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This study investigates the effects of ocean boundaries on modal shapes in very-low-frequency (VLF, 1–10 Hz) sound
propagation through the deep ocean. Utilizing a normal mode solution formulated in terms of parabolic cylinder functions
(PCF), we demonstrate that boundary interactions induce a phase change reduction below −π at frequencies of several
hertz. This reduction, in turn, forces a key transition in the solution, shifting the order of the PCF from integer to non-
integer values. Analysis of the characteristic shape of the PCF versus its order reveals that these boundary-influenced
modes exhibit an energy shift toward deeper regions and a weakened axial convergence of the underwater sound field.
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1. Introduction

Very-low-frequency (VLF, 1–10 Hz) acoustic waves,
characterized by wavelengths ranging from hundreds to thou-
sands of meters, exhibit extraordinary propagation ranges of
tens of thousands of kilometers in the deep ocean. This unique
property holds significant application value in fields such as
long-distance marine environmental monitoring,[1] underwa-
ter navigation, and geophysical research,[2] including the de-
tection of seafloor earthquakes and tsunamis. The theoreti-
cal framework for modeling such wave propagation in hor-
izontally stratified media often relies on the normal mode
method, which decomposes the complex sound field into a
sum of orthogonal eigenmodes, each with a distinct horizontal
wavenumber and vertical modal shape.[3]

For sound propagation in the deep ocean, such as in
the sound fixing and ranging (SOFAR) channel, traditional
analysis frequently employs the Wentzel–Kramers–Brillouin
(WKB) approximation to solve the modal equation. In this
approach, the modal depth functions are typically constructed
piecewise using trigonometric functions within the propagat-
ing region, with connection formulae handling the behavior
near turning points.[4] This method has proven effective for
higher frequencies. However, as the frequency drops into the
VLF band (several hertz), the fundamental assumptions of the
previous WKB approximation begin to break down. This re-
quires the wavelength to be much smaller than the scale of the
sound velocity variation, a condition that fails at VLF where

wavelengths are comparable to the water depth. This failure
limits the method’s accuracy in characterizing the properties
of VLF normal modes, necessitating more robust analytical
solutions.

Furthermore, while ray-theoretic analyses have long in-
dicated that ocean boundaries (surface and bottom) can influ-
ence the phase change experienced at a ray’s turning point,[5]

a clear and quantitative understanding of how these bound-
ary conditions directly affect the shape of the normal modes
themselves has remained elusive. Previous studies, such as
those by Fitzgerald et al.,[6] have analyzed transmission loss
and concluded that the most significant long-range paths are
those avoiding bottom interaction (refracted-refracted paths).
Nevertheless, the implicit boundary effects on these Rayleigh–
Rayleigh (RR) modes, even without direct bottom interaction,
and their consequent impact on the modal structure at VLF,
have not been thoroughly investigated.

Addressing these gaps, this paper focuses on the critical
role of ocean boundaries in shaping the VLF modal functions.
We utilize a unified normal mode solution expressed in terms
of parabolic cylinder functions (PCF),[7,8] which provides a
continuous and accurate representation across the entire water
column, including the turning points. This formulation allows
us to move beyond the limitations of the piecewise WKB ap-
proach. The paper focuses on the critical role of non-integer-
order PCF in VLF sound propagation, conveniently analyzing
the influence of ocean boundaries on modal shapes under VLF
conditions.
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The paper is structured as follows. Section 2 presents
the normal mode method based on PCF, clarifying the phase
change-PCF order and modal shape relationship. Section 3 an-
alyzes the impact of ocean boundaries on modal shape through
simulations of a canonical deep-water sound velocity profile.
Section 4 provides the conclusion.

2. Very-low-frequency normal modes express by
parabolic cylinder functions in deep ocean

Building upon our previously established method for
VLF sound propagation, which offers high accuracy and ana-
lytical advantages,[7,8] we derive the modal shapes using PCF.
According to normal mode theory, the normalized normal
modes in a waveguide can be obtained by

Un (ξn,z)

=
F1 (ξ ,z)+ 1

Vs(ξ )
· F1(ξ ,0)

F2(ξ ,0)
F2 (ξ ,z)√

W (F1,F2)
∂

∂ξ

(
1

Vs(ξ )
· F1(ξ ,0)

F2(ξ ,0)
−Vb (ξ ) · F1(ξ ,H)

F2(ξ ,H)

)
∣∣∣∣∣∣∣∣
ξn

, (1)

where Vs (ξ ) and Vb (ξ ) are the reflection coefficients from the
surface boundary and bottom boundary, respectively.[9] The
Wronskian W is given by

W (F1,F2) = F1 (ξ ,zs)F2
′ (ξ ,zs)−F1

′ (ξ ,zs)F2 (ξ ,zs) . (2)

The eigenvalue ξn is the n-th root of the dispersion equation

1
Vs (ξ )

· F1 (ξ ,0)
F2 (ξ ,0)

