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This paper is devoted to studying the impacts of fractional Gaussian noise (FGN) excitation on power systems. Firstly,
based on the historical data of power systems, the long-range correlations in power systems are found, and then the power
systems under FGN excitation are established. Secondly, to quantify the influences of FGN on the proposed models, the
security-domain probability is introduced. Thirdly, according to the pathwise integrals and differential rule with respect
to FGN, an analytical method is proposed to evaluate the security-domain probability. In contrast to the Monte Carlo
approach, the analytical approach is much faster to yield the security-domain probability without losing the accuracy of
results. Finally, some suggestions are offered to enhance the dynamical characteristics of the FGN-excited power systems.
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1. Introduction
With the rising popularity of solar power generation, wind

power generation, and other new energy sources, their ran-
domness and uncertainty bring significant difficulties to the
regulation and operation of power systems. The research on
power systems under the influence of randomness and uncer-
tainty has received much attention.[1–3] Thus, it is important
to analyze the influence of uncertainty and randomness for
stochastic differential equations (SDEs) modeling[4–6] in re-
newable power systems. Yuan et al.[7] considered wind power
as a stochastic disturbance and developed dynamical power
systems based on SDEs. Wang et al.[8] determined the ef-
fect of Gaussian white noise (GWN) perturbation on power
system stability based on Fokker–Planck–Kolmogorov equa-
tions. Ghanavati et al.[9] modeled power systems subjected to
stochastic load perturbations and different renewable energy
generation as stochastic differential algebraic equations. Ju et
al.[10] discussed the impact of an additive GWN on power sys-
tem characteristics according to stochastic dynamical meth-
ods. Most of the research on the stochastic dynamics of power
systems focuses on the case of Gaussian white noise excita-
tion. Although a few studies have considered the influence of
temporal correlation in random factors on the system charac-
teristics, the research is not in-depth.[11]

However, the randomness of new energy output in reality

has strong temporal correlations that memoryless noise mod-
els, i.e., GWN, are often unable to adequately capture.[12,13]

Fractional Brownian motion (FBM) provides an important the-
oretical basis for the investigation of long-correlation noise.
It is a more extensive stochastic process than Brownian mo-
tion (BM). The parameter known as H in FBM BH(t) and
fractional Gaussian noise (FGN) W H(t), which is the formal
derivative of the FBM, is referred to as the Hurst index, a con-
cept defined in the interval 0 < H < 1. In the case of H = 1/2,
the FBM BH(t) reduces to the standard BM B(t), and the FGN
W H(t) reduces to GWN W (t). An FBM BH(t) with H ̸= 1/2
is neither a semimartingale nor a Markov process. It is evi-
dent that the responses of systems to FGN cannot be treated as
a Markov diffusion process, and the conventional Itô stochas-
tic calculus cannot be applied. The calculus with respect to
the FBM is intricate, and its mathematical theory is still in
development.[14–16] Consequently, the investigation of nonlin-
ear dynamical systems excited by FGN presents significant
difficulties and challenges.

Summarily, in the modeling of the randomness of new
energy power, the probabilistic distribution properties and the
time-correlation of different variables are required to be con-
sidered. Besides, the primary key problem is how to model the
randomness of new energy power with its time-correlation and
probabilistic distribution properties into power systems. De-
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spite the employment of various noise models to describe ran-
dom perturbations in power systems, FGN provides distinct
advantages for the modeling of realistic flight environments.
Contrary to the assumption of independence between incre-
ments made by memory-less noise processes, FGN captures
the long-range temporal correlations that are commonly ob-
served in wind farms. Therefore, establishing an FGN model
to accurately describe the randomness of new energy power
with time-correlation and probabilistic distribution properties
can both ensure the accuracy and incorporate the random-
ness of new energy power in a more efficient way. Thus, a
new stochastic dynamical model for power systems excited by
FGN is established in this paper. Then, the analytical approach
based on pathwise integrals and the differential rule with re-
spect to FGN has several key advantages over Monte Carlo
simulation.[18] Firstly, it achieves superior computational ef-
ficiency by avoiding the large-scale, repeated sampling and
fine time-stepping that are inherent in Monte Carlo simulation.
This reduces computational time by orders of magnitude while
maintaining accuracy. Furthermore, it enables deterministic
error control by yielding closed-form expressions for key met-
rics, allowing for a more systematic assessment of accuracy
without the sampling variance that plagues Monte Carlo sim-
ulation results. In addition to improving efficiency and preci-
sion, the method provides deeper parametric insight by estab-
lishing closed-form dependencies on critical parameters such
as the Hurst index, noise intensity, and critical energy. This
makes it possible to conduct direct sensitivity analysis, which
would otherwise be difficult to obtain from Monte Carlo sim-
ulation alone.

