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The development of novel quantum many-body computational algorithms relies on robust benchmarking. However,
generating such benchmarks is often hindered by the massive computational resources required for exact diagonalization
or quantum Monte Carlo simulations, particularly at finite temperatures. In this work, we propose a new algorithm for ob-
taining thermal pure quantum states, which allows efficient computation of both mechanical and thermodynamic properties
at finite temperatures. We implement this algorithm in our open-source C++ template library, Physica. Combining the im-
proved algorithm with state-of-the-art software engineering, our implementation achieves high performance and numerical
stability. As an example, we demonstrate that for the 4×4 Hubbard model, our method runs approximately 103 times faster
than ℋΦ 3.5.2. Moreover, the accessible temperature range is extended down to β = 32 across arbitrary doping levels.
These advances significantly push forward the frontiers of benchmarking for quantum many-body systems.
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1. Introduction
Quantum many-body physics stands as one of the most

challenging and fascinating areas of modern physics. In par-
ticular, the complex and rich emergent phases in strongly cor-
related systems often elude description by conventional frame-
works such as Landau Fermi liquid theory and the Landau–
Ginzburg paradigm. Alongside physical experiments and
quantum simulations, numerical methods offer a powerful av-
enue for validating theoretical predictions. Although a va-
riety of computational techniques exist, including exact di-
agonalization (ED), quantum Monte Carlo (QMC),[1–3] den-
sity matrix renormalization group (DMRG),[4,5] tensor net-
works (TN),[6] and dynamical mean field theory (DMFT),[7–9]

only sign-problem-free QMC and ED are generally consid-
ered reliable enough for benchmarking. However, these two
face significant limitations: for instance, at arbitrary temper-
ature the Hubbard model is sign-problem-free only at half-
filling, which excludes much of the experimentally relevant
doping regime, including potential superconducting phases.
While ED is primarily a ground-state method, extensions such
as the finite-temperature Lanczos method (FTLM)[10,11] have
been developed to approximate finite-temperature properties
in small systems. Although FTLM can produce accurate re-
sults with a reduced number of Lanczos steps and randomized
state sampling, it requires careful balancing between compu-
tational cost and numerical accuracy, including the trade-off
between sufficient step count and expensive reorthogonaliza-

tion procedures.[10]

The open-source community plays a vital role in ad-
vancing research by providing fast and reliable code for re-
producible benchmarking. In recent years, several open-
source software packages for quantum many-body compu-
tations have been developed. For example, ALF[15,16] and
hubbard-DQMC[17] are QMC packages targeting fermionic
systems; however, both are significantly affected by the no-
torious sign problem, especially at low temperatures. On
the other hand, QuSpin[12] offers a user-friendly Python en-
vironment for ED and dynamics simulations, but is limited to
small and medium-sized quantum systems. XDiag,[13] a re-
cently developed ED library written in C++ with a Julia in-
terface, strikes a balance between computational performance
and usability. Meanwhile, ℋΦ [14] delivers an ED package op-
timized for large-scale distributed-memory clusters and sup-
ports finite-temperature calculations via thermal pure quantum
(TPQ) states.

In the present work, we focus on the TPQ technique. The
TPQ states provide a powerful approach for approximating
various mechanical and thermodynamic properties of finite-
temperature many-body systems. The results obtained from
TPQ calculations converge exponentially in probability to-
ward the exact values as the system size increases.[18–20] A
key advantage of the TPQ approach over full exact diagonal-
ization (Full-ED) is its reduced memory requirement: instead
of storing O(N) eigenvectors for finite-temperature computa-
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tions, TPQ requires only a single random vector. Since a TPQ
state is a pure state in the Hilbert space, nearly all techniques
developed for ED, such as symmetry exploitation[21] to reduce
memory and enhance performance, can be directly applied.
Efficient indexing of basis states, for instance via perfect hash-
ing methods,[22,23] remains essential for high performance in
such simulations.

