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We consider the superradiant transition of a generalized Tavis—Cummings model, where a number of two-level qubits
are coupled to a dissipative cavity. The cavity is coherently driven through a parametric medium, and all-to-all interactions
between the qubits are introduced. While the nonlinear gain from the parametric drive breaks the U(1) symmetry of the
standard Tavis—Cummings model, thus giving rise to superradiance with squeezed cavity fields, we show that the interac-
tions impact the collective excitations and significantly modify the superradiant transition. Insights into the superradiant
phase transitions, as well as the interaction effects, are obtained through effective models involving only a handful of low-
lying collective states, under which the steady-state phase diagram of the hybrid system is faithfully reproduced. Our study
is relevant to Rydberg-atom arrays coupled to a parametrically driven cavity, where the long-range interactions derive from

the dipole—dipole interatomic interactions.
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1. Introduction

Superradiance is a signature phenomenon in quantum op-
tics and cavity quantum electrodynamics, wherein an ensem-
ble of atoms is coupled to a quantized cavity field.['-%! Owing
to the collective nature of the atom—cavity coupling, the hy-
brid system undergoes a phase transition to become superradi-
ant when the light-matter coupling exceeds a threshold.!’~12]
In the superradiant phase, the cavity field is macroscopically
populated and collective excitations emerge in the atoms. In
the normal phase below the threshold, the cavity field vanishes
and atoms remain in their ground states. Superradiance and
the superradiant phase transition offer a fundamentally impor-
tant paradigm for collective quantum phenomena as well as
quantum phase transitions in both closed and open systems.
They have therefore stimulated extensive interest in the past
decades.[13-20]

An exemplary description for the superradiant transition
is provided by the Dicke model,”!”] where a number of
qubits (or two-level atoms) couple to a single cavity mode.
The counter-rotating terms therein help to break the contin-
uous U(1) symmetry, facilitating the onset of superradiance
where a Z; discrete symmetry is spontaneously broken. This
is in contrast to the Tavis—Cummings model, >®-33 which pre-
serves the U (1) symmetry and prohibits the superradiant tran-
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sition. In a recent study,[36]

it is shown that a parametrically
driven Tavis—Cummings model can undergo the superradiant
phase transition, due to the introduction of nonlinear para-
metric terms that break the U(1) symmetry of the standard
Tavis—Cummings model. It follows that the phase transition
features a Z, symmetry breaking, accompanied by the super-
radiant generation of squeezed light.

The occurrence of superradiance sensitively depends on
the collective excitations in the atomic sector. For instance,
the Dicke states, a class of collective states with superposed
local excitations, play a dominant role across the superra-
diant transition.3”! Modifying the collective excitations, ei-
ther through quantum statistics or engineered interactions,

[38-42] 50 that the system be-

can enhance the superradiance,
comes superradiant under an infinitesimally small coupling
strength. Intuitively, related phenomena of similar mecha-
nism should also arise in the parametrically driven Tavis—
Cummings model.

In this work, we investigate in detail the impact of interac-
tions on the superradiance of a parametrically driven dissipa-
tive Tavis—Cummings model. The parametric drive introduces
quadratic terms in the cavity field, breaking the U(1) symme-
try of the standard Tavis—Cummings model and leading to the
superradiance of squeezed light. The system under study can

be implemented using Rydberg-atom arrays in a cavity, where
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the interatomic interactions originate from dipole—dipole in-
teractions between Rydberg atoms.[**~71 While the dipolar in-
teractions feature a 1 /R3 tail (with R the interatomic distance),
for convenience, we focus on the case with homogeneous all-
to-all interactions. Using a mean-field approach,*8->31 we
show that the superradiant transition is dependent not only
on the atom—cavity coupling, but also on the parametric drive
and the interaction strength. In the superradiant state, the cav-
ity field and the atomic excitations can occupy either of two
degenerate states, reflecting the Z-symmetry breaking of the

