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We investigate the relation between heat flux and correlation in nonequilibrium steady states (NESSs), especially con-
sidering environmental memory effects. We construct a non-Markovian heat transport model using the repeated interactions
scheme. The central system consists of system S and two memory qubits, coupled to heat reservoirs with different temper-
atures. The baths are modeled by sequences of ancilla qubits interacting with the central system. We prove that correlation
between the central system and ancillas of the reservoir can witness the steady heat flux in the weak-coupling limit, and
this consistency holds for heat flow presenting rectification behavior. This theoretical result can be confirmed numerically
if and only if the coupling is weak. Furthermore, the non-Markovianity can impact the monotonicity of steady heat flux in
the weak-coupling case, and the maximum value of heat current is at the boundary of Markovian and non-Markovian. Our
results can be significant for heat management in hybrid open quantum systems or solid-state thermal circuits.

Keywords: non-equilibrium quantum thermodynamics, heat flux, correlation, quantum non-Markovianity,

thermal rectification
PACS: 03.65.Yz, 03.65.Ta, 03.67.—a
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1. Introduction

Although the field of equilibrium quantum thermody-
namics is well established, !"-?! nonequilibrium thermodynam-
ics is rapidly developing.*””1 A fundamental thermodynamic
quantity is the amount of energy that can be extracted from
nonequilibrium systems. Work and heat are two fundamental
physical quantities in quantum thermodynamics. Commonly,
work is analyzed in the presence of external coherent control
on the system,[3-1°1 while heat is due to some system—bath
interaction that is associated with energy changes.!!'~!3! The
role of correlation in mechanisms of energy exchange has at-
tracted particular attention in recent years.!'*!7] A represen-
tative example is the effect of correlation on the thermody-
namic arrow of time, and it has been revealed that correlation
can lead to reversal of the direction of heat flow from cold to
hot.[18-20] Recently, consecutive interactions between individ-
ual elements of a quantum multipartite system and their own
local environments have been investigated.!?!~>3! By study-
ing these correlated channels, interesting new properties of
quantum systems have been found in the presence of corre-
lations. For example, Lorenzo et al. investigated heat flux
and quantum correlations in dissipative cascaded systems and
showed that the presence of initial correlations of the system
can considerably affect the heat-flux rate.*®! Moreover, they
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found that the efficiency of the erasure process can be linked
to the intrasystem correlations arising in the open dynamics of
a multipartite system.[?”) Pezzutto ef al. studied the dynam-
ics of a qubit system interacting with a multi-qubit environ-
ment, and they observed a synchronous behaviour between the
emergence of non-Markovianity in the dynamics, the estab-
lishment of system—environment correlations, and violations
of the Landauer bound.[?8) In Ref. [29], the role of intraenvi-
ronmental correlation in open-system entropy production has
been studied.

Quantum memory effects in the nonequilibrium steady
state (NESS) have recently been considered in open quantum
many-body systems. Purkayastha et al. have developed a gen-
eral formalism that allows access to a full non-Markovian dy-
namics of open quantum many-body systems up to NESS. 3]
Ask et al. have shown that an open quantum system in a non-
Markovian environment can reach steady states that it cannot
reach in a Markovian environment.3!! Heineken ef al. have
investigated dissipative preparation of entangled NESS, and
they showed that memory effects can play an important role in
the buildup of quantum correlations in NESS.[*?] Motivated by
this, in this work we study the impact of such memory effects
on the nonlinear heat transport in the NESS. Meanwhile, there
has been recent experimental investigation of superconduct-

33,34

ing quantum circuits'333# that validate long-standing theoret-
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35.36] and we contribute

ical models of quantum heat transport,
with a fundamental and insightful understanding of heat cur-
rent and rectification in such models.