In the original formulation of the TPQ method,[19] the
thermal state is constructed by expanding the matrix exponen-
tial via a Taylor series and iteratively applying each term to
a random vector until convergence. Although this approach
is conceptually simple and easy to implement, it is computa-
tionally inefficient and prone to significant numerical errors.
In this work, we introduce a practical and high-performance
algorithm for generating TPQ states that achieves greater ac-
curacy. The improvement is demonstrated through direct com-
parisons with results from ℋΦ 3.5.2, confirming both the en-
hanced precision and efficiency of our method.

The article is structured as follows. In Section 2, we pro-
vide a brief overview of the Full-ED and TPQ algorithms, fol-
lowed by the introduction of our improved method for TPQ
state simulation. In Section 3, we conduct a comparative anal-
ysis of the numerical stability and performance between our
proposed algorithm and the original implementation. We con-
clude with remarks and outlook in Section 4.

2. Formalism
2.1. Full exact diagonalization

For a Hamiltonian Ĥ, the partition function is defined as
Z = tr[e−β Ĥ ], where β = 1/(kT ) denotes the inverse temper-
ature. The canonical ensemble average of an observable Ô is
given by ⟨Ô⟩ens =

1
Z tr[e−β ĤÔ]. To evaluate the trace, one may

diagonalize the Hamiltonian to obtain its eigenbasis |i⟩ and
eigenvalues Ei, allowing the partition function and observable
expectation values to be expressed as sums over eigenstates:

Z =
D

∑
i=1

e−βEi , ⟨Ô⟩= 1
Z

D

∑
i=1

e−βEi⟨i|Ô|i⟩, (1)

where D is the dimension of the many-body Hilbert space.
This approach constitutes the Full-ED method. However,
since D grows exponentially with system size, the 𝒪(D2)

space complexity of Full-ED restricts its practical use to small
or toy models.

A common strategy to mitigate this limitation is to re-
tain only the M lowest-energy eigenstates, which dominate
thermodynamic properties at low temperatures. This reduces
the space complexity to 𝒪(MD). Nevertheless, the choice
of M lacks rigorous convergence guarantees and must be de-
termined empirically. Moreover, even with this truncation,
the memory requirement remains substantially higher than

that of ground-state-specific methods such as the Lanczos
algorithm.[24]

2.2. Thermal quantum pure states

The TPQ states offer an approach to finite-temperature
simulations with space complexity comparable to ground-state
methods. This is achieved by distributing part of the Hilbert
space complexity into the imaginary-time dimension through
a stochastic construction. Consider a canonical ensemble at
inverse temperature β with fixed particle number N, and let |i⟩
denote the energy eigenstates of the system Hamiltonian Ĥ.
Sampling random complex coefficients ci from the unit hyper-
sphere such that ∑i |ci|2 = 1, we define the infinite-temperature
canonical TPQ state as |0⟩ = ∑i ci|i⟩. The finite-temperature
canonical TPQ state is then constructed via imaginary-time
evolution:

|β ⟩= e−β Ĥ/2|0⟩. (2)

The expectation value of an observable Ô is estimated us-
ing the expression

Z = ⟨β |β ⟩, ⟨Ô⟩TPQ =
1
Z
⟨β |Ô|β ⟩, (3)

where · · · indicates the average over random realizations.[19]

It can be shown that for any ε > 0, the deviation probability
P
(∣∣⟨Ô⟩TPQ −⟨Ô⟩ens

∣∣> ε
)

decays exponentially with increas-
ing system size N, where ⟨Ô⟩ens denotes the canonical ensem-
ble average given above.

To numerically obtain |β ⟩, the original algorithm expands
the matrix exponential as a Taylor series and truncates it at a
sufficiently high order n0:

|β ⟩=
∞

∑
n=0

1
n!

(
−β Ĥ

2

)n

|0⟩ ≈
n0

∑
n=0

1
n!