The present work is organized as follows. In Section 2,
a few preliminaries such as the FGN and the FBM are intro-
duced. Section 3 proposes the model of power systems excited
by FGN. Section 4 puts forward the analytical method for the
dynamical effect of FGN excitation on the proposed systems.
Section 5 offers simulation examples to illustrate the applica-
tion and validity of this technique in power systems. Finally,
Section 6 presents some conclusions.

2. Preliminaries
2.1. Long-range correlation in power systems

Based on the measured power data of wind farms and
photovoltaic power plants in the same area,[17] the correla-
tion between wind power generation (WPG) and photovoltaic
power generation (PPG) is investigated by detrended fluctu-
ation analysis (DFA). The generated wind and photovoltaic
power generation curves are shown in Fig. 1. As seen from
Fig. 1, wind and photovoltaic power generation have obvious

seasonal periodicity. In addition, the power generation at a cer-
tain time in the future is not only related to the current power
generation but also related to the power generation in the past.

For quantifying the correlation between the time series of
wind and photovoltaic power generation, we use the DFA in-
troduced by Peng et al.[19] This approach is suitable for quan-
tifying the long-range correlation in non-stationary signals and
has been successfully applied to weather records,[20,21] finan-
cial data,[22] and so on. The DFA process is briefly described
below. The original time series x(i), i = 1,2, . . . ,N is inte-
grated to yield y(k) = ∑

k
i=1[x(i)− ⟨x⟩], k = 1, . . . ,N, where

⟨x⟩ = 1
N ∑

N
i=1 x(i) is the average. Then, the sequence y(k)

is divided into Nn non-overlapping segments with length n,
and the linear least square fitting is estimated in each segment
(s= 1,2, . . . ,Nn). Next, the trend of the sequence y(k) is solved
by subtracting the local trend from the data in each segment.
The detrended variance can be calculated as

F2
DFA(n) =

1
nNn

Nn

∑
s=1

ns

∑
k=n(s−1)+1

[y(k)− yn,s(k)]
2 , (1)

where FDFA(n) usually increases with n based on the power
law FDFA(n) ∼ nα . The scaling exponent α is the slope of
least square fitting of log[FDFA(n)] with respect to logn. When
α = 0.5 means uncorrelated signal, α > 0.5 represents per-
sistent long-range correlation and α < 0.5 denotes anti long-
distance correlation. The scaling exponent α corresponds to
the Hurst index H in FGN.[23,24]
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Fig. 1. The generated wind and photovoltaic power generation curves.

In order to verify the long-range correlation between wind
and photovoltaic power generation data, we present the results
of DFA1, DFA2, and DFA3 in Figs. 2 and 3. In Fig. 2, the
scaling exponents under DFA of orders 1, 2, and 3 are respec-
tively α1 = 0.88± 0.02,α2 = 0.83± 0.01,α3 = 0.82± 0.01.
In Fig. 3, the scaling exponents under DFA of orders 1, 2, and
3 are respectively α1 = 0.69± 0.01,α2 = 0.70± 0.01,α3 =

0.71± 0.01. From Figs. 2 and 3, both wind and photovoltaic
power generation dynamics exhibit persistent long-range cor-
relation (α > 0.5). Among them, the correlation of wind
power generation is stronger, as shown by the higher value
of the scaling exponent.
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To sum up, it is necessary to consider the long-range cor-
relation between different variables in the modeling of renew-
able power systems. Therefore, introducing FGN with long-
range correlation into the power system model can not only
ensure accuracy but also efficiently analyze the operation of
renewable power systems.
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Fig. 2. The DFA of orders 1, 2, and 3: (a) daily wind power generation,
(b) daily photovoltaic power generation.
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Fig. 3. The motivation of power system modeling under FGN excita-
tion.

