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The nuclear magnetic resonance gyroscope (NMRG) holds significant promise for applications in unmanned systems,
smart devices, and deep-sea/space exploration. However, its advancement is constrained by multiphysical interference and
coupling effects. Current techniques lack the capability for high-precision multi-axis decoupling or accurate mechanistic
analysis of performance-limiting factors, restricting further enhancements in accuracy. To overcome this, we developed
a signal simulation program incorporating critical NMRG physical effects, Rb—Xe coupling, carrier demodulation, and
phase-locked loop (PLL) feedback control, using a fourth-order Runge—Kutta numerical solver. The model was validated
through dual verification via main magnetic field variations and closed-loop PLL phase shifts, achieving an error margin
below 0.2%. Using this platform, we systematically evaluated the impact of magnetic field parameters on key performance
metrics: signal amplitude, resonance frequency, signal-to-noise ratio (SNR), and 100-second standard deviation. Key
findings include: (i) Signal intensity and SNR display distinct trends under varying field parameters, likely due to field-
dependent noise modulation; (ii) PLL excitation amplitude and phase exert the strongest influence on the 100-second
deviation (~ 0.015°/h), followed by high-frequency carrier excitation amplitude, with other parameters contributing under
0.005°/h; (iii) Optimizing the 100-second deviation requires leveraging the synergy between signal intensity and SNR.
This simulation tool offers dual utility: guiding quantitative parameter optimization and system debugging in practical
applications of NMRG, and visualizing the evolution of Rb and Xe atomic moments under varying fields, thereby improving
mechanistic insight into NMRG operation.

Keywords: nuclear magnetic resonance gyroscope (NMRG), Rb—Xe coupling, signal simulation, error analy-

sis
PACS: 42.81.Pa, 42.79.—e, 74.25.nj, 82.56.-b
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1. Introduction

The NMRG, as a quantum inertial sensor, measures rota-
tional motion by detecting shifts in the Larmor precession fre-
quency of noble gas nuclear spins (e.g., '>°Xe). Its advantages,
including solid-state design (no moving parts), high shock re-
sistance, acceleration insensitivity, and miniaturization capa-
bility, make it promising for high-precision navigation and at-
titude control. Consequently, it has become an active research
focus in inertial technology. To meet the growing demand for
navigation accuracy, substantial efforts have been devoted to
enhancing its core performance through studies of physical
mechanisms, noise suppression, and system optimization.!!=3!

Despite significant progress, the development of NMRGs
continues to face critical challenges. A primary issue in ana-
lyzing their performance is the system’s susceptibility to mul-
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tiple coupled parameters, including optical fields,*®! ther-
mal fluctuations,!”! and magnetic fields.[3! The strong interde-
pendencies among these factors complicate the accurate iso-
lation of each one’s effect on the gyroscope. Previous stud-
ies have outlined key parameters (e.g., pump laser power and
frequency stability) necessary to achieve a bias stability of
0.01°/h! although attaining the target values for some param-
eters remains difficult under typical laboratory conditions. It
has also been reported that magnetic fields and temperature
can cause significant signal drift in NMRGs, which cannot be
fully compensated for even using a dual-isotope scheme.!']
Comprehensive research in Ref. [11] examines the impact of
the direct current (DC) magnetic field, modulation field fre-
quency/phase, and Rb resonance linewidth on the phase sta-
bility, demonstrating notable improvement in drift stability us-
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ing a self-calibrating Rb parameter magnetometer. Our re-

12,31 further demonstrated that the Rb—Xe coupling

cent study!
effect complicates the influence of control parameters (e.g.,
magnetic field amplitude and frequency) on the NMRG signal.
However, these studies have not yet incorporated the effects of
practical control components such as filters and PLLs, mean-
ing the behavior of an actual NMRG system is significantly
more complex.

The magnetic field is essential for quantum state ma-
nipulation in NMRGs, and its configuration, particularly the
orthogonality of the control fields, is a critical factor de-
termining performance. However, calibration and compen-
sation methods for non-orthogonal magnetic fields have re-
ceived limited attention. Current research has predominantly

14—

focused on magnetic coil design,l'*!'71 magnetic compen-

(1820 and frequency shifts induced by field

sation schemes,
inhomogeneity.[>!! By contrast, the specific influence of field
configuration, especially non-orthogonality, on key perfor-
mance metrics such as the SNR and 100-second standard de-
viation remains less explored.

Moreover, current simulation studies primarily concen-
trate on numerical solutions and noise characterization, but
have paid little attention to the three-dimensional (3D) trajec-
tory visualization of magnetic moments. For example, Jia et
al. used COMSOL Multiphysics® to investigate the distri-
butions of electron and nuclear spin polarizations in NMRG,
but did not explore the intuitive visualization of dynamic mag-
netic moment evolution. The lack of such trajectory modeling
hinders a deeper understanding of nutational motion and po-
larization relaxation phenomena, thereby limiting the utility of

simulation data in exploring underlying mechanisms. ??!

This study presents a comprehensive NMRG signal sim-
ulation program that incorporates effects such as Rb—Xe cou-
pling, carrier demodulation, and PLL feedback control. Us-
ing this program, the influence of magnetic field parameters
on key performance metrics, including gyro signal amplitude,
resonance frequency, SNR, and 100-second standard devia-
tion, was systematically investigated. The results provide
practical insights for NMRG system debugging and parameter
optimization. Furthermore, the program enables visualization
of magnetic moment evolution trajectories, offering an intu-
itive reference for analyzing the operational mechanism of the
gyroscope.