(
−β Ĥ

2

)n

|0⟩. (4)

2.3. Improvements on TPQ

The original algorithm suffers from several limitations.
First, the truncation order n0 is not known a priori and must
be determined empirically. Second, even when identified, n0

is typically large due to the slow convergence of the Taylor se-
ries expansion. Moreover, numerical overflow may occur due
to the rapidly growing terms in the expansion. To address these
issues, we adopt the algorithm proposed in Ref. [25] which
is suitable for scalable matrix exponential operations in large
Hilbert spaces. The matrix exponential is approximated as

e𝐴 ≈ eA
[

Tm

(
1
n
(𝐴−A𝐼)

)]n

, (5)

where 𝐴 = −β

2 𝐻 , with 𝐻 being the matrix representation
of the Hamiltonian in a chosen basis and 𝐼 the identity ma-
trix of the same dimension. Here, A = 1

D tr[𝐴] is a real scalar
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that isolates the diagonal contribution to the partition function,
thereby enhancing numerical stability. The function Tm de-
notes the m-th order Taylor expansion of the exponential func-
tion, and n represents the number of imaginary-time segments.
The optimal values of m and n that minimize computational
cost while achieving machine precision can be expressed us-
ing the 1-norm of matrices.

In this work, we employ power-based 1-norm
estimator[26] rather than the blocked estimator recommended
in the original literature, as the latter requires storing mul-
tiple eigenstates and BLAS3 matrix–matrix products — a
prohibitive requirement for larger systems, whereas the power-
based 1-norm estimator only uses BLAS2 matrix–vector prod-
uct. The matrix polynomial is carefully normalized to avoid
overflow (Algorithm 1). Typically, the matrix–vector product
either directly operates on sparse matrix 𝐻 or is implemented
using the on-the-fly trick. However, simply applying these

approaches to matrix polynomial
( 1

N (𝐴−A𝐼)
)p

would intro-
duce significant inefficiency. Since modifications to either the
large-scale sparse matrix or the on-the-fly Hamiltonian matrix
elements have an O(n2) time complexity, which is generally
undesired. Here we incorporate the template expression tech-
nique, which lowers the custom matrix–vector product with a
standard matrix–vector product and highly optimized BLAS1
operations for arbitrary Hamiltonian without coding effort:

1
N
(𝐴−A𝐼)𝑥=− β

2N
(𝐻𝑥)− A

N
𝑥, (6)

where 𝑥 is a given vector. Parameters (m,n) reflect the in-
herent properties of the system’s imaginary time evolution of
duration β . As a result, they may be saved and reused for all
independent TPQ state simulations, thus avoiding unnecessary
computational cost.

Leveraging available symmetries and working within the
irreducible Hilbert space are essential for enabling large-scale
simulations. Taking the Hubbard model and particle number
conservation as an example, the Hamiltonian matrix can be
diagonalized into a block-diagonal form

𝐻 = diag(𝐻0,𝐻1, . . . ,𝐻L) , (7)

where 0,1, . . . ,L are eigenvalues of N̂, 𝐻l is the Hamiltonian
matrix in the subspace spanned by states of l particles. One
can diagonalize the Hamiltonian in the corresponding sub-
spaces and readily write the imaginary time evolution operator
as

e𝐴 = diag
(

e𝐴0 , e𝐴1 , . . . , e𝐴L
)
, (8)

where 𝐴l = −β

2 𝐻l . The matrix–vector product may be pro-

cessed in each sector independently:

e𝐴𝑥 = diag
(

e𝐴0 , e𝐴1 , . . . , e𝐴L
)
𝑥

= e𝐴0𝑥0 ⊕ e𝐴1𝑥1 ⊕·· ·⊕ e𝐴L𝑥L. (9)

The expectation value of observable Ô in the grand
canonical ensemble is given by

