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The interplay between quasi-periodicity and non-Hermiticity can give rise to rich localization phenomena. In this
work, we investigate the localization transition in a one-dimensional nonreciprocal cross-stitch flat band lattice with diag-
onal quasi-periodic mosaic modulation, which incorporates both constant and quasi-periodic potentials. In general, non-
reciprocity induces the skin effect in non-Hermitian systems through nonreciprocal transitions. However, in this work, we
find that in a non-reciprocal flat band lattice, when the constant potential is zero, the skin effect does not exist in the system,
and the energy spectrum remains purely real and well-defined. In the presence of a non-zero constant potential, we derive
analytical solutions for a class of anomalous mobility edges (AMEs) under periodic boundary conditions (PBCs), revealing
the systems localization and critical properties. Through analytic results, we demonstrate that the system is fundamentally
equivalent to a generalized non-Hermitian Aubry—André (AA) model. Importantly, this equivalence implies the existence
of a transition from a critical phase to a localized phase, as predicted by the non-Hermitian AA model. However, our analy-
sis reveals that the transition point from the critical phase to the localized phase is energy-dependent, which fundamentally
accounts for the emergence of AMEs. Furthermore, we design a classical electrical circuit to experimentally realize our

system. This work provides new insights into localization transitions in non-Hermitian flat band systems.

Keywords: non-Hermiticity, localization transition, quasi-periodic potentials
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1. Introduction

Anderson localization is one of the most prominent
phenomena in disordered systems and has been experimen-
tally validated across various platforms.!'-71 According to the
single-parameter scaling theory, even an infinitesimal amount
of disorder leads to the localization of all states in systems with
dimensions D < 2.8 However, this scaling theory does not ex-
tend to quasi-periodic systems. A prime example of such sys-
tems is the one-dimensional Aubry—André (AA) model,[®10]
which exhibits a transition of all eigenstates from extended to
localized.!'!] Quasi-periodic systems, moreover, host a variety
of exotic localization transitions that are absent in random dis-
order systems, such as reentrant localization transitions!!>-2?1
and cascades of delocalization transitions.[>3-2%! Recently, im-
portant progress in quasi-periodic systems is anomalous mo-
bility edges (AMEs),[?”28] separating localized from critical

29-40

states. [ | In previous studies, quasi-periodic systems typ-

ically feature energy boundaries that distinguish between ex-
tended and localized states, known as mobility edges.[*!->3]
The discovery of AMEs offers a fresh perspective on localiza-

tion phenomena.
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On the other hand, flat band lattices are garnering growing
attention in the field of condensed matter physics. Flat band
lattices are a class of translation-invariant systems, which con-
tain at least one momentum-independent energy band.>*>]
Since the motion of electrons is frozen in flat band lattices,
weak interactions can play a dominant role in quantum phase
transitions. Consequently, flat band systems are often con-
sidered as ideal platforms to achieve exotic correlated phases
or strongly correlated physics, such as the fractional quan-
tum Hall effect.’®) Due to the macroscopic degeneracy, quasi-
periodicity perturbed flat band lattices exhibit interesting lo-
calization phenomena, such as various types of localization
transitions between extended states, localized states, and criti-
cal states.[7~>]

In recent years, non-Hermitian systems have attracted sig-
nificant attention due to their unique properties. By introduc-
ing non-Hermitian terms into the Hamiltonian, these systems
can effectively model open quantum systems. Such terms fun-
damentally alter the system’s behavior, leading to phenomena

absent in Hermitian systems, such as exceptional points, [©0-01]

62,63

the non-Hermitian skin effect, | ! and more. Additionally,
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the energy spectrum in non-Hermitian systems is often com-
plex, enabling a richer variety of band structures in the two-
dimensional complex energy plane, including point gaps and
line gaps.!®%7] The interplay between non-Hermiticity and
quasi-periodicity has provided new insights into localization
properties, with notable findings such as the correspondence
between the Anderson transition point and topological tran-
sition points.[%8] However, while there has been research on
AMEs, flat-band lattices, and non-Hermitian systems indi-
vidually, studies exploring the interplay among these aspects
remain scarce. Consequently, this area remains largely un-
charted, offering significant opportunities for further investi-
gation.

