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TOPICAL REVIEW — Ultrafast physics in atomic, molecular and optical systems
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High-order harmonic generation (HHG), a key nonlinear phenomenon in strong-field physics, enables ultrafast de-
tection on the attosecond timescale. Quantifying ionization/recombination times is essential for trajectory-resolved high-
harmonic spectroscopy and for benchmarking its temporal resolution. In this review, we summarize our recent studies
[Phys. Rev. A 105 L041103 (2022), Phys. Rev. A 106 023117 (2022), Phys. Rev. A 107 063102 (2023), Phys. Rev. A
111 039902 (2025)] on the role of electron–core interactions in HHG. Employing the classical trajectory model, analytical
R-matrix theory, and numerical solutions of time-dependent Schrödinger equations for helium, we reveal how Coulomb
attraction induces subtle shifts in ionization and recombination times. Such effects emerge as observable signatures under
orthogonally polarized bichromatic fields at high probe frequencies. Because of the direct experimental relevance of these
findings, this review seeks to stimulate further experimental efforts to control and resolve electron dynamics in HHG. In
the future, it will be of great interest to (i) refine retrieval methods by incorporating Coulomb corrections beyond the static-
field approximation, and (ii) advance two-color detection techniques with the capability to reconstruct complete quantum
trajectories in HHG.
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1. Introduction
Physicists contemplate how the world operates, and this

curiosity serves as the primary driving force behind the field
of physics. At the heart of this understanding is the motion
of matter, a fundamental principle essential to grasping the
dynamics of the Universe. After Harold Eugene Edgerton
captured a fleeting moment of a bullet piercing an apple, ad-
vanced imaging techniques have allowed researchers to pin-
point movement on the scale of picometers and to capture ac-
tion that happens in femtoseconds.[1–4] However, achieving
ultrafast detection with attosecond or even zeptosecond time
resolution still requires indirect observation methods. Thanks
to breakthroughs in laser technology and strong-field physics,
ultrafast science has now opened the door to the attosecond
realm.[5]

The measurement and resolution of ultrafast quantum
dynamics depend on physical observables. In strong-field
physics, two primary observables are commonly used: the
photoelectron momentum distribution (PMD) and high-order
harmonic generation (HHG).[6–11] PMD provides direct elec-
tron momentum detection, yielding strictly real-valued mea-
surements. In contrast, HHG does not involve direct electron
detection. Instead, it captures high-frequency photons emitted
during electron recombination into the ground state. This in-

direct nature makes high-harmonic spectroscopy (HHS) par-
ticularly valuable for probing the quantum characteristics of
matter because it uniquely reflects the complex structure of
the electronic wavefunction.

The HHG dynamics are well captured by the classical
three-step process,[12] which consists of ionization, acceler-
ation, and recombination. The electron’s motion during accel-
eration exhibits quasi-classical behavior, permitting trajectory-
based descriptions. Each HHG trajectory is characterized by
three parameters: ionization times, recombination times, and
the returning electron’s kinetic energy. However, within the
quantum-mechanical framework, the strong-field approxima-
tion (SFA)[13] and the quantum-orbit (QO) model[14] reveal
that both ionization and recombination times must be treated
as complex quantities. Although HHS successfully probes
various ultrafast phenomena, including nonadiabatic tunnel-
ing dynamics,[15,16] Auger decay,[17,18] nuclear vibrations in
molecules,[19–21] and picometer-scale imaging of valence elec-
trons in solids,[22] accurate measurement of ionization and re-
turn times is essential for trajectory-resolved HHS.

Two prevalent experimental strategies have been devel-
oped to access the ionization and recombination times in HHG
by manipulating tailored laser-field configurations. One ap-
proach, often referred to as the phase-gate technique, ex-
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tracts the emission time from the variation of even-order har-
monics with respect to the phase delay between two parallel
color components.[23] Another widely used method, known
as the displacement/velocity gate scheme, utilizes orthogo-
nally polarized two-color (OTC) laser pulses to determine the
real parts of the ionization and recombination times associ-
ated with short electron trajectories.[24,25] In these pioneering
schemes, the extracted time information shows good agree-
ment with Coulomb-free quantum-orbital predictions. Never-
theless, the Coulomb attraction between the departing electron
and the parent ion inevitably slows the electron’s motion, ne-
cessitating compensations in the retrieved time information.

In this concise overview, we revisit our recent
investigations,[26–29] where numerical simulations based on
the time-dependent Schrödinger equation (TDSE) were em-
ployed to explore how the Coulomb potential influences time
shifts in HHG within an OTC field. Our findings reveal that
operating at higher streaking frequencies provides a distinct
benefit: the Coulomb-corrected ionization times can be re-
liably extracted through a direct analysis, without explicitly
embedding Coulomb terms into the retrieval algorithm. Con-
versely, when a conventional ω–2ω configuration incorporat-
ing a 400 nm streaking field is used, such corrections become
indispensable for uncovering the associated time shifts. These
insights highlight the importance of field configuration and
frequency in accurately accessing attosecond ionization dy-
namics and pave the way for future studies aiming to disen-
tangle Coulomb effects in strong-field processes.