⟨Ô⟩= 1
Ξ
⟨β ,µ|Ô|β ,µ⟩, (10)

where Ξ is the grand canonical partition function. The grand
canonical TPQ state |β ,µ⟩ is related to the canonical TPQ
state |β ⟩ via

|β ,µ⟩= e
β

2 µN̂ |β ⟩, (11)

with µ denoting the chemical potential. If the operator Ô com-
mutes with N̂, we can further reduce grand canonical expecta-
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tion values to a weighted sum over symmetry sectors:

⟨Ô⟩ =
1
Ξ
⟨β |Ô eβ µN̂ |β ⟩

=
1
Ξ

∑
l

eβ µl
∑
𝑥l

𝑥†
l e𝐴l𝑂 e𝐴l𝑥l , (12)

where 𝑥l is a random initial state in the subspace with fixed
particle number l. Similarly, the grand canonical partition
function can be expressed as

Ξ = ⟨β ,µ|β ,µ⟩= ∑
l

eβ µl⟨β |β ⟩l , (13)

which requires computing the canonical partition function
Zl = ⟨β |β ⟩l = ∑𝑥l

|e𝐴l𝑥l |2. Note that the partition function
scales exponentially with system size and inverse temperature
β , but acts as a normalization factor of TPQ states and does
not affect the essential physics. Therefore, in practice, we ac-
cumulate the logarithmic partition function for each imaginary
time step separately, rather than explicitly forming e𝐴l𝑥. This
approach is critical for reaching arbitrary low temperatures
while keeping enough effective digits (Algorithm 2). We have
implemented the above algorithms in our open-source C++
template library, Physica (Appendix A). To keep the article
tight, we have provided guidance on reproducing our results
in Appendix B.

3. Results and discussion
We use the Hubbard model[27] as our test case, which is

widely regarded as the minimal two-dimensional (2D) model
for cuprate superconductors. The Hamiltonian, including
nearest-neighbor hopping, is given by

Ĥ = − ∑
i j,σ

ti j

(
ĉ†

iσ ĉ jσ +h.c.
)

+U ∑
i

n̂i↑n̂i↓−µ ∑
i

(
n̂i↑+ n̂i↓

)
, (14)

where ĉ†
iσ , ĉiσ , and n̂iσ denote the creation, annihilation, and

particle number operators, respectively, for an electron at site
i with spin σ (↑ or ↓). The hopping parameter ti j is equal to
t for nearest-neighbor pairs and zero otherwise. We consider
a strong interaction strength of U/t = 8 and simulate multiple
systems under periodic boundary conditions (PBC).

3.1. Numerical stability

To validate the correctness of our implementation, we be-
gin by studying the one-dimensional Hubbard model with 4
sites at µ = 0 — a system size amenable to Full-ED. The elec-
tron density ρ as a function of inverse temperature β is com-
puted using TPQ methods implemented independently in our
framework and in ℋΦ . Using the Full-ED results obtained
from ℋΦ as the reference, the relative error R and its cor-
responding standard deviation σR for the electron density is
defined as

R =
ρ −ρFull-ED

ρFull-ED
, σR =

σρ

ρFull-ED
, (15)

where σρ is the standard deviation of electron density.

R
 (

1
0

-
2
)

0 4 8 12

0

1

2

3

4
TPQ

TPQ(HΦ)

Full ED(HΦ)

β

Fig. 1. The relative error R in the electron density for the one-dimensional 4-
site Hubbard model at µ = 0, showing its dependence on inverse temperature
β for our improved algorithm (red solid line) and the original algorithm im-
plemented in ℋΦ (blue solid line). The statistical uncertainty (2σR) for each
is indicated by the lighter shaded regions. Results are benchmarked against
the Full-ED results from ℋΦ (black circles). TPQ expectation values are
computed using a combination of 8 independent runs and 213 = 8192 random
initial states per run. The imaginary time step size is taken to be ∆τ = 0.1.