2. Theoretical model

Current mainstream NMRG implementations begin by
polarizing both Rb and Xe magnetic moments along the z-axis
using a circularly polarized pump beam. A sequence of mag-
netic fields is then applied: first, the primary field By along
the z-axis, followed by the carrier field B;cos(mt). Here, B.
and @, = 27 fp, are the amplitude and angular frequency of
the carrier field, respectively, and fp, is the frequency. The
PLL provides feedback by generating an x-axis excitation field
that is precisely synchronized with the Xe precession. Con-
currently, an Rb atomic magnetometer, constructed using the
primary and modulation fields, measures the precession sig-
nals in the xy-plane. Finally, a linearly polarized probe beam,
directed along the x-axis, is used to monitor the polarization
rotation induced by variations in the Rb magnetometer’s sig-
nal. This allows the Xe precession signal to be extracted for
carrier rotation analysis. A schematic diagram of the working
principle is shown in Fig. 1.
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Fig. 1. Structure of NMRG.

However, in NMRG systems incorporating Rb—Xe coupling, the polarization dynamics of Rb and Xe atoms exhibit signif-
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icant complexity. This necessitates the establishment of coupled differential equations to characterize the specific evolution of

their polarization rates.

Based on Bloch approximation theory, the polarization rates of Rb and Xe atoms in an NMRG obey the following kinetic

equations: >

dpP°© _ Ye nl pnl n2 pn2 e e
i { [Q(Pe) (B+AM'P" + AM§*P™ + L+3°) + 2| x P

Test

| Ry (5p=P°) + R (sm = P) + RY! (P! = P<) + R (P — P°) — Ry P° }

0(P°)

dPnl
dt

dpm
dr

Here, P° represents the electron spin polarization vec-
tor of Rb atoms. P™ and P" denote the spin polariza-
tion vectors of '?*Xe and '3!'Xe nuclei, % = +usgs/h and
Y12 = —HNg1/f respectively indicate the gyromagnetic ra-
tios of Rb electron spin and Xe nucleus spin relative to their
respective nuclear spins. Q (P¢) represents the polarization-
dependent slowing factor. B = B, + B, + B, denotes the ex-
ternal magnetic field vector, and By, By, and B; represent the
magnetic field components on x-axis, y-axis, and z-axis. B, =
By + B cos(at), By = B cos(;t) + By cos(wat), By, By, o,
and @, are the strengths and angular frequencies of '2°Xe and
131Xe. The relationship between polarization and magneti-
zation is expressed as: M® = MP®, M™? = M81‘2P“1v2,
where M and MS 1.2 represent the maximum magnetization
intensities of electrons and nuclei respectively. A = 87y /3
contains a spin exchange enhancement factor kg that accounts
for spin—orbital coupling effects, while L represents the vir-
tual magnetic field originating from the optical frequency shift
AC-Stark effect. 3° and 38" represent other interactions cou-
pled with electrons and nuclei respectively. 2 denotes the
rotational angular velocity of the carrier. R, and Ry, respec-
tively denote the pump efficiency of pump light and probe
light. s, and sy, represent the photon spin vectors of pump
light and probe light respectively. RS and Ry indicate the ex-
change polarization rates between electron spin and nuclear
spin, while R and R}, represent the relaxation rates of
other mechanisms involving electron and nuclear spins. Us-
ing Ykp = % /0 (P°), with the main magnetic field direction
the z-axis, and setting

Ty = Q
Rp +Rn +Rggl + Rggz + R?est,x/y ’
T = Q
Ry+ R+ RET+RY? + Ry
o RoSl) +Rusl +REPI 4 RO
x/y = Rp +Rm+ Rggl + Rggz + Rsest,x/y 7

= — [ (B+AM{P® + AMJ*P™ + 8") + Q] x P™ + R3¢ (P — P") +RW" (P" — P"') — R},

nl
P,

rest

rest

- _ [’VnZ (B—"-AM(e)Pe—i-lMganl +ﬁn) —|—Q] > Pn2 _’_Rrslge (Pe _Pn2) +Rr§1§nl (Pnl _Pn2) _Rn2 Pn2. 1)

0 _ Rys? + Rins™ + REM prl 4 Ren2 pn2

c €

¢ Ry + R+ R + RS2+ RE, .

rest,z
/2 _ 1
2 - 1/2 1/2n2/1 1/2
R.Is]e/ ¢ +Rlsle/ n2/ +R?es{,x/y
/2 _ 1
1 - 9
R R R
nl/2e nl/2n2/1 ;n2/1
Pn1/20 _ Rse P)?/y + Rse Px/y
x/y Rl;el /2e +Rgel /2n2/1 +R?;S<i/y
pil/20 _ RE /zel’f + R PRl
z = )
R R R

B® =B+ L+3°+ 2/ Wy + AMy' P"' + AMy> P™,
B = B+ 8" + 2/% + AM{P® + AM}*P™,
B™ = B+ 3"+ 2 /Y + AMSPC + AM5' P )

Express Eq. (1) in Cartesian coordinates and simplify to
derive the standard Bloch equation

df = ko (BSPE —BSPS) + p;ogp;’
dTi; = —ko (BSPE — BSPS) + RSO;P;,
d;;ze =~ (BSPy — BPY) + PZeOTTP?,
d?:l ==Y (BY R = BYPY) + P;IOT;I}?I,
U () + PT_P

094204-3



Chin. Phys. B 35, 094204 (2026)

d Pzn2

20 2
PII . le’l '
dt

2 pn2 2 pn2
= —Y (BYP)* —BYPP?) + = 7

3)

3. Simulation and experimental verification
3.1. NMRG simulation program

To implement the established NMRG theoretical model
and develop a simulation program for analyzing how varying
magnetic field parameters affect the gyro signals, we first nu-
merically solve the Bloch equation (3) that describes the tri-
atomic coupling in NMRG. The parameters for these equa-
tions are defined in Eq. (2). We employ the fourth-order