2. Theoretical methods
2.1. Time-dependent Schrödinger equation

The interaction between strong laser fields and helium
atoms is described by the TDSE within the single-active-
electron approximation. In the length gauge, the two-
dimensional TDSE is given by

i
∂

∂ t
ψ(𝑟, t) =

(
−∇2

𝑟

2
+V (𝑟)+𝑟 ·𝐸(t)

)
ψ(𝑟, t). (1)

Here, Hartree atomic units are implemented consistently un-
less noted otherwise. The model employs a soft-core potential
of V (𝑟) = −1/

√
𝑟2 +0.0684, which reproduces the ioniza-

tion potential of helium, Ip = 0.9 a.u. The OTC laser field
𝐸(t) =−𝐴̇(t) is defined through the vector potential

𝐴(t) =−E0

ω
f (t)

[
sin(ωt)𝑒̂x +

ε

n
sin(nωt +φ)𝑒̂y

]
, (2)

where 𝑒̂x and 𝑒̂y denote Cartesian unit vectors. Here, E0 and
ω correspond, respectively, to peak amplitude and angular fre-
quency of an 800 nm fundamental pulse (4.0× 1014 W/cm2

intensity). The relative phase φ , termed the two-color phase
delay, controls the phase offset between the fundamental and

streaking fields, while n ∈ R+ sets the streaking frequency
to nω . Our numerical implementation employs a trapezoidal
temporal envelope f (t) spanning −T to 2T (T = 2π/ω) with
single-cycle ramps. To suppress HHG contributions from the
pulse boundaries, the rising edge follows cos6(ωt/4), while
the falling edge obeys sin6(ωt/4). The streaking field relative
amplitude is fixed at ε = 0.02.

We numerically solve the TDSE via the Crank–Nicolson
method[30,31] using a temporal resolution of ∆t = 0.05 a.u. The
simulation box has a size of Lx × Ly = 280× 100 a.u., dis-
cretized into 2800× 1000 grid points. To prevent reflections
at the boundaries, the wave-function is multiplied at each time
step by mask functions. The mask function along the x axis is
defined as F (x) = cos1/8 [π (|x|− x0)/(Lx−2x0)] for |x| ≥ x0

and F (x) = 1 for |x| ≤ x0, where x0 = 7Lx/18. A similar ap-
proach is applied in the y direction, where y0 is set to 7Ly/18.
Following wavefunction propagation, Cartesian components
of the dipole acceleration 𝑎(t) = (ax(t),ay(t)) are computed
through Ehrenfest’s theorem[32]

𝑎(t) =
〈

ψ(𝑟, t)
∣∣∣∇𝑟 [V (𝑟)+𝑟 ·𝐸(t)]

∣∣∣ψ(𝑟, t)
〉
. (3)

2.2. Gabor transform

The harmonic spectrum is presented in Fig. 1, in which
the wavelength of the fundamental field (probe field) is 800 nm
(400 nm). The x-polarized (red) and y-polarized (blue) har-
monic components demonstrate a significant intensity con-
trast as a result of the weak amplitude of the streaking field.
Both spectra display plateau regions from harmonics 20 to 65,
ending near the theoretical cutoff energy Ec = Ip + 3.17Up,
where Up = E2

0/
(
4ω2

)
is the ponderomotive energy. How-

ever, one of the main challenges in numerical simulations
of HHG lies in the fact that the harmonic spectrum alone
does not directly reveal the ionization and recombination
times. This ambiguity stems from multiple quantum trajec-
tories contributing to one single harmonic order. While ex-
periments separate long/short trajectories via phase-matching
adjustments, our single-atom analysis employs Gabor time-
frequency transformation[25,33,34]

IG(Ω , t) = ∑
j=x,y

∣∣∣∣∫ dt ′a j(t ′)e−
(t′−t)2

2σ2 +iΩ t ′
∣∣∣∣2

= IGx(Ω , t)+ IGy(Ω , t), (4)

with σ = 1
3ω

and a j(t ′) being the jth component ( j = x,y) of
the dipole acceleration. For each Ω , we extract the maxima
IG(Ω , te) in specific temporal windows: t ∈ [0.3T,0.7T ] (short
trajectory) and t ∈ [0.7T,1.0T ] (long trajectory), as illustrated
in Fig. 2. The corresponding times te define two φ -dependent
observables: the harmonic intensity IG(Ω , te) and the ampli-
tude ratio R =

√
IGy(Ω , te)/IGx(Ω , te), forming the basis for

time-retrieval methodology.
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Ec/Ip⇁.Up

Fig. 1. The harmonic spectra of He driven by an ω–2ω laser field
(ω = 0.057 a.u., E0 = 0.1068 a.u., φ = 0) are shown for components
polarized along the x axis (red curves) and the y axis (blue curves).
Adapted from Refs. [28,29].
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Fig. 2. Gabor analysis of HHG driven by ω–2ω fields at zero phase
delay (φ = 0). The fundamental 800 nm laser pulse has an intensity of
4.0× 1014 W/cm2. Purple-connected squares (black-connected trian-
gles) map peak loci of Gabor distribution corresponding to short (long)
quantum paths. Adapted from Ref. [27].

