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We propose a self-consistent two-stage scheme for exciting ultra-high-gradient plasma wakefields via resonant in-
teraction between a relativistic electron beam and plasmas. In the first stage, a low-density relativistic electron beam
undergoes self-focusing and energy-chirp-induced betatron oscillations in an underdense plasma, spontaneously and self-
consistently evolving into a train of periodic and dense microbunches. These in-situ formed microbunches are then injected
into a denser plasma, where the microbunch period precisely matches the plasma wavelength, leading to resonant excitation
of wakefields with peak amplitudes approaching 1 TV/m. Three-dimensional particle-in-cell (PIC) simulations confirm
that microbunching periodicity matching the plasma wavelength is essential for maximizing the wakefield strength. By
‘self-shaping’ the driver beam, our scheme significantly relaxes initial beam requirements, enhancing its robustness and

feasibility for next-generation plasma accelerators.

Keywords: relativistic electron microbunches, plasma wakefield, resonant excitation, particle-in-cell simula-

tion
PACS: 52.35.Hr, 94.20.wf, 29.27 —a, 41.75.Ht
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1. Introduction

Plasma-based accelerators have emerged as a highly
promising paradigm for next-generation particle accelerators,
offering accelerating gradients of 10 GV/m to 100 GV/m,
which surpass conventional radio-frequency systems by orders
of magnitude.!'=>! This remarkable capability holds the po-
tential to drastically reduce the size and cost of future TeV
colliders and compact x-ray free-electron lasers.!8 Tradi-
tionally, achieving such extreme gradients can be achieved
by a single, short electron bunch with a length much smaller
than the plasma wavelength (Lpunch << Ap) and high charge
density. 52101

To circumvent the stringent requirements of single-bunch
drivers, the concept of resonant excitation offers a compelling
alternative. By employing periodic electron microbunches, the
wakefield can be coherently amplified when the bunch spacing
matches the plasma wavelength, dramatically enhancing the
total field strength.!1=1%! Various techniques have successfully
generated such microbunch trains, including inverse free elec-
tron lasers (IFEL)!'5-18] and masking techniques.[!!>-2%] For
example, experiments demonstrate that after ultraviolet laser
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irradiation of a copper cathode and acceleration to 95 MeV
via an RF linac, the resulting electron microbunches can res-
onantly excite strong wakefields in underdense plasma. How-
ever, these approaches almost invariably rely on complex ex-
ternal devices and precise external synchronization, which
complicates experimental setups and limits their scalability
and robustness. To reduce such external dependencies, re-
searchers have explored intrinsic beam-plasma instabilities,
most notably the self-modulation instability (SMI), to trans-
form long particle bunches into microbunch trains within the
plasma itself.[21-24]

In this work, we present a fundamentally different ap-
proach that exploits the intrinsic self-organization capabilities
of relativistic electron beams (REBs) in plasma. A two-stage
method is proposed to generate ultra-high gradient plasma
wakefields through resonant excitation by relativistic electron
microbunches without requiring external synchronization or
ancillary devices. In the first stage (stage I), an REB undergoes
self-focusing in an underdense plasma and develops asyn-
chronous envelope oscillations, leading to the autonomous for-
mation of microbunches with precisely controlled spacing. In
the second stage (stage II), the self-organized structure then
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enters a relatively denser plasma where the microbunch pe-
riodicity can be matched to the denser plasma wavelength,
enabling optimal resonant excitation. Through this two-stage
method, we can efficiently generate ultra-high gradient plasma
wakefields, opening up a new path for the development of
plasma wakefield accelerators.