In this work, we investigate the localization properties
of a one-dimensional non-Hermitian cross-stitch flat-band lat-
tice with mosaic quasi-periodic modulation, consisting of a
constant potential and a quasi-periodic potential. When the
constant potential modulation is absent, the energy spectrum
is purely real and precisely determined. Moreover, the non-
Hermitian skin effect is absent. When the constant potential
modulation is nonzero, the system exhibits a class of exact
AMEs under periodic boundary conditions (PBCs). This oc-
curs because, through a local rotational transformation, the
system forms a structure characterized by mosaic-type quasi-
periodic hopping coefficients and on-site potentials, leading
to the emergence of AMEs. Through rigorous derivation, we
reveal that this class of models is mathematically equivalent
to a generalized non-Hermitian AA model. While previous
studies on generalized non-Hermitian AA models have shown
an energy-independent phase transition from a critical phase
to a localized phase, our model exhibits energy-dependent
phase transition points. We construct energy-dependent phase
transition points in this work. This key distinction explains
the emergence of analytically solvable AMEs in our system.
These findings reveal rich localization phenomena and pro-
vide new insights into the interplay between non-Hermitian
systems and AMEs in flat-band systems. Finally, we propose
an experimental scheme using electrical circuits to realize our
non-Hermitian model.

The rest of the paper is organized as follows. In Section 2,
we introduce the models examined in this work and discuss
their common features. In Section 3, we study the localization
properties of the system. An experimental scheme using elec-
trical circuits is proposed to realize our model in Section 4.
Finally, a summary is presented in Section 5.

2. Model

We consider a nonreciprocal cross-stitch flat lattice, de-
picted in Fig. 1. Within the tight-binding approximation, the
eigenvalue equation is formulated as follows:

Ellfn:_f‘l/n_’flll/nfl_TZWn+1+‘7Wna (1)

where

~ 0t A JR —Jr

=(a) = ()

A Ju J N V, 0

T = (_;L _3L>, V= ( ’8’” VB,n>' )
Here, 7 is the intracell coupling and ¢ represents the intracell
hopping amplitudes. 7} and 75 represent the right and left in-
tercell coupling, respectively. Here, Jy = Je" and Jg = Je ™",
where J denotes the nearest neighbor hopping amplitude and &
is the nonreciprocal parameter. Here, we set J = 1 as the unit
of energy. V represent the on-site potential matrices. Here,
the on-site potentials on atoms A and B are considered to have
an antisymmetric form, i.e., Vo, = —VB, = V,,. The on-site

mosaic modulation V,, is defined as!?%->3]

v, — {Al cos(2mPn),

n = Ks,

A, otherwise, )
where § = (\@ —1)/2, Ay, and A; denote the quasi-periodic
and constant potential amplitudes, respectively, and k is an
integer. Given that the quasi-periodic potential repeats at in-
tervals of k, we group the closest x unit cells into clusters,
labeled by s. If the total number of the cluster is N, the sys-
tem size will be L = 2kN, where N = kN. If h =0 and
the on-site potential is set to zero, the system has two flat
bands E+ = +v/12 +4.19791 If = 0 and k = 1, the system
is subjected to AA-type potential modulation and exhibits a
critical-to-insulator transition at Ay = 4 without showing any
AMEs. 138! The vector v, = (a, b,,)T corresponds to the two-
site wavefunction in the n-th unit cell of the periodic lattice.
By using a local coordinate transformation, the unit cells of
the flat-band system can be transformed into a Fano defect
form.®”] For the cross-stitch lattice, the local coordinate trans-
formation U5 is

Dn ~ (an N I /11
=U , U=— . 4
()=o) o-50h) e
After this transformation, the eigenvalue Eq. (4) becomes

(E+t)pﬂ = _2]an—1 +ann7
(Eft)fn = —2JLpns1+Vapn. (5)

The schematic diagram of the model described by Eq. (5) is
shown in Fig. 1(b). Eliminating f, in favor of p,, we obtain an
effective equation for pj:

Bopp = —2JrRVi—1Pn—1 — 2JLVuDus1 + Vn2p11 6)

with By = E2 — > — 4. This formulation describes a one-
dimensional mosaic-modulated chain, referred to as the P-
chain. The total number of the quasicell is denoted by N, and
the system size of the P-chain is given by N = kN.
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Fig. 1. (a) Schematic diagram of the non-Hermitian cross-stitch lat-
tice. The blue dotted box region indicates the unit cell with two sublat-
tices labeled A and B. (b) Schematic diagram of the model described by

Eq. (7).