2.2. FBM and FGN

FBM was defined by Mandelbrot and Van Ness, who pre-
sented in Ref. [25] a random integration in the form of stan-
dard BM, i.e.

BH(t) = CH

{∫ 0

−∞

[(t − s)H−1/2 − (−s)H−1/2]dB(s)

+
∫ t

0
(t − s)H−1/2 dB(s)

}
, (2)

in which B(t) is a standard BM and CH is a normalization con-
stant.

Definition 1 Let the Hurst index be H ∈ (0,1). FBM
(BH(t))t≥0 is the continuous, centered Gaussian process
whose covariance function is

E[BH(t)BH(s)] =
1
2
(t2H + s2H −|t − s|2H), t,s ≥ 0, (3)

where t,s ∈ R+.

(a)

(b)

Fig. 4. ACF and PSD of FGN: (a) ACF, (b) PSD.

Suppose H = 1/2; FBM will then be the standard BM.
Via Definition 1, when H > 1/2, the FBM process (BH(t), t ≥
0) exhibits a long-distance correlation. When r(n) =

E[BH(1)(BH(n+1)−BH(n))], thus ∑
∞
n=1 r(n) = ∞. The FBM

likewise exhibits self-similarity; then (BH(αt), t ≥ 0) features
the identical probability density law as (αHBH(t), t ≥ 0). Sim-
ilar to the standard BM, FBM is non-differentiable a.s. (al-
most surely). Since the formal derivative of BM is often called
GWN, the FBM is called FGN, i.e.

W H(t) =
dBH(t)

dt
=

BH(t +∆t)−BH(t)
∆t

. (4)

Then, according to Eqs. (3) and (4), the auto-correlation func-
tion (ACF) of FGN can be derived, i.e.

R(τ) = E[W H(t + τ)W H(t)]

= H(H +1)|τ|2H−2 +2H|τ|2H−1
δ (τ). (5)

This could easily indicate that R(τ) is the Dirac function δ (τ)

from Eq. (5) as H = 1/2, and it is the ACF of GWN. Using
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Fourier transformation, the power spectral density (PSD) of
FGN with 1/2 ≤ H < 1 would be acquired as follows:

S(ω) =
1

2π

∫
∞

−∞

R(τ)e−jωτ dτ

=
HΓ(2H)sin(Hπ)

π
|ω|1−2H . (6)

Figure 4 displays a few simulation results with ACF and
PSD of FGN when 1/2 ≤ H < 1. According to Fig. 4, the

PSD is close to a constant while the ACF approaches the Dirac
function δ (τ) as H approaches 1/2. When H is close to 1,
the PSD is close to the Dirac function δ (τ) while the ACF is
close to a constant. When H is between 1/2 and 1, the ACF
is limited to a value in a long time interval, which indicates
long-range correlation. Thus, when H with 1/2 and 1, FGN
is a steady Gaussian process. Figure 5 provides an intuitive
observation for FGN with different Hurst index H.
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Fig. 5. The sample path of FGN for different Hurst indexes (a) H = 0.5, (b) H = 0.7, (c) H = 0.8, (d) H = 0.9.

3. Modeling
3.1. The model of power systems excited by FGN

In the environment of increasing integration among re-
newable energy generation and rechargeable vehicles, more
and more uncertainty and randomness are brought into power
systems. FGN is regarded as the random perturbation of the
bus load power with long-range dependence. Thus, the multi-
machine power systems excited by FGN are as follows:{

dδi = ω0∆ωi dt i = 1,2, . . . ,n,

Mi d∆ωi = (Pi −Pei −Di∆ωi)dt +σi dBHi
i (t),

(7)

with 
Pi = Pmi −GiiE2

i ,

Pei =
n

∑
j=1, j ̸=i

EiE jBi j sin(δi −δ j),
(8)

in which n is the number of generators, δi, ∆ωi, Mi, Ei, and
Di are respectively the rotating angle, rotating rate, inertial pa-
rameter, generator energy, damping coefficient, and internal
voltage of the i-th machine, and ω0 = 2π f is the synchronous
speed. GiiE2

i represents the effective power generated by the
loads, because the network and the load are combined. Gii and
Bi j are terms in the simplified mobility matrix. σi dBH

i stands
for the FGN excitation on the i-th generator, BHi

i represents

the independent FBM, Hi is the Hurst index in the range of
1/2 < Hi < 1, and σi is the intensity of the FGN excitation in
the i-th machine.