One way to prepare a NESS is to couple a central quan-
tum system to two thermal baths with differing temperatures.
Due to the temperature difference of the thermal baths, a typ-
ical characteristic of the NESS is a persistent heat current
through the central system.[37-3°1 We investigate such a sce-
nario by coupling a central quantum system, consisting of a
qubit system and two memory qubits, to a hot and a cold
thermal reservoir. We use a collision model approach, #0411
also known as the repeated interactions scheme, of quan-
tum thermodynamics.!*>*# One growing field of applica-
tions is quantum transport phenomena, which also include en-
ergy transport due to heat currents.[*>*7! Furthermore, col-
lision models provide an approach for describing the dy-
[48-51

namics of system-environment correlations, I which is

essential for the understanding of non-Markovian quantum
dynamics. 52754

The outline of the paper is as follows. In Section 2, we
describe the model under consideration. In Section 3, we fo-
cus on the relevance of correlation between the central quan-
tum system and ancillas of reservoir to heat flux of the NESS.
Non-Markovianity and thermal rectification are discussed in

Section 4. Finally, in Section 5, we draw our conclusions.

2. Model

We consider a single-qubit system S with Hamiltonian
Hs = w6, /2 which couples to two hierarchical environments,
@ and G, are the transition frequency and the Pauli matrices,
respectively, and we set /i = 1 throughout this paper. Each hi-
erarchical environment contains a memory qubit Ay and a
reservoir Ry ) consisting of a large collection of N identical
noninteracting ancillas (qubits) {R?(C),Rg@, .. ,Rﬁ,@} (see
Fig. 1). The two environments are initially in the product state
PE, = P4, @) 0} and pg, = pa, @, 1§, respectively. Each
subenvironmental qubit, including two memory qubits and an-
cillas, is in the canonical thermal state pg(”) — e Puofe /Zh<c).

Here, ) = 1/kpTj() and Zy() = Tr[efﬁh(f)ﬂ'i] are the cor-
responding inverse temperature and the partition function, re-
spectively. Hg = 06, /2 is the local Hamiltonian of each
subenvironmental qubit. The evolution of system S and its
interaction with the environments are as follows: S and two
memory qubits interact first, subsequently .A; and A, collide
with the individual ancilla in R}, and R, respectively, and then
this process is repeated. The general scheme is illustrated in
Fig. 1. The assumption of a large collection of ancillas implies
that the memory qubit never interacts twice with the same an-
cilla, i.e., at each collision, the state of the ancilla is refreshed.

This process is implemented through the unitary operator

Uor = U 4, il a. rsUs, 4,Us A, (D
7
N . Ayint ~ - yint N
Where US,A,,(C) = eilHl K h(c) — 671H2 T. Here Hint

P T Ay, R

and 192““ are the interactions betévéenj S and Ay and the inter-
actions between Ay, and R?(C), respectively, 7 is the collision
time. We consider a coherent interaction between the bipartite
systems, ﬁi?tz) = 81(2)(6x6x + 6,6, + 6,6;), with g; ) being a
coupling constant. In this case, we can write the unitary time-
evolution operator Us. Ay 0 Eq. (1) as 55]

QS,A,M (Ya(e)) = (€08 Vi) T+ 1 (510 ¥y e) ) S 2

where ¥,y = 217 is a dimensionless interaction strength,
I is the identity operator, and S is the two-particle swap
operator whose action is |y1) ® |yn) — |yr) @ |y) for all
ly1),|wa) € C2. Tt is clear that Yu(e) = /2 induces a com-
plete swap between the state of S and that of .Ah(c). Thus,
0<%¥y(c)<7/2 means a partial swap, in effect, part of the infor-
mation contained in the state of S is transferred into Ah<c> at
each collision. In the ordered basis {|00),]01),|10),[11)} Sgy

reads5!

st = (3)

[ e
O = O O
S O = O
- o O O

Similarly R0 = (c0s 8o + i(sin&y))Sew. with
h

)R
6h(c> # Yi(e) in( jger;eral. As mentioned above, the dynamics
of system S consists of sequential system—environment inter-
action interspersed with interenvironmental collisions. Thus,
the evolution of a total system composed of a system and the

environment during the (n + 1)th interaction is

tot ~tot  __ 17 tot yyT
pn+l — pn+l - UIOler»l Utota (4)

SA,A . SA,A.
where p%; = pi "7 @myL @7y, and py

of the central system SA;. A, (system + two memory qubits)

is the state

after the nth interaction. Hence, after the (n+ 1)th interaction,
the state of the (n+ 1)th ancilla of reservoir Ry, (R.) is

_h ~
n) = Tr[pi% ], 5)
where Try[---] means the trace of SA;,A. and R;(ﬁ de-
SARA: ~ she _
grees of freedom. And p,’/}"" = Trrn we | Bl My =

Trs.a,4. [Py, ]- Note that [Us, a.,Us,a,] # 0, thus the cooling
down and the heating up processes do not commute with each
other. In this paper, we consider the steady-state properties of
the system and we randomly designate the cooling process to
occur first in Eq. (1).