As shown in Fig. 1, our TPQ results demonstrate excel-
lent agreement with Full-ED across the temperature range. We
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further note that the initial states are not necessarily gener-
ated in complex number space, but satisfying the uncorrelated
phase condition ⟨cic j⟩ = δi j/D is sufficient to allow destruc-
tive interference between different eigenstates. Thus, the sta-
tistical uncertainty is much smaller due to the selection of real
number initial states. In contrast, the original TPQ algorithm
implemented in ℋΦ exhibits rapidly growing relative error,
reaching approximately 3% as temperature decreases, high-
lighting its numerical instability at low temperatures. While
increasing the expansion order in ℋΦ can improve accuracy,
the associated computational cost becomes prohibitively high,
especially for larger systems. As a result, we attribute this
error accumulation to the original algorithms’ use of a non-
adaptive truncation of the expansion order. The eventual de-
crease in relative error at very low temperatures occurs as the
system approaches its ground state, where contributions from
high energy states are less significant.

3.2. Performance

We simulate the Hubbard model on a 4×4 square lattice,
which, to the best of our knowledge, still lacks exact numer-
ical results across arbitrary temperatures and doping levels.
The simulations are carried out at multiple temperatures, ex-
tending down to β t = 32. The system is hole-doped, with
the chemical potential µ/t varied over the interval [−8,0],
a range sufficiently broad to encompass regimes from Fermi
liquids to potential superconducting phases (Fig. 2). Taking

µ

(a)

ρ

-8 -6 -4 -2 0
0

0.2

0.4

0.6

0.8

1.0
β=2

β=4

β=8

β=16

β=32

µ

(b)

-8 -6 -4 -2 0
0

0.02

0.04

0.06

β=2

β=4

β=8

β=16

β=32

<
n
↑
n
↓
>

^
^

Fig. 2. (a) Electron density (ρ) and (b) double occupation (⟨n̂↑n̂↓⟩) as a func-
tion of chemical potential (µ) for a 4× 4 Hubbard model with PBC. Results
are plotted for several inverse temperatures.

the β t = 16 curve as an example, we compute full profiles of
electron density and double occupancy as functions of chem-
ical potential in approximately 5× 103 core-hours on our test
platform (Intelr Xeonr Platinum 8358, 256 GB RAM). In
contrast, under equivalent computational conditions, ℋΦ pro-
duces only a limited number of data points; we estimate that
generating the complete curve would require approximately
106 core-hours.

4. Conclusion
We present a high-performance and numerically sta-

ble algorithm for simulating TPQ states, rendering the TPQ
approach highly practical for solving quantum many-body
problems. This algorithm is implemented within an open-
source C++ template library, combining computational effi-
ciency with robust numerical reliability. Our improved method
demonstrates significantly better agreement with exact numer-
ical benchmarks compared to conventional approaches. More-
over, the implementation achieves a speedup of three orders
of magnitude over existing methods in ℋΦ . By extending
the limits of scalable and accurate benchmarking in quantum
many-body systems, this work provides a solid and efficient
foundation for validating emerging computational algorithms
in the field.

Appendix A: High level design of Physica
A1. Project structure

The project structure is often the first aspect users en-
counter when engaging with open-source software. A clean
and goal-oriented project organization is as crucial as well-
designed and well-documented code. The top-level directory
structure of Physica follows conventions commonly adopted
by open-source C++ projects, consisting of the following
directories: 3rdparty, benchmark, doc, examples,
include, src, and test. Within Physica, the secondary
structure is organized modularly. The modules included in
Physica are listed in Table A1.

Table A1. Modules and description.

