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SPECIAL TOPIC — Ultrafast physics in atomic, molecular and optical systems

Unraveling the dynamical origin of intense fifth harmonic generation
from H+

2 in a linearly laser field
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A systematic investigation of the fifth-harmonic generation in H+
2 , driven in the vicinity of a five-photon resonance

by a linearly polarized laser field, has been carried out by numerically solving the full three-dimensional time-dependent
Schrödinger equation. We observe a pronounced enhancement of the fifth harmonic, while the intensities of the adjacent
harmonics are significantly suppressed. Our analysis shows that such an enhancement of the fifth harmonic is mainly
caused by the multiphoton resonance transition, as well as multichannel interference. In addition, we investigate the depen-
dence of harmonic emission on laser intensity and molecular orientation to identify the optimal conditions for enhancing
the fifth-harmonic generation. Our results provide useful insights for producing coherent ultraviolet radiation at 106 nm
experimentally.

Keywords: intense fifth-harmonic generation, hydrogen molecule ions, multiphoton resonance, multichannel
interference

PACS: 33.80.Rv, 42.50.Hz, 42.65.–k

DOI: 10.1088/1674-1056/ae23ab CSTR: 32038.14.CPB.ae23ab

1. Introduction

High-order harmonic generation (HHG) serves not only
as an excellent source of coherent femtosecond (fs) pulses
from the extreme ultraviolet (XUV) to the soft x-ray
region[1–4] but also as a powerful tool for probing ultrafast
electron dynamics and material structural properties.[5–10] The
underlying physical mechanism of HHG in gases is well de-
scribed by the three-step model.[11] First, an electron tunnels
through the potential barrier formed by the combined laser and
Coulomb field. Second, the freed electron is accelerated by
the laser field. Finally, upon reversal of the laser field direc-
tion, the electron may be driven back toward the parent ion and
undergo recombination, resulting in the emission of a high-
energy photon. In this picture, HHG spectra typically display
a broad structure consisting of a plateau region that extends
over many harmonic orders, thereby producing coherent radi-
ation across a wide range of the XUV spectrum, but with inher-
ently low photon conversion efficiency.[12] However, coherent
quasi-monochromatic extreme ultraviolet (QM-XUV) pulses
are of great significance for applications in many advanced ex-
periments, such as XUV pump–probe spectroscopy for track-
ing fs-scale electronic dynamics,[13] XUV diffractive imag-
ing achieving high spatial resolution,[14] time-resolved pho-

toemission techniques for both band structure mapping and
surface topology analysis,[15,16] and XUV nonlinear optics re-
search to generate highly charged ions in noble gases.[17]

In order to obtain intense fs QM-XUV pulses, a tradi-
tional approach involves isolating individual harmonics from
the broadband harmonic spectrum using XUV optics.[18]

However, this wavelength-selection technique introduces sig-
nificant harmonic flux attenuation. This is a critical challenge
for HHG-based sources intended for experiments requiring in-
tense fs QM-XUV radiation. To overcome this obstacle, there
are two main approaches to enhance harmonic conversion ef-
ficiencies: the first is a waveform-synthesized laser field by
using a multi-color field,[19,20] and the second is resonant tran-
sition between autoionizing states and the ground state,[21]

which can selectively enhance a single high-order harmonic
while greatly suppressing adjacent harmonics. For below-
threshold harmonics, the intensity of a single harmonic can be
enhanced by employing methods of nonlinear optics[22] and
utilizing resonant transition from excited states to the ground
state.[23–27] Experimentally, using a short-wavelength laser in
the multiphoton ionization regime, Singh et al. achieved a
significant enhancement in seventh harmonic generation from
Ga+ ions, demonstrating a resonant intensity enhancement ra-
tio of 714 relative to the adjacent fifth and ninth harmonics.[23]
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Theoretically, Camp et al. reported enhancements of the 7th,
9th, and 11th harmonics, and these enhancements arise from
multiphoton resonances between the ground state and Stark-
shifted excited states in He.[27] Research on absorption-limited
conversion efficiency has shown that the HHG conversion effi-
ciency is proportional to |Aq/σq|2,[28] where Aq and σq are the
amplitude of the oscillating dipole and the absorption cross
section at the harmonic frequency ωq, respectively. Thus, the
HHG conversion efficiency can be increased in two ways: by
increasing Aq, or by reducing σq of HH photons. By choosing
the molecules and noble gas clusters as generating media, the
excitation of resonances can increase the single-atom response
Aq.