−Vb (ξ ) ·
F1 (ξ ,H)

F2 (ξ ,H)
= 0. (3)

For a deep water waveguide with the Munk profile[10] as
shown in Fig. 1, the linearly independent solutions F1 (ξ ,z)
and F2 (ξ ,z) of the modal equation can be written using the
uniform asymptotic approximation based on the PCF

F1 (ξ ,z) = R(E)
(
S′
)− 1

2 DM (−y) , (4a)

F2 (ξ ,z) = R(E)
(
S′
)− 1

2 DM (y) . (4b)

The function DM(y) is a parabolic cylinder function of order
M, and

y =
√

2S (z) , (5a)

E (ξn) =
2
π

∫ z2(ξn)

z1(ξn)

√
k2 (z)−ξn

2 dz, (5b)

M (ξn) =
1
π

∫ z2(ξn)

z1(ξn)

√
k2 (z)−ξn

2 dz− 1
2
, (5c)

R(E) = 2
1
4

(
2e
E

) E
4
. (5d)

where k(z) = ω/c(z) is the wavenumber at depth z. ω = 2π f
is the angular frequency, and f is the source frequency. z1 and
z2 are the upper and lower turning points, and the function S(z)
is defined as


∫ S

s1

√
σ2−E dσ =

∫ z
z1

√
ξ 2− k2 (z)dz, 0≤ z < z1,∫ S

s1

√
E−σ2 dσ =

∫ z
z1

√
k2 (z)−ξ 2 dz, z1 ≤ z≤ z2,∫ s2

s1

√
E−σ2 dσ +

∫ S
s2

√
σ2−E dσ =

∫ z2
z1

√
k2 (z)−ξ 2 dz+

∫ z
z2

√
ξ 2− k2 (z)dz, z2 < z≤ H,

(6)

in which s1 =−
√

E and s2 =
√

E.
Comparing Eq. (5c) with the WKB phase integral,[11] we

can obtain the phase change δn of turning points for mode n as

δn = 2
(

n−Mn−
3
2

)
π, n = 1,2, . . . . (7)

When analyzing the variation of the modal depth functions
with depth z, according to Eq. (1), the denominator is inde-
pendent of depth z and can therefore be treated as a constant.
Each term in the numerator contains the factor R(E)(S′)−

1
2 ,

which can be regarded as an overall scaling factor for the
modal shape. Thus, the modal depth functions can be sim-
plified to

Un (ξn,z) = An

(
DMn (−y)+

1
Vs (ξn)

DMn (−y)
DMn (y)

∣∣∣∣
z=0

DMn (y)
)
,

(8)

where An is depth independent. The above expression indi-
cates that the modal shape depends solely on the shape of the

PCF. Since the PCF shape is governed by its order Mn, the
modal shape can therefore be expressed as a function of Mn.
Consequently, the modal shapes under boundary effects can be
investigated based on the order Mn of the PCF.

3. Results
This section compares the modal shapes under two cases

to reveal the influence of ocean boundaries on VLF sound
propagation: (i) the radiation condition commonly adopted in
the SOFAR channel, where the turning points are well clear of
the surface or bottom;[12] (ii) the waveguide with a pressure
release surface and a penetrable fluid bottom, as detailed in
Table 1.

Substituting the above boundary conditions into the dis-
persion Eq. (3) yields the eigenvalues ξn. However, the radi-
ation condition involved in case 1 of this study actually cor-
responds to an unbounded environment. Therefore, we calcu-
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lated the eigenvalues and eigenfunctions for this case accord-
ing to Appendix B of Ref. [8]. Combining Eqs. (5c) and (7)
gives the phase change δn and the order Mn of the PCF. We
have computed the first and second modes based on these re-
sults, as shown in Fig. 2. From Figs. 2(a) and 2(b), we find

that the phase velocity of mode 2 at 1 Hz exceeds the sound
velocity, as shown in Fig. 1(b), leading to a bottom-interacting
mode, which is beyond the scope of this study. The upper and
lower turning point depths of the other modes lie between 0
and H, so they are all RR modes.

Table 1. Simulation conditions.

Case 1 Case 2

Surface boundary radiation condition, U → 0,z→−∞ pressure release condition, U = 0,z = 0
Bottom boundary radiation condition, U → 0,z→+∞ fluid halfspace with cb = 1600 m/s and ρb = 1.6 g/cm3,

U +ρb/
√

ξ 2−ω2/c2
bU ′ = 0, z = H

Seawater

Bottom boundary
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Fig. 1. (a) A deep water waveguide; (b) the Munk profile, which is expressed as c(z) = ca {1+σ [exp(−η)+η−1]}, where η = 2(z− za)/b. The
specific parameters are ca = 1478.5 m/s, za = 800 m, b = 576 and δ = 0.003. This profile is used in the numerical simulations presented later.
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Fig. 2. Case 2: (a) phase velocities and (b) turning point depths for mode 1 and mode 2 when H is 5000 m; (c) phase change δ1 and the PCF
order M1 for mode 1 under different water depths; (d) phase change δ2 and the PCF order M2 for mode 2 under different water depths.
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Fig. 3. (a) DM1 (y); (b) DM2 (y), the 1 Hz DM2 (y) corresponds to bottom interacting modes; (c) mode 1; (d) mode 2.