We consider energy-conserving interactions, i.e.,
(A" (Hs + Hg)] = 0, [H™, Hg] = 0, thus we avoid subtleties
of distinguishing heat from work because the latter vanishes
in this case. From Eq. (5), we can obtain the heat exchange

090302-2
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between reservoir Ry ) and memory qubit Ay during the
(n+ 1)th collision

h(c) A ~h(c c
AQRY = TelAp (A — i), (©)

and in the steady regime

AQE, = —AQ . 7

Therefore, Eq. (7) can also be defined as the steady-state heat
current

ey =80, (®)

i.e., the heat flows into (or out of) reservoir Ry, during the
(n+ 1)th interaction.

Environment

B, R

s -
,7: — AV] 4—»‘4—» AG — ﬂ:

n c
/) ”’”‘1

Fig. 1. Sketch of the protocol of system S plus two hierarchical en-
vironments. After A, and A, interact with Rﬁ and R, respectively,
they collide with S and are then directed to the (n+ 1)th ancillas of two
TeServoirs.

3. Heat current and correlations

The change in entropy of the central system S.A;,A. (sys-
tem S + two memory qubits A;.A.) during the (n+ 1)th inter-
action can be expressed as

ASyi1 = S(pS ) — S(pSAnde). ©)

In the weak coupling limit, 8y — 0 or ¥y — 0, S(ﬁ;’frl) ~
Y:S(f). ), where i = h,c. Thus, Eq. (9) can be written as

ASp = —S(PfAhA”)‘*‘S(P}qoﬁl)—ZiS(fIrizH)

(P )
= Tr[prtl(il lnprfAhAC] - Tr[pztz(il lnpztz(il]
+ Y Tel Il + 10, ), (10)
1
X103 0.04
—(Ba—Be)IR 1 g — (Bh—B) IR -1 o €
3 TN (@) v=m/161 0031 gy s
9 A 0.02

0.01

1.1

0.55

where [ (p;lS Jﬁ"A“‘

central system SApA, and the ancillas during the (n+ 1)th
interaction. Here, we use the mutual information to measure

,ﬁfl’il) is the correlation established between

this correlation, which is defined as!>”)

1(pa,ps) = S(pa) +S(pB) —S(pas), an

where S(p) = —Tr[pInp] is the von Neumann entropy. Fol-
lowing, we define a quantity £ as

§ = ZiD(ﬁrilJrl [ n,i+1)

= ZiTr(ﬁyl;+1 lnﬁyi;-;-l) _Tr(ﬁ;i+1 lnnf,ﬂ)y (12)

where D(p; || p2) = Tr(pi Inp;) — Tr(p1 Inp,) is the quantum
relative entropy between two density matrices p; and p,. In
addition, Eq. (10) can be rewritten as

AS,11 = ZiTr[(ﬁriz+1 - n:i+1)]n nriH»l]

FI(pSA e ) + €. (13)

Clearly, the first term on the right-hand side of Eq. (13) can be
expressed as —Y; ﬁiAQil +1- and Eq. (13) becomes

i SA A
ASy1 = —ZBAQ,  +1(p, " Mt +E (14

Note that in the steady regime AS,;+; = 0, and for negative
temperature gradient, i.e., 7, > T;, we obtain
(B = Be)Ji“(AT) = I(AT) + & (AT), (15)

with AT = |Tj, — T.|.
state heat current J;'°(AT) and correlation /(AT) are main-

It can be shown that the steady-

tained in Eq. (15) in the weak coupling limit, and actu-
ally E(AT) is a small perturbation. In the following, for
convenience, we use the logogram {J;°, I, &} to replace
{J3¥(AT), I(AT), &(AT)}, and we study the relation between
steady-state heat flux and correlation by numerical calcula-
tions.