3.2. The security-domain probability

When the power systems are subject to deterministic
disturbances, the smaller perturbations have a weaker im-
pact. However, for power systems subjected to random
perturbations, the small perturbations could have dramatic
influences.[26] In practice, it is preferable that system states
function in the secure region. Maintaining system frequency
within specific limitations is necessary to achieve frequency
performance standards.[10,27] When uncertain variability is
added, system states within the area are determined at random.
The likelihood of operational states occurring in an area is an
appropriate metric for assessing the effects of unknown vari-
ability on power system characteristics. In this study, we refer
to this probability as the security-domain probability. Stable
power systems with greater security-domain probabilities may
be less affected by unknown variability. The security-domain
probability is then determined

𝑃 (t) = 𝑃 {Y (t) ∈ ΩB}, (9)

where Y (t) stands for running status such that

Y (t) = [δ1(t), . . . ,δn(t),∆ω1, . . . ,∆ωn],
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and ΩB indicates the secure domain required by the running
status and 𝑃 {Y (t) ∈ ΩB} expresses the probability when Y (t)
lies in ΩB.

3.3. Energy function for multi-generator power systems

For single-generator-infinite-bus power systems with
only two-dimensional status, it is viable to compute the
security-domain probability by Eq. (9). However, for multi-
generator power systems, the calculation is complicated owing
to the multi-dimensional running status. The energy function
for multi-machine power systems (7) can be represented as
follows:[28]

ℋ =
1
2

n

∑
i=1

Miω0∆ωi
2 +

n

∑
i=1

Pi(δis −δi)

+
n

∑
i=1

n

∑
j=i+1

EiE jBi j cos(δis −δ js)

−
n

∑
i=1

n

∑
j=i+1

EiE jBi j cos(δi −δ j), (10)

where δis and δ js are respectively the balanced rotating angles
for the i-th and j-th machines.

A domain where the energy function ℋ is below the criti-
cal energy ℋB is termed the bounded fluctuation domain. The
critical energy ℋB can be established based on the operational
demands. Therefore, the security-domain probability can be
transferred as

𝑃 (t) = 𝑃 {ℋ(t)<ℋB}, (11)

where ℋ(t), ℋB, and 𝑃 {ℋ(t)<ℋB} stand for the system en-
ergy at time t, the critical energy, and the possibility that ℋ(t)
is less than ℋB, respectively.

4. FGN-induced theoretical analysis for power
systems
In the present part, FGN-induced stochastic dynamical

analysis in power systems is utilized to analytically compute
the security-domain probability. First, we provide a concise
overview of the integral and differential rules concerning FBM
and FGN, accompanied by a sample solution of a linear sys-
tem to FGN. Second, the explicit solution for the system en-
ergy is acquired based on mathematical derivation. Finally, the
security-domain probability is calculated analytically accord-
ing to the statistical knowledge of the system energy.

4.1. Pathwise integrals and differential rule for FBM

A number of stochastic integral definitions for the FBM
have been proposed in various fields.[14–16] The pathwise in-
tegral is the simplest and most natural of these. Consider the

following summation:∫ t

t0
f (X(s),s)dBH(s)

= lim
n→∞

n

∑
i=1

f (X(t ′i), t
′
i)[B

H(ti)−BH(ti−1)],

ti = i∆t, ∆t =
(t − t0)

n
, (12)

where ti−1 ≤ t ′i ≤ ti; f (X(t), t) is a function of the random pro-
cess X(t) and time t. There are three different types of path-
wise integrals according to t ′i = (ti−1+ ti)/2, t ′i = ti−1 or t ′i = ti.