2. Simulation method

To validate the feasibility and underlying physics of
the proposed scheme, we perform three-dimensional (3D)
particle-in-cell (PIC) simulations using the FBPIC code!>! to
systematically study the beam dynamics in both plasma stages.
The solver of FBPIC employs the spectral quasi-cylindrical
Pseudo-Spectral Analytical Time Domain (PSATD) solver
to integrate Maxwell’s equations in the frequency domain.
This approach enables high-precision derivative calculation
and dispersion-free performance in all directions, effectively
avoiding numerical artifacts. The simulation setup consists of
two distinct stages: (i) The REB enters the underdense plasma
region, where microbunches form via beam self-focusing and
asynchronous betatron oscillations in the self-driven wake-
field; (ii) These microbunches are subsequently injected into
the relatively denser plasma, with its density carefully cho-
sen to match the plasma wavelength with the microbunch pe-
riodicity, thereby achieving resonant excitation. Specifically,
the density distribution and length parameters of each plasma
stage are defined as follows: the underdense plasma in stage I
has a fixed density of 102 m~3 with a length of 1200c/ Wpe,
while the relatively denser plasma in stage II is adjusted to a
density of 10?7 m~3. From the perspective of current tech-
nology, experiments have achieved background plasmas with
near-critical density. > To simplify the simulation setup, we
directly constructed a density-graded plasma between stage 1
and stage II in the simulation model. In experiments, sev-
eral schemes have been proposed to generate such density
transitions. 272

In the simulations, one azimuthal electromagnetic mode
is utilized, and the number of particles per cell along the lon-
gitudinal, radial, and azimuthal directions is set to N, X N; X
Ng =2 x 2 x 8. The grid size is A,/200 in both the longitudi-
nal (i.e., along the REB propagation direction) and transverse
directions. Here, A, = 27c/wy. is the plasma wavelength,

where ¢ is the speed of light in vacuum, @pe = \/npeoe?/me€o

is the plasma frequency based on the underdense plasma den-

Sity npeo = 10¥ m3

, —e and m, are the electron charge and
mass, and & is the vacuum permittivity. The simulation re-
sults remain consistent when calculations are performed using
a smaller grid size, verifying the accuracy of the simulation
results.

Unless otherwise stated, the initial parameters of the in-

put REB are: density npeg = 10** m~3, normalized emittance

ex = 0.5 pm, mean Lorentz factor y = 200, and energy spread
AE/E = 1%. The initial REB has a Gaussian profile with
length o; = A,/2 and radius 6; = A,/7. Such electron beams
are experimentally achievable through laser—plasma interac-
tions or conventional accelerators. Currently, plasma wake-
field accelerators can produce high-energy electron beams on
the order of hundreds of MeV with energy spread less than
1% and normalized emittance below 1 pm.[?%39-321 For the
timescales of interest in this study, the motion of plasma ions
is neglected. We focus on the evolution of the REB, for which
the moving window technique proved to be a simpler and more
effective method. In the simulations, we employ a moving
window with the speed of light in vacuum ¢ and longitudinal
coordinate & = z — ct. Importantly, in our scheme, the REB
length must be smaller than the plasma wavelength (o, < A;)
to avoid modulation instability and ensure controlled forma-
tion of microbunches, which are subsequently injected into
the relatively denser plasma. Conversely, if the length of the
REB is larger than the plasma wavelength (o, > A,), the SMI
longitudinally breaks up the beam on the scale of the plasma

wavelength A,. 21724

3. Bunching of REB in its self-driven plasma
wakefield

In the first stage, an REB is injected into plasma and gen-
erates a linear plasma wakefield. Simultaneously, the trans-
verse focusing force of this wakefield induces beam self-
focusing, leading to transverse compression and a significant