To investigate the localization properties of the eigen-
states, one can calculate the inverse participation ratio
(1PR), 112 IPRO) = ¥ ¥4 ) [ Wil
sents the probability amplitude of the i-th eigenstate, with

4, where l//,(,fgx repre-

eigenvalue E;, on the o sublattice in the n-th unit cell. For
an extended state, the IPR tends to zero in the thermodynamic
limit. Conversely, for a localized state, the IPR remains finite.
For critical states, IPR() o< L~1i with I € (0,1). To quantify
this behavior, the fractal dimension of the i-th eigenstate W,Efﬁx
is defined as3>:37.71-73]

InTPR®
InL

(7

I; =— lim
L—oo

Based on this definition, we can see that I; — 1 for an ex-
tended state; I; — O for a localized state; and when I; € (0, 1),
the corresponding state is a critical one. Moreover, the mean
IPR can be used to identify the localization characteristics of a
given region, MIPR(65) = (1/Ng;) Lieg, IPR(Y). Here, (6z),
(6¢) and (67 ) correspond to extended, critical, and localized
regimes, respectively, € (E,C,L). And N(;B is the total num-
ber of eigenstates in the corresponding region. The scaling be-
havior of MIPR is described by MIPR(&B) o< LT For a crit-
ical region, the exponent I" lies within the interval (0, 1). For
a localized region, MIPR(6;) retains a finite value indepen-
dent of the system size. Conversely, for an extended region,
MIPR (65 ) scales linearly with 1/L.

In this paper, we apply the exact diagonalization method
to numerically calculate the nonreciprocal cross-stitch chain
with¢ =1 and B = (v/5—1)/2.

3. Localization features

Let us first consider the case of A, = 0. For any k¥ > 2,
there is a (k — 2)N-fold degeneracy at E = +v/t2+4. The

degeneracy of the remaining L —2(k — 2)N energies is lifted,
and these energies are given by

E:i\/z2+4+v,gs/2i,/4V,§S+V,3s/4. 8)

Typically, the energy spectrum of a non-Hermitian

Hamiltonian is complex, and nonreciprocal hopping can in-
duce the skin effect in a system, where the energy spectrum
often forms closed loops in the complex energy plane under
PBCs.[0474 However, from the result of Eq. (8), we can see
that the system’s energy spectrum is purely real, indicating
that the skin effect does not exist in this system. According
to Fig. 1(b), when A, = 0, the effective model described by
Eq. (5) becomes decoupled, depending on the choice of k, ex-
cept at the bonds with nonzero mosaic potentials (A;). In this
scenario, the two degenerate energies in Fig. 2(a) arise from
these decoupled dimers, which form (k —2)N identical 2x2
matrices describing two sites nonreciprocally coupled by Jr
and JL. Meanwhile, the other energies in Eq. (8) result from
two dimers coupled by mosaic potentials, described by a 4 x4
matrix depending on V. Therefore, the energy spectrum of
the system is entirely real and the non-Hermitian skin effect is

absent.
\ s 1.0
(a) (b)
_ s —~ ull||||||”|”””"”””“
& S
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Fig. 2. (a) The energy distributions with A; =2 and N = 800 under
PBCs, respectively. (b) The fractal dimension I; of different eigenstates
as a function of the corresponding real part of E; and Ay with N = 800
under PBCs. (c) The image part of E; as a function of Ay with N = 800
under PBCs. (d) The MIPR as a function of 1/N with A;=3. Other
parameters: K =5,h=0.1,# =1and A, =0.

Here, we select k = 5 to numerically validate the above
conclusion. Figure 2(a) presents the real part of the energy
distributions for A} =2 and N = 800. A 480-fold degeneracy
is observed at E = £+/5. The non-degenerate energy values
in Fig. 2(a) align well with those predicted by Eq. (8), con-
firming the accuracy of our numerical results. To address the
effects of this degeneracy, we introduce a small random per-
turbation at each site, with the perturbation amplitude set to
1078, as shown in Figs. 2(b)-2(d). Figure 2(b) displays the
fractal dimension I; of different eigenstates as a function of
the real part of E; and A; under PBCs. Notably, regardless of

077101-3



Chin. Phys. B 35, 077101 (2026)

variations in the quasi-periodicity strength, the I; values for all
states approach 0, indicating that the system remains in a lo-
calized phase when A; = 0. The imaginary part of E; remains
zero at all times, as illustrated in Fig. 2(c). Furthermore, the
scaling behavior of the MIPR is shown in Fig. 2(d), where it
can be seen that the MIPR values converge to a finite value in
the thermodynamic limit.