In this paper, we explore the generation of a high-
efficiency harmonic of H+

2 in an intense laser field by solving
the full three-dimensional time-dependent Schrödinger equa-
tion (TDSE). We find that using the frequency-doubled light
of a Nd:YAG laser (which emits light at 1064 nm) produces a
pronounced enhancement of the fifth harmonic, while the in-
tensities of the adjacent harmonics are completely suppressed.
We reveal the mechanism by varying the laser’s wavelength. In
order to determine optimal conditions for enhanced fifth har-
monic, we further investigate the variation of fifth-harmonic
radiation with the laser’s intensity and orientation angle. Re-
cently, Bengtsson et al. explored the control of free induc-
tion decay — a process analogous to atomic resonance. They
found that absorption by the medium can be notably sup-
pressed by adjusting the propagation direction of the sponta-
neously emitted light.[26] Their experimental results also in-
dicate that this light emitted via free induction decay to the
ground state exhibits coherence properties similar to those of
HHG. Thus, our results offer valuable guidance for producing
coherent ultraviolet radiation at 106 nm in experiments.

2. Theoretical methods
The molecular axis of H+

2 is aligned along the z-axis, with
nuclei fixed at −a and a (R = 2a). HHG can be studied by
solving the TDSE[29–31] in prolate spheroidal coordinates (ξ ,
η , ϕ). In atomic units, the full three-dimensional TDSE is
given by

i
∂Ψ(ξ ,η ,ϕ, t)

∂ t
=

[
H0(ξ ,η)+V (ξ ,η ,ϕ, t)

]
Ψ(ξ ,η ,ϕ, t), (1)

where V (ξ ,η ,ϕ, t) is the interaction potential, it is written as

V (ξ ,η ,ϕ, t)

= aE(t)
[

ξ η cosθ +
√
(ξ 2−1)(1−η2)cosϕ sinθ

]
, (2)

where θ is the orientation angle between the polarization
vector of the laser field and the molecular axis. E(t) =

E0 sin2(πt/T )sin(ωt) is the laser field. H0(ξ ,η) represents
the field-free Hamiltonian, which can be written as

H0(ξ ,η) = − 1
2a2(ξ 2−η2)

[
∂

∂ξ
(ξ 2−1)

∂

∂ξ

+
∂

∂η
(1−η

2)
∂

∂η
+

ξ 2−η2

(ξ 2−1)(1−η2)

∂ 2

∂ϕ2

]
− 2ξ

a(ξ 2−η2)
. (3)

Equation (1) is solved accurately and efficiently using the
second-order split-operator method, expressed as

Ψ(t +∆t) ' exp
(
− iH0

∆t
2

)
exp
[
− iV

(
t +

∆t
2

)
∆t
]

×exp
(
− iH0

∆t
2

)
Ψ(t)+O((∆t)3). (4)

Then, the time-dependent population of every bound
states and spectra of the produced HHG radiation can be ob-
tained. The time-dependent population Pn of a particular quan-
tum state ϕn(ξ ,η ,ϕ) is evaluated from the following equation:

Pn(t) =
∣∣〈ϕn(ξ ,η ,ϕ)|Ψ(ξ ,η ,ϕ, t)〉

∣∣2. (5)

The spectra density of the HHG radiation can be calcu-
lated by

S(ω) =
2ω4

3πc3 |𝑑(ω)|2, (6)

where 𝑑(ω) is the Fourier transform of 𝑑(t), and the time-
dependent dipole moment is given by

𝑑(t) = 〈Ψ(t)|𝑟|Ψ(t)〉. (7)

In our calculations, an absorbing layer is implemented
between Rb = 40 and Rmax = 80 a.u. to smoothly attenuate
the wave function and prevent spurious reflections of the wave
packet from the boundary. This ensures that outgoing electron
currents are not reflected back into the simulation domain. For
the time propagation, we use 4096 time steps per optical cycle,
corresponding to a total of 81920 steps over the entire pulse
duration of 20 optical cycles. This numerical scheme and pa-
rameter selection ensure the accuracy of the computed results.