Runge—Kutta method to obtain the numerical solution

Y =ry),

Yn+l =yn+%(k1 + 2k 4 2k3 4 ks ),
ki = f (ta,yn)s

ky = f(ta+h/2,yn+k1h/2),

ky =

f(
7f(tn+h/27yn+k2h/2)v
k4 :f(tn +h7yn +k3h) (4)

Here, y' = f(t,y) is the differential equation to be solved nu-
merically, yni1 = yn + % (k1 +2ky + 2ks + ka) is the iteration
formula for discretization of the differential equation. #, and
vn are the known values of the independent variable and the de-
pendent variable in the n-th step, respectively. ki, kp, k3, and
k4 are four slope approximate values corresponding to differ-
ent stages, k; stands for the slope at the starting point of the
calculation interval, kp and k3 refer to the two corrected slopes
at the interval midpoint, and k4 represents the slope at the end-
ing point. & = x| — X, is the step size of the numerical calcu-
lation interval, n represents the number of time discretization

steps. For the multiple coupling equations given in Eq. (3), the
specific fourth-order Runge—Kutta equations can be written as

P = fi (t.{P;}),

Py =P+ g (Ki,t +2ki2 4 2ki3 + ki),

kit = fi (1, {Pjn }).

ki = fi (tn+h/2,{Pju+kj1h/2}),

kis = fi (tn+h/2,{Pju+kj2h/2}),

kia = fi (tn+h,{ P+ kjah}). )

Here, i, j=1,...,9 represent 9 different polarization rate com-
ponents in Eq. (3), P’ represents the derivative of the polariza-
tion rate component in Eq. (3), that is, the amount that changes
with time. The above is the specific process of solving the
coupling equations of three atomic polarization rates in the
NMRG using the fourth-order Runge—Kutta method.

In the numerical implementation, the characteristic fre-
quencies of Rb and Xe atoms and the computational efficiency
are considered. To address this, within each computation cy-
cle, the six polarization equations for the Xe atoms in Eq. (3)
are solved first, followed by recalculating the three equations
for the Rb atoms. This sequence mirrors the physical process
of the NMRG: the rotational response is primarily sensed by
the Xe atoms, and the resulting change in the Xe magnetic
moment is then detected via the Rb atoms. To enhance com-
putational efficiency, the coupled system of nine differential
equations is decoupled into three independent sets according
to atomic species, with their interactions incorporated through
an effective magnetic field. This approach significantly in-
creases the calculation speed while preserving the essential
physics, thereby ensuring the reliability of the results. The
detailed program flowchart is shown in Fig. 2.

L B, ] EPXE Lowpass filter | =~ Magnetic J Anbxe
===  Bloch compensation Y’
B, — equaition Magneti
Lowpass filter 2 s agnetic
compensation X N froxe
* B. ] 131Xe
= Bloch Bandpass filter 2 === pry5 _—¢ = A
Other L. >< A
— equaition
parameters Bandpass filter | =  pLp] —*
Initial l_ I ; Ixe
conditions | i
; Rb . SNR
Sp — M, Magnetic
Blggh Demodulation compensation Z
B N equaition M, Bias
]

Fig. 2. Flow chart of NMRG simulation program. Where A is the excitation amplitude of PLL applied to X-axis, and f is the resonant frequency

obtained by PLL.

Other parameters include nonmagnetic field parameters
such as various relaxation rates and rotation-related parame-
ters in Eq. (1). The initial conditions are the parameters when
the system reaches a steady-state equilibrium operating state.

§p and $p, respectively represent the pump light and the probe
light. K1, K1, and K;; are the components of the magnetic
moment of '2Xe on the three axes, while Ky, Ky, and K

are the components of the magnetic moment of 3! Xe, while
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M,, My, and M, are the components of the magnetic moment
of 87Rb.

The NMRG signal simulation program developed in this
study is built on a computational framework comprising four
key components: parameter input, numerical solution, signal
processing, and feedback control. The specific steps are as
follows:

Step 1 Parameter input and initialization (green module
in Fig. 2): The simulation is initialized with a complete set
of core parameters and initial conditions derived from the ex-
perimental system. These parameters, which include control
magnetic fields, relaxation rates, and pump/probe light prop-
erties, provide the foundational input for the simulation.

Step 2 Numerical solution of the Rb—Xe coupled Bloch
equations (cyan module in Fig. 2). The input parameters are
used to define the Rb—Xe coupled Bloch equations, which are
then solved numerically using the fourth-order Runge—Kutta
method (see Eq. (5)). The double-headed arrow between the
Rb and Xe in the figure illustrates their mutual coupling: Rb
polarizes the Xe atoms via spin-exchange optical pumping,
while also serving as the medium for detecting the resulting
Xe magnetic moment.

Step 3 Signal preprocessing and bidirectional feedback
(yellow module, Fig. 2): The raw magnetic moment signals
from the Bloch equation solutions are first preprocessed in this
module. Key steps include demodulation, low-pass filtering,
and band-pass filtering to remove noise and extract the effec-

tive signals. This yields two main signal paths: one provides
the residual magnetic fields along the x- and y-axes, while the
other sends the processed signal to the orange module for final
extraction of the Xe precession signal via dual PLLs.