[33:34] This process operates through

increase in beam density.
a positive feedback mechanism: as beam density increases, the
wakefield focusing gradient strengthens, which further accel-
erates beam compression. As the beam density approaches or
exceeds the underdense plasma density, the REB completely
expels background plasma electrons from its path, forming a
plasma bubble. This process excites a nonlinear plasma wake-
field that imparts linear transverse focusing forces and gen-
erates a longitudinally inhomogeneous accelerating gradient
(Fig. 1(b)), ultimately leading to the development of an en-
ergy chirp throughout the REB. The transverse wakefield com-
presses the REB into a filament and induces betatron oscilla-
tions with the frequency of @g = @ye/+/2¥. This energy chirp
causes variations in betatron oscillation frequency among
electrons at different longitudinal positions within the REB.
These energy-dependent betatron oscillations lead to progres-
sive phase dispersion of the transverse oscillations, resulting
in longitudinal modulation of the beam envelope. Specifically,
regions of envelope contraction (peak focusing) correspond to
electron density maxima (forming microbunch cores), while
envelope expansion yields density minima.’>! As a result,
this process ultimately leads to periodic microbunch formation
via three-dimensional modulation, as displayed in Fig. 1(a).

095202-2
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These microbunches are characterized by a peak density of
1.5 x 10 m™3 and a tunable spacing of AE = 1 um. Cru-
cially, we have deduced that the microbunching spacing can
be precisely controlled by tuning two key parameters: the ini-
tial energy of the REB (characterized by its Lorentz factor
%) and the propagation time (¢') of the REB within the self-
driven plasma bubble. This controllable spacing follows the
relationship: 01 AE ~ 4n%ac}/0/a)sct’2, where o = 10 is
a fitting constant associated with the beam-driven wakefield

1371 By optimizing the initial parameters of the REB

gradient.
and plasma in this first stage, the periodicity of the self-formed
microbunches can be accurately controlled, allowing for pre-
cise matching with the denser plasma wavelength for subse-

quent resonant excitation.

4. Resonant excitation in the relatively denser
plasma

After the REB forms periodic microbunches with pre-
cisely controlled spacing A in the underdense plasma, these
microbunches are injected into a carefully tuned relatively
denser plasma. The density of this second-stage plasma is
adjusted to satisfy the resonance condition: Ap ~ A&, where
Ap denotes the denser plasma wavelength. Under these con-
ditions, each microbunch excites a plasma oscillation at the
denser plasma frequency wp. Importantly, each subsequent
microbunch arrives at the optimal phase of the preceding
wakefield. This precise synchronization ensures that the wake-
fields generated by successive microbunches undergo coherent
constructive interference along the propagation axis, leading
to significant enhancement of the overall wakefield amplitude.
As a concrete example, once the periodic microbunches with
A& =1 pum are formed (Fig. 1(a)), they are injected into a rela-
tively denser plasma with density of 107 m~3 (Fig. 1(d)), cor-
responding to the dense plasma wavelength Ap = 1 um. Under
such resonant conditions, the wakefield amplitude is amplified
to approach 1 TV/m via resonant excitation,[!8 as displayed
in Fig. 1(e).

To directly verify the resonant excitation of plasma
waves, we perform Fourier analysis of the longitudinal wake-
field E, along the beam axis in the denser plasma region
(stage II). As shown in the blue solid line of Fig. 1(f), the
spectrum exhibits a sharp and dominant peak at the plasma
wavenumber kp corresponding to the denser plasma density.
We analyze the quality of microbunch periodicity using the
bunching factor b(k) = ’Z?’:l exp (ikz;) ’ /N, which has a max-
imum theoretical value of unity.[*®3°! Here z ; 1s the longitudi-
nal position of the electron j, N is the total number of electrons
involved, and k refers to the wave number. For perfectly pe-
riodic microbunches with spacing A&, their bunching factor
b(k) peaks at wavenumber k = 27 /AE. As shown in Fig. 1(f),

the dominant wavenumbers in both the bunching factor and
the wakefield Fourier spectrum are identical. This direct align-
ment confirms that the microbunch spacing matches the denser
plasma wavelength, thereby unequivocally validating the suc-
cessful resonant excitation of plasma oscillations.
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Fig. 1. The formation of microbunches by REB in underdense plasma
with density 105 m™3 (stage I, (a)—(c)), and the excitation of stronger
plasma wakefields as microbunches enter denser plasma with density of
10%7 m’3(stage II, (d)—(e)) are shown. The distributions of REB density
npe(a), longitudinal wakefield E, ((b) and (e)), and plasma electron density
npe ((¢) and (d)) at 7 = 1200w, (stage I) and # = 12200, (stage II) are dis-
played. The bunching factor (red solid line) of these microbunches within a
radius of 0.25m,e at t = 1200wp’e] and Fourier analysis of the longitudinal

axis in the longitudinal wakefield E, (blue solid line) at t = 1220(01;61 are
also shown in Fig. 1(f).