3. Results and discussion
Figure 1 shows the calculated harmonic spectra of H+

2 for
the internuclear distances R = 2 a.u. (the equilibrium inter-
nuclear distance). To ensure the ionization process occurs in
the same ionization regime, the Keldysh parameter γ is fixed.
From the HHG spectrum with laser wavelength of 800 nm at a
laser intensity of 1.5×1014 W/cm2 shown in Fig. 1(a) (corre-
sponding to a Keldysh parameter γ = 1.3), one can see that the
harmonic spectrum satisfies the general characteristics: as the
harmonic orders increase, the harmonic intensities decrease,
and then a plateau region appears. A harmonic emission line,
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which comes from the bound-bound resonant transition be-
tween the first excited state and the ground state, to the right
of the harmonic of order 7 (H7) is clearly identified. However,
as shown in Fig. 1(b), the harmonic spectrum produced by a
532 nm laser with an intensity of 3.5× 1014 W/cm2 (corre-
sponding to a Keldysh parameter γ = 1.3) exhibits a signifi-
cant enhancement in the plateau region. Specifically, the har-
monic intensities in this region are approximately five orders
of magnitude higher than those observed in Fig. 1(a). More
significantly, there is a remarkably strong emission line at the
fifth harmonic. Its intensity is not only comparable to that of
the H1, but also three orders of magnitude higher than that of
the H3 and H7. The intense harmonic H5 can easily produce
coherent QM-XUV sources at 106 nm.
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Fig. 1. Harmonic spectra of H+
2 driven by laser fields at (a) an intensity

of 1.5×1014 W/cm2 and a wavelength of 800 nm, and (b) an intensity of
3.5×1014 W/cm2 and a wavelength of 532 nm.

To explore the origin of the intense fifth harmonic,
we show the harmonic spectra of H+

2 at internuclear dis-
tances R = 2 a.u. with different wavelengths in Fig. 2(a).
Both the pulse duration of 20 cycles and peak intensity of
3.5× 1014 W/cm2 are kept the same in all cases. As one
can see, with the variation of the laser’s wavelengths in a
small range (from 515 nm to 545 nm), the peak intensities of
the enhanced fifth harmonic depend sensitively on the laser’s
wavelength. From the comparison of the enlarged fifth har-
monic shown in the inset, we can see that, with the change in
the laser’s wavelength from 515 nm to 545 nm, the H5 inten-
sities first increase and then decrease. When the incident laser
operates at 532 nm wavelength, the fifth harmonic exhibits
maximum enhancement. However, when the laser’s wave-
length is tuned to the resonant wavelength (523 nm) of the fifth
harmonic, the harmonic intensity is reduced compared to the
off-resonance 532 nm excitation case. According to the pre-
vious studies,[31,32] with regard to the multi-photon process,
the enhanced fifth harmonic of H+

2 mainly comes from three
kinds of contributions. In Fig. 3, we present the energy levels

of the dressed states (1σg and 1σu) of H+
2 and several instanta-

neous transitions between them. One is the transition from the
dressed states of the same field-free excited state, which corre-
sponds to transition 1. This process, predominant in the central
part of the laser’s pulse, is responsible for the usual odd har-
monic generation. The other is a resonant transition between
the different bound states, such as from the first excited 1σu

state to the ground 1σg state of H+
2 , which corresponds to tran-

sition 2. This process can persist until the end of the laser field
and may continue beyond it. The last is the interference effect
between transition 1 and transition 2. In order to investigate
which types of transitions contribute to the enhancement of
the fifth harmonic, we show the populations of the 1σu state
with different wavelengths in Fig. 2(b). The population can
be obtained by projecting the time-dependent wave function
onto the free-field 1σu state near the end of the falling edge of
the laser pulse. The laser’s parameters are the same as those
in Fig. 2(a). To enable direct comparison, figure 2(c) presents
both the H5 peak intensity from Fig. 2(a) and the final pop-
ulation from Fig. 2(b) as functions of the laser’s wavelength.
As the laser’s wavelength increases from 515 nm to 545 nm,
the final population of the 1σu state first increases and then
decreases. The variation trend of the H5 peak intensity with
laser wavelength is analogous to that of the final population.
This phenomenon indicates that the contribution of transition
2 is important. Moreover, the population reaches its maximum
at an off-resonance wavelength of 532 nm, exceeding that at
the resonance wavelength of 523 nm. It indicates that more
electrons are excited to the first excited 1σu state of H+