Step 4 Feedback control and output (orange and purple
modules, Fig. 2): This stage implements real-time, closed-
loop control and generates the final outputs. PID control com-
pensates for the x- and y-axis residual fields. The Xe preces-
sion signal from the PLLs serves three critical purposes: (i)
It is fed back as the x-axis excitation field to the Bloch equa-
tions (green module), maintaining a stable Xe precession. (ii)
The phase difference between a PLL and a reference signal
acts as an error input to another PID controller. This controller
generates a compensation signal for the z-axis coil, stabiliz-
ing the main magnetic field against fluctuations. (iii) Another
portion is sent to the purple module for detailed analysis, pro-
ducing the core NMRG performance metrics, such as signal
frequency, amplitude, SNR, and the 100-second standard de-
viation.

In summary, parameter transfer and closed-loop feed-
back across these modules enable a full-link simulation of the
NMRG signal, from input parameters to characteristic output.

3.2. Comparison of simulation and experimental results

To validate the simulation program, the experimental
setup shown in Fig. 3 was constructed. It consists of the fol-

lowing key subsystems.

. Linear
l Computer - Laser 'PhOtOledeOpolarizer

Signal

" Polarizing s Half Quarter
processmg w beam wave 0 wave
unit splitter ' plate plate

N N
’Reflector Y-coil K \) Z-coil ! Oven
. Magnetic

Fig. 3. Experimental setup.

(i) A magnetic shielding system isolates external mag-
netic interference, providing a stable, low-noise magnetic en-
vironment for the core sensor.

(i1) A triaxial magnetic coil system for generating con-
trollable static and alternating magnetic fields along three or-
thogonal directions.

(iii) A non-magnetic heating system for regulating the
temperature of the atomic vapor cell.

(iv) The core atomic vapor cell contains the working me-

dia: 8'Rb, 1¥Xe, B1Xe isotopes, and N, buffer gas.

(v) An optical pumping path based on a 795-nm semicon-
ductor (laser 1). The emitted linearly polarized light is con-
verted into circularly polarized light via a combination of a
half-wave plate, a linear polarizer, and a quarter-wave plate.
This provides adjustable-power pump light for polarizing the
87Rb atoms.

(vi) An optical probe path employing a 780-nm semicon-
ductor (laser 2). The output is a linearly polarized beam whose
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polarization angle can be adjusted by a half-wave plate and
a linear polarizer. After passing through the vapor cell, the
probe beam, which now carries polarization rotation informa-
tion, is split by a second half-wave plate and a polarizing beam
splitter. The two resulting beams are detected by a balanced
photodetector for noise suppression.

(vii) A signal processing unit that integrates lock-in am-
plifiers, data acquisition (DAQ) cards, control circuitry, and
a computer for parameter measurement, system control, and
data analysis.

Experimental parameter optimization: The system pa-
rameters were first optimized experimentally. A static mag-
netic field of 12.155 uT was applied along the z-axis, along
with a high-frequency carrier field at an optimized frequency
of 85,074 Hz. The demodulation phase of the magnetome-
ter was adjusted to make it sensitive to the y-component of
the field. Using these optimized 8’Rb parameters, an alter-

nating current (AC) magnetic field was then applied along the
x-axis. The amplitude and phase of the '>°Xe PLL excitation
were adjusted to maximize its response signal near resonance,
yielding a real-time precession frequency fluctuating around
144.206 Hz.

Simulation parameters: The simulation parameters were
chosen to match the experimental conditions, as summarized
in Table 1. The main magnetic field By was set to 12.155 uT,
JfB. was set to 85074 Hz, and B. was maintained at 16 uT,
consistent with the experimental system. The '>*Xe PLL ex-
citation amplitude was —1 nT. To mimic realistic conditions,
Gaussian white noise with a standard deviation of 10 pT was
added to the z-axis magnetic field. This configuration, with a
consistent noise sequence across all simulations, allows for a
precise analysis of the effects of individual parameter varia-
tions under identical stochastic conditions.

Table 1. Simulation parameters of NMRG.

Parameter Value Unit Parameter Value Unit
AMBe, AMpZ 0.01 \ Rule 0.01 s7!
AME AME? 1 \Y RuIn2 0.0001 7!

AMBIN2, 2 M0 0.0001 Y R . 0.01 57!
Ry 10000 s R 0.01 s
Rin 100 s~ R 0.001 57!
RN 0.01 57! RZe 0.001 57!
Re12 0.01 s R0l 0.0001 s
R 30000 s~ RYZ 0.04 57!
Ry, 30000 57! R, 0.04 571
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Fig. 4. Comparison of precession frequency variations between simulation system and experimental system. Panel (a) shows the variation of the
precession frequency of '2°Xe obtained by experiment (blue) and simulation (red) when the static magnetic field of the main axis changes. Panel (b)
shows the variation of precession frequency of '2?Xe obtained by simulation and experiment when the phase of the PLL of '>°Xe changes.

To validate the simulation program, we conducted two
comparative experiments using the aforementioned system
and parameters.

First, the z-axis magnetic field (B,) was varied while other
conditions were held constant in both the experimental and
simulation systems. Figure 4(a) shows the resulting variation
in the closed-loop resonance frequency of '?*Xe. The fre-

quency increases with B; in both cases, and the simulation re-

sults agree well with the experimental data, with a maximum
error of less than 0.2%.

Second, the phase deviation between the PLL excitation
signal and the Xe precession signal was adjusted, again while
keeping other parameters constant. The relationship between
the '2?Xe resonance frequency and this phase deviation is de-
tailed in Fig. 4(b). As in the first experiment, the frequency

increases with the phase deviation, and the simulation matches
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the experiment within 0.2% error. Conversely, unlike the lin-
ear response to B, a distinct nonlinear relationship is observed
when adjusting the phase.

The close agreement in both experiments confirms the ef-
fectiveness of our simulation program for NMRG signal anal-
ysis. The following section uses this validated program to an-
alyze the influence of different magnetic field parameters on
the NMRG’s performance.