[541 Consistent with the absence of superradiance in

transition.
a standard Tavis—Cummings model, superradiance can only
emerge when the nonlinear gain from the parametric drive ex-
ceeds the cavity decay. Importantly, we find that repulsive
interactions tend to suppress superradiance, making it occur
On the other hand, while at-

tractive interactions generally enhance superradiance, near a

at a larger parametric drive.

discrete set of attractive interaction strengths, the superradi-
ant phase boundary becomes nonmonotonic in the parametric
drive. These fine structures on the attractive-interaction side
vanish for sufficiently large atom—cavity coupling. Using an
effective model with four lowest-lying Dicke states, we are
able to faithfully reproduce the steady-state phase diagram,
and show that the interaction effects can be qualitatively cap-
tured by considering the energy gap between the two lowest-
lying Dicke states. This suggests that these two states play
a dominant role in the superradiant transition. We then an-
alytically derive the phase boundaries in the thermodynamic
limit with the atom number N — oo, and discuss the evolution
of the phase boundary with increasing N. Our work highlights
the interplay of parametric drive, cavity decay, and many-body
interactions on the superradiant phase transition, with results
readily accessible by coupling Rydberg-atom arrays to a cav-
ity.

The work is organized as follows. In Section 2, we intro-
duce the model and discuss its potential implementation using
Rydberg atoms. We then study the dynamics and steady-state
phase diagrams in the absence of interactions in Section 3. The
impact of interactions on the phase diagram is then investi-
gated in Section 4, where an effective model consisting of a
handful of Dicke states is shown to be capable of reproduc-
ing the phase diagram. We also study in detail the finite-size
effects in this section, and demonstrate that the impact of in-
teractions is accessible under typical experimental conditions.
Finally, we summarize in Section 5.

2. Model

As illustrated in Fig. 1, we consider a number of N qubits

coupled to a single cavity mode, which is in turn generated

through an optical parametric amplification process.>>7]

Taking the cavity decay into account, the dynamics of the sys-
tem are described by the Lindblad master equation

d . STA A -
5P = —i Ao p] +xDldl, M

where p is the density matrix of the qubit—cavity hybrid sys-
tem, ¥ is the cavity decay rate, D[a] = 2apa’ — {a'a,p}, and
a (a") is the annihilation (creation) operator of the cavity field.

—————————————————————————

crystal

Nowinear | o ) O @ © O

2 | pump ficld

Fig. 1. Schematic diagram of the parametrically driven, dissipative Tavis—
Cummings model. The cavity contains a nonlinear crystal pumped by a laser
field. Each qubit, in the basis of {|s),|r)}, is driven by the cavity mode with
a coupling rate g. All-to-all interactions with strength V exist between the
qubits. The cavity decay rate is given by k.

The coherent Hamiltonian Hi reads

Voo
+d2)+zﬁ(cﬁc< +H.c.), 2)

where the cavity and qubit detunings are respectively A, =
o, — @, and A, = 0, — @, with @, m,, and @, the frequen-
cies of the cavity mode, the qubit, and the pumping field, re-
spectively. The ladder operators 6;° = (67 +i6)/2 are de-
fined through the Pauli operators 6; *** of the i-th qubit. While
the parameter g characterizes the qubit—cavity coupling, A is
the nonlinear gain coefficient resulting from the parametric
amplification, which is proportional to the amplitude of the
pumping field. The corresponding contribution to the Hamil-
tonian, quadratic in the cavity field, leads to the squeezing
of the cavity mode. The last term of Hamiltonian (2) de-
scribes the all-to-all interactions, with a uniform interaction
strength V, between the qubits. Throughout this work, we take
A, = Ac = A =1 as the unit of energy.

Such a hybrid configuration can in principle be im-
plemented using Rydberg-atom arrays in a cavity, pumped
through a parametric medium. The two internal states of each
qubit correspond to two different Rydberg states, labeled re-
spectively as |s) and |r) in Fig. 1, with dipole—dipole interac-
tions in between. While the inter-atomic interactions therein
feature a 1/ R3 tail, we focus on the simplified case with all-to-
all interactions for convenience. We expect that the key prop-
erties of the system remain qualitatively similar when the in-
teraction range is properly taken into account.!*?!