The first is called the symmetric integral, which is defined
as ∫ t

t0
f (X(s),s)d∘BH(s)

= lim
n→∞

n

∑
i=1

f
(

X
(

ti−1 + ti
2

)
,
ti−1 + ti

2

)
[BH(ti)−BH(ti−1)],

ti = i∆t, ∆t =
(t − t0)

n
, (13)

where
∫
·d∘BH(s) denotes the symmetric integral. The second

is called the forward integral, which is defined as∫ t

t0
f (X(s),s)d−BH(s)

= lim
n→∞

n

∑
i=1

f (X(ti−1), ti−1)[BH(ti)−BH(ti−1)],

ti = i∆t, ∆t =
(t − t0)

n
, (14)

where
∫
·d−BH(s) denotes the forward integral. The third is

called the backward integral, which is defined as∫ t

t0
f (X(s),s)d+BH(s)

= lim
n→∞

n

∑
i=1

f (X(ti), ti)[BH(ti)−BH(ti−1)],

ti = i∆t, ∆t =
(t − t0)

n
, (15)

where
∫
·d∘BH(s) denotes the backward integral.

For H = 1/2, equation (13) is exactly the Stratonovich
integral, and equation (14) reduces to the Itô integral. In prac-
tical and theoretical studies, the backward integral is rarely
used, while the symmetric integral and the forward integral
are widely used. If an SDE is set up, the appropriate stochas-
tic integral type must be selected. For example, the following
SDE

dX(t) = α(X(t), t)dt +β (X(t), t)d−BH(t) (16)

is associated with the path-forward path integral. Conse-
quently, the fractional forward processes are used to describe
the stochastic process X(t) governed by Eq. (16). In this paper,
the path-symmetric integral and forward-integral type SDEs
are used. The first is used for the modeling of the physical
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equation and is then transformed into the second one. Fol-
lowing the definitions of the path-symmetric integral (13) and
the path-forward integral (14), the difference between the two
types of differentials can be simplified in the following way:

β (X(t), t)d∘BH(t)−β (X(t), t)d−BH(t)

=

{
1
2

∂

∂x β (X(t), t)dt, H = 1/2,
0, H > 1/2.

(17)

This means that when H > 1/2, the forward integral and the
symmetric integral are equivalent. Thus, equation (16) is
equivalent to the following SDE

dX(t) = α(X(t), t)dt +β (X(t), t)d∘BH(t), H > 1/2. (18)

Consider a function Y (t) = f (X(t), t) of the fractional
forward process X(t) governed by Eq. (16) with Hurst in-
dex H ∈ (1/2,1). The following differential rule has been
demonstrated[14,16]

dY (t) =
∂ f (X(t), t)

∂ t
dt +

∂ f (X(t), t)
∂x

dX(t), H > 1/2. (19)

This rule can be extended to the case of multiple dimensions.
For example, consider the following n-dimensional fractional
forward-SDE:

d𝑋(t) = α(𝑋(t))dt +β (𝑋(t))d−𝐵H(t), (20)

where 𝑋 = [X1,X2, . . . ,Xn]
T,α(𝑋(t)) is an n × 1 vec-

tor, β (𝑋(t)) is an n × m matrix, and 𝐵H(t) =

[BH1
1 (t), . . . ,BHm

m (t)]T is a vector of m independent unit FBMs
with Hurst indexes 1/2 < H1,H2, . . . ,Hm < 1. The fractional
forward-SDE for 𝑌 (t) = f (𝑋(t)) is

dY (t) = f T
x α(𝑋(t))dt + f T

x β (𝑋(t))d−𝐵H(t),

1/2 < H1,H2, . . . ,Hm < 1, (21)

where fx = [∂ f/∂x1, . . . ,∂ f/∂xn]
T.

4.2. Sample solution of linear SDE with FBM

Considering the following n-dimensional linear SDEs

d𝑋(t) =𝑀𝑋(t)dt +𝑄−d𝐵H(t), 𝑋(0) =𝑋0, (22)

where 𝑋(t) = [X1(t),X2(t), . . . ,Xn(t)]T is an n × 1 vector
random process; 𝐵H(t) = [BH1

1 (t), . . . ,BHm
m (t)]T is an m × 1

vector of independent unit FBMs with Hurst indexes 1/2 <

H1,H2, . . . ,Hm < 1; 𝑀 is an n× n constant coefficient ma-
trix; 𝑄 is an n×m constant coefficient matrix modulating the
excitation intensities of FBMs 𝐵H(t). Considering function
e−𝑀t𝑋(t) and using the differential rule, we can get

d(e−𝑀t𝑋(t)) =−𝑀 e−𝑀t𝑋(t)dt + e−𝑀t d𝑋(t), (23)

where e−𝑀t is an exponent matrix. Upon substituting the ex-

pression (22) into Eq. (23) and then completing the integration

on both sides of Eq. (23), the following sample solution for

Eq. (22) is obtained

𝑋(t) = e𝑀t𝑋0 +
∫ t

0
e𝑀(t−s)𝑄d−𝐵H(s). (24)

In the presence of positive damping, the initial term

e𝑀t𝑋0 in Eq. (24) undergoes decay, approaching a state of

vanishing as the temporal domain extends to an infinite extent.