4. Analysis of simulation results

Based on the experimentally validated simulation pro-
gram, this study systematically analyzes the variation patterns
of key parameters, including the Xe atom polarization ampli-
tude Axe, 122Xe resonance frequency Freq, the amplitude Agpxe
of Xe atomic magnetic moment measured by the Rb atomic
magnetometer embedded in NMRG, SNR, and the gyroscope
bias drift Bias. The Bias was calculated using the 100-second
standard deviation after one hour of stable operation with the
single isotope '??Xe (total duration of 4300 seconds, exclud-
ing the initial 700 seconds of unstable data). The specific re-
search variables are as follows:

(i) The embedded Rb magnetometer parameters. The
carrier magnetic field of the embedded Rb magnetome-
Although its influ-
ence has been extensively studied theoretically in standalone

ter is a critical adjustable parameter.

magnetometers, *! analyses considering the Rb—Xe coupling
within an NMRG are relatively scarce, despite being unavoid-
able during NMRG debugging. The influence of the embedded
Rb magnetometer is modeled by an expression B, cos(27 fp, +
0) involving three key parameters: carrier magnetic field fre-
quency fp,, amplitude B¢, and demodulation phase 8. Simula-
tions were performed by varying these parameters around their
adjusted baseline values. The tested ranges were £0.3 kHz,
44 uT, and £20°, with step sizes of 0.15 kHz, 2 uT, and 10°
respectively. The x-axis coordinates in the results represent the
deviations from the baseline: J fz., B, 6.

(ii) Parameters of the '>*Xe PLL. The closed-loop feed-
back excitation magnetic field By cos(27 f] + &) applied along
the x-direction is crucial for maintaining the stable precession
of Xe magnetic moments. The amplitude B and phase devi-
ation o are also key parameters in NMRG debugging. How-
ever, research on their influence on NMRG performance, espe-
cially on long-term stability metrics like the 100-second stan-
dard deviation, remains limited. The influence of these pa-
rameters is studied by varying B; from —3 nT to —0.5 nT in
steps of 0.5 nT. For «, the simulations were conducted around
the optimal value (set as the central 0 point) within a range of
+20° and a step size of 10°. The marked horizontal coordinate
represents the phase difference do.

(iii) Axial static magnetic field bias. The axial bias mag-
netic field is defined by two components: the deviation 6By

of the main axis magnetic field By from its set value, and the
residual magnetic field 8B, along the x-axis. During simula-
tions, these two parameters were varied around their central
values (specified in Table 1) within a range of £20 nT, using a
uniform step size of 10 nT.

(iv) Non-orthogonal inter-axis angles. Practical machin-
ing and assembly tolerances in NMRG construction often lead
to non-orthogonality among the magnetic field coils, an issue
noted in several studies that have proposed various calibration
methods. %191 However, the specific impact of coil misalign-
ment on NMRG performance has received comparatively less
attention. The present analysis can also provide useful insights
for the machining tolerance specifications of the field coils. To
model the magnetic field generated by non-orthogonal coils, a
gyroscope coordinate system is defined as follows: the z-axis
is aligned with the pump light direction, the x-axis with the
probe light direction, and the y-axis is perpendicular to the xz-
plane, coinciding with the nominal direction of the y-axis coil
field. Let B., B}, and B;, represent the magnetic fields intended
to be generated by the z-, x-, and y-axis coils, respectively.
When the z-axis and x-axis coils are misaligned by spatial an-
gles 0, and 6, relative to the gyroscope coordinate system, the
components of the resulting magnetic field in the gyroscope

system can be calculated using Eq. (6), as illustrated in Fig. 5.

By = B).c0s 0, + B.sin 6, cos ¢,
B, = B! sin O, sin @, + B/ sin O, sin ¢, + B;,
B, = Blsin 0, cos ¢, + B, cos ;. (6)

Here, ¢, is the azimuthal angle between the x-axis and the pro-
jection of magnetic field B} onto the xy-plane, while angle @,
represents the polar angle between the z-axis and the projec-
tion of field B, onto the yz-plane. The non-orthogonal mag-
netic field consists of an x-axis non-orthogonal angle 66, and
a z-axis non-orthogonal angle §6,, both ranging from —20° to
+20° with a uniform step size of 10°.

&)\L

Fig. 5. Definition of orthogonal coordinate system for NMRG.
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4.1. The influence of different magnetic field parameters
on freq
Simulations were performed for the different magnetic
field parameters described above. The resulting variations of
Freq obtained are presented in Fig. 6.

144.401 / 1
V43SE 5ps 6B, 00 B, sa  8B{ 6B, 00, 80 |
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S
T 144.25F .
S
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144.00 dl
[03 034 420 2005  3][20 2020 20][20 20][20 20][20 20]
(kHz) (uT) @) (nT) @) (nT) (nT) °) )

Fig. 6. The influence of all magnetic field parameters on Freq.

From left to right, it sequentially presents the variation
of Feq with the individual changes of 9 physical quantities,
including fp_, B, 6, B1, o, 8By, 8By, 60y, and 06,. The ab-
scissa of each grid provides the variation range value of the
corresponding physical quantity, and the second row shows
the corresponding unit. The 8 fp, is £0.3 kHz, B, is £4 pT,
00, da, 606,, and 56, are all £20°, B; ranges from —0.5 nT
to —3 nT, 6By and 8B, are both +-20 nT based on the data in
Table 1.

We define the relative influence amplitude as 6; = 103 x
(Freq,,, — Freq,;, )» and detailed results are presented in Table 2.

Table 2. The peak-to-peak values of each parameter on Fieq.