5. Effect of microbunches’ periodicity on reso-
nance conditions

To elucidate the critical role of structural periodicity
and its precise matching to the plasma wavelength in wake-
field amplification, we conduct comparative simulations be-
tween non-periodic dense current filaments and periodic mi-
crobunches. First, we examine the non-periodic case, where an
REB self-focuses into a dense current filament (microbunches
are not formed). Although this filament excites wakefields
upon injection into the denser plasma, the maximum longi-
tudinal field is only 0.1 TV/m, as shown in Fig. 2(a). This
field strength is significantly lower than 1 TV/m achieved by
periodic microbunches, as observed in Fig. 1(e). The under-
lying mechanism for this discrepancy is the absence of peri-
odicity, resulting in an extremely low bunching factor at the
denser plasma frequency (Fig. 2(b)). Consequently, the non-
periodic structure cannot support the coherent superposition
of wakefields, thereby directly confirming that periodicity is a
necessary condition for resonant excitation.
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Next, to further validate the importance of matching be-
tween microbunch spacing and plasma wavelength, we simu-
late a case where the microbunch spacing deliberately deviates
from the plasma wavelength. After propagating approximately
1003 ¢/ wpe in an underdense plasma, the REB self-organizes
into microbunches with a period of 1.5 um. When these mi-
crobunches are injected into a denser plasma with a shorter
wavelength of Ap = 1 pum, the resulting wakefield amplitude
reaches only 0.2 TV/m. The bunching factor reaches a peak
at a wavenumber of 0.67kp (corresponding to the wavelength
1.5 um), indicating a mismatch with the plasma wavelength
(Fig. 2(d)). The deviation of the bunching factor peak from
the plasma’s intrinsic wavenumber further demonstrates that
even with periodicity, mismatched spacing significantly atten-
uates the resonant effect.
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Fig. 2. Comparison of wakefields excited by non-periodic electron filaments
and periodic microbunches (A = 1.5 um) formed att = 100360p’el in under-
dense plasma (npe = 1025 m—3). Non-periodic filaments ((a)-(b)): Longitudi-
nal wakefield E, (a) att = 178%}1 in the dense plasma (npe = 1027 m—3); (b)
The bunching factors (red solid line) of these beam electrons within a radius
of 0.25@pe and Fourier analyses of the longitudinal axis in the E; (blue solid
line); Periodic microbunches in mismatched plasma with npe = 107 m=3 ((¢)-
(d): E;att = 1021(0;61 (c) and (d) corresponding bunching factors (red solid
line) and Fourier analyses of the longitudinal axis in the E; (blue solid line);
Periodic microbunches in matched plasma with npe = 5 % 102 m=3 ((e)—(D)):
E;att = 1021a)p’e' (e) and (f) corresponding bunching factors (red solid line)
and Fourier analyses of the longitudinal axis in the E; (blue solid line).

Finally, resonant excitation can be restored by adjust-
ing the plasma wavelength to match the microbunch spacing.
To demonstrate this, we consider an REB that self-modulates
into microbunches with a fixed period of 1.5 um. These mi-
crobunches are then injected into denser plasma with a density
of np = 5 x 10%° m~3, specifically chosen to yield a match-
ing plasma wavelength of Ap = 1.5 um, thereby satisfying the
resonance condition (A = Ap). Under this precise resonance
condition, the primary peak of the bunching factor aligns per-
fectly with the Fourier spectrum of the plasma wakefield E, as

illustrated in Fig. 2(f). As a direct consequence, the wakefield
amplitude is restored to a strong 1 TV/m (Fig. 2(e)), which is
in excellent agreement with the theoretical resonance condi-
tion and consistent with our previous resonant case (Figs. 1(e)

and 1(f)).

wakefield amplitude becomes largely insensitive to the num-

Notably, once resonance is achieved, the peak

ber of microbunches (see Fig. 1(e)). This is consistent with
the saturation effect in resonant wakefield excitation, where
the wakefield approaches the wave-breaking limit after a suf-
ficient number of driver bunches. 40!