2 via
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Fig. 2. (a) Harmonic spectra of H+
2 driven by laser fields at an intensity

of 3.5× 1014 W/cm2 with different wavelengths. (b) The corresponding
population of the first excited state 1σu of H+

2 near the end of the laser’s
pulse. (c) The H5 peak intensity and the final population of the 1σu state
as a function of the laser’s wavelength.
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Fig. 3. The physical mechanisms of the intense fifth harmonic generation.
The red arrows indicate the multiphoton absorption process, the green
arrows indicate the transition between the dressed states, and the purple
arrows indicate the resonant transition between the different bound states.

a five-photon resonance process at 532 nm, which can be at-
tributed to the AC Stark shift of this state. Therefore, the in-
fluence of the AC Stark effect on the 1σu state must be taken
into account. Furthermore, we observe that the population at
538 nm is larger than that at 523 nm, whereas the H5 peak
intensity at 523 nm is greater than that at 538 nm. A simi-
lar discrepancy is also evident at wavelengths of 520 nm and
545 nm. These results imply that resonant transition is not the
only reason for the enhancement of the fifth harmonic.

In Fig. 4, we show the dipole-emission properties of the
harmonic H5 by calculating the time profiles and dynamical
phases. The laser’s parameters are the same as those in Fig. 2.
The time profile is obtained by the wavelet transform of d(t),

Aw(t0,ω) =
∫

d(t)wt0,ω(t)dt ≡ Aω(t), (8)

here, wt0,ω(t) =
√

ωW [ω(t − t0)]. In our study, the Morlet

wavelet is given by W (x) = 1√
τ

e ix e−
x2

2τ2 . The dynamical
phase θ(t) of the dipole-emission time profile |Aω(t)| is ob-
tained by Aω(t) = |Aω(t)| e−i[ωt+θ(t)]. These instants can be
construed as the electron–ion recollision times. For different
laser wavelengths, we present the time profiles at harmonic
energies of 10.59 eV, 10.54 eV, 10.51 eV, 10.46 eV, 10.44 eV,
and 10.43 eV. Each of these specific energies corresponds to
the harmonic peak labeled in the H5 inset of Fig. 2(a). From
the time profiles presented in Figs. 4(a), 4(b), and 4(f), it can
be observed that the H5 emission is mainly concentrated in the
middle region of the laser field, spanning from the eighth to
the 14th cycle, which corresponds to the transition 1 in Fig. 3.
However, when the laser’s wavelength is 532 nm, as depicted
in Fig. 4(d), the H5 emission starts from the eighth cycle and
continues until the end of the laser’s field. During this pe-
riod, the H5 radiation intensity is not only the strongest but

also remains constant. This suggests that transitions 1 and 2
both contribute to the H5 emission. Figure 4 also reveals the
dynamical phase of the fifth harmonic. It can be seen that
the dynamical phase undergoes rapid oscillations as a function
of recollision time, traversing the entire 0–2π domain, which
would lead to both constructive and destructive interference
in the dipole emission at different times. As shown in the
shaded regions of Figs. 4(c) and 4(d), the dynamical phases
are nearly uniform across the main emission periods. This
uniformity results in constructive temporal interference of the
bremsstrahlung radiation, indicating that the interference be-
tween transitions 1 and 2 plays a crucial role. In contrast,
the dynamical phases change significantly in the other cases
presented in Fig. 4. Despite the constructive interference ob-
served in Fig. 4(c), the radiation at H5 is weaker than that at
532 nm. This is because the contributions from transitions 1
and 2 diminish throughout the entire emission process.
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Fig. 6. The red solid lines indicate the time profiles at the peak of the fifth
harmonic at laser intensity of (a) 2I0, (b) 3.5I0, (c) 4I0, (d) 5I0, (e) 6I0
and (f) 10I0. Here, I0 = 1.0× 1014 W/cm2. The black dots indicate the
corresponding dynamical phases. The laser’s wavelength is 532 nm in all
cases.