To intuitively verify that there is no skin effect in the sys-
tem, we selected three different eigenstates from the band-
edge and band-center regions under open boundary condi-
tions (OBCs) and plotted the corresponding space distribu-
tions in Figs. 3(a)-3(c). From Figs. 3(a)-3(c), one can see that
the eigenstates are localized states and nonreciprocal hopping
does not induce a skin effect in A, = 0.

0.61(a)
E 0.4r
0.2+

200 400 600 800 1000 1200 1400 1600

0.4 )

0 200 400 600 800 1000 1200 1400 1600

0.6} (©)
= 0.4r
0.2}

0 200 400 600 800 1000 1200 1400 1600
Lattice index

Fig. 3. (a)—(c) The eigenstates spatial distributions with £ = —3.3181,
1.5741, and 4.0071 under open boundary conditions, respectively. Here,
N=800,h=0.1,t=1,Ay=0and A} =3.

For the case of Ay # 0, the system exhibits distinct local-
ization properties, and the AMEs emerge. Here, we choose
Kk = 2 and 3 as nontrivial examples to discuss.

For k = 2, the quasi-periodic potential is set on even unit
cells. The exact expression for AMEs is given by (with a de-
tailed derivation provided in Appendix B)

84002
1

E.=+4/+ +124 A3, 9)
which is marked by the red solid lines in Fig. 4(a). AMEs are
not only the boundaries between localized and critical states
in the system but also the dividing lines between the real
and complex parts of the energy spectrum, as shown in Ap-
pendix A. Figure 4(a) displays I; as a function of the real part
of E; and A; for N = 610. The yellow and blue regions rep-
resent critical and localized states, respectively. In the weak
disorder regime, the I; values for all eigenstates deviate from

0 and 1, suggesting that the system is in a critical phase. As

Ay increases to 2, a pair of AMEs appears, signaling the tran-
sition from the critical phase to a mixed phase of critical and
localized states. When A| /5, another pair of AMEs emerges.
It is evident that four AMEs are present in the strong disorder
region. Notably, critical states remain robust in the strong dis-
order regime with large disorder, particularly for the case of
K=2.

(a) . —
~ 5 ———ssseeee T REEECTTTTRCEEFATTACREFECIOINAER ™
S — ] Jos

0 2 4 A 6 8 10

1

(®) ;s Mt 1 N=e1w0

’ i ow A - N=1830
o PR M i N=2584

TNt A B =0 O

-5 -3 0 3 5
(©) Re(E;)
=047 .

o, ~ 045
= o 0 0.5
= 0 N (03)

0 5 1.0 1.5 2.0
W 1/N (10-3)

0.6F .07
Iy gg I 0 0770.04 0.06 0.08

l()

0 0.0 0.02 0.03 004 0.05 0.06 007 0.08
x

Fig. 4. (a) The fractal dimension I; of different eigenstates as a function
of the corresponding real part of E; and Ay for N = 610 under PBCs.
The red lines represent the AMEs given in Eq. (9). (b) The fractal di-
mension I; versus real part of E; and different system sizes for A; = 8.
The black dashed lines represent eigenstate indices of the AMEs given
by Eq. (9). (c) The MIPR for the critical regions as a function 1/N.
The insets show the scalings of the MIPR for the corresponding local-
ized regions. (d) Mean fractal dimensions I" as a function of x for the
critical region with A; = 8. The inset shows the scaling of I" for the
corresponding localized regions. Here, x = 1/m with m being the index
of the Fibonacci number F,,. Other parameters: t = 1, Kk =2, A =2 and
h=0.1.

Figure 4(b) displays the fractal dimensions I; as a func-
tion of system size for A; = 8. The black dashed lines in-
dicate the positions of the AMEs, as determined by Eq. (9).
In the shaded regions, the values of I; deviate from O and 1
for different system sizes. In contrast, within the region be-
tween the two analytical AME:s, the values of I; approach 0,
indicating that these states are localized. Figure 4(c) illus-
trates the scaling behavior of the MIPR across different re-
gions. The scaling of the MIPR in the critical regions is fit-
ted as MIPR &2 0.3103(1/N)%4?54. The scaling behavior of
the MIPR in the localized regions is shown in the insets of
Fig. 4(c), where it demonstrates system-size-independent be-
havior, with MIPR; approaching a constant value in the ther-
modynamic limit. Moreover, the mean fractal dimension of a
specific region, I can also be used to characterize the localiza-
tion properties of a system in the thermodynamic limit, which
is defined as I'(6;) = (1//\/6;;)2566!; I;.1283% For a localized
region, I approaches 0 in the thermodynamic limit. For an

extended region, I" approaches 1 as the system size increases.
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In a critical region, the value of I" approaches a finite value
within the interval (0, 1) as the system reaches the thermody-