2.3. Two-color gate

Within the TDSE framework, time is treated as a param-
eter rather than an experimentally measurable quantity, unlike
PMD or HHS. Therefore, establishing a connection between
time-related quantities and observable signals is essential for
retrieving temporal information from experimental data. Un-
der weak probe conditions (here ε = 0.02), the fundamental
field primarily dictates the ionization (ti) and recombination
times (tr). The influence of the weak field on the experimen-
tal observables can be quantitatively analyzed, as previously
described in Refs. [24,25].

For recollision in HHG via Coulomb-free trajectories, the
electron must return to its parent ion, which means zero trans-
verse displacement y(tr)−y(ti) = 0. This gate condition deter-
mines the required initial transverse velocity

vy0 =−
εE0

nω

[
sin(ϕi)+

cos(ϕr)− cos(ϕi)

nω (tr− ti)

]
, (5)

where ϕi = nωti + φ and ϕr = nωtr + φ . As established in
Refs. [35,36], the maximum harmonic intensity means vy0 = 0.
Therefore, Eq. (5) constrains (ti, tr) at the yield-maximizing

phase φ̄1, a condition commonly known as the displacement
gate.

For harmonics with linear polarization, the amplitude ra-
tio R corresponds to the polarization angle θ via R = tanθ .
Experimental measurements in Ref. [24] determined R as the
amplitude ratio between even and odd consecutive harmonics.
This measurement is feasible because, for a ω–2ω OTC field,
the harmonic field in the y direction is T/2-periodic in time,
whereas the harmonic field in the x direction undergoes a sign
reversal between consecutive half-cycles of the fundamental
field. Fourier transformation thus yields even harmonics polar-
ized along the y-axis and odd harmonics along the x-axis.[24,37]

If the ground state exhibits spherical symmetry, the harmonic
polarization angle matches the electron return angle,[37] allow-
ing R to be written as

∣∣vy (tr)/vx (tr)
∣∣. Here, vy(tr) is computed

from Coulomb-free trajectories, while vx(tr) =
√

2(Ω − Ip).
Finally, we have the following expression for R

R =
εE0/(nω)√

2
(
Ω − Ip

) ∣∣∣∣sin(ϕr)+
cos(ϕr)− cos(ϕi)

nω (tr− ti)

∣∣∣∣ . (6)

By maximizing R through two-color delay optimization,
Eq. (6) constrains time information (ti, tr) via the velocity gate
mechanism.

Experimental results or TDSE computations yield opti-
mal phase values: φ̄1 maximizes harmonic intensity, while φ̄2

maximizes the amplitude ratio R. These two optimal phases
enable the determination of ionization and return times (ti, tr)
through displacement and velocity gate constraints. In the QO
framework,[25] we incorporate complex time variables into
Eqs. (5) and (6), resulting in the dual retrieval conditions:

Revy0 = 0, (7)

∂R/∂φ = 0. (8)

3. Coulomb-induced ionization time shift for
short trajectories
In this section, we present the frequency-dependent

behavior of two-color HHS for probing ionization times
on the attosecond timescale, focusing on short quantum
trajectories.[26] The two observables used for analysis are pre-
sented in Fig. 3: TDSE-computed harmonic intensity (left)
and amplitude ratio (right) for laser pulses ω–2ω (top) and
ω–4.3ω (bottom). Optimized phases maximizing these ob-
servables per harmonic order are marked by orange lines. The
white curves depict the corresponding SFA-calculated phases
using the intensity expression

Is (Ω) = |exp(i (Ω tr−Sv))|2 , (9)

with quasi-classical action

Sv =
∫ tr

ti
dt
(
𝑣2(t)/2+ Ip

)
. (10)
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Here, the electron velocity 𝑣(t) ≡ 𝑝(ti, tr) +𝐴(t) employs
saddle-point momentum

𝑝(ti, tr) =−
1

tr− ti

∫ tr

ti
𝐴(t)dt. (11)

The complex times ti = t0
i + i Im ti and tr = t0

r + i Im tr satisfy
the saddle-point equations derived from the QO model[14]

𝑣2(ti)
2

=−Ip,
𝑣2(tr)

2
= Ω − Ip. (12)

Under weak-field conditions, the y-component of the vector
potential 𝐴(t) is omitted from Eq. (12) unless explicitly noted.

