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Probing entropic uncertainty and quantum correlations
in a quadruple quantum dot device for two charge qubits

Hao Wang (VL)
Shanghai Normal University Tianhua College, Shanghai 201815, China

(Received 8 September 2025; revised manuscript received 11 November 2025; accepted manuscript online 14 November 2025)

We analyze the quantum correlations, the quantum-memory-assisted entropic uncertainty (QMA-EUR), and its lower
bound in a quadruple quantum dot device for two charge qubits. Herein, we select incompatible Pauli operators &, and
6, as a pair of observables of interest for the measurement of particle A, and the uncertainty can be predicted from the
entanglement of particle A with quantum memory B. We explore the dynamics of quantum discord and QMA-EUR; taking
into account the effects of electron temperature, energy offsets, tunneling coupling, and the strength.of coupling (i.e., the
Coulomb interaction between electrons). Interestingly, our results indicate that there are certain adjustable parameters that
can be tuned to suppress the entropy uncertainty bound and enhance quantum correlations.
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1. Introduction

Heisenberg’s uncertainty principle!!! is widely regarded
as one of the most fundamental features of the quantum world,
which is fundamentally distinct from the classical world. Sub-
sequently, based on Heisenberg’s ideas related to the momen-
tum and position measured for a particle, Kennard!?! formu-
lated the first uncertainty relation in terms of the product of
standard deviations, i.e., AxAp, > i/2. Later, this relation was
generalized by Robertson! to accommodate two arbitrary ob-
servables 0 and R as

Aoa 1 A A
AQAR > (v [0.R] [w)|. (1)

Notably, this uncertainty bound is state dependent, and
it becomes a trivial result when the state |y) yields a zero-
expectation value for the commutator [Q,ﬁ]. Afterwards, to
eliminate this defect, Deutsch!¥ and Kraus! put forward the
entropic uncertainty relation (EUR) in terms of Shannon en-
tropy, and Maassen and Uffink!®! improved it into the form

A N 1
H(Q) +H (R) > log, —, (2)
where H (@) = —Y:pi (@) log, pi (@) is the Shannon en-
tropy of the observables O € {Q,R}, p; (0) = <l[/l-@ p l,l/i@>

represents the probability of measuring the observable O on

state p with the ith outcome and ¢ = max jAk‘<lI/jQ|V/]§>‘2
stands for the maximum overlap between any two eigenvec-
tors “I/JQ> and ‘1//5 > The benefit of Eq. (2) lies in the fact that
its lower bound depends only on measured observables, i.e.,
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a state-independent quantity, rather than the one provided by
Eq. (D).

The desire to obtain higher measurement precision has
spurred further refinement of the uncertainty relation. Re-
cently, Renes ef al.l’! and Berta e al.'®! have made notable
progress in this field: they studied a bipartite system, A and
B, in which one (A) performs measurement operations while
the other (B) serves as a quantum memory. The quantum-
memory-assisted entropy uncertainty relation (QMA-EUR)
can be expressed as

S(QIB) +S(R|B) ZS(A|B)+10g2£, 3)

where S(O|B) = S(Ppy) — S(Ps) is the conditional von
Neumann entropy of the post-measurement outcomes (after is
measured) with S(p) = —Tr(plog, p) for density matrix p.
Pap and Pp are the density matrices for the whole system and
subsystem B. S(A|B) = S (Pap) — S (Pp) is the conditional
von Neumann entropy of pap with pg = — Trs (Pag) being the
reduced state of the memory particle B. The QMA-EUR is of
profound significance because it establishes that known quan-
tum information to be encoded in a quantum memory can re-
duce or eliminate the uncertainty associated with the measure-
ment outcomes of another particle entangled with the quan-
tum memory. Li et al.!® and Prevedel et al.°! experimentally
demonstrated the QMA-EUR via two back-to-back all-optical
configurations. Subsequently, different aspects of quantum
memory have been addressed in Refs. [10—15]. Entropic un-
certainty relations have been demonstrated to have profound

implications for the security of cryptographic protocols, 16171
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foundational principles of thermodynamics,[!® theoretical
framework of entanglement, %21 and quantum metrology and
measurements. [21-231