In Fig. 2 we let y, = %. = y and 8, = 6. = 6. We show
the three terms (3, — B.)J;', correlation / and § in Eq. (15) as
a function of § and 7 in (a) and (c), respectively, which are the

X10-3 0.04

—(Bu=Be) IR ---T i3
0.03} (d) 6 =n/3

— (Bu—B T €
(c) 6=m/16
1.05 0.02
1.04

L3P =77 0.01
1

.02L7
0.1 0.2 0.3 0.4 0.5
2.(m),

0

- 0
0 0.1 0.2 03 04 0.5 0 0.1 0.2 0.3 04 0.5
8§ (m) 8 (m)

01 02 03 04 05
¥ ()

0
0 01 02 03 04 05 0
¥ ()

Fig. 2. The three terms (B, — B.)J;, correlation / and & in Eq. (15) as a function of the coupling strength & and 7. In (a) and (c), y = 7/16 and
J = m/16, respectively, which are the weak-coupling regimes, and in (b) and (d), y = /3 and 6 = m/3, respectively, with a larger coupling.
For all plots, we choose the ground state of system |y)s = |1), T, = 2T, =2 (i.e., B = %/3« = %) and kg = 0 = 1.
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weak-coupling regimes with ¥ = 7/16 (a) and 6 = w/16 (c).
This shows that the behaviors of (B, — B.)J;' and I are highly
consistent in this weak-coupling case. Specifically, they are
first enhanced and then decreased with the increase of & for
fixed 7, while they increase monotonously with the increase of
¥ for fixed &, which can be seen more clearly from the inset
of Fig. 2(c). This consistency of (B, — B.)J;' and I happens
because Eq. (15) is approximately true for the weak coupling
case, and & plays a minor role in the contribution. However,
the consistency is destroyed for a larger coupling, as shown in
Figs. 2(b) and 2(d), where v = 7t/3 and & = 7/3, respectively.
In order to obtain the range of the coupling that can realize the
consistent behaviors between steady heat flux and correlation,
we define

2 /3
cr)s== [ 8. (16)

as a mathematical measure, where 6; j is the Kronecker func-
tion with i = Jj*(y)/|J;(y)| and j = I(y)/|I(y)], i.e., &;j =1
if i=jand &; = 0if i # j; J(y) = %Jzte(y) and I(y) =
%I (77), with fixed coupling strength §. Similarly,

2 B
C(8)y = E/; Sopdd, a7

where 8, is the Kronecker function, o = J;'*°(8)/[J;'(8)|
and B =1(8)/|1(8)]. J3¢(8) = £,3¢(8) and [(8) = &,1(8),
with fixed coupling strength y. Note that C(7)s and C(6)y €

[0,1]. When it reaches the maximum value 1, the monotonicity

of J;'* and I are completely consistent. We calculate Egs. (16)
and (17) in Figs. 3(a) and 3(b), respectively. In (a), we go
through the entire interval § € (0, /2] with interval 0.017 for
each value of the abscissa y. Similarly, each value of the ab-
scissa 6 walks through the entire interval y € (0, /2] with in-
terval 0.017 in (b). This shows that a perfect witness between
the heat flux and correlation appears when the maximum value
1 is reached. From numerical calculation, this consistency is
maintained in the range ¥ < 0.137 or § < 0.187, which is
the weak-coupling case. The steady heat flux is witnessed by
quantum correlation in this weak-coupling range.

1.0 1.0
(b)
0.9 (a) 0.9
0.8
2 0.8 =
K> 0.7
T o.
0.7 06
0.6 05
0.5 0.4
0 01 02 03 04 0.5 0 01 02 03 04 05
v (m) 6 (m)

Fig. 3. The consistency between the steady-state heat flux and corre-
lation as a function of the coupling strength ¥ and & in (a) and (b),
respectively. For all plots |y)s = |1), T, =2T. =2 and kg = @ = 1.