The secondary term approaches a state of stationarity follow-

ing an infinite temporal span. Consequently, the solution of

the stationary sample of the SDE (22) is as follows:

𝑋(t) =
∫ t

−∞

e𝑀(t−s)𝑄d−𝐵H(s). (25)

4.3. Simplifying model of system energy under FGN exci-
tation

In reality, the magnitude of the random disturbance or ex-

citation is relatively small; therefore, it is reasonable to lin-

earize. The linearized model of system (7) at its equilibrium

point is derived as


d∆δi = ω0∆ωi dt, i = 1,2, . . . ,n−1,

Mi d∆ωi =−∑
n
j=1, j ̸=i Ci j(∆δi −∆δ j)dt

−Di∆ωi dt +σi dBHi
i (t),

(26)

where ∆δi = δi −δn, ∆δn = 0, δn is the rotor angle of the n-th

machine and Ci j = EiE jBi j cos(δis −δ js).

The linearized model of function (8) at its equilibrium

point is represented as

ℋ=
1
2 ∑

n
i=1 Miω0∆ωi

2 +
1
2 ∑

n
i=1 ∑

n
j=i+1 Ci j(∆δi −∆δ j)

2. (27)

It can be seen that Eq. (27) is a quadratic type. Through the

similar matrix 𝐶, the power systems (26) are transformed into

d𝑌 =𝐴𝑌 dt +𝐺d𝐵H(t). (28)

The function equation (27) can be converted into the normal

quadratic type

ℋ= 𝑌 T𝑌 = y2
1 + . . .+ y2

i + . . .+ y2
2n−1, (29)

where 𝑌 = 𝐶𝑋 = (y1, . . . ,yi, . . . ,y2n−1)
T, 𝑋 =

(∆δ1, . . . ,∆δn−1,∆ω1, . . . ,∆ωn)
T, and 𝐶 is a linear transfor-

mation matrix of order (2n−1).
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4.4. Analytical solution for the security-domain probabil-
ity

According to the pathwise integrals and differential rules
w.r.t. FBM (see Subsection 4.1) and Eq. (24), the sample so-
lution for Eq. (28) is obtained as follows:

𝑌 (t) = e𝐴t𝑌0 +
∫ t

0
e𝐴(t−s)𝐺d−𝐵H(s). (30)

The mean and variance of 𝑌 (t) are yielded as

𝜇𝑌 = E
[

e𝐴t𝑌0 +
∫ t

0
e𝐴(t−s)𝐺d−𝐵H(s)

]
= E[𝑌0]e𝐴t ,

𝛴𝑌 = E
[(

e𝐴t𝑌0 +
∫ t

0
e𝐴(t−s)𝐺d−𝐵H(s)−E[𝑌 (t)]

)2]
= H(2H −1)

∫ t

0

∫ t

0
e𝐴(t−u)

×𝐺𝐺T e𝐴(t−v)|u− v|2H−2 dudv,

(31)

where 1/2 < H < 1, 𝜇𝑌 and 𝛴𝑌 are respectively the mean
and variance.[16]

It is not difficult to find that 𝑌 (t) follows the multivari-
ate normal distribution N(𝜇𝑌 ,𝛴𝑌 ). The Wishart distribu-
tion is then the probability distribution of the random variable
ℋ=𝑌 T𝑌 . The probability density function (PDF) of the sys-
tem energy ℋ (29) can be obtained

f (ℋ, t) =
|ℋ|(2n−3)/2 exp

(
− 1

2 tr
(
𝛴−1

Y ℋ
))