Module Description
Core Implementation of Physica’s core functionality
Gui Includes 2D and 3D drawing support, using Qt as the draw-

ing backend
Logger A high-performance logging library based on NanoLog[28]

Python Backend of Physica python interface (WIP)
phypy Physica python interface (WIP)

The secondary project structure extends to each directory
within the top-level layout. Tertiary and finer-grained struc-
tures encompass APIs and implementation details. The orga-
nization follows scientific — rather than purely engineering —
logic, allowing domain experts to more readily adopt Physica.
Engineering complexities are encapsulated within directories
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suffixed with “Impl”, with lower-level logic nested deeper in
the directory hierarchy.

Overall, Physica employs a goal-oriented, layered struc-
ture that progressively exposes complexity. Users not con-
cerned with implementation details will generally encounter
fewer such details, as most common use cases are addressed
at shallower directory levels. Since scientific workflows are
diverse and often require flexibility, we ensure users retain the
ability to access and modify underlying implementation de-
tails. The pervasive use of templates further facilitates non-
intrusive customization and extension.

A2. The rational of templates

The development of scalable programs presents signifi-
cant challenges, as each problem exhibits both universal and
particular aspects. A central difficulty lies in balancing these
dimensions: generic implementations may require adaptation
to improve performance or insight in specific contexts, while
optimizations tailored to one system may not transfer effec-
tively to others. In essence, each case demands its own op-
timally suited implementation. Manually developing special-
ized solutions for every scenario, however, is often impractical
and inefficient.

To address this, we employ template metaprogramming
techniques, which allow code generation rules to instruct the
compiler to automatically produce optimized implementations
for each use case. Conventional scientific computing programs
face a fundamental trade-off: they often struggle to incorpo-
rate problem-specific optimizations without sacrificing gener-
ality. Efforts to introduce specificity frequently lead to uncon-
trolled growth in input and output configurations, resulting in
substantial maintenance and efficiency costs.

Consider, for example, floating-point numeric types:
common options include bfloat16, float16, float32,
float64, and float128. When extended to complex num-
bers, the number of available types doubles. Incorporating au-
tomatic differentiation — as often required in deep learning
— further doubles this number, leading to at least 20 possi-
ble floating-point type combinations, even before considering
future extensions. Without templates, each function would re-
quire over 20 separate implementations, resulting in repetitive
and hard-to-maintain code. By contrast, with C++ template
metaprogramming, all valid type combinations are resolved
automatically at compile time. Since template parameters are
evaluated during compilation, this approach ensures both per-
formance and extensibility, readily accommodating new nu-
merical types without code modification.

However, excessive reliance on templates can lead to long
compilation time, large binary sizes, and increased complex-
ity. To mitigate these issues, we adopt the following strategies.

1. Although Physica is primarily header-based — a nat-
ural consequence of heavy template use that also simplifies

usage and modification — we compile sufficiently general and
performance-insensitive modules (such as exceptions, I/O, and
common utilities) into dynamic libraries. This reduces exe-
cutable size and compilation time while preserving the bene-
fits of templates where they matter most.

2. To lower the barrier to entry, we encourage users to
consult the example cases provided in the examples direc-
tory. These serve as practical prototypes that can be adapted as
needed and will be continuously updated based on community
feedback.

3. The expressive power of templates enables the formal
composition of existing features and straightforward extension
to new functionality, supporting both generality and specificity
without invasive code changes.

A3. Input and output

Physica intentionally does not provide traditional input
or output files — a deliberate design choice that reflects its
modern approach to scientific computing. As software func-
tionalities expand, the rigid input–compute–output model of
the past has become increasingly inadequate for contempo-
rary research needs. Many large-scale scientific computing
packages rely on cumbersome input files with hundreds of
keywords,[29,30] where each new feature introduces additional
tags that complicate usage and obscure intent. Like com-
ments and documentation, input files are inherently decoupled
from the code, creating a risk of silent discrepancies between
user intent and actual computation. Moreover, the limited ex-
pressiveness of input files restricts users’ ability to finely cus-
tomize functionality.