Parameters  fp,  Bc 6 B o 6By OB, 660, 46,

6y (mHz) 2.17 7.36 2.81 7.98 550 473.58 0.14 0.03 7.04

The simulation results in Fig. 6 reveal that Fieq increases
linearly with § By, which is its most significant influencing pa-
rameter. This linear relationship is consistent with the fun-
damental principle of NMR, f = yBy/(2x), and underscores
the critical importance of magnetic field stability for NMRG
performance. The last two columns respectively present the
influence of 66, and 66,, which arise from manufacturing and
assembly errors, on the gyroscope’s output. The comparison
reveals that 60, has a more pronounced effect than 66,. This
is because 0 6, causes the magnetic field intended for the z-axis
to have a projected component in the transverse plane, effec-
tively reducing its magnitude along the z-axis. Consequently,
Freq decreases for all non-zero 66, values, exhibiting a sym-
metric response about 86, of 0°. It is important to note that
during operation, temperature variations can induce thermal
deformation of the coil structure, altering 66, and leading to
signal drift. Therefore, the coil design must account for ther-
mal stability and structural symmetry to mitigate this effect.

The 4th and 5th columns present the influences of B; and d
of PLL output on Freq. According to the notation in Ref. [12],
the phase difference between o and f3 is related to the mag-
netometer’s state parameters, & contains the phase delay of
various filter components and the artificially added phase de-
viation when the PLL generates the transverse magnetic field
signal and f3 is the phase difference between the Xe preces-
sion signal and the PLL feedback signal. Therefore, without
changing other parameters of the system, adjusting o has a
similar effect to adjusting 8. The influence of B on Fq has
been provided in Ref. [10], as shown in the second equation in
Eq. (7).110:121 While the influence of B, on Freq is not given in
Eq. (7). In fact, our research shows that the influence mecha-
nism of By on Freq is more complex, mainly because By affects
K, and K, in turn affects the z-direction magnetic field sensed
by the Rb magnetometer, which then influences arctan(B/A).

¢Bj cos
KL = %Kza
2
d’ = @; 71}(31’1[3,
K, = Lz7 (7
(yxeBl cos[i)

where K| is the sum vector of K, and K.

Finally, parameters related to the Rb magnetometer, such
as fp., Bc, and 0, all affect Fi¢q through the Rb—Xe coupling
effect. For a detailed analysis, please refer to Ref. [12].

4.2. The influence of different magnetic field parameters
on Axe
Simulations were carried out under the above different
magnetic field parameters, and the changes in Ax. obtained
are shown in Fig. 7.

0.16 pesep s+, *ooo Vi BgaEd - adsdg FRRRK E
0.14 | E
~o012} 1 g
Z Sfp, OB 80 B, Sa 5By 6B, 50, 86,
B
< 0.10 F 4
0.08 F 1 .
0.06 -
[03 03][-4  4][20 20][-0.5  -3][-20 20][-20 20][-20 20][-20 20][-20 20]
(kHz)  (uT) () (nT) ) @T)  (T) ) ()

Fig. 7. The influence of all magnetic field parameters same with Fig. 6
on Axe.

We define the relative influence amplitude as &, = 100%
(AXe—max — AXe—min)/AXe—max> and detailed results are pre-
sented in Table 3.

Table 3. The peak-to-peak values of each parameter on Axe.

Parameters fp, B 2] B o 6By 8B, 86, 46

6 /% 0.70 3.37 0.59 69.02 0.66 0.16 0.16 0.59 16.80
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It can be observed from the figure that, unlike in Fig. 6
where By has the most significant impact on Feq, B exerts the
most prominent influence on Ax. under different conditions.
Additionally, there exists a specific amplitude of B| where Ax.
reaches a maximum. This phenomenon can also be explained
using the closed-loop given in Eq. (7). By substituting the third
equation in Eq. (7) into the first one and performing differen-
tiation, By corresponding to the maximum Ax. can be derived
as By =+ 2yl In addition to Bj, 66, of the z-direction

yXecosf*
magnetic field coil also exerts a relatively significant influence

on Axe. Similar to its influence on Freq, this effect also exhibits
symmetry with respect to zero tilt. As is known, 66, reduces
the magnetic field component along the z-axis while introduc-
ing an additional magnetic field component in the x-direction.
However, from the 6th and 7th columns in Fig. 7, it is observed
that 0B, has an insignificant impact on Ax.. This observation
leads to the inference that the influence on Ax. at this point
may mainly come from the tilt of B.. This conclusion is con-
sistent with the phenomenon shown in the 2nd column of the
figure, where variations in the carrier magnetic field amplitude
B also have a relatively significant effect on Ax.. Finally, to
intuitively illustrate the influence of magnetic field parameters
on the precession of the Xe magnetic moment, our simulation
program can also directly plot the precession trajectory of the
Xe magnetic moment under different magnetic field parame-
ters. As shown in Fig. 8, the influences of different B; and
different 66, on the precession trajectory of the Xe magnetic
moment are presented respectively.

04— T
(a) — T —> +-051T
0.3+ —0.75 nT|
’; ‘ — —1nT
o 02 S ——
X - —2nT
0.1+ SN S —2.5 0T
T = 77'7!’ —~ —3nT
0—<"f\l' _@ _"‘:\; —)
e e e e
02 0 o202 0 02
K, (V) K, (V)
0.22+——mm | T T T—
b o
0.20 - (b) —=—20
_0.18+ —10°
% 0.16 —0°
< 0144 10°
0.12 —20°
0.10 t—=s |
T —— -T—
0.2 0  _—0.2-0.2 0 0.2
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Fig. 8. The precession trajectory of the Xe magnetic moment under
different By and 86;. (a) Precession trajectory of the Xe magnetic mo-
ment under different By. (b) Precession trajectory of the Xe magnetic
moment under different 56;.