(28391 Figure 4(d) illustrates the finite-size scal-

namic limit.
ing of " for critical and localized regions, respectively. Here,
x = 1/m, where m is the index of the Fibonacci number F,,,
defined by F,+| = F,, + F—1 and F| = Fy = 1, and the cor-
responding system size is N = 2F,,. As shown in Fig. 4(d),
the value of I"(C) converges to 0.3 for the critical regime in
the thermodynamic limit. In contrast, I'(L) for localized re-
gions decays linearly with the system size and asymptotically
approaches zero in the thermodynamic limit, as shown in the
inset of Fig. 4(d).

The results above were obtained under PBCs. How would
the localization properties of the system change if OBCs were
applied? Due to the presence of non-reciprocal coupling, the
system exhibits the skin effect under OBCs, which leads to lo-
calized features. Consequently, traditional order parameters,
such as the fractal dimension I;, struggle to differentiate be-
tween skin states and conventional localized states. To address
this issue, we introduce the mean center of mass (MCM),!”!
defined as MCM = Y | n (|an|? + |ba|?). Figure 5 shows the
MCM as a function of A; and the real part of E; for N = 610,
h = 0.1, and Ay = 2 under OBCs. The black solid lines rep-
resent the analytical results from Eq. (9). The minimum value
of the MCM in the central region of the analytical solution in-
dicates that the wave function is localized at the left boundary,
corresponding to left skin states. In contrast, the outer region
exhibits much larger values, indicating localized features that
are unaffected by non-reciprocal hopping. This demonstrates
that critical states under PBCs transform into left skin states
under OBCs, while localized states maintain their localization
characteristics under OBCs.

5 600
| U R 500
~ L[ {400
<)
Q
L | 1200
100
_5 il L |
0 2 i 6 8
Ay

Fig. 5. The mean center of mass (MCM) of different eigenstates as a
function of the corresponding real part of E; and Ay for N = 610 un-
der OBCs. The black lines represent the AMEs given in Eq. (9). Other
parameters: t =1, k =2, Ay =2 and h =0.1.

For an arbitrary «, the exact expression for AMEs (with a

detailed derivation provided in Appendix B) is given by

4
= +1)A2
’<AK—1 :

(—2J0)% (M) 1Ay

2
15" A

, (10

2
where Ay = Ay — 2225 A} = E2— 2 —4— A}, For k=3,

Eq. (10) simplifies to

3
E.=%\|24+12+ A3+ \/4+4A22 + %A; (11)
The above results are presented in Fig. 6(a), with the red
solid lines marking the positions of the AMEs. In this figure, I;
is plotted as a function of A; for N = 630. As predicted by the
analytical results, the values of I; exhibit a sharp change when
the energies cross these red lines. To illustrate the changes in
I; for different system sizes, we use A = 5 as a specific ex-
ample in Fig. 6(b). The black dashed lines indicate the AMEs
as given by Eq. (11). It is evident that the I; values of the
eigenstates in the shaded region deviate substantially from O
and 1 as the system size increases, suggesting that these states
are critical. Similarly, we calculate the MIPR for a specific
region as a function of 1/N, as shown in Fig. 6(c). The scal-
ing of the MIPR in the two critical regions follows the form
MIPR: ~ 0.1062(1/N)%3191 demonstrating critical behavior.
The scaling of the MIPR in the localized regions is shown in
the insets of Fig. 6(c), where it approaches a constant value.
Furthermore, for any x, one can derive 4(k — 1) AMEs, as de-
scribed in Eq. (10). We also show the scaling of I" for specific
regions, as shown in Fig. 6(d) with N = 3F,,. Itis observed that
I approaches 0.45 in the thermodynamic limit for the critical
region. In the localized region, I" exhibits a linear decay with
increasing system size and tends to zero in the thermodynamic
limit, as demonstrated in the inset of Fig. 6(d).
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®" | LTy o cN=630 1y xdiie
05} bolE Y v=mseo [ Sty
[ w1 iy N=3000 4" yi- 1y
» _J] [N} 1 1 [N} 189
0 ? L 1 " 1 111 d
-6 -4 -2 0 2 4 6
Re(E;)
) F o t_ﬁ*—*_‘ - )
o002t % 0.24
A <0 . 0
200 " e
0 . \ ,
0 0.5 1.0 1.5 2.0
1/N (1073)
i, 04f [ 013} oA
021 0 002 004 006 008 ]
0 1 1 1L 1
0 0.02 0.04 0.06 0.08