A quadruple quantum dot device was fabricated in a
GaAs/AlGaAs heterostructure containing a two-dimensional
electron gas, as shown in Fig. 1. The experimental implemen-
tation of the model has been thoroughly examined in Ref. [26].
The choice of using the AlGaAs/GaAs model is well founded.
The electron occupation in the double quantum dot (DQD)
can be precisely tuned by applying bias voltages to a set of
Schottky gates. This solid-state device is highly scalable and
seamlessly integrates with existing semiconductor technology.
It offers precise manipulation and control of quantum states,
features a well-defined energy spectrum, and allows the in-
teractions between electron—electron and tunneling coupling
between DQDs to be tuned. Furthermore, the quadruple quan-
tum dot system provides a practical and scalable platform for
implementing qubits in quantum information processing.

In this article, we perform rigorous investigations into
quantum memory, which can in principle be stored in a
quadruple quantum dot device tailored for two charge qubits.
This paper is organized as follows. In Section 2, we describe
the Hamiltonian of a quadruple quantum dot device for two
charge qubits, deriving the eigenvalues, corresponding eigen-
states, and temperature-dependent density matrix. In Sec-
tion 3, we formally present the definition.of QMA-EUR, to-
gether with its lower bound and degree of tightness. In Sec-
tion 4, we briefly expound the correlation between the en-
tanglement of formation (EoF) and standard quantum discord
(QD). In Section 5, we offer an elaboration of the results. In
Section 6, our conclusions are summarized.
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Fig. 1. Schematic representation of a quadruple quantum dot device for
two charge qubits.

DQD1

2. Semiconductor charge qubits and theoretical
description

We consider a system of two charge qubits fabricated in
an AlGaAs/GaAs heterostructure (see Fig. 1), each containing
an excess electron in an orbital of either the left |/); or right
|r); dot of the i-th semiconductor DQD (i = 1,2).[273% The
Hamiltonian of such a system reads

1 DAY )L @
A= s E (w0 +ao)+jatl oo @

where G,E’})Z are the Pauli matrices of the i-th qubit, & pa-
rameters describe the energy offsets of the electronic lev-
els, A; refers to the tunneling coupling, and J (> 0) denotes
the strength of the coupling within each DQD. Considering
0. = 1) (1] — |r) (r| and &, = |1) {r|+ |1)
Hamiltonian (1), written in the positional basis of the coupled

, the matrix form of

molecules {|I1),|Ir),|rl),|rr)}, is given by

Hy =
a+tée J 4 A 0
2 4 2 2
A g—& J J &
2 2 4 4 2
Ar AP V.Sl )
2 4 2) 4 2
A Ay a+e J
2 2 2 4

&)

Let us consider the computational basis of one qubit. In
this basis, the Hadamard transformation # can be represented
by the 2 x 2 matrix

- I /11
1= (14) ©
Performing the double Hadamard transformation H =
# ® H and taking into account!*!]
Ax = HHH. )

At full resonance, when & = & = 0, we derive the X-
Hamiltonian matrix

A, 0 0 %

vl oA 1 0

Hx=| I Ao | ®)
20 0 —Ay

where AL = %(Al :|:A2).
eigenvalues via diagonalization of the coupled semiconductor

Elz—%\/lﬂ—léAE,
EQ:%\/J2+16AE,
E3:—%\/12+16A3r,

E4y= %\/12+16A}r, )

where their corresponding eigenstates in terms of the standard

Hence, we obtain the following

charge qubits.

basis {|Il),|lr),|rl),|rr)} are given, respectively, by

(a_|ir)+rl)),
1+a?