To proceed, we introduce the collective operators

=

67 N
9 O-i 9

L=y %
Z-2

L

A+ f:

i

f+:

1=
1=

4 L
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so that the coherent Hamiltonian can be rewritten in a more
compact form

~ At A ~ g At PP A A2 A2
Ao = Acd a4+ A+ —=(a"J_+af)+ = (@7 +a
tot c aJz \/N( +) 2( )
\%4

+5x8 (J\J_+J J, —N). (3)

From the Heisenberg equations of motion, we have the
following expressions

c A PS 8§ ¢ AT
ia=(A.—ix)a+—=J_+Ad", 4
: VY, 2¢ .. 2V..

lJ_: <Aa+N> __7Na Z_WJ—‘IZv (5)
a8 P
iL=—=(-a"JT_+al}). (6)

VN

In the following, we study the steady-state phase diagram of
the system based on the equations of motion above.

3. Superradiant phase transition for V =0

We are interested in the steady-state solution of the sys-
tem, which, in the absence of interactions, can be analytically
solved under the mean-field approximation. Specifically, re-
placing d with (@) : = o, and imposing the stationary condition
of Eq. (4), we have

_ g[(A+in){f) —A ()]

VR 22 R) 7

Note that, while the mean-field approximation becomes ex-

act in the thermodynamic limit N — oo, 58]

it already provides
a qualitatively correct picture for the interaction effects for a
handful of atoms (for instance, N ~ 10).

Following Ref. [36], by taking V = 0, the superradiant
phase is simultaneously confined by two boundaries: A = K
and A = /K2 + (g2 — A,Ac)?/A2, which intersect at A = K
and g = v/A,A.. Notably, for g > /A, A, the phase transi-
tion uniformly occurs at A = k, and the cavity becomes su-

perradiant as soon as the parametric pump exceeds the cav-
ity decay. More specifically, for g > v/A,A, the boundary
A = /K2 + (g2 — AyAc)?/ A2 separates the superradiant phase
into two regions in terms of the number of solutions. To the

left of the boundary, the system hosts two degenerate superra-
diant steady states, whereas to the right, an additional normal-
state solution coexists.!*% Owing to the divergence of Eq. (7)
at A = /K% + A2, we work in the regime A < /K% + A2.

In Fig. 2, we numerically determine the steady-state
phase diagram by diagonalizing Hamiltonian (3) for its ground
state while self-consistently imposing the stationary condi-
tion Eq. (7). The phase boundary is clearly visible from the
color contour of the numerically evaluated steady-state pho-
ton number (In{@'@)). The numerical results for N = 8 atoms

are consistent with the analytical phase boundary (red dashed
curve). Note that the green dashed curve is the boundary of
A =/K2+ (g% — AuAc)? /A2 in the region g > /A A, as dis-
cussed above.

In{ata)
1.00 20
0.50
0
S 0.50
-20
0.25
—40

0 0.5 1.0 1.5 2.0
g/1

Fig. 2. Steady-state phase diagram for V = 0, characterized by the aver-
age cavity photon number. Here “SR” and “N” stand for the superradiant
and normal phases, respectively. The red dashed curves comprise the ana-
lytically determined phase boundaries, below which the steady state of the
system remains in the normal state. The yellow dot at A = k and g = /A, A
denotes the intersection of the two analytic boundaries (see main text). The
green dashed line separates the superradiant phase into two regions: that
with a pair of superradiant steady-state solutions to its left, and the one with
coexisting superradiant and normal solutions to the right. Other parameters
are A, =A. =1,k =0.25,and N = 8.

(a) 3

—
N’
—

— R — R — 9]

s
e

— Q[a]

Rla] (Sla])
o

Rla] (Sa])
o

30 35 70 o 35 70
At At
(c) 3 — Rl] — S (d) 2 — ®] — S
Z 0 2o
= )
= =
30 35 70 20 35 70
At At
Fig. 3. (a) and (b) Time evolutions of the cavity mean field « in the su-

perradiant phase with coexisting solutions. We take the same parameters
g =1.2, A = 0.3 in panels (a) and (b), but different initial states. (c) and
(d) Dynamics of the cavity mean field « for regions with only the superradi-
ant and normal solutions, respectively. We take g = 1, A = 0.3 in panel (c),
and g = 1.2, A = 0.2 in panel (d). The black (red) line stands for the real
(imaginary) components of ¢. Other parameters are A, = Ac = 1, k = 0.25,
and N =8.