In the ω–2ω case, the optimal phases obtained from
the TDSE simulations show excellent agreement with those
predicted by the SFA [Figs. 3(a) and 4(b)], despite the ex-
clusion of Coulomb interactions. This confirms the earlier
findings.[25] When considering the case of ω–4.3ω , the op-
timal phase φ̄2 remains in good agreement between SFA and
TDSE results [Fig. 3(d)]. In contrast, a measurable divergence
emerges in the harmonic intensity phases (φ̄1) [Fig. 3(c)]. This
phase shift is attributed to Coulomb effects, which provides in-
sight into the Coulomb-induced shift in the ionization time.
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Fig. 3. Pseudocolor maps show numerical results as functions of harmonic or-
der (q) and two-color phase offset. (a), (c) Normalized HHG spectral intensity;
(b), (d) polarization ratio R = |vy(tr)/vx(tr)|. Top: 2ω streaking field. Bottom:
4.3ω streaking field. Optimization extrema are indicated by the white solid
line (SFA) and the orange dashed-dotted line (TDSE). Taken from Ref. [26].

Before analyzing the ionization time shift in the ω–nω

configuration, we introduce two key assumptions that signif-
icantly simplify the analysis. First, ionization times are de-
termined exclusively from the harmonic intensity using the
known QO recombination times. Our numerical tests con-
firm that this assumption introduces a negligible error in the
extracted ionization times. This aligns with the results of
the analytical R-matrix (ARM) model,[38] which demonstrates
a weaker Coulomb sensitivity for recombination times than
for ionization times. This is further supported by minimal
Coulomb focusing effects on polarization angles for short
trajectories.[39] In addition, the imaginary part of tr is set
to zero.[25,30] Second, we define the imaginary part Im ti by

Keldysh time, given by Imti =
√

2Ip/|Ex(t0
i )|.[41] Through

TDSE-derived optimal phases φ̄1, t0
i can then be retrieved us-

ing Eqs (5) and (7).
Figure 4(a) displays the retrieved ionization time at multi-

ple streaking frequencies nω . For n≤ 2, the extracted ioniza-
tion time aligns with Coulomb-free quantum-orbit predictions.
At higher frequencies (n ≥ 3), a distinct advancement of ion-
ization times emerges. To elucidate this frequency-dependent
shift, we compute probe-field-free Coulomb-modified ioniza-
tion times using three distinct frameworks: (i) adiabatic cor-
rection (Appendix A), (ii) classical model (CM, Appendix B),
and (iii) ARM method (Appendix C).[38,42,43]

Figures 4(b) and 4(c) display Coulomb-modified ion-
ization times using different fundamental laser parameters.
Obviously, excellent consistency emerges among the three
theoretical frameworks [adiabatic correction estimated using
Eq. (A13), CM, and ARM theory] with high-frequency TDSE-
reconstructed ionization times. This finding underscores that
selecting an appropriate streaking frequency is crucial to accu-
rately measuring the Coulomb time shift. Moreover, the pre-
cision of the adiabatic correction [Eq. (A13)] supports a clear
physical interpretation of the Coulomb-induced deceleration
of the electron after ionization: after tunneling, the attractive
Coulomb force opposes the electron’s acceleration by the laser
field. To overcome this decelerating influence and still return
on time, the electron must tunnel earlier, allowing it to gain
sufficient acceleration from the driving field.
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Fig. 4. (a) Ionization times reconstructed via TDSE simulations for 800 nm
fundamental wavelength across multiple streaking-field frequencies. (b), (c)
TDSE outcomes for distinct driving laser fields [(b) 800 nm and (c) 1200 nm],
comparing reconstructed ionization times against theoretical predictions: adi-
abatic correction (black solid lines), trajectory-based classical model (red
dashed lines), ARM (green dashed-dotted lines) and the simple man’s model
(light-gray thick lines). Gray traces across (a)–(c): real-valued ionization
times from QO formalism. Laser intensities: 4.0× 1014 W/cm2 (a), (b) and
3.51×1014 W/cm2 (c). Taken from Ref. [26].
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To enhance physical understanding, we generalize CM
and ARM theories to full orthogonal two-color fields. The ob-
jective is to establish approximate theoretical approaches that
serve as alternatives to TDSE for extracting the optimal phase,
from which the ionization time can be determined. In the CM,
the optimal phase φ̄ ensures nullification of the transverse po-
sition at the recombination time t ′r: y(t ′r) = 0. Equation (7)
satisfaction demands initial lateral velocity

ẏ(t0
i ) = Re(Ay(t0

i )−Ay(ti)), (13)

where Ay(t) denotes the y-component of the vector potential
𝐴(t). For ARM, phase optimization maximizes harmonic in-
tensity:

Ia =
∣∣exp

[
iΩ t ′′r − iSv

(
t ′′i , t

′′
r
)
− iSc

(
t ′′i , t

′′
r
)]∣∣2 , (14)

where saddle-point times t ′′i , t ′′r are calculated under full OTC
fields. Using CM/ARM-derived phases, ionization times can
be extracted identically to TDSE procedures. Figure 5 presents
the extracted ionization times in streaking frequencies nω for
harmonic orders q = 43 and q = 53. Although these re-
sults (CM, ARM, and TDSE) differ quantitatively, all reveal a
dual-plateau structure transitioning progressively from low to
high frequencies. The initial plateau corresponds precisely to
Coulomb-free quantum-orbit predictions. This recalls orthog-
onal streaking measurements with a bicircular attoclock[44]

(effective streaking threshold ≈ 2.1ω), where Coulomb time
shifts are invisible. In contrast, the secondary plateau rep-
resents Coulomb-modified ionization times, confirming that
Coulomb-induced shifts become accessible through appropri-
ate tuning of the streaking frequency.
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Fig. 5. Extracted ionization times versus streaking frequency for harmonic
orders (a) 43 and (b) 53, generated using an 800 nm driving pulse. Hori-
zontal benchmarks depict reference ionization times without streaking fields:
QO model (gray solid lines), CM (red dashed-dotted lines), and ARM (green
dashed-dotted lines). Black dotted curves: modified CM model predictions
excluding lateral Coulomb forces. Taken from Ref. [26].

