criteria and characteristics for understanding static
magnetization under the coherent rotation mechanism. From
the single-domain particle perspective, increasing k alongside
reducing β is an effective approach to enhance coercivity for
hard magnetic particles. In contrast, for soft magnetic ma-
terials, reducing anisotropy and adjusting the magnetization
direction is the most effective approach to minimizing losses.
This work provides an exact analytical framework for the ex-
tended SW model under arbitrary field orientations, which can
be used to investigate the effect of higher-order terms on the
dynamic magnetization processes.
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