xT

Fig. 6. (a) The fractal dimension I; of different eigenstates as a function of
real part of E; and Ay for N = 630. The red lines represent the AMEs given
in Eq. (11). (b) The fractal dimension I; versus real part of E; and different
system sizes for A; = 5. The black dashed lines represent eigenstate indices
of the AMEs given by Eq. (11). (c) The MIPR for the critical regions as
a function 1/N for A} = 5. The insets show the scalings of the MIPR for
the corresponding localized regions. (d) I" as a function of x for the critical
region with A; = 5. The inset in (d) shows the scaling of I" for localized
regions. Other parameters: t = 1, k =3, Ap =3 and h =0.1.
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To clearly demonstrate the robustness of AMEs even in
the presence of random perturbations, we introduced a small
random disorder into the quasi-periodic mosaic potential. In
Fig. 7, we plot the fractal dimension I; of different eigenstates
as a function of the corresponding E; and A;, incorporating
small random perturbations in the quasi-periodic mosaic po-
tential for (a) ¥ =2 and (b) k¥ = 3. Specifically, the amplitude
of the random disorder is set to 1073, N. evertheless, as shown
in Fig. 7, AMEs persist in the system even in the presence of
random perturbations. However, the analytical expression for
the AMEs no longer accurately predicts their exact positions,
indicating that random perturbations cause a shift in their loca-
tion. These results indicate that the random perturbations only
influence the location of AMEs within the system.

(a) (b) =z 1
5 z ) @ 0.8
m -y
==l

0 5 0 5
Al Al

e(E;)
A

Fig. 7. The fractal dimension I; of different eigenstates as a function of the
corresponding E; and A; with small random perturbations in quasi-periodic
mosaic potential for (a) k =2 and (b) k = 3. The black lines represent the
AME:s given in Egs. (9) and (11) without small random perturbations in (a)
and (b). Other parameters: (a) N = 610, (b) N =630, A, =2 and h =0.1.

4. Experimental realization

We designed an electrical circuit in Fig. 8(a), correspond-
ing to the system described by Eq. (1). The nonreciprocal
hopping between cells is simulated by combining an INIC, as
shown in Figs. 8(b). The INIC consists of a normal capacitor
Cy and a capacitor C, one operational amplifier, and two re-
sistors with equal resistance values R’. When the current flows
from left to right, the capacitance between the nodes of this
cell and the nodes of the next cell is Cy, — C,. If the current
runs in the opposite direction, the capacitance will be C, +Cj.
The capacitor C; is utilized to represent the intracell hopping
of the model in Eq. (4). The inductor £ is used to tune the reso-
nant frequency of the circuit, and the on-site potentials at each
site are simulated by grounding capacitors C¢ and C2. This
system described by Eq. (4) can be represented by the circuit
Laplacian J (®). The Laplacian is defined as the response of
the grounded-voltage vector V to the vector / of input current
by

I{(0)=J(0)V(o). (12)

Using Eq. (12), the current of each node within the unit cell
can be expressed as

[ = ithIZVf,’—Ha){(Cy—kC;L) (Ve + V)

01Y) .
+(Cy—Cr) ;;_1} (1 0) +io(Cy— G )LVE

1 -1 1 .
+|:1a)[: ( 1 _1> _lw(Cn,a+Ct+4Cy>IZ:| Vr‘zl?

+iwl; {(CVJFCA) Vo +Vi)+ (CY_CA)VIILI}

1 -1 1 . b
(13)

where the vectors I¢ = (1%,1%)T (o = a,b) and V¢ =

V¥, V%) (o0 = a,b) represent the node currents and volt-

ages of the a and b sublattices within the nth unit cell, respec-
tively, and Z, represents the 2 x 2 identity matrix. We trans-

form Eq. (13) using a unitary matrix

1
(R

and obtain the transformed current—voltage relationship

s . ~ . 1 0 ~
I — i0CTV + o (O _1) (o) (P2,

+V00) + (CY_CJL)D;LI} +io(C,—C) LV,
1 -
+ [m (8 _02> _iw(Cn7a+Ct+4Cy>IZ}V;:a

: Sa 10\
s 1wctzzvg+1w(cy—c,t)< _1) -

N
S
Il

0

+ia)Ig[(Cy—|—Cx)(]7,f+1 +Vi) + (CY_C)L)Y)r[:—l}
1 (00 . -
+ [H (o _2> —i0(Cup+ G +4C,) | V2. (15)