In the CM that neglects the Coulomb force along y, the
reconstructed ionization times become nearly independent of
the frequency of probe fields and match well with the second
plateau of TDSE results (dotted curves, Fig. 5). This identi-
fies probe-direction Coulomb interactions as the principal er-
ror source in low-frequency OTC techniques.

These findings are experimentally relevant because they
suggest that the short-wavelength streaking field, such as
200 nm, is more effective for probing the Coulomb time shift
with attosecond temporal resolution. To our knowledge, OTC
HHG using an 800 nm–200 nm configuration, which would
also generate even harmonics polarized along the y-axis like
ω–2ω schemes, remains experimentally unexplored. Never-
theless, interest in unconventional probe wavelengths[45–47]

confirms the feasibility of streaking across a range of wave-
lengths.

4. Coulomb-induced ionization time shift for
long trajectories
Experimental advances successfully enable the separation

of quantum trajectories, including the less studied long tra-
jectory, which is crucial for trajectory-resolved high harmonic
spectroscopy.[21,39,48–50] Its unique temporal detection range
establishes significant potential for attosecond metrology.

The two observables for long trajectories, plotted as func-
tions of harmonic orders and two-color phase delay, are shown
in Fig. 6. An ω–2ω field is used with ω = 0.057 a.u. and an
intensity of 4.0× 1014 W/cm2. Both the harmonic intensity
IG(Ω , te) and the amplitude ratio R [Figs. 6(a) and 6(b)] vary
with the two-color delay. The optimal phase (φ̄1, φ̄2) maxi-
mizing distinct observables exhibits opposite harmonic-order
dependencies: φ̄1 decreases marginally while φ̄2 increases —
directly inverting short-trajectory trends apparent in Fig. 3.
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Fig. 6. TDSE-computed harmonic characteristics in ω –2ω fields.
(a) Normalized spectral intensity and (b) y/x harmonic amplitude ratio
versus harmonic order and two-color phase delay. Taken from Ref. [27].

For the TDSE results shown in Fig. 7, we implement the
same approximations of the imaginary parts of (ti, tr) as the
short trajectory case. The real components of (ti, tr) are then
retrieved by inserting the measurable optimal phases (φ̄1 and
φ̄2) into Eqs. (5)–(8). The long-trajectory TDSE data demon-
strate excellent consistency with QO predictions, revealing
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negligible Coulomb effects during ω –2ω measurement. In-
terestingly, return times exhibit significant deviations between
the simple man’s model and the QO approach, whereas ion-
ization times maintain consistent values.

H
ar

m
o
n
ic

 o
rd

er

Time (as)

Fig. 7. Long-trajectory time parameters in HHG: ω –2ω scheme mea-
surements derived from TDSE observables (squares) against theoretical
predictions from QO (solid gray lines) and simple man’s model (dashed
gray lines). The ARM-calculated Coulomb-modified return time ap-
pears as green dashed-dotted line. Taken from Ref. [27].

Similarly to short-trajectory cases, we investigate the
Coulomb effects on ionization time using three theoretical
models: the adiabatic model, CM, and ARM. Figure 8 com-
pares their computed ionization times against QO predictions.
Among these approaches, we observe a ∼ 30-attosecond time
shift, which is earlier than QO benchmarks. This echoes
the short-trajectory behavior and questions the capacity of
the OTC scheme to resolve such time shifts induced by the
Coulomb potential.

Next, our OTC-based reconstruction utilizes harmonic in-
tensity exclusively, i.e., implementing only displacement gates
while excluding velocity gates. Recombination time parame-
ters are constrained as follows: real components fixed to QO-
predicted values with zero imaginary parts. This simplification
is justified by our earlier results that the reconstructed recom-
bination times in Fig. 7 closely match those of the QO model.
For comparison, we also include the recombination time cal-
culated using ARM theory (green lines in Fig. 7), which is also
in line with the QO results.