2(2n−1)/2|𝛴Y |(2n−1)/2Γ
( 2n−1

2

) , (32)

where |𝛴Y | is the determinant of 𝛴Y and Γ(·) is the gamma
function defined as

Γ

(
2n−1

2

)
=
∫

∞

0
t

2n−3
2 e−t dt. (33)

The PDF (32) is an essential feature for the system energy
under FGN excitation. The security-domain probability (11) is
indeed the integral of the PDF. Integrating Eq. (32), we have

𝑃 {ℋ(t)<ℋB}=
∫ ℋB

−∞

p(ℋ, t)dℋ

=
∫ ℋB

0

|ℋ|(2n−3)/2 exp
(
− 1

2 tr
(
𝛴−1

Y ℋ
))

2(2n−1)/2|𝛴Y |(2n−1)/2Γ
( 2n−1

2

) dℋ.

(34)

5. Case studies
Next, an example is used to analyze the precision and

workpiece ratio of the analytical approach.

5.1. Monte Carlo method

The Monte Carlo approach will be employed to make a
comparison with the analytical method. In the application of
the Monte Carlo approach, determining appropriate iteration
numbers and time steps is of utmost importance. Although

more reliable results can be achieved by increasing the number
of repetitions and reducing the time increment, this inevitably
leads to a longer computational time. During the simulation
process, the time step and iteration number for the Monte
Carlo method can be set to 0.0001 s and 6000, respectively.
The procedure for calculating the security-domain probability
based on the Monte Carlo approach is illustrated in Fig. 6.

Fractional Gaussian noise in power system

Stochastic dynamical model under fractional Gaussian noise excitation

System states trajectory under fractional Gaussian noise excitation

System energy trajectory under fractional Gaussian noise excitation

Is the iteration number enough

The security-domain probability of system energy

Yes

No

Fig. 6. Procedure to calculate security-domain probability using the
Monte Carlo method.

5.2. The 4-generator 2-area power systems

The 4-generator 2-area power system will be employed as
the example to be simulated, as seen in Fig. 7. These parame-
ters can be accessed in Ref. [28]. The FGN can be described
as the random perturbation of the bus load power with long-
range dependence. The model of the 4-generator 2-area power
system can be represented as Eq. (26).

Fig. 7. The 4-generator 2-area power systems.

The time domain simulations of Eqs. (7) and (12) are car-
ried out by using the Monte Carlo method, with the calcu-
lated state inserted into Eqs. (10) and (13). In contrast, the
analytical solution for the system energy is derived through
Eq. (14). This process enables the determination of the change
curve of system energy with respect to time. As illustrated in
Figs. 8(a)–8(c), the system energy change curves result from
multiple time domain simulations with different methods. It
should be noted that, within the parameters of this simulation,
the critical potential energy of the original systems is estimated
to be 2.2, i.e. ℋB = 2.2. In other words, the systems are con-
sidered to be unstable when the energy exceeds 2.2. As shown
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in Fig. 8, we can clearly observe that there is no significant
difference in the trends of the energy ℋ of the original system,
the ℋ of the linearized system, and the ℋ of the obtained ana-
lytical solution. Consequently, the numerical simulations will
stop once the system energy ℋ surpasses 2.2, as illustrated by
the red thick line.

Based on multiple numerical simulations, the probabil-
ity of falling within a certain energy interval is counted at a
determined moment, which is considered as the PDFs of the
original systems by Monte Carlo simulation. Figures 9(a)–
9(c) show the PDFs of the system energy by Eqs. (10), (27),

and (29) from different times under Hurst index H = H1 =

H2 = H3 = H4 = 0.55. More detailed results with different
Hurst indexes H (H = 0.75 and H = 0.95) can be found in
Fig. 10 and Fig. 11. It is noted that at fixed times t = 3 s, 5 s,
and 7 s with different Hurst index H, the analytical solutions
agree well with the PDFs of the original system energy and
the linearized model of system energy. Meanwhile, as shown
in Fig. 12, by comparing the PDFs of the system energy at dif-
ferent times with different Hurst indexes H, we can find that
although the mean value of the system energy decreases when
H approaches 1 from 0.5, the probability of the tail increases.