Under case 1, each turning point experiences a phase
change of −π/2, resulting in a constant total phase change
δ = −π . This yields integer orders for the PCF. This corre-
sponds to the classical ray theory, where rays undergo a −π/2
phase change at each turning point without boundary effects.
However, as shown in Figs. 2(c) and 2(d), with decreasing fre-
quency under case 2, the magnitude of the phase change δn

for both mode 1 and mode 2 progressively decreases below
−π . For example, at 1 Hz, δ1 = −1.28π and δ2 = −1.68π .
This indicates that the influence of ocean boundaries on the
phase change intensifies as frequency decreases, consequently
resulting in non-integer orders of the PCF (e.g., M1 = 0.14 and
M2 = 1.34 at 1 Hz).

When the water depth changes, such as H being 3000 m
and 4000 m, we analyze the impact of water depth on the phase
change at the turning point and the order of the parabolic cylin-
der function under case 2. The results are shown in Figs. 2(c)
and 2(d). The analysis indicates that the extent to which nor-
mal modes of different orders are affected by water depth dif-
fers significantly. For mode 1, when the water depth decreases
from 5000 m to 3000 m, the phase change at the turning point
and the corresponding order of the parabolic cylinder func-
tion begin to vary in the frequency band below 3 Hz. As the
water depth decreases, both quantities exhibit an increasing
trend. Above 3 Hz, however, the impact of water depth varia-
tion on these quantities is negligible. For mode 2, within the
same range of water depth variation, the affected frequency
band extends to below 5 Hz. Within this band, a similar in-

crease in the phase shift at the turning point and the order of
the parabolic cylinder function is observed as the water depth
decreases. At frequencies above 5 Hz, both quantities remain
largely unaffected by changes in water depth. Therefore, both
ocean boundaries and water depth influence the phase change
at the turning point and the order of the parabolic cylinder
function, although this study focuses on the influence of ocean
boundaries.

Next, when the water depth is 5000 m, since the shape
of the PCF is governed by its order M, the transition from
integer to non-integer values with decreasing frequency man-
ifests directly in the evolving form of DMn(y), as shown in
Figs. 3(a) and 3(b). Under case 2, DMn(y) progressively ap-
proaches the integer-order form DM(y) as the frequency in-
creases from 1 Hz to 10 Hz. This demonstrates that the modal
shape becomes increasingly influenced by ocean boundaries
at lower frequencies, leading to alterations in the spatial en-
ergy distribution. For RR modes, Figs. 3(c) and 3(d) reveal
that boundary effects significantly modify the 2 Hz modal en-
ergy distribution, and the case 2 peak position shifts toward
the positive z-direction relative to its case 1 counterpart.

Furthermore, these alterations in modal shapes directly
modify the spatial distribution of the sound field within
100 km. As shown in Fig. 4, the sound field distributions
at 10 Hz are nearly identical for both cases, with the ex-
treme point of transmission loss shifting by only about 10 m
(≈ 0.07λ ) in the positive z-direction. In contrast, a significant
difference emerges at 2 Hz. Compared to case 1 (Fig. 4(c)),
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case 2 exhibits not only a substantially deeper extreme point of
transmission loss–located approximately 300 m (0.4λ ) lower,
but also a pronounced weakening of the axial acoustic energy

convergence between 42–50 km (as indicated by the arrow).
This weakening is attributed to a reduction in modal energy at
the sound channel axis, as shown in Figs. 3(c) and 3(d).
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Fig. 4. Transmission loss of RR modes within 100 km: (a) case 1 at 10 Hz; (b) case 2 at 10 Hz; (c) case 1 at 2 Hz; (d) case 2 at 2 Hz.

4. Conclusion
This study systematically investigates the influence of

boundary effects on modal shapes in VLF sound propagation
based on the PCF solution to the normal modes. By establish-
ing a PCF-based framework that links boundary conditions to
continuous transitions in the PCF order, we elucidate the crit-
ical role of ocean boundaries in governing sound field mecha-
nisms within the VLF band.

When frequencies decrease to several hertz, ocean bound-
aries significantly alter the phase change at the turning points
for the modes, increasing its absolute value beyond π . This
causes the PCF order to transition from integer to non-integer
values, which directly modifies the spatial distribution of the
modal depth functions. Consequently, modal energy shifts
toward deeper water, and axial focusing of sound weakens.
Therefore, the effects of surface and bottom boundaries must
be taken into consideration in the SOFAR channel at several
hertz.

However, the influence of elastic boundaries on the PCF
order and the sound field affected by radiation into the bottom
half-space has not yet been investigated.
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