As shown in Fig. 8(a), as the amplitude of By increases, K,
progressively decreases. In contrast, both K, and K, initially
increase to a maximum before decreasing. This characteristic
behavior can be explained by the system’s response described

in Eq. (7). From Fig. 8(b), it is evident that as §6, increases,
the center of K, gradually decreases. The projection of the
evolutionary trajectory onto the xy plane transforms from cir-
cular to elliptical as the z-axis tilts toward the x-axis, leading
to a deviation of the vector from the original z-direction. This
occurs because the tilt deviates the total magnetic field vec-
tor away from the original z-direction. The resulting elliptical
transformation is symmetric with respect to both positive and
negative tilt angles.

4.3. The influence of different magnetic field parameters
on Agpxe

Above, we have analyzed the effects of 9 different mag-
netic field parameters on Freq and Axe of the Xe magnetic
moment precession signal in NMRG. However, in NMRG,
the precession magnetic moment cannot be directly measured;
instead, the Xe magnetic moment precession signal is indi-
rectly acquired through an embedded alkali metal magnetome-
ter such as Rb. Consequently, the signal actually measured by
the NMRG is influenced by magnetic field parameters in a way
that differs from their inherent effects on the Xe precession it-
self. This difference arises because these parameters also alter
the operating state of the Rb magnetometer, thereby influenc-
ing its measurement results.

To more directly characterize the impact of these 9 mag-
netic field parameters on the output signal characteristics
of the NMRG, we further investigated their effects on the
Rb magnetometer’s output signal. Our research reveals that
Arpxemeasured by the Rb magnetometer varies significantly
with these parameters, as shown in Fig. 9.
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Fig. 9. The influence of all magnetic field parameters on Arpx. under the
same parameters with Fig. 6.

We define the relative influence amplitude as 63 = 100%
(ARbXe—max — ARbXe—min)/ARbXe—max; detailed results are pre-
sented in Table 4.

Table 4. The peak-to- peak values of each parameter on Arpxe-

Parameters fp,  Bc 2] By o 6By OB, 66, 66,

83/ % 6.56 2695 14.47 5629 4.88 2.14 0.34 223 20.03
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First, similar to the trend shown in Fig. 7, both B} and 66,
significantly affect the Arpx.. For By, its peak influence con-
sistently occurs at the third data point during the sweep, while
the effect of 66, remains symmetric around zero. However,
the relative influence amplitude has shifted when compared to
the direct measurement case. For instance, the contribution
of By decreased from 69.02% to 56.29%, whereas the relative
influence amplitude of 86, increased from 16.8% to 20.03%.
Crucially, unlike magnetometer parameters such as B, that af-
fect the precession of the Xe magnetic moment through the
Rb-Xe coupling effect, these magnetometer parameters can
act directly on the signal of the Rb magnetometer. Conse-
quently, the influence of magnetometer parameters like B, on
the Xe magnetic moment precession signal measured by the
Rb magnetometer has been significantly enhanced. For in-
stance, the relative influence amplitude of B. increased from
3.37% (on the amplitude of the Xe’s own precession signal)
to 26.95%, representing an amplification of nearly an order of
magnitude. The effects of other directly-acting parameters are
also amplified to varying degrees. These findings demonstrate
that the embedded Rb magnetometer, while essential for detec-
tion, introduces additional sensitivity to its own state parame-
ters, thereby increasing the system’s susceptibility to instabil-
ity. Consequently, maintaining the magnetometer’s stable op-
eration is paramount for enhancing NMRG performance. This
challenge is addressed in Ref. [11], which proposes effective
strategies for stabilizing the Rb magnetometer.

4.4. The influence of different magnetic field parameters
on SNR

To directly link the influences of the 9 magnetic field pa-
rameters to NMRG performance, we applied a white noise
base with an amplitude of 10 pT in the z-direction. The SNR
was calculated by comparing the root mean square (RMS) am-
plitude of the signal averaged over 100 s to the RMS amplitude
of the noise within a 10-Hz bandwidth centered at 150 Hz. The
specific setup is shown in Fig. 10. To ensure consistent influ-
ence of random noise across all tests, the same white noise
random sequence was used throughout the testing process for
each magnetic field parameter.

We define the relative influence amplitude as 64 = 100%
(SNRpmax — SNRin ) /SNRpax; detailed results are presented
in Table 5.

Table 5. The peak-to- peak values of each parameter on SNR.

Parameters  fp, B, [’] B, o 6By 6B, 66, 66,

84/ % 25.83 35.12 31.73 51.65 37.88 5595 453 6.12 3037

The variation of SNR with the 9 magnetic field parame-
ters exhibits a significant discrepancy compared to the vari-

ation in Fig. 9. This discrepancy likely stems from the

frequency-dependent response characteristics of the Rb mag-
netometer to noise. As elaborated in Ref. [20], the response of
the Rb—Xe coupling system to the z-direction magnetic field is
highly sensitive to various system parameters, and changes in
the 9 parameters under study may alter these noise-response
characteristics. A critical observation from Fig. 10 and Fig. 9
is that maximizing the NMRG signal amplitude by adjusting
parameters like B; does not necessarily yield the maximum
SNR. In some cases, a relatively high SNR can be achieved
even when B is very small. This highlights the necessity of
considering both signal amplitude and SNR comprehensively
during NMRG parameter debugging. More notably, the influ-
ence of certain parameters (e.g., fp., 6) on Arpxe and SNR
can be diametrically opposed. For instance, data from the
first column of the figure indicate that Arpxe increases mono-
tonically with the increase of fp., while the SNR decreases
monotonically with the increase of fp,. This opposing trend
suggests that the mechanisms governing signal generation and
noise susceptibility may involve different pathways within the
coupled system. Furthermore, when noise is considered, the
relative influence amplitude of some parameters on the SNR
is substantially greater than that on Agrpx.. For example, the
influence amplitude of 6By on Arpxe is only 2.14%, whereas
its influence on SNR is as high as 55.95%. This stark con-
trast underscores that NMRG debugging must not focus solely
on maximizing the Arpxe but requires a balanced optimization
that accounts for SNR degradation. Finally, the influence of
some parameters becomes more complex when noise is fac-
tored in. 66, and 06, may exhibit non-monotonic or interac-