To corroborate these results, we numerically evolve
Egs. (4)—(6), and plot the dynamics of R[] and J[at] in re-
gions with coexisting superradiant and normal solutions [see
Figs. 3(a) and 3(b)], with only the superradiant solution [see
Fig. 3(c)], and with only the normal solution [see Fig. 3(d)],

090303-3
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respectively. Notably, the superradiant solution in Fig. 3(a)
and the normal solution in Fig. 3(b) coexist under the same
parameters, with ¢ = 1.2 and A = 0.3. While the steady-state
solutions are consistent with the phase diagram in Figs. 3(a)
and 3(c), the complex nature of ¢ is a combined result of cav-
ity decay and the quadratic term from the parametric drive.
Hamiltonian (3) possesses the Z, symmetry, character-
ized by its invariance under the transformation: =
fy — ,jy’ and @ — —d. The Z; symmetry is spontaneously
broken upon the superradiant phase transition, such that the
steady state of the system can be either one of a pair of de-
generate superradiant states. This is demonstrated in Fig. 4
through the equations of motion. In Figs. 4(a) and 4(c), the
time evolution of & is shown for A = 0.3 and g = 1.2, where
the black (red) line represents the real (imaginary) components
of . Comparing the long-time steady-state values of ¢ in
Figs. 4(a) and 4(c), we identify a relative phase of e 17 pe-
tween the two possible steady-state values. Correspondingly,
the long-time expectation value of (/) in the atom sector also
acquires opposite signs, as illustrated in Figs. 4(b) and 4(d).

(a) 3

o — . (b) 4”

Z0 =0
= N\/WWWWW“‘“_

30 35 70 0 35 70

At At

(c) 3 e (d) 4
Z <0

3 -4

=0 35 70 0 35 70
At At

Fig. 4. (a) and (c) Time evolutions of & for A = 0.3 and g = 1.2, where
the black (red) line represents the real (imaginary) components of . The
steady states show different values: o = —0.78 4+ 1.46i in panel (a) and
o = 0.78 — 1.461i in panel (c). Different initial states are adopted for pan-
els (a) and (c). (b) and (d) Time evolution of (f,) with A = 0.3 and
g = 1.2. The steady states exhibit different expectation values: (J;) = 1.54
for panel (b) and <J;> = —1.54 for panel (d). Other parameters are A, = 1,
Ac=1,Kk=0.25,and N = 8.

Note that in the absence of the quadratic term (with A =
0), Hamiltonian (3) is reduced to the U(1) symmetric Tavis—
Cummings model, where the superradiant phase transition is
fully suppressed.

4. Superradiant phase transition under interac-
tions

We now consider the case with nonvanishing all-to-all in-
teractions (V # 0). In Fig. 5, we plot the steady-state phase
diagrams through the numerically calculated average photon

number, for a finite number of atoms N = 8 and with increas-
ing atom—cavity coupling rate g. Regardless of the value of g,
repulsive interactions V > 0 suppress the superradiant phase
transition, pushing the phase boundary toward larger A. Here
the phase boundary A. increases monotonically with V and
asymptotically approaches a finite value for V. — +co. On the
other hand, while attractive interactions V < 0 generally en-
hance superradiance, interesting fine structures in the phase
boundary emerge on the attractive-interaction side, where sev-
eral additional normal regions protrude finger-like above the
A = x boundary, peaking at discrete interaction strengths.
Around these peaks, superradiance can be significantly sup-
pressed. Overall, the stability region of the normal phase de-
creases with increasing g, as the finger-like structures eventu-

ally disappear for sufficiently large g.