(o |tr) +1rD)),
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) = ———— (B |11} + |rr)).,
\/ 1+ B2

) = ——— (B 1) + ), (10)
\/1+ﬁ+

with

1 2

oL = J<4A i1/12+A)
1

B = (4A+ + \/m)

The thermal density matrix of the system is given by the
Gibbs state

p(T) = Lexp(~Bi),

where B = 1/kgT and Z are the partition function. The Boltz-
mann constant kg is set to 1 in this work. The thermal density

Y

matrix P (7) can be analytically derived by using the spectral
decomposition of the Hamiltonian (10). The density matrix
takes the following form:

pir 0 0 Pus
(T) = Lf 0 pops O

5 =— A , 12
P Z| 0 p32psz O (12)
Par 0 0 Py
where the corresponding entries are provided by
p“: B(Es+E4) [eﬁE4 1 —4A,)+ ePE (1 +4A+}
p22= B(EI+E) [eﬁEz (1—4A_) TePE (14 4A_) }
p33— BE+E) [ BEV (1 —4A_) PPz (1+4A.) }
1
R [e”E3(1—4A )+ ePEs ( 1+4A+}

1
— —BE4 _ —BE;
Pa=Pps = 5= (e € ) I,

P =pr= 2 (e PB—ePR L, (13)

23k

where

\/JZ+16A2 ./J2+16A2

and the partition function
2 = 2[cosh (B2 + 1642 /4)

+ cosh (B/72+1642/4) .

3. Quantum memory assisted entropic uncer-
tainty relation

To study the dynamic behavior of entropic uncertainty
QMA-EUR in our theoretical model, we employ two incom-

patible Pauli observables 6, and 6,. Here, by means of

two incompatible Pauli operators 6, and 6,, the complemen-
tarity factor is found to be ¢(6y,6;) = 1/2 and the post-
measurement states can be expressed as

) (61| @ Ip) pas (|61) (8] ® Is), (14)

(|67) (6!|@Is)pan (|61) (6| @ Ip), (15)

Al
X

and ‘6‘Zi> denote the eigenstates of operators 6, and &, re-

Ps.n

Pes.B Z
X

where Iz is an identity operator in B’s Hilbert space,

spectively. For coupled semiconductor charge qubits, em-
ploying the implicit form of the density matrix provided
in Eq. (12), one can straightforwardly- compute the post-
measurement states.

A +
o] PP gty 1 1) )

P22+ Pas
2 2

+ P2 B ) ]+ ) )

Pra+ P32
* 2

Pes = (Pu1|1) (1|4 par |Ir) (Ir|
+P33|rl) (rl| + Paa |rr) (rr]).

(lrr) Crr =+ |1r) (ir])

() (rr [Py Url) | (16)
a7
The corresponding von Neumann entropies are

S(Psp) = —Crlogy & — Clogy £, (18)

. —p11log, P11 —ﬁzzlogzﬁn)
S (ps.p) = A . A « 19
(P.s) < —pP33log, P33 — Paslog, Pas (19

where

1 4 (P14 +pP32) (P23 + Par) }
=-|1=x N X N N . 20
b 4( \/{+(p11P22+P33P44)2 20)

The relevant entropies of pg = Tra Pap and Pap are, re-
spectively, obtained as

A (P11 + P33)log, (P11 + P33) }
S(pg) = L PHTPB) (01
(Ps) = { (P22+P44)10g2 (P22 + Pas) @D
S (Pag) = — Zli log, A;, (22)
i=1
where A4; (i=1,2,3,4) are the eigenvalues of the density

matrix P (T'), the eigenvalues of the state can be given by

1/, R N R R
AMa= 3 (Pzz +p33E \/4P23P32 + (P22 — P33)2) ,

1/, R A A R R
Ma= > (Pn +Pas £ \/4P14P41 + (P11 *P44)2> - (23)

Therefore, the entropic uncertainty (EUL) associated with
the left-hand side of Eq. (3) becomes
(24)

U =S (po8) +S (Po.B) — 28 (PB) -
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Meanwhile, we have that the lower bound (EUR) of the
right-hand side of Eq. (3) is equal to

R n 1
Ur = S (Pas) — S (PB) +1og, . (25)

U, and UR correspond to the QMA-EUR and the lower bound
constraining Bob’s estimation accuracy, respectively. In fact,
the quantum memory information stored in B arises from the
sum of S (Po,z) and S (Po.5), which determines the uncer-
tainty of the measurement outcomes of 6, and 6.

To provide further insight into the dynamics of the rela-
tionship between QMA-EUR U, and the lower bound Ug, we
introduce the tightness of QMA-EUR, which is a measure of
the discrepancy between the two sides of inequality (3) and, as

a result, is defined by!3?!