We rewrite the current-voltage equations for the second nodes

as

I ) ia)C,Viz —io [(CY+ C)(Viiin+ Vfﬂ,z)

+(Cr=Ca) Vo] +10(Cr=Ca) Vi

tio [% ~ (CratG+4cy) [P,

) = i0CVu(a) —io(Cy—C) (Vi 15— Vi 1 ,)
. b -,
+i10(Cy+Co) Vip12 +Vi12)
. 2 ~b
J”w[wTﬁ_ (c,,,,, +c,+4cy)}vn12, (16)
where I,2(@) and V,2(a) (@ = a,b) denote the current and
voltage of the second node within each sublattice in the circuit.
Therefore, we achieve the targeted circuit Laplacian 7 (@) to

simulate the system in Eq. (1) as
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—Ciaq G —C-C, —C—Cy ... O
G —Cip Cy+Cyp Cy+C ... 0
—Cy+C Gy —=C, -Gy 0 >
J(w)=iw L0 4C C—-Cr G Gy + ((w)ZL e —4cy)12,,, (17)
: z : _—
0 0 0 Ct _Cn,b

where 7, represents the 2n x 2n identity matrix. Hence, the
system for the non-Hermitian cross-stitch flat band lattice with
an on-site mosaic quasi-periodic modulation is achieved. The
energy spectrum of the system can be obtained from the ad-
mittance spectrum of the circuit, and the distribution of states

can be detected by measuring the voltage at each node.!”6"7]

bn—1,2

(b)

INIC

Fig. 8. (a) Electrical circuit implementation of the model in Eq. (1).
(b) The details of the INIC.

S. Summary

In this study, we investigated the localization transition
in a nonreciprocal cross-stitch lattice with quasi-periodic mo-
saic modulations. When A, = 0, the non-Hermitian skin ef-
fect does not occur. Moreover, through analytical derivation,
we determine that the system’s energy spectrum is purely real.
This is different from typical non-Hermitian systems, where
the energy spectrum is generally complex. However, when
Ay # 0, we present a simpler method to derive a general solu-
tion for a class of AMEs under PBCs. Under OBCs, the AMEs
transform into boundaries that distinguish between localized
states and skin states. Moreover, from analytical results, we
find that the system with AMEs induced by the mosaic is
fundamentally equivalent to a generalized non-Hermitian AA
model. According to the conclusions drawn from the gener-
alized non-Hermitian AA model, a transition from a critical

phase to a localized phase exists. However, our analysis re-
veals that the transition point from the critical phase to the
localized phase is energy-dependent, which fundamentally ac-
counts for the emergence of AMEs in our study. Thus, we
have provided a further physical explanation for the existence
of AMEs. Moreover, we propose an experimental realization
using electrical circuits, providing a practical platform for re-
alizing our system, along with circuit diagrams and detailed
derivations. Our findings offer new insights into AMEs in non-

Hermitian flat band systems.

Appendix A: The change of the spectrum for
Ay #£0

We consider the case of k¥ = 2. In Figs. Al(a) and Al(b),
we plot the In|Im(E;)| as a function of Re(E;) and A; under
OBCs and PBCs, respectively. One can see that AMEs are
not only the boundaries between localized and critical states
in the system but also the dividing lines between the real and
complex parts of the energy spectrum, as shown in Fig. A1(b).
The critical states in the system correspond to complex energy
spectra. We find that under OBCs, the critical states transform
into skin states, and their energies change from complex to
real, as shown in Fig. Al(a). In contrast, the localized states
maintain purely real energies, as shown in Figs. Al(a) and
Al(b). In nonreciprocal systems, under PBCs, the complex
energy spectrum forms complex energy loops in the energy pa-
rameter space, corresponding to a nontrivial spectral topology.

Under OBCs, the eigenstates associated with these complex

spectra exhibit the non-Hermitian skin effect,[°¢67] as shown
in Fig. 5.
OBCs PBCs
10
B
5 5
= 15
&
< 0 0
= |25
-5 -5
-10 -10 35
0 5 0 5
Aq Ay

Fig. Al. The In|Im(E;)| of different eigenstates as a function of the cor-
responding real part of £y and A} for N = 610 under (a) OBCs and (b)
PBCs. Here, the color denotes the value of In|Im(E;)|. The black lines
represent the AMEs given in Eq. (9). Other parameters: t = 1, k = 2,
Ay =2and h=0.1.