In{a'a)

1.00

0.75 0.75
20
] ]
S 0.50 N 0.50
0.25
0 0
25 -10 05 20 : : 520
Vi Vi
1.00 1.00
-20
0.75 0.75
S 050 050
0.25
0.25 a0

0
-25 0 25 50 25 25 7.5

7] 7]

Fig. 5. Steady-state phase diagrams with all-to-all interaction V, for (a)
g=02, (b) g=0.22, (c) g=0.5, and (d) g = 0.8, characterized by the
average cavity photon number (color contour). The photon numbers are cal-
culated using Hamiltonian (3). The vertical gray dashed lines indicate the
maximal suppression of superradiance. The red curve represents the phase
boundary calculated using the effective Hamiltonian (9). Other parameters
are Ay =A.=1,k=0.25and N =8.

Qualitatively, the phase boundaries are modified since in-
teractions impact the collective excitations in the atom sector.
In fact, as we show below, the phase boundaries can be re-
produced using a simplified effective model, consisting of a
handful of the collective states. Motivated by the relevant col-
lective states in the Dicke transitions, we consider an N-qubit
Dicke state with n excitations>®!

1
- p{r®n® S ®)
W) %C(an); (I @ls)
where }'; P; indicates the sum over all possible permutations of
the qubit locations, and C(N,n) is the combinatorial number.

Projecting Hamiltonian (3) into the subspace of Dicke states,

090303-4
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we have

d d—1
A g A

Her = o, vyl +— | a | W .| +H.c.
off HZ:O W) (Wl N n;)n [Wot1) (Wil

A
+ 5 (@ +a") + Ad'a, ©)

where ®, = (n — N/2)A, + n(N — n)V/N, 1, =
(N—n)(n+1), and d + 1 is the number of lowest-lying
Dicke states that we consider.

Crucially, we find that the phase boundaries can be repro-
duced for d = 3, that is, by taking into account the lowest four
Dicke states. This is illustrated in Fig. 5(a), where the color
contours in the background are numerically calculated using
the Hamiltonian (3), and the red dashed curve is the phase
boundary calculated using the effective Hamiltonian (9). No-
tice that the normal-state finger tips are located at V = —2 and
V = —4/3 (vertical gray dashed lines) for the parameter range
that we consider.

In Fig. 6, we plot the energy gap between the lowest
Dicke state (the ground state) and the other three states used in
the effective model, respectively. On the attractive-interaction
side, the positions where the superradiance is maximally sup-
pressed (finger tips) coincide with the local maxima of the en-
ergy gap between the two lowest-lying Dicke states. Recall-
ing that, in a quantum Rabi model,*?>>"! the threshold of the
superradiant transition increases with larger energy difference
between the two energy levels, the phenomenon observed here
can be understood in a similar vein. Apparently, near the su-
perradiant phase transition here, the two lowest-lying collec-
tive states play a dominant role, though the contribution of the
second- and third-excited states cannot be fully ignored. Con-
sistently, for V > 0, the energy gap between the ground state
and the first excited Dicke state increases monotonically with
V, explaining the monotonic variation of the phase boundary
for repulsive interactions in Fig. 5.

1.0 1.5 20

0 T i 1 g . . .
25 20 -15-10 -05 0 05
Vv

Fig. 6. Energy gaps between the ground Dicke state and other low-lying
Dicke states. Here E; is the energy of the ground Dicke state, and Ej 3
represent the energies of the first-, second-, and third-excited Dicke states,
respectively. Other parameters are the same as those in Fig. 5.

In Fig. 6, we also notice two locations where the en-
ergy gap between the ground state and the first-excited state

vanishes. One may expect an interaction-enhanced superradi-
ance here, similar to the prediction in Ref. [42] where an in-
finitesimally small A would lead to superradiance. However,
this would contradict the absence of superradiance in a stan-
dard Tavis—Cummings model. Indeed, in the parametrically
driven Tavis—Cummings model, the normal state persists up to
A = k.36l

Furthermore, we examine the effect of the total atom
number N. This is motivated by the fact that the local max-
ima of the energy gaps between Dicke states become smaller
with increasing N. Hence, one expects that, above a certain N,
the tips of the normal-state fingers would sink below A = x,
as superradiance is effectively enhanced with larger N. This
is indeed observed in Fig. 7, where we fix g and demonstrate
the steady-state phase diagrams for N =9 and N = 75, respec-
tively.