Ur =UL —Ur
R R R R 1
= 8(Po.8) +S (Po,8) — S (P5) — S (Pas) —log, . (26)

Smaller tightness values reveal higher consistency between
QMA-EUR and the lower bound.

4. Quantifiers of quantum correlations

To investigate the characteristics of the relationship be-
tween the QMA-EUR and quantum correlation, we present
two key quantifiers: EoF and QD.

4.1. Entanglement of formation

For a given density matrix, the EoF.is evaluated through
the concurrence*3! proposed by Wootters, which can be ex-
pressed as

£=h (i— Vzl_cz> , @7)

where h(x) =—xlog,x— (1 —x)log, (1 —x). For the thermal
equilibrium state Eq. (14), the expression of the concurrence
can be written as

C =2max|0,|p23| — \/P11Pa4, |P1a] — V/ P22P33].  (28)

4.2. Quantum discord

QD, which is the difference between the total amount of
correlation and the classical correlation (CC), is defined as fol-
lows:

D(pap) =Z(Pas) —C(Pas)- (29)

The total correlation of a bipartite quantum system is quanti-
fied by quantum mutual information (QMI)

Z(pap) =S (Pa) +S (Pr) — S (Pan) s (30
where S (Pag) = —Tr(Paplog, Pap) is the von Neumann en-

tropy, and Py (p) = Trp(4) Pap is the reduced density operator

of the subsystems. Classical correlation was first proposed by

Ollivier and Zurek,** and later Henderson and Vedral offered

an explicit interpretation !

C(Pag) = S(Pa) — M (Pag), (€Y

where M (Pag) = ?1'11?8(’3“ [{IT;}) is the minimum condi-
k

tional entropy (MCE), which can be written as ¢!
M (pap) = =M log, My —M_log, M_, (32)

where

‘l i b A A
M, = 3 (1 + \/(Pn —Paa)” + (P14+P23)2> ’

1
M= (1 A \/(ﬁn —Ppu)+ (ﬁ14+ﬁ23)2) . (33

To further investigate the dynamics of uncertainty, com-
bining Egs. (25); (29), and (31), one can obtain the intrinsic

link between the bound of measured uncertainty and QD

1 . N
Ur =log, - D (pag) + M (Pas)- (34)

Equation (34) reveals a relationship that provides insight into
the dynamical behaviors of the lower bound (UR), which de-
pends on QD D (pap) and MCE M (Pap).

5. Results and discussion

In this section, we illustrate the impact of various physi-
cal parameters, namely equilibrium temperature (T'), coupling
strength (J), tunneling coupling energy (TCE) A;, and TCE
ratio Aj/A;, on the dynamical evolution of the QMA-EUR
and quantum correlations. The impact of these parameters can
be observed in the figures presented below. First, we investi-
gate how the equilibrium temperature (T') affects the evolution
of the QMA-EUR and quantum correlations in the system, as
shown in Fig. 2

As shown in Fig. 2, the QMA-EUR (14.) and its lower
bound (Ugr) monotonously increase all the time with the
growth of the temperature 7. However, as the temperature
continues to rise further, the two bounds of the QMA-EUR
(Up) and its lower bound (Ur) gradually reach their maxi-
mum value (U, = Ur = 2). The characteristics of tightness Uy
demonstrate the discrepancy between QMA-EUR U, and the
lower bound Ur of the uncertainty inequality. The tightness
Ur is null for near-zero temperatures, and then proceeds to
rise before eventually decreasing and vanishing as the QMA-
EUR (U) and its lower bound (UR) become overlapped for
high temperatures 7T'.
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—Ur — Uy —Ur — D —&

80.0 100.0

0 20.0 40.0 60.0
T (mK)

Fig. 2. Variations of EoF & (green curve), QD D (magenta curve),
the components of the QMA-EUR 4, (blue curve), the bound U (red
curve), and their tightness Ut (black curve) as functions of the temper-
ature 7. The values of parameters & = & =0, J =25 peV, A =J /4
and A, =J/8.