Output files in traditional frameworks also present chal-
lenges: it is common for large-scale programs to generate nu-
merous lengthy files, forcing users to navigate extensive irrel-
evant data to locate meaningful results. This not only impedes
productivity but also consumes substantial computational re-
sources for superfluous outputs. Simply adding more tags to
control output would lead to a “tag explosion,” further compli-
cating the input specification without solving the underlying
inflexibility.

To address these issues, Physica adopts an object-oriented
design in which each computational problem is represented as
an object. Input parameters are hardcoded into the program to
form computational objects, enabling compile-time optimiza-
tion and ensuring that only relevant objects are constructed, ef-
fectively avoiding tag proliferation. This embedded input ap-
proach guarantees “what you see is what you compute,” elim-
inating any disconnect between specification and execution.
Furthermore, using a general-purpose programming language
offers significantly greater expressivity than domain-specific
languages (DSLs), allowing more nuanced and precise de-
scriptions of physical processes.

For data I/O, Physica uses HDF5 as its standard for-
mat. Inspired by Unix philosophy, the API treats every com-
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putational object as readable and writable. Through object-
oriented composition, simple computational objects can be en-
capsulated into more complex structures. Users can selectively
compute and output only the objects, or sub-objects, they need,
avoiding unnecessary data generation and streamlining result
analysis.

Appendix B: Usage guide
Physica is an open-source C++ template library dis-

tributed under the GNU General Public License version 3.
The source code is publicly accessible on Gitee.[31] For a
detailed installation guide, users may refer to the official
documentation.[32] In the following, we introduce several core
concepts of Physica before outlining the steps required to re-
produce the results presented in Fig. 1. The complete source
code, along with additional usage examples, is provided in the
accompanying examples folder.

B1. Scalar and linear algebra

Physica provides a comprehensive implementation of
scalar algebra, and further extends this foundation with ro-
bust support for differentiable linear algebra,[33] making it
suitable for general-purpose scientific computing. Both scalar
and linear algebra components are systematically unified using
C++20 concepts. Drawing inspiration from established C++
linear algebra libraries such as Eigen[34] and Armadillo,[35]

the linear algebra module makes extensive use of template ex-
pression techniques to eliminate unnecessary temporary ob-
jects and enable compile-time expression optimization. SIMD

(Single Instruction Multiple Data) intrinsics[36] are also heav-
ily utilized to improve instruction-level parallelism. Addi-
tionally, users can interface with high-performance vendor li-
braries such as OneMKL[37] and CUDA[38] to further acceler-
ate linear algebra operations and enable GPU offloading.

To begin a simulation, the first step is to select an appro-
priate scalar type. The real number module, accessible through
the corresponding header, provides three floating-point types:
float16, float32, and float64. For reasons of nu-
merical stability, we use float64 throughout this work. A
using namespace declaration can be employed to conve-
niently expose these types in the current scope.

We are interested in studying the electron density ρ as a
function of inverse temperature β . From a numerical perspec-
tive, we discretize the imaginary-time axis into multiple inter-
vals and store the corresponding values in an N-dimensional
vector. The application programming interface (API) is de-
signed to be consistent with conventions in both NumPy[39]

and MATLAB.[40] Starting from an infinite-temperature ran-
dom quantum state, we gradually “cool” the system to a suf-
ficiently low temperature. In this example, the stopping con-
dition is set to β t = 4, and the imaginary-time domain is dis-
cretized into 40 slices.