In summary, these findings unequivocally demonstrate
that both the intrinsic periodicity of microbunches and the pre-
cise matching between their spacing and the denser plasma
wavelength are critical for maximizing wakefield amplifica-
tion. This provides a quantitative basis for optimizing experi-
mental parameters to achieve ultra-high gradient plasma wake-
fields.

6. Impact of beam charge and emittance

In addition to the periodicity and wavelength-matching
conditions, the intrinsic beam parameters, particularly charge
and emittance, play a decisive role in determining whether mi-
crobunches can form and how strong the resonantly excited
wakefields can become. From the envelope oscillation equa-
tion and the conditions for exciting nonlinear plasma wake-
fields, the condition for stable microbunching can be expressed
as: 1301 gy < G e \/m where 6; and &y denote the normal-
ized initial radius and emittance with respect to the plasma
skin depth, and 7ine = nbeo/Npeo is the ratio of the initial REB
density to the underdense plasma density. Note that the prod-
uct G; iy, is proportional to the beam charge. Thus, this rela-
tion highlights that both beam charge and emittance are the key
control parameters for microbunch formation and subsequent
wakefield excitation. Meanwhile, it is noted that the beam en-
ergy also determines the process of microbunch formation, but
has little effect on the strength of the excited wakefield.

We first investigate how varying the initial beam charge
modifies the resonant excitation process. For the large-charge
case (fipe = 0.1 and 6; = 2), the REB readily self-organizes
into microbunches, which resonantly drive plasma oscillations
with a peak wakefield amplitude up to 1 TV/m (Fig. 2(e)). In
the moderate-charge case (7ip. = 0.05 and 6; = 2), the condi-
tion of microbunching is still satisfied, and thus the REB still
forms microbunches with a periodicity of 1.5 um, as displayed
in Figs. 3(a) and 3(c). However, the resulting wakefield ampli-
tude drops drastically to only 0.2 TV/m (Fig. 3(b)). Finally, for
the low-charge case (7ipe = 0.025 and 6; = 2 ), the condition of
microbunching is not satisfied, thus the REB only undergoes
transverse self-focusing without forming microbunches, as il-
lustrated in Fig. 3(d). This density of REB is lower than the
dense plasma density, resulting in a negligible excited plasma
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wakefield (Fig. 3(e)). These results establish that beam charge
primarily governs the magnitude of resonantly excited wake-
fields: higher charge directly leads to stronger fields, while in-
sufficient charge suppresses microbunch formation altogether.
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Fig. 3. Comparison of wakefields for the moderate-charge case ((a)—
(¢)) ipe = 0.05, 6; = 2, and ey = 0.5 um, low-charge case ((d)—(f))
fipe = 0.025, 6; =2, and &y = 0.5 pm, low-emittance case ((g)—(i))
fipe = 0.1, 6; = 1, and &y = 0.1 um. Density distribution of the REB
npe ((a), (d), and (g)) with moderate-charge at t = 1306601;51 (a), with
low-charge at ¢ = 1603 oop’e1 (d), and with low emittance at t = 1603 a.)p’e1
(g) in underdense plasma. Longitudinal wakefield E, ((b), (e), and
(h)) with moderate-charge at t = 1319(0},;1 (b), with low-charge at
t= 1616a)p’el (e), and with low emittance at t = 161600[,;l (h) in denser
plasma. The bunching factors (red solid line) for the microbunches
within a radius of 0.25wy. are shown. Fourier analysis of the longi-
tudinal axis in the E, (blue solid line) are also shown in (c), (f), and (i).
The density of denser plasma is np = 5 x 1020 m=3.