The decoherence is displayed clearly in the behavior of
the EoF £ and QD D, where the EoF £ decreases faster
than QD D as the temperature increases and completely van-
ishes at T¢ > 53.9 mK, though the latter is more resistant
than the former because it relatively survives longer. Further-
more, as shown in Fig. 2, there exists a critical temperature
Tc =~ 1.3566 mK at which the QMA-EUR U, overlaps with
the lower bound Ur. When the temperature is constrained
with T > Tc, the QMA-EUR U4 is greater than its lower bound
(Ur). For T < Tc, the QMA-EUR U4, and its lower bound (IR )
maintain fixed values Z/{I[ni“ = Z/{f{‘i“ =0.2781. The EoF & and
QD D stabilize at maximum values Eynax = Pmax = 0.7219.
Based on this observation, it can be inferred that lower tem-
peratures tend to facilitate more precise measurements. The
higher temperature of a quadruple quantum dot device for two
charge qubits can lead to the inflation of the uncertainty.

Figure 3 shows that the EoF (€).and QD (D) are absent
when the strength of coupling J is zero for several values of
parameters € = & =0, 7 =10 mK, A =J/4 and A, = J/8.
This result shows that the strength of coupling J can be used
to either turn on or off the entanglement and quantum correla-
tions. As shown in Fig. 3, the magnitudes of the EoF (£) and
QD (D) initially take zero values, and then display an increas-
ing behavior until they reach a threshold value Jy,, after which
they decrease but never vanish, even for stronger values of the
strength of coupling J. It is clear that the strength of coupling
J between the two charge qubits has to be adjusted to a specific
interval to utilize quantum correlations for better resourceful-
ness in a quadruple quantum dot device for two charge qubits
state.

One can obtain that the strength of coupling J can reduce
the QMA-EUR (14.) and its lower bound (U4 ), as can be seen
from Fig. 3. We see that the presence of a strength of cou-
pling J hinders the negative impact of growing temperature
T, which tends to increase the QMA-EUR (14.) and its lower
bound (Ur). The QMA-EUR (U4,) will shrink into the lower
bound (Ug) with the increase of the strength of coupling J.
The minimum values of the QMA-EUR (I4.), its lower bound

(Ur), and the maximum tightness (Ur) do not match. We find
that the QMA-EUR (U4.) and its lower bound (UR) first in-
crease, then decrease, and finally increase with the increase of
the strength of coupling J, as displayed in Fig. 3. It is worth
noting that the QMA-EUR (14.) and its lower bound (Ur ) have
some fluctuations, which are not fully synchronous with the
systematic QD (D).

—Ur — Uy, —Ur —D —¢&

Y |

0 =

0. 200 400 60.0 80.0 100.0
J (ueV)

Fig. 3. Variations of EoF £ (green curve), QD D (magenta curve),
the components ‘of the QMA-EUR U4, (blue curve), the bound Ug (red
curve), and their tightness Ut (black curve) as functions of the strength
of coupling J. The values of parameters & = & =0, T = 10 mK,
Ay =J/4and A, =J/8.

Now; let us turn to explore the relationship among the
QMA-EUR (), lower bound (Ur), QD (D), and TCE Ay, as
plotted in Fig. 4. It is obvious that the QMA-EUR (U4,) and
its lower bound (UR) first increase, then decrease, and finally
increase with the growing A, while the quantum correlation
first increases and then decreases with the increasing A;. It
can be observed that the values of QMA-EUR and its lower
bound U4, = Ur = 1.04287, when the system state is separa-
ble (i.e., when the EoF is zero) in the case of A; = 0. As
the parameter A; increases, QMA-EUR and its lower bound
attain their respective maximum values 4™ = 1.1137 and
UR™ = 1.0894. As the parameter A; continues to increase
further, both QMA-EUR and its lower bound then decrease
to their respective minimum peak values Z/{f‘i“ = 0.8560 and
URIn = 0.7682. Tt is worth noting that the QMA-EUR (U.)
and lower bound (Ugr) will saturate into a fixed value as the
value of A| becomes large enough.