Among the three mechanisms that contribute to the en-
hanced H5, the AC Stark shift of the first excited 1σu state
will directly affect the contribution of transition 2. Thus, it
is essential to explore the correlation between laser intensity
and the enhanced H5. Figure 5 presents the dependence of
the harmonic peak ratios (H3/H1, H5/H1, and H7/H1) on
the laser’s intensity. The laser’s wavelength is 532 nm in all
cases. This shows clearly that, with increasing laser intensities
from 1.0×1014 W/cm2 to 1.0×1015 W/cm2, the intensity ra-
tios of the H3/H1 as well as H7/H1 remain very low, close to
0, and exhibit only minimal variation. In contrast, the H5/H1
displays a distinct behavior: it rises rapidly from 0 to 0.84
at intensities below approximately 3.5×1014 W/cm2, beyond
which it plateaus at a constant value of 0.84. At the laser in-
tensity of 8.0× 1014 W/cm2, the H5/H1 begins decrease. To
further investigate the physics behind this phenomenon, fig-
ure 6 presents the time profiles and the dynamical phases at
the peak of the fifth harmonic with different laser intensities.
One can see that, for the laser wavelength of 532 nm, when the
laser intensity is 2.0× 1014 W/cm2 or 3.5× 1014 W/cm2, the
H5 radiation starts from the eighth cycle and continues until
the end of the laser field, which indicates that both transitions
1 and 2 occur. In addition, the dynamical phases are nearly
uniform across the main emission periods. Thus, the interfer-
ence between transitions 1 and 2 plays a crucial role. When
the laser’s intensity exceeds 3.5× 1014 W/cm2, as shown in
Figs. 6(c)–6(f), not only does the amplitude of the time pro-
files from the 14th to the 19th cycle decrease, but the dynami-

cal phases also change significantly. These factors reduce the
contribution from both transition 2 and interference effect to
the H5 radiation. Therefore, despite the significantly stronger
radiation from transition 1 at laser intensity of 6×1014 W/cm2

or 1× 1015 W/cm2, the intensity ratio of H5/H1 still be-
gins to decline. That is to say, when the laser’s intensity is
3.5×1014 W/cm2, three distinct mechanisms all contribute to
the H5 radiation, leading to high conversion efficiency. Mean-
while, the emission of other harmonics is virtually suppressed,
which readily enables the generation of intense QM-XUV ra-
diation.

Compared with symmetric atoms, the alignment of the
molecule with respect to the polarization direction not only
affects ionization of an electron but also affects harmonic
emission.[33] Thus, in Fig. 7, we present the harmonic yields
of the H3, H5, H7, H9, and H11 as a function of the orien-
tation angle, the harmonic yield for the n-th order is obtained
by integrating the spectrum from the (n−0.5) to (n+0.5) or-
der. Because the transition between 1σu and 1σg states is not
allowed at θ = 90◦ in a linear laser field, one can see that the
H5 yield is comparable to that of the other order harmonics in
the vicinity of 90◦. However, the H5 yield is far higher than
that of the other order harmonic at any other orientation angle.
In particular, when the orientation angle is below 60◦, it has
no effect on the enhancement of the fifth harmonic. Although
the yield of the fifth harmonic begins to decrease rapidly as
the orientation angle increases from 60◦ to 90◦, it remains sig-
nificantly higher than that of other orders harmonic. For the
other harmonic orders, the orientation angles have a great im-
pact on the harmonic emission (see the inset of Fig. 7). This
implies that in the experiment the alignment of H+

2 does not
play a crucial role in achieving a high conversion rate for the
fifth harmonic.
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Fig. 7. The yield of the H3, H5, H7, H9, and H11 as a function of the
orientation angles.

4. Conclusion
In conclusion, we have presented a detailed study of the

high-efficiency harmonic radiation of H+
2 in a linearly polar-

ized laser field. By choosing an appropriate incident laser
pulse, we observe the fifth harmonic with high conversion ef-
ficiency (with an H5/H1 intensity ratio of 0.84), while the ad-
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jacent harmonics are dramatically suppressed. By varying the
laser’s wavelength, we compare the population of the 1σu state
of H+

2 , time profiles and dynamical phases at the H5 peak
intensity. The results reveal that the H5 enhancement arises
from three distinct mechanisms: (1) transition 1: between the
dressed states of the same excited state; (2) transition 2: a res-
onant transition between the Stark-shifted 1σu and 1σg states;
and (3) interference effect: constructive interference between
transitions 1 and 2. Furthermore, we find that the H5 con-
version efficiency depends on the laser’s intensity, reaching a
maximum at 3.5×1014 W/cm2 with a wavelength of 532 nm.
Moreover, the alignment of H+

2 is found to have only a minor
influence on achieving a high conversion efficiency for the fifth
harmonic. These findings are helpful for producing coherent
QM-XUV sources in experiments.
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