(a) simulation of original system
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Fig. 8. Energy curve based on time domain simulation under H1 = H2 = H3 = H4 = 0.75.
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Fig. 9. The comparison with PDF of system energy from different times under H1 = H2 = H3 = H4 = 0.55.
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Fig. 10. The comparison with PDF of system energy from different times under H1 = H2 = H3 = H4 = 0.75.
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Fig. 11. The comparison with PDF of systems energy from different times under H1 = H2 = H3 = H4 = 0.95.
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Furthermore, we can derive the security-domain proba-
bility in accordance with the PDFs, which is considered a
reliable indicator to estimate the effect of FGN excitation
on power system characteristics. In the simulation example,
the security-domain probability is studied using the analytical
method and the Monte Carlo method. The security-domain
probability is calculated for different Hurst indexes, intensi-
ties of FGN, damping factors and critical energy, as seen from
Fig. 13. Obviously, all findings from the analytical method
are extremely close to the Monte Carlo approach, indicating
that the analytical approach has high accuracy. Figure 13(a)
plots the security-domain probability under different Hurst in-
dexes (Case 1: H = H1 = H2 = H3 = H4 = 0.55, Case 2:
H = H1 = H2 = H3 = H4 = 0.75, Case 3: H = H1 = H2 =

H3 = H4 = 0.95). Figure 13(b) shows the security-domain
probability at different strengths of FGN (Case 1: σ1 = 0.03,
σ2 = 0.04, σ3 = 0.05Z, σ4 = 0.06; Case 2: σ1 = 0.04, σ2 =

0.05, σ3 = 0.06, σ4 = 0.07; Case 3: σ1 = 0.06, σ2 = 0.07,
σ3 = 0.08, σ4 = 0.09) when the Hurst index is H =H1 =H2 =

H3 = H4 = 0.75. Figure 13(c) displays the security-domain
probability at damping factors (Case 1: D1 = 0.60, D2 = 0.65,
D3 = 0.70, D4 = 0.75; Case 2: D1 = 0.50, D2 = 0.55, D3 =

0.60, D4 = 0.65; Case 3: D1 = 0.40, D2 = 0.45, D3 = 0.50,
D4 = 0.55) with a fixed Hurst index H = 0.75. Figure 13(d)
shows the security-domain probability at different critical en-
ergies (Case 1: ℋB = 8, Case 2: ℋB = 6, Case 3: ℋB = 4)
when the Hurst index is H = H1 = H2 = H3 = H4 = 0.75.
From Fig. 13, the security-domain probability increases with
the increase of the Hurst index, damping factor and critical en-
ergy, and with the decrease of FGN strength, respectively. En-
hancing system damping, mitigating FGN excitation and im-
proving the tolerance of the systems with respect to stochastic
noise will contribute to the regulation and operation of power
systems under FGN excitation.
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Fig. 12. The comparison with PDF of system energy from different times under H1 = H2 = H3 = H4 = 0.95.
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6. Conclusion
Due to the convenience of new energy and chargeable ve-

hicles, the random noises in the power systems are of great
concern. In this article, an advanced analytical method is de-
veloped to evaluate the dynamical effects with FGN excitation
on power systems. Firstly, it is reasonable, effective and nec-
essary to introduce FGN into power systems to describe the
randomness with time-correlation and probability characteris-
tics. The security-domain probability is employed to evaluate
the dynamical effects of FGN excitation. Secondly, according
to pathwise integrals and the differential rule w.r.t. FBM, the
analytical method is developed to evaluate the dynamical in-
fluences of FGN excitation on power systems. To verify the
effectiveness of the proposed method, the Monte Carlo solu-
tion of the original systems is used as the reference solution.
Finally, some suggestions are given to increase the system
damping, mitigate external random disturbances and increase
the tolerance of the systems with random disturbances to pro-
mote the dynamical characteristics of the power systems. In
practical implementation, the damping value of power systems
should be appropriately increased. Through measures of sys-
tem correction, filtering processing and setting a reasonable
controller, the tolerance of the systems to stochastic distur-
bance will be improved.

The proposed method has several advantages, including
high efficiency and a clear mechanism, which meet the re-
quirements of more intelligent power systems. Facing the ac-
cess of large-scale renewable energy and active load, the re-
search in this paper has certain theoretical significance and
practical application value. Using much more detailed power
grid models and multiplicative FGN excitation will be the fo-
cus of the next research work.
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