077101-7



Chin. Phys. B 35, 077101 (2026)

Appendix B: Arbitrary « case for A, # 0

We begin by considering the case of k¥ = 2. In this case,
the on-site potential is quasi-periodic at the 2s-th unit cells,
while at other unit cells, it remains a constant with a potential
Ay # 0. From Eq. (8), the effective eigenvalue equations for
the P-chain can be expressed as

A1p1s=—2JRV25-1p25-1 —2JLA2po s

Bopas = —2JrAxp1s — 20LVasprsit + Vaypas, (B

where A = By — A22. Here, the subscripts of pg s and Vg ¢ de-
note the ¢i-th site in the s-th quasicell, with & = 1,2,..., k and
s=1,2,...,N. By reducing Eq. (B1), we obtain
4A3 473 4A2J?
(Bo — Af) D2s = A RVos1paso1+ A LV spast
4 2
+ 147 + 1 V2,Sp2¢5' (BZ)
1

This eigenvalue equation, Eq. (B2), represents a one-
dimensional generalized nonreciprocal AA model with
quasiperiodically modulated hopping and on-site terms. Based
on the localization transition of the generalized nonreciprocal

AA model, 3% the analytical expressions for the AMEs are

given by
4J2+1 A 2A21\42| (B3)
Al 4,

where M? = Max{(—2J.)?,(—2Jr)?}. Here, we consider

JL > Jr. So Eq. (B3) can be further simplified as

84,2
C:i\/iAzL—i-tZ—&-Azz, (B4)
1
which are represented by the solid lines in Figs. 4(a) and 5.
Then, we consider the case of k¥ = 3. Similarly, Eq. (8)
for the P-chain can be expressed as

A1prs=—2RV35-1p35-1 —2JLV1 P25, (BS)
A1prs = —2RVi P15 — 2L V253 s, (B6)
Bopss = —2JrVasp2s — 20LV35p1se1 + Vigpss. (BT

Here, A =By — A22. Combining Eqgs. (B5) and (B6), we obtain
[ —2A,)?]
Ay — (1472) Dis = —2JRV3s—1DP3,5-1
1
—2JLA))?
p A, ey
1
[ —24:)?] —2JRA
A — (Z24) P2s=—2 R 2-IRV3,s71p3,s71
A A

—2JLA2p3. (B9)

Next, by combining the results of Egs. (B7)—-(B9), we arrive at
the following equation:

4A2 8J3A3 84z
By——= | p3s=— V3s 1P3,5-1— stp3s+1

Ay AlA A1A;
< ) V32,sp37~"7

(=249)" ZAz)

(B10)
where A, = A1 — . Based on the localization transi-
tion point of the generahzed nonreciprocal AA model, 3%
the expression for the AMEs is given by

—8A2A, 4 5
—2— M| =|—+1])4
2, T A

A1A;
where M3 = Max{(—2Jp)3,(—2Jr)3}. Here, we consider
JL > Jr. Simplifying Eq. (B1), we obtain the AMEs

2‘ M3 (B1)

16J3
E.= + 2—|—t2+A22i\/4+4A22iALA22, (B12)
1

which are represented by the red solid lines in Fig. 6(a).
For any «, the effective eigenvalue equations for the P-
chain can be expressed as

Ai1p1s = —2RVis—1Pxs—1 — 2ILV15P25,

Bopx,s = —2JRVk—1sPx—1,s — 2JL.Vik sP1,5+1 + VKZ,SPK,y
(B13)
Following a similar process as in the k = 2 and 3 cases,
and employing inductive reasoning, we derive

(=2Jr)*(A9)*!
I A

_ K k—1
n ( ZJLE_I(AZ)
Hm Am

—24,)? 4
+pr,s+ (A

BOPK.S = Vms—lpms—l

VK,SPK,S+1

1 B14
Axfl 1 + > vsz ( )

The corresponding expression for the AMEs is

—2)K(A))5 1A 4
( ) ( 2) 1 K _‘( +1>A12 ,
A1

I An
where A,, = Ay — 52820 2A2) and M* = Max{(—2J.)*, (—2Jr)*}.
Here J, > Jr. The result of (B15) can be further simplified as

—2)%(A))5 1A 4
A1
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