Next, we explore the role of beam emittance, which de-
termines the ability of the beam to maintain tight focusing and
form microbunches. For the relatively high emittance (low-
charge) case ( ey = 0.5 um, 7, = 0.025, and 6; = 2), the
beam divergence reduces the efficiency of microbunch forma-
tion and the strength of wakefield excitation (Figs. 3(d) and
3(e)). Notably, another case with identical emittance but dif-
ferent 7ipe and 6; (exy = 0.5 um, 7ipe = 0.1, 6; = 1; results
not shown here) shows simulation results nearly identical to
the low-charge case (éy = 0.5 um, 7, = 0.025, and 6; = 2).
Both share the same low charge, leading to only focusing—
no microbunch formation or strong wakefield generation. By
contrast, in the low-emittance case (éy = 0.1 um, 7ipe = 0.1,
and 6; = 1) with the same low charge as the above cases, the
REB preserves tight focusing and still produces periodic mi-
crobunches with a bunching factor of about 0.25, as shown in
Figs. 3(g) and 3(i). It is noted that although low emittance
can improve microbunch quality, it cannot replace the role of
charge in generating strong wakefields. As seen in Figs. 3(h)
and 3(i), even with low emittance, the wakefield amplitude re-
mains limited to 0.1 TV/m.

The systematic comparison reveals two distinct roles: (i)
beam charge is the dominant factor controlling the wake-
field amplitude, as it directly determines the strength of the
plasma response; (ii) emittance mainly influences the effi-
ciency of microbunch formation by regulating the transverse
beam quality. Therefore, achieving strong resonant excitation
requires both adequate charge to drive intense plasma oscil-
lations and sufficiently low emittance to sustain periodic mi-
crobunching. From an experimental perspective, one should
prioritize maintaining large beam charge while minimizing
emittance, thereby maximizing both the strength and stabil-
ity of the wakefield. Currently, the core challenge for imple-
menting in experiments lies in the precise matching between
microbunches periodicity and plasma wavelength in stage II.
However, with the development of beam and plasma technol-
ogy, we believe that the controllability and feasibility of exper-
iments would be continuously improved, enabling the current
experimental difficulties to be sufficiently overcome.

Finally, it should be mentioned that scenarios with higher
energy or lower plasma density would require significantly
longer times to capture the complete microbunching process,
which directly amplifies computational costs. Theoretically,
this mechanism can be extended to cases with higher beam
energy or lower plasma density, which allows the resonantly
excited wakefield to persist over a longer time scale, benefi-
cial to the acceleration of charged particles.

7. Conclusion

The two-stage scheme proposed in this study success-
fully excites ultra-high-gradient wakefields with amplitudes
approaching 1 TV/m in relatively denser plasma through the
self-organization of REB. The autonomous formation of mi-
crobunches via energy-dependent betatron oscillations, cou-
pled with their resonant interaction with relatively denser
plasma, enables acceleration gradients approaching 1 TV/m.
Our comprehensive simulations demonstrate that precise
alignment of microbunch spacing with the plasma wavelength
amplifies wakefield amplitudes, producing electric fields far
surpassing those of conventional beam-driven systems. This
two-stage scheme not only offers a more robust solution for
next-generation plasma accelerators but also enhances the
flexibility of accelerator designs by reducing the strict require-
ments on the initial beam. Specifically, experimental setups
can optimize the initial density, energy, and emittance of the
REB to fine-tune the microbunch spacing and match it with
various plasma conditions. Moreover, this approach holds sig-
nificant potential for applications in compact particle accelera-
tors and high-energy-density plasma research. Future research
can focus on integrating this method with existing accelerator
systems, exploring ways to validate its effectiveness in large-
scale experiments, and evaluating its scalability for different
experimental setups.
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