1.25F “ “ “ “ ]
— Uy — Uy, —Ur —D —E
1.00
wF
% 0.75¢
S
S 0.50f
3
0.25¢
o “

0 200 400 60.0 80.0 100.0
Ay (peV)

Fig. 4. Variations of EoF £ (green curve), QD D (magenta curve),
the components of the QMA-EUR 4, (blue curve), the lower bound U
(red curve), and their tightness Ut (black curve) as functions of the TCE
Aj. The values of parameters £, =& =0, T = 10 mK, J =25 peV and
Ay =1J/8.
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In order to study the effects of the TCE A;—1» on the
quantum correlations, we plot the behavior of QMA-EUR
(U1), lower bound (U ), and QD (D) as a function of the TCE
ratio A; /A, in Fig. 5. We can observe that the EoF £ vanishes
when the TCE ratio A;/A; = 0, regardless of the values of
the TCE A;—1 . In this scenario, the quadruple quantum dot
device for two charge qubits does not exhibit entanglement
because electrons can no longer undergo intra-device move-
ment within the quadruple quantum dot structure. On the other
hand, QD (D) is still present although the value of the TCE
ratio A /A, = 0, which shows again that, despite the state be-
ing separable, the system still possesses quantum correlation.
It should be emphasized that the EoF £ can be either greater
than or less than QD (D) when considering smaller values of
the TCE ratio A; /A;. Furthermore, according to the numerical
results in Fig. 5, one can conjecture that the TCE ratio A; /A,
is able to effectively reduce the entropic uncertainty and im-
prove the quantum correlation in some specific ratios. Taking
this into account, appropriate control of (Ai—1 2,4 /A;) is crit-
ical for reducing uncertainties and enhancing quantum corre-
lations in practical scenarios.

U — Uy —Up —D —E |

0 50 100 150 200
AyJAs

Fig. 5. Variations of EoF £ (green curve), QD D (magenta curve), the com-
ponents of the QMA-EUR U4, (blue curve), the bound Uy (red curve), and
their tightness Ut (black curve) as functions of the TCE ratio A;/A;. The
values of parameters € = & = 0,7 =5 mK, J =25 peV and A, = J/10.

By comparing the results from Figs. 3-5, we can observe
that .the behavior of EoF &, QD D, QMA-EUR U/, lower
bound UR, and tightness Ut is similarly impacted by both the
strength of coupling J, TCE A;= 2, and TCE ratio A;/A; in
a quadruple quantum dot device for two charge qubits. Obvi-
ously, one can find that, as shown in Figs. 2-5, the variation of
QD (D) is almost opposite to the variation of the lower bound
(Ur), which is essentially in agreement with the outcome from
Eq. (30). This is because the magnitude of the uncertainty
bound is determined by both QD (D) and the MCE M (pap),
which exhibit the natural competition while quantifying the
uncertainty. This reflects that the dominant gradient is the QD
(D) rather than the MCE M (pag). Based on these, we can
infer that MCE M (Pap) plays a leading role in this scenario.

In practice, our scheme is highly suitable for experimen-
tal implementation. The non-Markovian effects on coherence

and entanglement in a quadruple quantum dot system coupled
to bosonic reservoirs can be investigated by directly measuring
the population of a qubit, eliminating the need for tomographic
reconstruction of the density matrix. Moreover, our approach
does not require specific knowledge of the interaction between
the qubit and the reservoir. These favorable features render our

scheme experimentally feasible, both in realistic settings!37-38]

and in simulated environments. 39411

6. Conclusion

To summarize, we have investigated the dynamics of the
QMA-EUR and its lower bounds in a quadruple quantum dot
device for two charge qubits under intrinsic decoherence. In
particular, we explored the dynamical evolution of the en-
tropic uncertainty with the complementary measurement pair
(6x, 6;) under the influence of temperature, coupling strength,
TCE, and the TCE ratio. It has been verified that equilibrium
temperature significantly impacts quantum properties: higher
temperatures erode entanglement and nonlocal correlations
while increasing QMA-EUR. Intriguingly, our results have
confirmed the existence of optimized parameters that govern
both the coupling strength and the ratio of TCE. These param-
eters enable effective uncertainty reduction via quantum weak
measurement, which is highly desirable for practical quantum
information processing. Therefore, we believe our observa-
tions may offer novel insights into the dynamics of entropic
uncertainty in a quadruple quantum dot device for two charge
qubits, and contribute to illuminating quantum precision mea-
surement across diverse solid-state systems.
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