Figure 8 compares TDSE-derived ionization times for
two streaking configurations: low-frequency (2.6ω) and high-
frequency (5ω) regimes. For the (ω –2.6ω) configuration,
the QO-predicted (Coulomb-free) ionization times agree with
the TDSE results. Whereas the ω–5ω configuration requires
Coulomb-corrected times for optimal agreement. This demon-
strates Coulomb effects becoming observable only in high-
frequency streaking, enabling time shift retrieval. Further-
more, the remarkable consistency between classical (adia-
batic/CM) and quantum (ARM) models indicates minimal
under-barrier Coulomb influence. Consequently, Coulomb-
induced shifts remain classically interpretable for both short-

and long-trajectory cases.
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Fig. 8. Ionization times incorporating Coulomb effects: adiabatic ap-
proach (black solid lines), CM (red dashed lines), and ARM (green
dashed-dotted lines). TDSE-based OTC results for n = 2.6 (low-
frequency streaking) and n = 5 (high-frequency streaking) shown with
QO reference (gray solid lines). Taken from Ref. [27].
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Our frequency-dependent time retrieval results for long
trajectories closely resemble those for the short-trajectory
case. In this context, both the classical model and the ARM
theory have been extended to the OTC field configuration; de-
tails are provided in Section 3. Figure 9 presents the probed
ionization times for order q = 53. These three approaches
(TDSE, ARM, and CM) based on OTC fields exhibit a char-
acteristic double-plateau structure. In the first plateau, the
retrieved ionization times match those from the QO model,
indicating that Coulomb interactions do not significantly af-
fect the results. This observation is consistent with previous
findings in photoelectron studies, where orthogonal streaking
in an attoclock setup yielded ionization times largely unaf-
fected by Coulomb effects.[44] When the streaking frequency
equals the fundamental frequency (nω = ω), all models pro-
duce φ̄1 ≡ 0(modπ), since this configuration results in a lin-
early polarized total field. This prevents lateral displacement,
and thus preserves harmonic yield. Indeed, at n = 1, the nu-
merically optimized phases and the corresponding ionization
times from all models are nearly identical and agree very well
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with the quantum-orbit result. However, the secondary plateau
reveals measurable Coulomb shifts, aligning with Coulomb-
corrected single-color model predictions (horizontal lines in
Fig. 9). Although the extent of plateaus differs slightly be-
tween the TDSE, CM, and ARM results, a good approxima-
tion is that the first plateau extends up to at least nω = 2ω ,
while the second plateau begins before nω = 5ω .

To investigate frequency-dependent disparities, we ana-
lyze a modified CM model that neglects Coulomb interactions
along the y-axis (dotted lines in Fig. 9). Here, the probed
ionization times become frequency-insensitive, matching the
TDSE’s secondary plateau. This indicates that the OTC re-
trieval method would yield accurate results in the absence of
Coulomb forces in the probe’s direction. Therefore, the fail-
ure of the low-frequency OTC method to retrieve the Coulomb
time shift can be attributed to probe-direction Coulomb inter-
actions, an effect not accounted for in the standard retrieval
equations.

5. Summary and outlook
In summary, we have investigated the ionization-time

shift induced by the electron–core interaction for both short
and long trajectories in HHG. Our results show that the OTC
probe scheme with high-frequency streaking (e.g., 5ω in-
stead of 2ω) can accurately resolve the Coulomb-induced time
shift.[26,27] This finding is supported by both classical trajec-
tory models and quantum-mechanical theory. A key advantage
of the high-frequency approach is that the retrieval formulas
employed to probe the ionization times do not require explicit
knowledge of the Coulomb interaction. However, this benefit
comes at the cost of increased experimental complexity com-
pared to the more commonly used ω–2ω scheme.

To address this issue, we introduce a Coulomb adjust-
ment to electron dynamics within the two-color framework,
yielding revised extraction equations for temporal informa-
tion derivation from observables.[28,29] As shown in Ref. [29],
the overall trend induced by the Coulomb correction remains
intact: the modification shifts the TDSE-retrieved ionization
times away from the QO model toward earlier times. How-
ever, the ionization times reconstructed from TDSE still show
significant deviations from those predicted by the ARM and
adiabatic models. Interestingly, the adiabatic model, involving
the real Coulomb kick, predicts the right Coulomb time shift.
Future work will be valuable in refining the retrieval method
by incorporating Coulomb corrections beyond the static field
approximation.[29,51] Furthermore, it is of great interest to
identify additional experimental observables, such as vary-
ing the probe field frequency, and to continue developing ad-
vanced two-color field detection techniques. These efforts
have the potential to reconstruct complete quantum trajecto-
ries, including information on electron tunneling dynamics,

without prior knowledge of the real parts of the complex ion-
ization and return times in HHG.[15,52]

Appendix A: Adiabatic correction
This appendix details the adiabatic framework imple-

mented to assess Coulomb modifications to ionization and
recombination times of electron trajectories in HHG. Calcu-
lations incorporate exclusively the linearly polarized driving
field Ex(t), defined as

Ex(t) = E0 cos(ωt) =−∂Ax(t)/∂ t, (A1)

where Ax(t) = −E0 sin(ωt)/ω represents the vector poten-
tial. Within this paradigm, electrons traverse classical trajec-
tories between ionization (τi) and recombination (τr) events.
The term ‘adiabatic’ specifies trajectory initialization via
(1) tunnel-exit positioning determined through static-field ap-
proximation of a triangular potential and (2) initial velocity in-
corporating Coulomb-derived momentum shifts computed un-
der static-field tunneling conditions.