S 0.50

(7] v/A

Fig. 7. Steady-state phase diagrams for (a) 9 atoms and (b) 75 atoms, char-
acterized by the average photon numbers (color contour). The red curves in
panels (a) and (b) indicate the phase boundaries in the thermodynamic limit
with N — co. The yellow dot is located at V = —A, + g /A, and A = x (see
main text for discussion). The green curve separates the superradiant phase
into two regions with different number of steady-state solutions (see also
Fig. 2). A pair of superradiant steady-state solutions exist to the right of the
green curve, and superradiant and normal solutions coexist to the left. Other
parameters are Ay = A. =1, g =0.2, and k¥ = 0.25.

In particular, in the thermodynamic limit with N — oo, we
can apply the Holstein—Primakoff transformation

S, b'h— g (10
Je = bIV/N—b'h, (11)
J_ = VN-=b'bb, (12)
such that Hamiltonian (3) becomes
Anp = Acd™a+ (8, +V)b'b+ g(ab" +a'h)
+ %(&”MZ)—A;N. (13)

Defining v = [@,4",b,b"], one derives its equation of motion
as v(t) = Mv(t), where

—(Act+K) —iA  —ig 0
I Y A VN ig
M=1 i 0 —i(d4v) o0 |- UP
0 ig 0 i(A+V)
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The retarded Green’s function is defined as
GR.() = —i < [v,»(;),v}(O)] > 0(1).

vi(0), vF (0)} > Using v;(1) =
M; ;v (t) and Fourier transforming the above expression, we

15)
For convenience, we set S; ; = < [

derive the inverse of the retarded Green’s function!'®!
GR(0)] ' =5 w—iM), (16)

where S = diag(1,—1,1,—1) (see Appendix A for details). We
then have

©—Ac+iK ) —g 0
_ A —(@+A+ik) 0 —g
R 1 _ C
0 —g 0 — ((J) + A+ V)
\
Setting det|[GR(w = 0)]~!'| = 0, we have Finally, the enhanced superradiant phase and the emer-

(K =AM+ V) + [ — (A+V)A] =0,  (18)

whose solution leads to the critical coupling for the superradi-

ant transition for N — oo

A= \/x2+ 2 (4 4 V)AL

4t V7 1
Here several remarks are in order. First, as implied by Eq. (18),
the solution to det|[GR(® = 0)]~!| = 0 exists only when A >
K, meaning superradiance only occurs for A > k. This is con-
sistent with the analytical results for V = 0, as well as our
numerical results under finite N. Second, for sufficiently large
V > 0, A, asymptotically approaches \/WAC2 This is con-
sistent with the observations in Fig. 5. Third, similar to pre-
vious discussions for V = 0, the boundaries A = x and A; in
Eq. (19) intersect at A = k and V = —A, +g2/AC. Hence,
for V < —A, + g%/ A., the phase transition occurs at A = &,
whereas forV > —A, —|—g2 /A, the phase transition occurs at A
in Eq. (19). The latter is consistent with the monotonic trend
of the phase boundary toward larger repulsive interactions.
Moreover, as previously discussed, for V < —A, + g2 /A, the
boundary of Eq. (19) separates the superradiant phase into two
distinct regions. The left contains coexisting superradiant and
normal solutions, and the right only supports superradiant so-
lutions.