B2. Modeling of many-body problem

In Physica, any many-body problem is modeled through

three core concepts: Representation, State, and

Hamiltonian. The Representation class defines a

mapping between elements of the Hilbert space and numerical

indices. Currently, the library provides two primary represen-

tations: FermiRepr for fermionic systems and SpinRepr

for spin systems. Elements of the Hilbert space are represented

as State objects, with FermiState and SpinState cor-

responding to their respective representations. Efficient index-

ing of basis configurations is essential for performance in ED

type algorithms. To this end, we employ a hash table-based in-

dexing mechanism that ensures O(1) time complexity for state

lookups. A Hilbert space can be instantiated by constructing a

representation object:

The FermiRepr representation is implemented as a template class with three template parameters: the system’s dimension,
the total number of sites, and a Boolean flag indicating whether to employ inversion symmetry. When UseInversionSymm is
set to true and the system satisfies numSpinUp == numSpinDown, memory usage can be reduced by approximately half.
States belonging to the representation are automatically generated during object construction.
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Once the representation object is constructed, the next step is to define the parameters of the Hamiltonian, including the
lattice geometry, boundary conditions, interaction strengths, and other relevant terms. The template class SquareLattice
accepts one template parameter specifying the spatial dimension of the system. In this example, we consider a one-dimensional
Hubbard model with NumSite sites and one site per unit cell. We can construct the corresponding Hamiltonian in the given
representation:

where we define the precision of the Hamiltonian matrix as
float64. The resulting Hamiltonian matrix may be calcu-
lated on-the-fly or stored in a sparse matrix, which is provided
by our linear algebra submodule.

B3. Simulation of TPQ state

Since states under a given representation can be naturally
modeled as continuous vectors, the TPQ class is inherited from
the n-dimensional vector and can be accessed like normal vec-
tors. We construct an infinity temperature TPQ state with the
size of the Hilbert space and initialize it with gaussian random
numbers:

where Random<> is the Mersenne Twister pseudo-random
generator. The imaginary time evolution can be carried out
as easy as one line of code:

where we evolve the TPQ state by an imaginary time of
deltaT.

B4. Writing results to HDF5

We adopt HDF5 (Hierarchical Data Format version 5)[41]

as the standard output format for numerical simulation re-
sults. Every C++ class in Physica provides two straightfor-
ward member functions, read and write, which facilitate
loading data from and saving data to HDF5 files, respectively.

For any data of type T, an HDF5 file can be created or
opened by calling the static member function open from the
class H5File. Here, the HDF5 file is named ‘data.h5’. We

then read the dataset labeled ‘x’ into memory, perform the nec-
essary processing, and ultimately write the updated data back
to the file.

B5. Data visualization

We provide native data visualization capabilities using
Qt[42] as the backend, supporting a wide range of 2D plots
as well as basic 3D visualizations.

It is essential to initialize Qt by constructing a
QApplication object before performing any plotting op-
erations. The constructor of QApplication accepts the
command-line arguments from the main function of a stan-
dard C++ program. Once Qt is initialized, a Plot object can
be created to handle 2D plotting tasks. Its constructor accepts
six parameters: the minimum and maximum values of the x-
axis, the minimum and maximum values of the y-axis, and the
step sizes for the x-axis and y-axis. In the example above, we
plot the tanh function from −5 to 5. The x-axis range is dis-
cretized into 100 equal intervals, and the curve between data
points is interpolated using a B-spline algorithm. The plotting
process is finalized by invoking the show() member function
of the Plot class, and the Qt backend is instructed to render
the plot by calling QApplication::exec().

B6. Debugging

We provide a comprehensive assertion mechanism to as-
sist with error checking, comprising both static and dynamic
assertions:

• Static assertions are used to detect errors in template
parameter usage. Evaluated at compile time, they allow users
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to identify issues early and impose no runtime performance
overhead. Static assertions are always enabled.

• Dynamic assertions are employed where static checks
are insufficient — only during runtime. These assertions in-
cur a runtime performance cost and are enabled only in De-
bug mode to minimize overhead in production builds. Users
can compile their program in debug mode or define the macro
NDEBUG to control the enabling of dynamic assertions.

This two-tiered approach ensures robust error detection
while maintaining high runtime efficiency in release builds.

Program availability
The source code is publicly accessible on Gitee at

https://gitee.com/newsigma/Physica.
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