4. Non-Markovianity and thermal rectification

As mentioned above, for small fixed-coupling v (y <
0.137), the behaviors of steady heat flux J;'® and correlation
I are almost consistent with variate 8. Specifically, they in-
crease and then decrease with the increase of 0, i.e., there
exists a maximum value of Jflte (or I), as Fig. 2(a) shows. In
Fig. 4, we plot the maximum value of J;'° as a function of
two couplings ¥ and 6 with temperature difference AT = 1.
Interestingly, this maximum is at the boundary of Markovian
and non-Markovian when ¥ < 0.137. Here, the blue stars
represent the degree of non-Markovianity being equal to zero
(Markovian) and the orange dots represent the degree of non-
Markovianity being larger than zero (non-Markovian), and
the maximum value of J;' is shown by the red five-pointed
star. From numerical calculations, we find that this corre-
spondence does not depend on temperature difference AT.
In other words, for small or large temperature difference the

maximum value of J;'

also coincides with the boundary be-
tween the non-Markovian and Markovian regimes (for the full
details, see Appendix A). Physically this can be understood
as follows. In this weak-coupling interval ¥y < 0.137, the
behaviors of steady heat flux and correlation / are highly con-
sistent with variate J for a fixed y; meanwhile, it undergoes
a non-Markovian—Markovian transition with the increase of o
for fixed y. For the first half of non-Markovian process, the
correlation [ is always increased and reaches the maximum
at the critical point of non-Markovian and Markovian, it then
decreases monotonously with the Markovian process. In this
weak-coupling regime, we are concerned that the correlation
I and heat flux can witness each other, which leads to the drop
point of maximum J;'° at the boundary of Markovian and non-
Markovian. In contrast, for small fixed-coupling &, it under-
goes a quick transition from Markov to non-Markov processes
with the increase of y (see Fig. 4). Therefore, the correla-
tion I (or heat flux) is enhanced rapidly, which corresponds to
the transition from Markovian regime to non-Markovian case,
and then increases constantly with the increase of ¥ in the

i$ FELL o

0.5 “
i

0.4

0.3

5 (m)

0.2

0.1¢

O0 0.1 0.2 0.3 0.4 0.5

7 (m)
Fig. 4. Markovian region shown by the blue stars, the non-Markovian region
presented by the orange dots, and the maximum value of the steady heat flux
with red five-pointed star, against the coupling strength ¥ and . The initial
state of system is |y)s = |1), T, =2T, =2 and kg = 0 = 1.
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non-Markovian regime, as shown in Fig. 2(c). Through the
above discussion, we can see that the steady heat flux (or cor-
relation) increases with § monotonically for small fixed ¥ in
non-Markovian region, which decreases with 0 monotonically
in Markovian region. In other words, in the weak-coupling
case, we observe a monotonic behavior of the steady heat flux
or correlation. Its monotonicity is closely related to whether
the dynamical process is non-Markovian or not.

0.08 0.10f7
foNT Ry Ry | R; --"Rr
0.06 [N 0.08} |
fooN @ ., (b)
.06} |
0.04 0.06 |
0.04} |
.02
0.0 0.02
0 . 04\.\;.;.‘_-_... ......
0 01 02 03 04 0.5 0 01 02 03 04 05
5 (m) v (m)
0.010 7 0.020F
RJ ”’Rj (C) ,'l \\‘ RJ ”’RI
0.008 0.015} \ (d)
0.006
0.010
0.004
0.002 SR
o= 0
0 01 02 03 04 0.5

0 01 02 03 04 05

5 (m) 7 (m)
Fig. 5. The steady-state rectification factor R; and correlation-relevant
quantity Ry as a function of the coupling strength 6 and y. (a) y, = /16
and ¥, = 7/32, and (b) &, = w/16 and &, = 7/32, both are the weak-
coupling case. (¢) ¥, = ®/3 and ¥, = n/4, and (d) &, = 7/3 and
8. = m/4, with a larger coupling. For all plots, |y)s = |1), Tj, =27, =2
and kg =w=1.

As a figure of merit to assess possible thermal rectifica-
tion performance, we first adopt the so-called rectification co-

efficient defined as follows: [98-00]

_ Va(AT) +J4(=AT)]
7 max([(Ju(AT)], [Un(=AT)])’

(18)

where J;,(AT) is the forward heat current for 7, > T,, and
Jy(—AT) is the backward heat current when the temperature
gradient is reversed. In our case, for a positive temperature
gradient 7, < T, we have

(B — Bu)Ji(—AT) = I(—AT) + £ (—AT). (19)
From Egs. (15) and (19), we obtain
(B = Br) 5 (AT) + 1, (—AT)|

= |I(AT) —I(=AT) +&(AT) — E(—AT)|.  (20)
Notice that Eq. (20) is achieved in the weak coupling limit, and
in this case the term & (AT) — & (—AT) is a small perturbation.