tive effects, necessitating more sophisticated tuning strategies.
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Fig. 10. The influence of all magnetic field parameters same with Fig. 6 on
SNR.

4.5. The influence of different magnetic field parameters
on Vgig
In the current performance testing of NMRG, the 100-
second standard deviation Vj,s is commonly used to quantify
the stability of the gyroscope system. Therefore, under the

same noise settings as those in the SNR diagram, we collected
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3600 s of resonance frequency data for each set of config-
ured magnetic field parameters after the signal reached a stable
state. The Vp;,s Was then calculated based on this dataset, and

the specific results are shown in Fig. 11.
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Fig. 11. The influence of all magnetic field parameters same with Fig. 6 on
VBias-

We define the relative influence amplitude as §s = 100% x
(bmax — Pmin)/bmax, and detailed results are presented in Ta-
ble 6.

Table 6. The peak-to-peak values of each parameter on Bias.

Parameters fg, B 6 B o 6By
85/%

6B, 86, &6,
1.95 1056 098 19.55 1259 2.23 032 1.39 9.05

It can be observed that variations of B; have the most sig-
nificant impact on Vgj,s of NMRG, with 85 reaching 19.55%.
A closer inspection reveals that the minimum Vgjas Occurs
at the third data point, where the measured signal amplitude
is the largest, yet the SNR is not the maximum. In con-
trast, the first data point in the configuration yields the highest
SNR but exhibits the largest Vpias, indicating the poorest gy-
roscope stability at this operating condition. In addition, vari-
ations of o and B, also exert relatively large impacts on the
VBias of NMRG. By comparing with the previous signal ampli-
tude and SNR diagrams, a stronger correlation is observed be-
tween Vpi,s and the signal amplitude for these two parameters:
a larger signal amplitude generally corresponds to a smaller
VBias, and vice versa. Therefore, if the optimization objective
is to minimize Vpj,s, better results may be achieved by refer-
ring to the variation of signal amplitude when adjusting pa-
rameters such as By, &, and B.. Finally, some parameters that
have a significant impact on SNR exert only a minor influ-
ence on Vpjys, for example, the main magnetic field By. More-
over, compared with their influence on SNR, the influences of
fB. and o on Bias are also significantly reduced. It is thus
evident that different optimal parameter configurations may
be required for different performance index requirements in
NMRG, due to the trade-off between signal amplitude, SNR,
and stability.

Among all parameters, B; demonstrates the most signif-
icant impact on Arpxe, SNR, and Vpi,5. Consequently, select-
ing optimal Bj is crucial for achieving optimal Vgj,s. PLL
parameter ¢ optimization proves equally critical. Our ex-
perimental data indicate that maximizing the signal amplitude
ARrpxe measured by the Rb magnetometer (rather than pursu-
ing peak SNR) during PLL adjustment yields superior stabil-
ity. Although fluctuations in magnetometer parameters and ax-
ial residual magnetism within a small range near optimal val-
ues may affect Arpxe and SNR, their impact on Vi3 remains
relatively minor. The presence of inter-axis non-orthogonal
angles, particularly those in the Z-axis spindle, exerts greater
influence on Agrpxe and SNR, while its effect on Bias is less
pronounced compared to PLL parameter adjustments.

5. Conclusion

This study establishes a dynamic model for NMRG that
incorporates Rb—Xe coupling and non-orthogonal magnetic
fields. A dynamic simulation platform utilizing a fourth-order
Runge—Kutta algorithm was developed to visualize the spa-
tial evolution of Xe magnetic moment under varying magnetic
field parameters. The reliability of this NMRG signal simula-
tion program, which accounts for Rb—Xe coupling, was ver-
ified through experimental comparisons. By implementing a
consistent sequence of random magnetic field noise across dif-
ferent configurations, this research investigated the direct im-
pacts of various magnetic field parameters on the gyroscope’s
ARrbxe> SNR, and bias drift. Numerical simulations under iden-
tical noise conditions enabled a quantitative analysis of the
relative influence of each magnetic parameter. Within the sim-
ulated parameter variation range, the amplitude of the '2°Xe
PLL excitation field B exhibits the most significant impact on
VBias» followed by its da. The influence of other parameters
is considerably smaller. The demodulation phase 66 of the
Rb magnetometer plays a decisive role in achieving a smaller
value of Vpijas. This simulation program provides valuable
guidance for the quantitative optimization of NMRG magnetic
field parameters, serving as a reliable theoretical simulation
tool for high-precision NMRG design. The findings from sim-
ulating magnetic field parameters establish a foundation for
subsequent investigations into optical parameters and temper-
ature control, offering practical insights for experimental re-
search.

We will further study the case under the operation of dou-
ble isotopic magnetic compensation later, but the situation will
become more complicated due to the existence of 131 Xe elec-
tric quadrupole moment and the increase of coupling after
adding parameters. In order to simplify and clarify the idea,

we first study the case of a single isotope in this paper.
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