In Fig. 7(b), we plot the phase boundary of Eq. (19) as
a red dashed curve, along with the phase boundary A =
Moreover, A, of Eq. (19) di-
verges to o0 as V — —A, (green dashed line). For V < —A,,
Ae > \/WAC2 lies out of the range considered in this study.
We note that for V = 0, the resulting expression Eq. (19) re-

(also as a red dashed line).

duces to the boundary discussed previously. Together, they
agree well with the numerically evaluated phase boundary for
N =75 (color contour in the background). From numerical
simulations, we estimate that the phase boundaries would con-

verge to those in the thermodynamic limit when N 2 45.

gence of several finger-like normal regions above the A =
boundary are found to persist even when realistic dipole—
dipole interactions are introduced. The interaction takes the
form V; = C3/R>,!% leading to the following modified Hamil-

tonian

H = (a'6; +a6;")

Q)

Y of
TAY 5t
=1
a)+y,
l<j

where R;; = Ro|i — j|, and Ry denotes the interatomic distance.

£M2

(61 6; +Hc.),

L&
v
Cs

—3 (20)

A
Afz
T3 2

By varying Ry, we can tune the strength of the interatomic in-
teraction Vs = C3/ RS. A phase diagram calculated using typ-
ical experimental parameters is shown in Fig. 8. The interac-
tion effects are clearly visible, as the phase boundary depends

sensitively on the variation of Ry.

In{
1.00
0.75
g 0.50
0.25
0

7.50 10.00
R, (um)
Fig. 8. Steady-state phase diagram with realistic interaction V;. We take
the Rydberg states [60S /»,m; = 1/2) and [60P; j,m; = —1/2) of ¥'Rb
as |s) and |r), as well as the typical experimental parameters: A, = A, =
A =27 x 6.3 MHz, C3/hA = —240.48 um?, k/A = 0.25, g/A = 0.2, and
N = g8.[2361]

5. Conclusion

We have analyzed in detail the impact of interatomic
interactions on the phase boundary of the superradiant
phase transition in a parametrically driven, dissipative Tavis—

Cummings model. Our results show that the phase boundary

090303-6
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is substantially modified by the presence of interatomic inter-
actions. In the attractive regime, the dipole—dipole interactions
qualitatively change the transition behavior: even under weak
atom—cavity coupling rates, the superradiance transition can
emerge as soon as the gain coefficient surpasses the dissipation
rate. By contrast, this only occurs for very large atom—cavity
coupling rates in the absence of dipolar interactions. This in-
dicates that attractive interactions effectively lower the critical
threshold for the emergence of superradiance. In the repulsive
regime, superradiance is strongly suppressed. These results
highlight the crucial role of long-range atomic interactions in
shaping the phase diagram and provide valuable insights into
the controllability of the transition in realistic experimental
settings.

In our configuration, we consider all fields to be co-
propagating along the x-direction as TEMyy traveling waves,
so that the beam waists are sufficiently broad compared to
the atomic ensemble, ensuring uniform atom-field coupling
strengths. Such configurations can be implemented using the
Rydberg states |60S, /,,m; = 1/2) and |60P; ;,m; = —1/2) of
87Rb as |s) and |}, respectively, to induce the desired atomic
interactions. In particular, optical tweezers can be employed
to trap and arrange the atomic array, while the nonlinear drive
can be generated by an optical parametric amplifier inside the

[56

cavity.’®1 All these techniques are currently feasible in labo-

ratories.
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Appendix A: Retarded Green’s functions

In this appendix we show how to obtain the retarded
Green’s function, defined as

GR,(1) = —i < [v,»(t),vj(oﬂ > o (1).

Here 0(t) is the Heaviside step function (6(¢t) = 1 for t >
0, 6(t) = 0 for t < 0). For convenience, we set S;; =
<[v,~(0), v (O)} > By using v;(t) = M; ;v (t), we get the time

(AD)

J
derivative of the Green’s function

atGEj(f)
— g, [< [v,(t),vj (0)} > G(t)}
— i < [v',-(t),vjm) > 0(r)—i < [v,-(t),v;(O)} > 5(1)

= —iMy ([0, )] ) 61) =1 { [0(0),v1(0)] ) 8(1)

= MG} (1) —18;,;8(1). (A2)

We now apply the Fourier transform to Eq. (A2), defined as
FlIf()] = [, dt e' ¥ £(¢), to have

—i0GR (0) = MGR (w) — iS. (A3)
This finally leads to
GR(0)] ' =5 (0—iM). (A4)
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