Thus, Eq. (20) can be rewritten approximately as
(Be = Bu) i (AT) + J (AT )| = [I(AT) — I(=AT)]|. (21)

In order to observe the corresponding relation between thermal
rectification and correlation, we define

_|IAT) —I(—AT)|
Ri = max (| (I(AT)|, [I(=AT)])’ 22

which describes the spatial asymmetry of system—environment
correlations, with temperature gradient AT'. In Fig. 5 we show
R; and R; as functions of 8 and ¥ in (a) and (b), respec-
tively, which is the weak-coupling regime with 9, = 7/16 and
Ye = 7/32 (a), &, = n/16 and &, = w/32 (b). Similarly, we
present Ry and R; with a large-scale coupling in (c) and (d). As
expected, Ry and R; are highly consistent in the weak-coupling
case ((a) and (b)). In other words, the correlation and heat
rectification can also witness each other. However, this corre-
sponding relation is destroyed for a large-scale coupling ((c)
and (d)).

5. Conclusion

In this paper we investigate the heat transport through a
qubit open quantum system which is in contact with two hier-
archical environments at different temperatures. Using a col-
lision model approach, we manipulate the couplings between
the system and the hierarchical environments and intraenviron-
ment couplings, implementing dynamics with memory effects.
We focus on the heat flux and correlations arising in NESSs.
We demonstrate that the correlation can be regarded as the wit-
ness of a steady-state heat flux in the weak coupling limit, and
their connections hold for heat rectification. The witness be-
tween heat flux (or rectification) and the correlations is verified
through numerical calculations in the weak coupling regime.
In addition, the monotonicity of the steady heat flux depends
on whether the dynamics are Markovian or not in the weak
coupling case.

Our paper shows that memory effects, which are often
studied in the context of dynamical phenomena, have a con-
nection with the steady-state heat flux and correlations. We
expect that the properties revealed in this paper can help one
to gain some insight into the role of the memory effect on the
heat transport in NESSs, and may inspire more work in inves-
tigating the non-Markovianity in NESSs.

Appendix A

As the evolution in our model proceeds in discrete
steps, we will employ the discretized version of the non-

Markovianity measure, which is obtained as!®!:62]

N = max Z D(P1p+1:P204+1) —D(P1a, P2.)],  (Al)

nect

with 6™ = J,(n,n + 1) being the union of all the in-
teraction steps (n,n + 1) within which D(pi nt1,P2041) —
D(p1n;p20) > 0, and {p1 nt1,P2,4+1} are a pair of states of
systems obtained starting from the corresponding pair of or-
thogonal states {|y ), |w_)} after n + 1 steps of our protocol,

0 . 0
) = cos =0} + €19 sin | 1),
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ly_) :sing|0>— ei‘pcosg|l>, (A2)

where 6 € [0,7] and ¢ € [0,2n]. The maximization in
Eq. (A1) is performed over all possible values of 6 and ¢,
i.e., all possible orthogonal pairs of initial system states. In
Fig. A1, we show the relationship between steady heat flux and
non-Markovianity with different temperature differences be-
tween two reservoirs, specifically with small temperature dif-
ference AT = 0.01 and large temperature difference AT = 10
in Figs. Al(a) and Al1(b), respectively. This shows that the
maximum value of heat flux is at the boundary of Markovian
and non-Markovian in the weak-coupling region, which is in-
sensitive to the temperature difference between the two reser-

VOIrs.
() 05 (1) 0.
0.4 0.
—~0.3 0.
E k
“©0.2 “ 0.
0.1 0.
% 01 02 03 04 05 % 0.1 02 03 04 05
v () 7y ()

Fig. Al. The exhibition of the maximum value of the steady heat flux (red five-
pointed star) in Markovian and non-Markovian regions with different temper-
ature differences between the two reservoirs. (a) A small temperature dif-
ference with 7, = 1.01 and 7. = 1; (b) a large temperature difference with
T, = 10 and T, = 1. For both plots |y)s = |1) and kg = 0 = 1.
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