Electron trajectories originate at xi = −Ip/Ex(τi) (tunnel
exit) and end at xr = 0, necessary for HHG re-collisional dy-
namics. Propagation neglects Coulomb forces, except for the
initial velocity component. Consequently, the displacement
between the ionization time and the return time follows

xr− xi =
∫

τr

τi

[px(τi,τr)+Ax(t)] dt, (A2)

with canonical momentum px(τi,τr) defined as

px(τi,τr) = (xr− xi)/(τr− τi)−
1

τr− τi

∫
τr

τi

Ax(t)dt. (A3)

Using this, the velocities at τi and τr become

vx(τi) = px(τi,τr)+Ax(τi), (A4)

vx(τr) = px(τi,τr)+Ax(τr). (A5)

At the same time, the initial velocity that incorporates the adi-
abatic Coulomb shift along the x direction[53,54] is

vx(τi) =
απEx(τi)

(2Ip)3/2 , (A6)

where the parameter α characterizes the Coulomb strength:
α = 1 signifies the full interaction while α = 0 indicates the
Coulomb-free case. For α = 0, ionization/return times are de-
noted by τ0

i and τ0
r . Harmonic generation at frequency Ω re-

quires return velocity

vx(τr) =
√

2(Ω − Ip), (A7)

where the positive root is taken under the assumption that the
electron returns from the negative side, implying a positive
electric field at the ionization time, Ex(τi)> 0.
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Applying the first-order Coulomb perturbation analysis to
Eqs. (A4)–(A8), the ionization and recombination times ex-
hibit shifts dτi and dτr governed by

dvx (τi) = α
πEx(τ

0
i )(

2Ip
)3/2

=
∂ px

∂τi

∣∣∣∣
τ0

i ,τ
0
r

dτi +
∂ px

∂τr

∣∣∣∣
τ0

i ,τ
0
r

dτr +
∂Ax(τi)

∂τi

∣∣∣∣
τ0

i

dτi, (A8)

dvx (τr) = 0

=
∂ px

∂τi

∣∣∣∣
τ0

i ,τ
0
r

dτi +
∂ px

∂τr

∣∣∣∣
τ0

i ,τ
0
r

dτr +
∂Ax(τr)

∂τr

∣∣∣∣
τ0

r

dτr. (A9)

Simultaneously solving Eqs. (A8) and (A9) yields Coulomb-
modified time shifts

dτi =−
απ(

2Ip
)3/2

×
(
τ0

r − τ0
i

)
Ex(τ

0
r )+ vr(

τ0
r − τ0

i

)
Ex(τ0

r )+ vr +
IpĖx(τ0

i )Ex(τ
0
r )

E3
x (τ0

i )

, (A10)

dτr =
απ(

2Ip
)3/2

×
IpĖx(τ

0
i )/E2

x (τ
0
i )

(τ0
r − τ0

i )Ex(τ0
r )+ vr +

IpĖx(τ
0
i )Ex(τ

0
r )

E3
x (τ0

i )

. (A11)

Here, the electric-field time-derivative terms originate from

∂xi

∂τi

∣∣∣∣τ0
i = IpĖx(τ0

i )/E2
x (τ

0
i ). (A12)

If the tunnel exit position is assumed to be independent of the
ionization time, i.e., ∂xi

∂τi

∣∣∣τ0
i = 0, the ionization time shift sim-

plifies to the adiabatic correction

dτi =−απ/
(
2Ip
)3/2

, (A13)

while the return time shift dτr vanishes, as reported in
Ref. [26]. Compared to this simplified correction, Eq. (A10)
predicts an additional small advance of the ionization time,
with the difference depending weakly on the harmonic order
and ranging from approximately 2–7 as.

The final Coulomb-modified time information for this
adiabatic correction is calculated by adding dτi and dτr to
the corresponding Coulomb-free values provided by the QO
model.

Appendix B: Classical model
In this model, the electron trajectory 𝑟(t) evolves accord-

ing to Newton’s equation

𝑟̈(t) =−𝐸(t)−∇𝑟V (𝑟(t)) , (B1)

where the Coulomb potential V (𝑟) — identical to that in the
TDSE — is incorporated non-perturbatively after tunneling
processes. The initial conditions are set as

𝑟̇(t0
i ) = Re

[
𝑝(ti, tr)+𝐴(t0

i )
]
, (B2)

𝑟(t0
i ) = Re

(∫ t0
i

ti
[𝑝(ti, tr)+𝐴(t)] dt

)
, (B3)

aligned with the QO approach that neglects Coulomb effects
during tunneling.

Recombination occurs at t ′r when 𝑟(t ′r) = 0, indicating the
recollision of electrons and parent ions. At this instant, the
electron’s return energy Er determines the energy of emitted
photons:

Ω
′ (t0

i , t
′
r
)
= Ip +Er = Ip +

𝑟̇2(t ′r)
2

+V
(
𝑟(t ′r)

)
, (B4)

with Er accounting for both kinetic and potential contributions.
The primed notation (t ′r , Ω ′) distinguishes these from the QO-
model counterparts used in initialization.

The ionization times corresponding to a given harmonic
order q are obtained via establishing the mapping between Ω ′

and t0
i . Benchmark testing confirms close agreement between

CM times (τi, τr) and the real components of complex QO
times in Coulomb-free simulations.

Appendix C: Analytical R-matrix method
We follow the theoretical framework developed in

Refs. [38,42], where the first-order corrections are intro-
duced to the QO model accounting for electron–core interac-
tions. For completeness, the relevant equations are summa-
rized below. A similar approach has also been reported in
Ref. [55]. Within ARM theory, electron–core dynamics em-
ploy the Coulomb potential U(𝑟) = −1/|𝑟|. The resulting
Coulomb phase, quantifying the influence of core-interaction
on the time parameters of electronic trajectories in HHG, is
given by

Sc =
∫ tend

tk
dt U (𝑟a (t)) , (C1)

which supplements the standard semiclassical action Sv

(Eq. 10). The classical trajectory in the integrand corresponds
to the Coulomb-free path,

𝑟a (t) =
∫ t

ti

(
𝑝(ti, tr)+𝐴

(
t ′
))

dt ′. (C2)

The lower integration limit tk is dictated via a boundary match-
ing condition that separates the configuration space into in-
ner and outer regions, divided by a spherical boundary. This
matching prevents the trajectory from approaching the ionic
core too closely within the Coulomb potential, as discussed in
Ref. [42]. Explicitly, tk = ti− i/

(
2Ip
)
. The upper integration

limit tend corresponds to the time when the electron returns to
the position

r0 =
exp [2(0.5772−∑

∞
ı=1 [1− vrıarctan(1/(vrı))]/ı)]

2vr
,

(C3)
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with the recombination velocity of electrons defined as vr =√
2
(
qω− Ip

)
.[38,43] Using this framework, first-order correc-

tions to the real parts of the saddle-point times are obtained
as[38]

∆t0
i =−∂ ReSc

∂ Ip
− ∂ ReSc

∂Ω
, ∆t0

r =−∂ ReSc

∂Ω
. (C4)

These derivatives are computationally evaluated through
finite differences of the Coulomb phase with respect to Ip and
Ω .

Acknowledgements
The authors appreciate the expert guidance and continu-

ous support of Prof. Manfred Lein (Leibniz University Han-
nover, Institute of Theoretical Physics), under whose super-
vision the main results summarized in this review were ob-
tained. They also acknowledge funding from the National Nat-
ural Science Foundation of China (Grant Nos. 12204209 and
12274188), Natural Science Foundation of Gansu Province
(Grant No. 23JRRA1090), Fundamental Research Funds for
Central Universities (Grant No. lzujbky-2023-ey08), and Cul-
tivation Project for Outstanding Young Teachers in Anhui
Provincial Universities (Grant No. YQYB2025099).

References
[1] Andreas V, Di W, Adrian J, Belen M, Christopher B, Chinmaya J, Ev-

erett L, Moungi B, Diega G and Ramesh R 2013 ACM Trans. Graphics
32 44

[2] Cocker T L, Peller D, Yu P, Repp J and Huber R 2016 Nature 539 263
[3] Peplow M 2017 Nature 544 408
[4] Roelcke C, Kastner L Z, Graml M, Biereder A, Wilhelm J, Repp J,

Huber R and Gerasimenko Y A 2024 Nat. Photon. 18 595
[5] Corkum P B and Krausz F 2007 Nat. Phys. 3 381
[6] McPherson A, Gibson G, Jara H, Johann U, Luk T S, McIntyre I A,

Boyer K and Rhodes C K 1987 J. Opt. Soc. Am. B 4 595
[7] Ferray M, L’Huillier A, Li X F, Lompre L A, Mainfray G and Manus

C 1988 J. Phys. B: At. Mol. Opt. Phys. 21 L31
[8] Blaga C I, Catoire F, Colosimo P, Paulus G G, Muller H G, Agostini P

and DiMauro L F 2009 Nat. Phys. 5 335
[9] Camus N, Yakaboylu E, Fechner L, Klaiber M, Laux M, Mi Y, Hat-

sagortsyan K Z, Pfeifer T, Keitel C H and Moshammer R 2017 Phys.
Rev. Lett. 119 023201

[10] Li W, Fan X, Pan S, Wenkai T, Xu S, Jiacan W, Zhigang Z, Jing Z,
Xiaowei W and Zengxiu Z 2023 Chin. Phys. Lett. 40 114203

[11] Yongzhe M, Hongcheng N and Jian W 2024 Chin. Phys. B 33 013201
[12] Corkum P B 1993 Phys. Rev. Lett. 71 1994
[13] Lewenstein M, Balcou P, Ivanov M Y, L’Huillier A and Corkum P B

1994 Phys. Rev. A 49 2117
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